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1 IntroductionLet us consider a complete (directed or undirected) graph G = (V;E) on n vertices,with vertex set V = f1; . . . ; ng, edge set E � V � V , and nonnegative distance cijassociated with edges. We refer to (cij) as the distance matrix. Given a bound D > 0,the goal of the (discrete) median problem is to choose vertices as medians so that thesum of distances from each vertex to its nearest median is no more than D and thenumber of medians chosen is minimized.1In this paper, we present approximation algorithms for the median problem whenthe vertices are embedded in metric spaces. That is, we have cii = 0, cij = cji, andthe triangle inequality cij � cij0 + cj0j. The main results are stated in the followingtwo theorems, which will be proven in Sections 2 and 3, respectively:Theorem 1 There exists a deterministic approximation algorithm for the medianproblem in metric spaces that, given any � > 0, outputs a median set U satisfyingXj2V mini2U cij � 2(1 + 1=�)D (1)and jU j < (1 + �)s; (2)where s is the optimal size of median sets with a total distance at most D.The greedy approximation algorithm in [6] gives a better cost bound usingmore medians; the right-hand sides of (1) and (2) are replaced by (1 + 1=�)D and(1 + �)s(lnn + 1), respectively. Theorem 1 shows that we can trade o� a factor of 2in the bound on cumulative distance in order to reduce the bound on the numberof medians by a logarithmic factor. Furthermore, tradeo�s are available for �xed-dimensional Euclidean spaces:Theorem 2 Let d � 2 be �xed positive integer. There exists a deterministic ap-proximation algorithm for the median problem in d-dimensional Euclidean space that,given any � > 0 and any integer � � 1, outputs a median set U satisfyingXj2V mini2U cij � (1 + 1=�)(1 + 1=�)Dand jU j < (2� � 1)d(1 + �)s;where s is the optimal size of median sets with a total distance at most D.1Note that the median problem is distinctly di�erent from the s-center problem of choosing s cen-ters that minimize the worst-case distance from each vertex to its nearest center. For approximationalgorithms for the s-center problem, we refer the readers to [1,2,3]1



The transformation technique used for the proofs of Theorems 1 and 2 is funda-mentally di�erent from those of randomized and deterministic rounding [7,8] and themethods proposed in [6]. The previous techniques never set variables with zero valuesin the fractional solution to 1. Our algorithms, on the other hand, may set 0-valuedvariables to 1. This departure from previous methods is crucial for the success of ouralgorithms.We show in [6] that the number of medians cannot be approximated within bet-ter than logarithmic factors without violating the bound on total distance, unlessthe dominating set and set cover problems can be approximated within better thanlogarithmic factors.2 Metric SpacesIn this section we give the proof of Theorem 1. The median problem can be formulatedas a 0-1 integer linear program of minimizingnXj=1 yj (3)subject to nXi=1 nXj=1 cijxij � D (4)nXj=1xij = 1; i = 1; . . . ; n; (5)xij � yj; i; j = 1; . . . ; n; (6)xij; yj 2 f0; 1g; i; j = 1; . . . ; n; (7)where yj = 1 if and only if j is chosen as a median, xij = 1 if and only if yj = 1 and iis assigned to j, and D > 0 is a given bound on the total distance.Our merging algorithm for the median problem works as follows:Algorithm M1. Solve the linear program relaxation by linear programming techniques [4,5];denote the fractional solution by by; bx.2. For each i, compute bC i =Pj2V cij bxij.3. Given � > 0, for each vertex i, the neighborhood Vi of vertex i consists of all ver-tices j such that cij � (1+1=�) bC i. A vertex j is in the extended neighborhood Viof vertex i if and only if one of the following rules holds:(R1) cij � (1 + 1=�) bC i, that is, vertex j is in the neighborhood Vi of vertex i.2
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Figure 1: A vertex j is in the extended neighborhood Vi of vertex i if and only ifj 2 Vi or Vi \ Vj 6= ;:(R2) There exists a vertex j0 such that cij0 � (1+1=�) bC i and cjj0 � (1+1=�) bCj,that is, Vi \ Vj 6= ;:This construction is illustrated in Figure 1.4. Sort the collection of sets fVigi2V by bCi in nondecreasing order.5. Choose a set Vi with smallest bC i and delete any set Vj such that j 2 Vi. Repeatthis process until no sets remain.6. Let the median set U consist of all vertices whose extended neighborhood Vjare chosen in Step 5.The proof of Theorem 1 follows from the following lemmas:Lemma 1 (Symmetry) For each Vi, if j 2 Vi then i 2 Vj .3



Proof : By the de�nition of Vi, there are two cases.Case 1: cij � (1 + 1=�) bC i. Since cjj = 0, by (R2) we have i 2 Vj .Case 2: Otherwise, there exists a vertex j0 such that cij0 � (1 + 1=�) bC i and cjj0 �(1 + 1=�) bCj . We have i 2 Vj immediately by symmetry and (R2). 2Lemma 2 Let Vi and Vj be two distinct sets selected by Algorithm M in Step 5. Thenwe have Vi \ Vj = ;.Proof : (By contradiction.) Suppose that there exists j0 such that j0 2 Vi\Vj. Withoutloss of generality, we assume Vi is selected before Vj . Since cij0 � (1 + 1=�) bC i andcjj0 � (1 + 1=�) bCj, by (R2) we must have j 2 Vi. Hence, Algorithm M will delete Vjafter the selection of Vi, which is a contradiction. 2Lemma 3 Let U 0 be a set of medians. If for all j0 such that byj0 > 0, we have j0 2 Vifor some i 2 U 0, then Si2U 0 Vi = V .Proof : For each j, there exists at least one byj0 > 0 such that cjj0 � bCj. Sincecij0 � (1 + 1=�) bC i for some i 2 U 0, by the de�nition of Vi we have j 2 Vi. 2Lemma 4 For each j, let V i(j) be the �rst set selected by Algorithm M such thatj 2 V i(j), then we have bCi(j) � bCj.Proof : (By contradiction.) Suppose that bCj < bCi(j). There are two cases, both ofwhich lead to contradiction.Case 1: Vj is selected by Algorithm M before V i(j). By Lemma 1, we have i(j) 2Vj . Hence, we conclude that V i(j) must have been deleted already, which is acontradiction.Case 2: Otherwise, since V i(j) is the �rst set containing j, then immediately before theselection of V i(j), Vj has not yet been deleted by AlgorithmM . This impliesV i(j)cannot be the next set selected by AlgorithmM , which is again a contradiction.2Lemma 5 For each j, let V i(j) be the �rst set selected by Algorithm M such thatj 2 V i(j). Then we have cji(j) � 2(1 + 1=�) bCj.Proof : There are three cases.Case 1: If j = i(j) then cji(j) = 0.Case 2: If ci(j)j � (1 + 1=�) bC i then cji(j) = ci(j)j � (1 + 1=�) bCj by symmetry andLemma 4. 4



Case 3: Otherwise, we must have ci(j)j0 � (1 + 1=�) bC i(j) and cjj0 � (1 + 1=�) bCj forsome j0 2 Vi(j). By symmetry and the triangle inequality, we havecji(j) � cjj0 + cj0i(j) � (1 + 1=�) bCj + (1 + 1=�) bC i(j) � 2(1 + 1=�) bCj:The last inequality follows from Lemma 4. 2Lemma 6 For each i 2 V and � > 0, we haveXj2Vi byj � Xj2Vi bxij > �1 + �;where Vi is the neighborhood of vertex i.Proof : Suppose Pj2Vi bxij � �=(1 + �). ThenbCi = Xj2V cij bxij� Xj 62Vi cij bxij> (1 + �) bCi Xj 62Vi bxij� (1 + �) bCi �1� �1 + ��= bC i;which is a contradiction. 2We now prove Theorem 1. By Lemma 6, for each set Vi selected, the sum ofthe fractional medians in Vi is greater than 1=(1 + �). Lemma 2 implies that eachfractional median is covered at most once by some Vi throughout the execution ofAlgorithm M . Therefore, by Lemma 3 the number of sets (medians) selected is lessthan s1=(1 + �) = (1 + �)s:By Lemma 5 we haveXj2V mini2U cij � 2(1 + 1=�)Xj2V bCj � 2(1 + 1=�)D:3 Fixed-Dimensional Euclidean SpacesIn this section we give the proof of Theorem 2. Let vertex i be a median selected byAlgorithm M and let Vi;� � Vi be a subset of vertices such that a vertex j 2 Vi is inVi;� if and only if bCj � � bC i. 5



Since Vi;� is bounded by a ball of diameter 2�(1+1=�) bC i in d-dimensional Euclideanspace, there exists a median set Ui of size at most (2�� 1)d such that for all j 2 Vi;�we have min`2Ui cj` � (1 + 1=�) bC i:For each j 2 Vi � Vi;�, there exists j 0 2 Vi;� such that cjj0 � (1 + 1=�) bCj . Therefore,we have min`2Ui cj` � cjj0 +min`2Ui cj0` � (1 + 1=�) bCj + (1 + 1=�) bC i:Since bCj > � bCi, we havemin`2Ui cj` < (1 + 1=�) bCj + 1�(1 + 1=�) bCj = (1 + 1=�)(1 + 1=�) bCj :The rest of the proof follows by replacing each median i selected by AlgorithmMby the median set Ui (packing).4 ConclusionsOne interesting long-standing open problem about the Euclidean median problem isthe worst-case ratio between the total distance of an optimal integral solution andthe total distance of an optimal fractional solution. The results of this paper is a steptoward that goal.References[1] T. Feder and D. Greene, \Optimal Algorithms for Approximate Clustering," inProceedings of the 20th Annual Symposium on the Theory of Computing, 1988,434{444.[2] T. F. Gonzalez, \Clustering to Minimize the Maximum Intercluster Distance,"Theoretical Computer Science 38 (1985), 293{306.[3] D. S. Hochbaum and D. B. Shmoys, \A Uni�ed Approach to ApproximationAlgorithms for Bottleneck Problems," Journal of the Association for ComputingMachinery 33 (July 1986), 533{550.[4] N. Karmarkar, \A New Polynomial-Time Algorithm for Linear Programming,"Combinatorica 4 (1984), 373{395.[5] L. G. Khachiyan, \A Polynomial Algorithm in Linear Programming," SovietMath. Doklady 20 (1979), 191{194.[6] J.-H. Lin and J. S. Vitter, \�-Approximations with MinimumPacking ConstraintViolation," in Proceedings of the 24th Annual ACM Symposium on Theory ofComputing, Victoria, BC, Canada , May 1992, 771{782.6
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