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AbstractWe present e�cient new randomized and deterministic methods for transformingoptimal solutions for a type of relaxed integer linear program into provably good so-lutions for the corresponding NP-hard discrete optimization problem. Without anyconstraint violation, the �-approximation problem for many problems of this type isitself NP-hard. Our methods provide polynomial-time �-approximations while at-tempting to minimize the packing constraint violation. Our methods lead to the�rst known approximation algorithms with provable performance guarantees for thes-median problem, the tree pruning problem, and the generalized assignment problem.These important problems have numerous applications to data compression, vectorquantization, memory-based learning, computer graphics, image processing, cluster-ing, regression, network location, scheduling, protocol testing, and communication.We provide evidence via reductions that our approximation algorithms are nearlyoptimal in terms of the packing constraint violation. We also discuss some recentapplications of our techniques to scheduling problems.



11 IntroductionWe consider the following type of 0-1 integer programs with mixed covering andpacking constraints: minimize cx (1)subject to (2)Ax = 1; (3)Bx � b; (4)x 2 P; (5)xi 2 f0; 1g; i 2 I; (6)where I is the set of indices for the vector x, c and b are nonnegative rational vectors,A is a 0-1 matrix, B is a nonnegative rational matrix, and P is a convex set thatcorresponds to other linear constraints. The linear program relaxation of the aboveprogram is to lessen restriction (6) and allow the xi's to take rational values between 0and 1.Three important problems we consider of the above type are the s-median problem,the tree pruning problem, and the generalized assignment problem. These problemsarise directly in data compression, vector quantization, memory-based learning, com-puter graphics, image processing, clustering, regression, network location, scheduling,protocol testing, and communication.The �-approximation problem [GaJ, SaG] for a NP-hard minimization problem is,for any � > 0, to approximate the optimal solution within a relative factor of �. The�-approximation problem for many problems of the above type is NP-hard [SaG].That is, without any constraint violation, the �-approximation problem is as hard as�nding the optimal solution. In this paper, we develop the �rst known algorithms for�nding �-approximate solutions with minimum packing constraint violation.Raghavan and Thompson [Rag, RaT] introduce techniques for approximating a0-1 integer program by �rst solving its linear program relaxation and then roundingthe resulting solution. They successfully apply their rounding techniques to severaldiscrete optimization problems such as routing problems in VLSI, undirected multi-commodity 
ow problems, and the k-matching problem on hypergraphs. However,their techniques depend on Cherno�-type bounds on the tail of the distribution ofthe weighted sum of Bernoulli trials and apply only to optimization problems with avery special structure. Furthermore, they require problem parameters to be withina certain range for their methods to be e�ective. Their techniques do not appear toapply to our problems, thus motivating our new approach.The main results of this paper are new rounding methods that provide polynomial-time �-approximations for the above type of problems described in (1){(6) while tryingto minimize the packing constraint violation.We now give an outline of the techniques. Let � be a 0-1 program of the given



2 1 INTRODUCTIONtype and let �L be its linear program relaxation. The basic algorithm consists of thefollowing three phases:Phase 1 Solve �L by linear programming techniques [Kar, Kha]; denote the optimalfractional solution by bx.Phase 2 [Filter.] Given � > 0 and the fractional solution bx from the �rst phase,transform � into a 0-1 integer program �(�; bx) of minimizing L, subject toAx = 1; (7)Bx � Lb; (8)x 2 P; (9)xi = 0; i 2 Z (10)xi 2 f0; 1g; i 2 I � Z (11)where Z � I depends on � and bx. Besides setting a subset of variables to 0,another e�ect of Z is that, for each i 2 Z, column i of A and B can be consideredto be zeroed out. This transformation is said to be valid if any feasible solution xfor �(�; bx) satis�es cx � (1 + �)cbx � (1 + �)cx�;where x� is the optimal (integral) solution for �. Let �L(�; bx) be the linearprogram relaxation of �(�; bx).Phase 3 [Round.] Solve �(�; bx), that is, attempt to minimize the packing constraintviolation, which is represented by the variable L. We solve �(�; bx) by �rstconverting bx into a fractional solution ex for �L(�; bx). Then we transform ex intoa provably good 0-1 solution for �(�; bx) by various techniques.We call the transformation in the second phase �ltering, since this transformation�lters out a subset of variables, namely fxigi2Z , by setting them to 0. We call aprogram decomposable if for any two distinct rows Ar1 and Ar2 of the matrix A, wehave Ar1 �Ar2 = 0. As we shall see later, there is a �ltering process that works for alldecomposable problems. On the other hand, if the program is not decomposable, the�ltering process depends heavily on the problem structure. We will refer to �(�; bx) asthe �ltered program of � with respect to � and bx. Phase 2 can be shortcut in practiceand combined with Phase 3. The reason we make Phase 2 explicit is to expose thestructure of the problem.The main idea of Phase 3 is that we can derive from bx an upper bound for the op-timal solution of the relaxed �ltered program. Therefore, any provably good roundingalgorithms for transforming a solution for �L(�; bx) into a 0-1 solution for �(�; bx) willalso provide performance guarantees for the packing constraint violation. We do notneed to solve �(�; bx) from scratch.



3In the next three sections, we provide some direct applications of our methodsby presenting the �rst known approximation algorithms with provable performanceguarantees for the s-median problem, the tree pruning problem, and the generalizedassignment problem. In Section 2, we discuss the well-known s-median problem anddemonstrate the basic principles of our techniques. In Section 3, we apply the methodto the tree pruning problem, which is not decomposable. Section 4 deals with thegeneralized assignment problem and the problem of scheduling unrelated parallel ma-chines. For each problem, we provide evidence via reductions that our approximationalgorithms are nearly optimal in terms of the packing constraint violation. Section 5concludes with remarks on possible extensions.2 The s-Median ProblemIn this section we illustrate the basic principles of our methods by means of the(discrete) s-median problem, which arises directly in applications such as memory-based learning, network location, protocol testing, clustering, and data compression.For example, consider a company that wishes to locate a number of warehousesfor their products on a network of roads. The company estimates the transportationcosts between cities and wants to select warehouse locations such that the total costof transportation is minimized. For another example, suppose that an informationservice company has a network of computer centers. It wants to make available anew major software package at each center. It can do this either by installing thepackage at each center, thereby incurring a �xed annual charge, or by installing thepackage at some of the centers, thereby incurring a smaller �xed annual charge butadditional communication costs. The problem here is to determine at which centersthe package must be installed so as to minimize the total annual cost. This variantof the problem is known as the �xed-cost median problem.The formal de�nition of the s-median problem is as follows: We are given acomplete (directed or undirected) graph G = (V;E) on n vertices, with vertex setV = f1; . . . ; ng, edge set E � V � V , and nonnegative cost cij associated with edges.We refer to (cij) as the cost matrix. In the network location context, for example,vertices may represent cities and edge costs may correspond to distances between pairsof cities. The goal is to choose s vertices as medians so that the sum of distancesfrom each vertex to its nearest median is minimized.1The s-median problem can be formulated as an integer linear program of mini-mizing Xi2V Xj2V cijxij (12)1Note that the s-median problem is distinctly di�erent from the s-center problem of choosing scenters that minimize the worst-case distance from each vertex to its nearest center. For approxi-mation algorithms for the s-center problem, we refer the readers to [FeG, Gon, HoSb]



4 2 THE S-MEDIAN PROBLEMsubject to Xj2V xij = 1; i 2 V;Xj2V yj � s;xij � yj; i; j 2 V;xij; yj 2 f0; 1g; i; j 2 V;where yj = 1 if and only if vertex j is chosen as a median, and xij = 1 if and only ifyj = 1 and vertex i is assigned to vertex j.The fractional s-median problem, which is the linear program relaxation of thes-median problem, is to allow yj and xij to take rational values between 0 and 1.Clearly, the optimal solution for the fractional s-median problem is a lower bound onthe solutions of the s-median problem. The following lemma is useful for the rest ofthis section:Lemma 1 [ACC] Given a solution by = (by1; . . . ; byn) for the fractional s-median prob-lem, we can determine the optimal fractional values for xij.Proof : Each vertex i is assigned to its nearest fractional medians at vertices j1; j2; . . .until their total \weight" yj1 + yj2 + � � � reaches 1. More speci�cally, we sort thevalues cij, j 2 V , so that cij1(i) � cij2(i) � . . . � cijn(i), and let p be such thatPp�1`=1 byj`(i) � 1 � Pp̀=1 byj`(i). Then we set bxij = byj for j = j1(i); . . . ; jp�1(i), bxijp(i) =1�Pp�1`=1 byj`(i), and bxij = 0 otherwise. 2The s-median problem is NP-hard, even in Euclidean space [GaJ, KaH, MeS,Pap]. Without any probabilistic assumptions on the distribution of the vertices [ACC,FiH, Pap], no approximation algorithms are known. Even if the cost matrix is sym-metric, by similar reasoning as in [KaH, SaG], the approximation problem remainshard:Lemma 2 The �-approximation problem for the s-median problem is NP-hard evenif the cost matrix is symmetric.Proof : We use a reduction from the dominating set problem, which is de�ned asfollows: Given a positive integer 1 < s < n and an undirected graph G = (V;E),where V = f1; . . . ; ng and E � V � V , does there exists a subset V �s of at most svertices such that each vertex in G is either in V �s or is adjacent to a vertex of V �s ?Given a graph G as above and � > 0, we construct another complete undirectedgraph G0 = (V;E0) with the same set of vertices. The cost cij is 1 if vertex i and j areadjacent to each other inG, the cost is 0 for i = j, otherwise the cost is (1+�)(n�s)+1.If there exists a dominating set for G of size at most s, then there also exists aset U � V of s-medians such that Pi2V minj2Ufcijg = n � s. Furthermore, if theredoes not exist a dominating set for G of size at most s, then Pi2V minj2Ufcijg �(1 + �)(n� s) + 1 for any set U � V of s-medians. 2



2.1 Filtering 5The main results in this section are stated in the following two theorems, whoseproofs appear in Section 2.2 and Section 2.3, respectively. The �ltered program forthe s-median problem is given in Section 2.1.Theorem 1 There exists a randomized approximation algorithm that, given any� > 0 and 0 < � < 1, outputs with probability greater than 1 � � a median set Uof size at most (1 + 1=�)s ln(n=�) such thatXi2V minj2U fcijg � (1 + �)Xi2V minj2V �s fcijg; (13)where V �s � V is a set of optimal s-medians.Theorem 2 A median set U of size less than (1 + 1=�)s(lnn + 1) satisfying (13) canbe found deterministically.We show in Section 2.4 that our approximation algorithms are nearly optimal,unless there exist approximation algorithms for the dominating set and the set coverproblems with better than logarithmic performance guarantees, which seems unlikely.To the best of our knowledge, the only approximation algorithm for a medianproblem is due to Hochbaum [Hoc] for the �xed-cost median problem, where theobjective is to minimize the sum Pj2U fj +Pi2V minj2Ufcijg; where U is a medianset and fj is a �xed cost for selecting vertex j, and there is no restriction on thenumber of medians chosen. Hochbaum's technique does not seem to be adaptableto the s-median problem. Our algorithm, on the other hand, can be easily modi�edto handle the �xed-cost median problem with performance bound matching, up toa constant factor, the logarithmic performance guarantee of Hochbaum's algorithm.Details are given in Section 2.5.3.2.1 FilteringIn this section, we present a �ltering procedure for the s-median problem, which alsoworks for other decomposable problems. Given � > 0 and a fractional solution bx, weconstruct a collection of sets fVigi2V as follows: Let bCi = Pj2V cij bxij be the weightedcost of assigning vertex i to its medians in the fractional solution bx. We de�ne theneighborhood Vi of vertex i to beVi = fj 2 V j cij � (1 + �) bCig:This construction is illustrated in Figure 1. We transform the s-median problem intoa 0-1 integer program of minimizing L subject toXj2Vi xij = 1; i 2 V;Xj2V yj � Ls;



6 2 THE S-MEDIAN PROBLEM
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Figure 1: The neighborhood Vi of vertex i is de�ned to be Vi = fj 2 V j cij �(1 + �) bCig; where bCi = Pj2V cij bxij is the weighted cost of assigning vertex i toits medians in the fractional solution bx. By Markov's inequality, it follows thatPj2Vi byj > �1+� : xij � yj ; i; j 2 V;xij = 0; i 2 V; j 2 V � Vi;xij; yj 2 f0; 1g; i 2 V; j 2 Vi:This restriction requires that each vertex i must be assigned to a median in its neigh-borhood Vi. It follows from the de�nition of Vi that this �ltered program is valid:Theorem 3 Let � > 0 and let bx be a solution for the fractional s-median problem. Ifx is a feasible 0-1 solution for the �ltered program de�ned above, thenXi2V Xj2V xijcij � (1 + �)Xi2V Xj2V bxijcij :



2.2 Rounding by Sampling 72.2 Rounding by SamplingIn this section, we prove Theorem 1 by using the following random sampling tech-nique, which is of independent interest. The outline of the algorithm is as follows:1. Solve the linear program relaxation of the s-median problem by linear program-ming techniques; denote the fractional solution by by; bx.2. Given � > 0 and 0 < � < 1, we select (1 + 1=�)s ln(n=�) vertices randomly, wherevertex j has relative weight byj=s. Let U be the set of vertices that the samplingalgorithm selects. Then the solution for the �ltered program is obtained bysetting yj = 1 for each j 2 U and yj = 0 for each j 2 V �U . The values for xijare determined as in Lemma 1.The next lemma shows that neighborhood Vi of vertex i contains fractional medi-ans of weight more than �=(1 + �).Lemma 3 For each i 2 V and � > 0, we haveXj2Vi byj � Xj2Vi bxij > �1 + �;where Vi is de�ned as in Section 2.1.Proof : Suppose Pj2Vi bxij � �=(1 + �). ThenbCi = Xj2V cij bxij� Xj 62Vi cij bxij> (1 + �) bCi Xj 62Vi bxij� (1 + �) bCi �1� �1 + ��= bC i;which is a contradiction. 2We are now ready for the proof of Theorem 1. We say that vertex i is \covered" if avertex j 2 Vi is selected to be a median by the sampling algorithm. By Lemma 3, theprobability that vertex i is covered by a randomly selected vertex is more than �=s(1+�). Since the sampling algorithm selects (1 + 1=�)s ln(n=�) vertices, the probabilitythat vertex i is not covered is less than 1� �s(1 + �)!(1+ 1� )s ln n� < �n:Since there are only n vertices, then the probability that at least one of the n verticeswill not be covered is at most n(�=n) = �. The rest of the proof of Theorem 1 followsfrom Theorem 3.



8 2 THE S-MEDIAN PROBLEM2.3 Deterministic Greedy RoundingIn this section, we prove Theorem 2 by showing that the well-known greedy set covermethod [Chv, Joh, Lov] can be adapted to solve the �ltered program for the s-medianproblem given in Section 2.1. The algorithm is outlined as follows:1. Solve the linear program relaxation of the s-median problem by linear program-ming techniques; denote the fractional solution by by; bx.2. For each i, compute bC i =Pj2V cij bxij.3. Given � > 0, we form the following set cover problem: for each vertex j suchthat byj > 0, we construct a set Sj. Vertex i is in Sj if and only if cij � (1+ �) bCi(or equivalently if and only if j 2 Vi) (see Figure 2).4. Apply the greedy set cover algorithm [Chv, Joh, Lov]: At each iteration, wechoose the set Sj which covers the most uncovered vertices. We repeat thisprocess until all vertices are covered. Let U be the set of vertices that thegreedy algorithm selects. Then the solution for the �ltered program is obtainedby setting yj = 1 for each j 2 U and yj = 0 for each j 2 V � U . The valuesfor xij are given by Lemma 1.Now let us prove Theorem 2. By Lemma 1, we can further simplify the �lteredprogram as a 0-1 integer program of minimizing Pj2V yj, subject toXj2Vi yj � 1; i 2 V;yj 2 f0; 1g; j 2 V;where Vi is de�ned as in Section 2.1.The linear program relaxation of the simpli�ed �ltered program is an instance ofthe fractional set cover problem [Chv, Lov] with the collection of sets fSjgj2V de�nedas above. We now show that the size of the optimal fractional cover is less than(1 + 1=�)s by converting by to a fractional cover ey of size less than (1 + 1=�)s. We seteyj = minfbyj= bY ; 1g, where bY = mini2V fPj2Vi byjg > �=(1 + �). By Lemma 3, we havePj2Vi eyj � 1. Hence, ey is a valid fractional cover and its size isXj2V eyj = Xj2V minfbyj= bY ; 1g< (1 + 1=�)Xj2V byj� (1 + 1=�)s:By the results in [Chv, Lov], the number of sets (medians) selected by the greedyalgorithm is less than (1 + 1=�)s(ln n + 1). The proof then follows from Theorem 3.Some experimental results for our greedy algorithm are presented in the appendix.



2.4 Hardness Results 9
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fractional medians for vertex iFigure 2: Vertex i is in Sj if and only if cij � (1 + �) bCi (or equivalently if and only ifj 2 Vi).2.4 Hardness ResultsIn this section, we show the equivalence (up to constant factors) between the approx-imabilities of the s-median problem, dominating set, and set cover problems.Theorem 4 If there exists an approximation algorithm for the s-median problemthat, given any � > 0, outputs a median set U of size at most (1+1=�)f(n)s satisfyingXi2V minj2U fcijg � (1 + �)Xi2V minj2V �s fcijg;where V �s is a set of optimal s-medians, then there exist approximation algorithmsfor both the dominating set problem and the set cover problem with an O(f(n)) rel-ative performance guarantee. This is true even if the cost matrix is required to besymmetric.Proof : Let � be an arbitrary �xed positive constant. The reduction from the domi-nating set problem to the s-median problem in Lemma 2 preserves approximability,



10 2 THE S-MEDIAN PROBLEMand the cost matrix is symmetric. It is well-known that the dominating set problemand the set cover problem can be reduced to each other with the approximabilitypreserved. 2By the result of Section 2.3, we immediately have the following corollary:Corollary 1 The approximabilities of the s-median problem, the dominating set prob-lem, and the set cover problem are equivalent up to constant factors.If the cost matrix must satisfy the triangle inequality, then Theorem 4 does nothold. In this case, however, we have a slightly weaker hardness result. We showthat the number of medians cannot be approximated within better than logarithmicfactors without violating the bound on total distance, unless the dominating set andset cover problems can be approximated within better than logarithmic factors.Theorem 5 Let f(n) = o(log n). If there exists an approximation algorithm for thes-median problem in metric spaces that outputs a median set U of size at most f(n)ssatisfying Xi2V minj2U fcijg �Xi2V minj2V �s fcijg;where V �s is a set of optimal s-medians, then both the dominating set problem and theset cover problem can be approximated within a relative factor of O(f(n)).Proof : We use a reduction from the dominating set problem de�ned in the proofof Lemma 2. Given graph G, we construct another complete undirected graph G0 =(V;E0) with the same set of vertices. The distance cij is 1 if vertex i and j are adjacentto each other in G; otherwise cij is the length of the shortest path between i and j inthe original graph G. This distance assignment clearly satis�es metric properties.If there exists a dominating set for G of size at most s, then there also exists aset U � V of s-medians such thatPi2V minj2Ufcijg = n�s: Furthermore, if there doesnot exist a dominating set for G of size at most s, then Pi2V minj2Ufcijg � n� s+1for any set U � V of s-medians.Let s be the size of an optimal dominating set for the dominating set problem. Bythe performance guarantee, the approximation algorithm outputs a median set U ofat most f(n)s medians with Pi2V minj2Ufcijg � n� s. This implies that the numberof non-dominated vertices is at most (f(n)� 1)s. Otherwise, the total cost will be atleast 2((f(n)� 1)s + 1) + (n� (f(n) � 1)s � 1) = (f(n)� 1)s + n � s + 1 > n � s,which is a contradiction. Thus we can construct a dominating set of size at mostf(n)s+ (f(n) � 1)s = (2f(n)� 1)s. 2



2.5 Generalized Median Problems 112.5 Generalized Median Problems2.5.1 Weighted CostWe can allow the cost to be weighted, that is, we can replace the objective func-tion (12) by Xi2V pi Xj2V cijxij;where fp1; . . . ; png is a set of nonnegative weights representing the \importance" ofvertices. Since our randomized sampling algorithm and deterministic greedy algo-rithm only require the cost matrix to be nonnegative, we can solve the weighted-costcase simply by using the cost matrix (c0ij), where c0ij = picij.2.5.2 The Weighted Median ProblemThe weighted median problem is similar to the s-median problem except that wereplace constraint (13) by Xj2V wjyj � W;where fw1; . . . ; wng is a set of positive weights and W > 0 is a bound on the totalweight. This problem is clearlyNP-hard. Our greedy algorithm can be easily adaptedfor the weighted median problem by using the weighted set cover algorithm in thefourth step of the deterministic greedy algorithm:Theorem 6 There exist a deterministic approximation algorithm that, given any� > 0, outputs a median set U of weight less than (1 + 1=�)W (lnn+ 1) such thatXi2V minj2U fcijg � (1 + �)Xi2V minj2V �Wfcijg;where V �W � V is an optimal median set of weight at most W .2.5.3 The Fixed-Cost Median ProblemThe integer linear program of the �xed-cost median problem is to minimizeXj2V fjyj +Xi2V Xj2V cijxijsubject to Xj2V xij = 1; i 2 V;xij � yj; i; j 2 V;xij; yj 2 f0; 1g; i; j 2 V;



12 3 APPROXIMATE TREE PRUNINGwhere yj = 1 if and only if vertex j is chosen as a median, and xij = 1 if and only ifyj = 1 and vertex i is assigned to vertex j.The weighted greedy algorithm for the weighted median problem can be easilyadapted for the �xed-cost median problem. The only modi�cation needed is to usethe �xed cost fj as the weight for the set Sj. This gives us the following result:Theorem 7 There exists a deterministic approximation algorithm for the �xed-costmedian problem that, given any � > 0, outputs a median set U such thatXj2U fj +Xi2V minj2U fcijg < (1 + 1=�)(ln n+ 1) Xj2V � fj + (1 + �)Xi2V minj2V �fcijg;where V � is an optimal median set.Theorem 7 matches the logarithmic performance bound of [Hoc] up to a constantfactor. However, whenPj2V � fj is dominated byPi2V minj2V �fcijg, our performancebound is better than that of [Hoc].3 Approximate Tree PruningA tree-structured vector quantizer partitions a signal space into a hierarchy of regions,each of which is represented by a representative vector. An input signal vector isquantized by traversing a root-to-leaf path in the tree; the vector is then encoded asthe representative vector of the leaf. The central problem for tree-structured vectorquantization is how to �nd a particular tree subject to some cost constraint (suchas a bound on the average path length) that minimizes the average distortion. Themost popular approach for this problem, introduced by Breiman, Freidman, Olshen,and Stone [BFO] in the context of classi�cation and regression trees, is �rst to builda large initial tree-structured vector quantizer and then to prune back the tree tosatisfy the cost requirement. Besides tree-structured vector quantization, tree pruningalgorithms have many applications such as memory-based learning, regression trees,decision trees, and computer graphics.In computer graphics, for example, let us consider an image consisting of 512�512pixels. The image can be partitioned into four 256 � 256 subimages, each of whichcan be partitioned into four 128 � 128 subimages, and so forth, until each subimageconsists of only one pixel. This gives depth-9 quadtree representation of images. Wecan use tree pruning algorithm to prune the complete quadtree back and partitionthe image into regions of similar characteristics. For more applications of the treepruning problem, we refer the readers to [BFO, CLG].In this section we present a provably good approximate tree pruning algorithm.We also introduce the notion of probability search trees, which have the potentialof outperforming the optimal pruned tree when the cost of trees is the average pathlength. Experimental results on lossy image compression are given in [LiVc].



3.1 De�nitions 133.1 De�nitionsWe use the notation of [CLG]: A tree T is a �nite set of nodes t0; t1; . . . ; tn, with aunique root node t0. The set of leaves of a tree T is denoted by eT . A subtree S oftree T is a tree rooted at some node root(S) 2 T such that the following conditionholds: For each internal node t of T , if any of the children of t is in S, then all thechildren of t must be in S as well. The leaves eS of a subtree S are not necessarily asubset of eT ; some leaves of S may be internal nodes of T . If eS � eT , then S is calleda branch of T and is denoted by Troot(S). We call a subtree S of T a pruned subtreeand write S � T if the root of S is t0.For t 6= t0, we denote the parent node of t as parent(t). For t 2 T � eT , letchildren(t) be the set of children of node t. We de�ne path(t) as the set of nodes,including t, from t0 leading to t.De�nition 1 Let u(t) � 0 be an arbitrary function on the nodes of T . A linear treefunctional u on subtrees is de�ned byu(S) =Xet2eS u(et):Let �u(S) = u(S) � u(root(S)). A tree functional u is monotonic nondecreasing ifand only if for any subtree S of T we have �u(S) � 0. Similarly, u is monotonicnonincreasing if and only if �u(S) � 0 for any subtree S of T .Let C be a monotonic nondecreasing tree functional and D be a monotonicnonincreasing tree functional. We call C the cost functional and D the distor-tion functional. For example, in vector quantization, we have the following set-ting: Let P be a probability function such that P (t0) = 1 and for all t 2 T � eTwe have P (t) = Pt02children(t) P (t0): Let d be a distortion function on nodes satisfy-ing P (t)d(t) � Pt02children(t) P (t0)d(t0): Usually we let D(S) be the average distortionof subtrees. Possible de�nitions for C(S) include the average path length, the leafentropy, or the number of leaves.De�nition 2 Given a tree T and a bound C on the cost, the tree pruning problemis to �nd a pruned subtree S of T such that C(S) � C and D(S) is minimized.Chou, Lookabaugh, and Gray [CLG] proposed a tree pruning heuristic based onthe BFOS algorithm [BFO] in which a given initial tree is pruned back accordingto certain optimization criterion. Their heuristic traces the lower convex hull of thedistortion-cost function and the �nal pruned subtrees are optimal for their costs.However, if there is no point (pruned subtree) on the lower convex hull at the desiredcost, it requires time-sharing between two neighboring points (pruned subtrees). Lin,Storer, and Cohn [LSC] show that the tree pruning problem is NP-hard in general.22On the other hand, Lin, Storer, and Cohn also show that the tree pruning problem can besolved in polynomial time if the trees are binary and the cost constraint is the number of leaves.Our approximate tree pruning algorithmworks for general trees and applies to other cost constraints,such as the average path length and the leaf entropy.



14 3 APPROXIMATE TREE PRUNINGOur main result is the following theorem:Theorem 8 Given any � > 0, there exist an approximate tree pruning algorithm thatoutputs a pruned subtree S satisfyingC(S) < (1 + 1=�)C (14)and D(S) � (1 + �)cD � (1 + �)D; (15)where cD is the distortion of the fractional solution for the tree pruning problem and Dis the optimal distortion of pruned subtrees with cost at most C.The algorithm mentioned in Theorem 8 is given in Section 3.4 and the proofappears in Sections 3.6 and 3.7.3.2 The Integer Linear ProgramWe may formulate the tree pruning problem as the following integer linear program:For each node t 2 T , we let xt be a decision variable such that xt = 1 if and only ifnode t is a leaf in the �nal pruned subtree, and xt = 0 otherwise. The integer linearprogram for the optimal tree pruning problem is to minimize the costXt2T xtD(t)subject to Xt2path(et)xt = 1; et 2 eT;Xt2T xtC(t) � C;xt 2 f0; 1g; t 2 T:3.3 The Filtered ProgramSince the program is not decomposable, we need a di�erent �ltering procedure:Given any � > 0 and a fractional solution bx, we de�ne for each leaf et the setIet = ft j t 2 path(et) and Pt02path(t) bxt � 1=(1 + �)g. The �ltered program is to mini-mize L, subject to Xt2Iet xt = 1; et 2 eT;Xt2T xtC(t) � L � C;xt = 0; t 2 [et2eT �path(et) � Iet� ;xt 2 f0; 1g; t 2 T:



3.4 Deterministic Pruning 15The following theorem shows that the �ltered program is valid. The proof is givenin Section 3.6.Theorem 9 Let x be a feasible 0-1 solution for the �ltered program de�ned as above.Then we have Xt2T xtD(t) � (1 + �)Xt2T bxtD(t):3.4 Deterministic PruningThe following is an outline of the approximate tree pruning algorithm:1. Solve the linear program relaxation of the tree pruning problem by linear pro-gramming techniques; denote the fractional solution by bx.2. Given � > 0, in a top-down and breadth-�rst fashion, we prune the tree at anynode t where Pt02path(t) bxt0 � 1=(1 + �).The performance guarantee of the pruning algorithm will be proven in Sections 3.6and 3.7.3.5 Probability Search TreesProbability search trees are an interesting interpretation of the fractional solution ofthe integer linear program for the tree pruning problem.De�nition 3 A probability search tree bT = (T; q) is a tree T with augmented proba-bility function q on tree nodes, which satis�es Pt2path(et) q(t) = 1; for all leaves et 2 eT .Let us de�ne Q(t) = 1� Xt02path(t) q(t0):A search along a path through node t will continue at node t, assuming the searchreaches node t, with probability Q(t)=Q(parent(t)).We may use Q(t) as the probability that the search passes through node t andq(t) as the probability that the search stops at node t.We can extend tree functionals to probability search trees in the following way:De�nition 4 Let bT = (T; q) be a probability search tree. Given a linear tree func-tional u, we de�ne the probability tree functional u� on subtrees asu�(S) = Xt2S�eS q(t)u(t) +Xet2eSQ(parent(et))u(et);and we de�ne �u�(S) = u�(S) � u�(root(S)): A probability tree functional u� ismonotonic nondecreasing if and only if for any subtree S of T , we have �u(S) � 0.Similarly, u� is monotonic nonincreasing if and only if �u(S) � 0 for any subtree Sof T .



16 3 APPROXIMATE TREE PRUNINGLemma 4 For any subtree S rooted at t of height greater than 0, we have�C�(S) = �Q(t)C(t) + Xt02children(t)C�(St0):Proof : By manipulating the sum, we have�C�(S) = C�(S)� C�(t)= bxtC(t)� C�(t) + Xt02children(t)C�(St0)= �Q(t)C(t) + Xt02children(t)C�(St0): 2The following theorem shows the monotonic properties of probability tree func-tionals:Theorem 10 If a linear tree functional u is monotonic nondecreasing (nonincreas-ing), then the probability tree functional u� is also monotonic nondecreasing (nonin-creasing).Proof : By induction on the height of S. If the subtree S consists of a single node t,then �C�(S) = C�(t) � C�(t) = 0. Suppose that the theorem is true for all subtreesof height no greater than k. Let S be a subtree of height k + 1, and let t = root(S).By Lemma 4, we may write�C�(S) = �Q(t)C(t) + Xt02children(t) C�(St0):By the induction hypothesis, we have�C�(S) � �Q(t)C(t) + Xt02children(t) C�(t0)= Q(t)��C(t) + Xt02children(t)C(t0)�� 0:The last inequality follows since C is monotonic nondecreasing. 2We can interpret an optimal fractional solution bx as an augmented probabilityfunction q by setting q(t) = bxt. The resulting probability search tree is a novel exten-sion of the notion of time sharing in tree structured vector quantization and has thepotential of outperforming the optimal pruned subtree in terms of the average pathlength:



3.6 Bounding the Distortion 17Corollary 2 Let bT = (T; q) be a probability search tree with q(t) = bxt, where bx is anoptimal fractional solution for the tree pruning problem, and let C(S) be the averagepath length of subtrees. Then we haveC�( bT ) � Cand D�( bT ) = cD � D;where cD is the distortion of the optimal fractional solution for the tree pruning problemand D is the optimal distortion of pruned subtrees with cost at most C.3.6 Bounding the DistortionWe prove Theorem 9 in this section. Let S be the �nal pruned subtree correspondingto x. We want to show that Xt2S bxtD(t) � 11 + �D(S):Since D is monotonic nonincreasing, for any t 2 S we haveD(t) � Xet2eStD(et):Therefore, we have Xt2S bxtD(t) � Xt2S bxt Xet2eStD(et)� Xet2eSD(et) Xt2path(et) bxt� 11 + �Xet2eSD(et):The last inequality follows from the de�nition of Iet in the �ltered program.3.7 Bounding the CostIn this section we prove Theorem 8. The bound (15) follows from Theorem 9, so allthat remains is to prove (14). Let S be the �nal pruned subtree. We prove L < 1+1=�by showing that Xt2eS[(T�S) bxtC(t) > �1 + �C(S):



18 4 OTHER APPLICATIONSBy expanding the sum, we haveXt2eS[(T�S)bxtC(t) = Xet2eS bxet C(et) + Xt2T�S bxtC(t)= Xet2eS �Q(parent(et))�Q(et)� C(et) + Xt2T�S bxtC(t)= Xet2eSQ(parent(et))C(et)�Xet2eSQ(et)C(et) + Xt2T�S bxtC(t):By Lemma 4, we may writeXt2eS[(T�S) bxtC(t) = Xet2eSQ(parent(et))C(et) +Xet2eS�C�(Tet):For any et 2 eS, by Theorem 10, we haveXet2eS�C�(Tet) � 0:Therefore, we have Xt2eS[(T�S) bxtC(t) � Xet2eSQ(parent(et))C(et)> �1 + �Xet2eS C(et);which implies (14). The last inequality follows from the way we prune the tree.4 Other Applications4.1 The Generalized Assignment ProblemLet J = f1; . . . ;Kg be a set of agent indices and I = f1; . . . ; ng be a set of taskindices. We denote the cost of assigning task i to agent j as cij and the resourceavailable to agent j as bj > 0. Let 0 < rij � bj be the resource required of agent j toperform task i. The generalized assignment problem is formulated as minimizingXi2I Xj2J cijxijsubject to Xj2J xij = 1; i 2 I;Xi2I rijxij � bj; j 2 J;xij 2 f0; 1g; i 2 I; j 2 J;



4.1 The Generalized Assignment Problem 19where xij is 1 if and only if task i is assigned to agent j, xij = 0 otherwise.If rij = 1 for all i 2 I and j 2 J , then the well-known Hungarian method [Kuh]can be adapted for its solution [GLS]. On the other hand, Sahni and Gonzalez [SaG]show that the �-approximation problem is NP-hard for the generalized assignmentproblem.For simplicity, we assume for the rest of the section that the generalized assign-ment problem is feasible. We remark that we can use the notion of relaxed decisionprocedures [HoSa, LST] for checking feasibility approximately.The �ltering procedure for the generalized assignment problem is similar to thatof the s-median problem. Given � > 0 and a fractional solution bx for the linearrelaxation of the above program, let bCi =Pj2J cij bxij. We de�neJi = fj 2 J j cij � (1 + �) bCigfor each i 2 I, and Ij = fi 2 I j cij � (1 + �) bCigfor each j 2 J . The �ltered program is to minimize L, subject toXj2Ji xij = 1; i 2 I;Xi2Ij rijbj xij � L; j 2 J;xij = 0; i 2 I; j 2 J � Ji;xij 2 f0; 1g; i 2 I; j 2 J:Any feasible solution to the �ltered program provides �-approximations for thegeneralized assignment problem. By our techniques, we can show the following:Theorem 11 There exists a deterministic approximation algorithm for the general-ized assignment problem that, given any � > 0, outputs an assignment x such thatXi2I Xj2J cijxij � (1 + �)Xi2I Xj2J cijx�ij;where x� is an optimal assignment, andXi2I rijxij < (2 + 1=�)bjfor all j 2 J:Recently, after the acceptance of the conference version of this paper, Shmoysand Tardos [ShTb] have developed an approximation algorithm for the general-ized assignment problem that outputs an assignment x such that Pi2IPj2J cijxij �Pi2I Pj2J cijx�ij; where x� is an optimal assignment, andPi2I rijxij � 2bj for all j 2 J:



20 4 OTHER APPLICATIONSWe now relate the approximability of the generalized assignment problem to thatof the minimum makespan problem on unrelated parallel machines (without preemp-tion). The later problem can be formulated as an integer linear program of minimiz-ing L, subject to Xj2J xij = 1; i 2 I;Xi2I pijxij � L; j 2 J;xij 2 f0; 1g; i 2 I; j 2 J;where J = f1; . . . ;Kg is a set of machines, I = f1; . . . ; ng is a set of jobs, and pij isa positive integer representing the processing time for job i on machine j.Theorem 12 For any 0 < � < 1=2, unless NP = P, there does not exist an ap-proximation algorithm for the generalized assignment problem that, given any � > 0,outputs an assignment x such thatXi2I Xj2J cijxij � (1 + �)Xi2I Xj2J cijx�ij;where x� is an optimal assignment, andXi2I rijxij � (�+ 1 + 1=�)bj;for all j 2 J .Proof : Suppose that there exists an approximation algorithm for the generalizedassignment problem that, given any � > 0, outputs an assignment x such thatXi2I Xj2J cijxij � (1 + �)Xi2I Xj2J cijx�ij;where x� is an optimal assignment, andXi2I rijxij � (�+ 1 + 1=�)bj;where 0 < � < 1; for all j 2 J . In such a case, we can show by reductions thatthere also exists a �-approximation algorithm for the minimummakespan problem onunrelated parallel machines. By Corollary 2 in [LST], we have proven the hardnessresult. 2



4.2 Scheduling of Unrelated Parallel Machines 214.2 Scheduling of Unrelated Parallel MachinesOne basic question in the scheduling of unrelated parallel machines is the relationshipbetween the optimal makespan with preemption and the optimal makespan withoutpreemption. Surprisingly, no nontrivial bound was known for this problem. It isstraightforward to use our techniques to prove the following theorem:Theorem 13 Let bL be the optimal makespan with preemption and let L� be the op-timal makespan without preemption for scheduling unrelated parallel machines. Thenwe have L� < 4bL:Proof : Lawler and Labetoulle [LaL] showed the optimal makespan with preemptionis the optimal solution to the following linear program of minimizing L subject toXj2J xij = 1; i 2 I;Xi2I pijxij � L; j 2 J;Xj2J pijxij � L; i 2 I;xij � 0; i 2 I; j 2 J:Given the optimal fractional solution bx and the optimal makespan with preemption bL,we want to convert it into a schedule of length less than 4bL.We �rst form a new fractional solution ex as follows: for each bxij > 0with pij > 2bL we set exij to 0 (�ltering); otherwise, we let exij = bxij=cXi, wherecXi = Ppij�2bL bxij > 1=2. It is clear that ex is a feasible solution to the following set oflinear constraints: Xj2J xij = 1; i 2 I;Xj2J pijxij < 2bL; i 2 I;xij 2 f0; 1g; i 2 I; j 2 J;xij = 0 if pij > 2bL:By the Rounding Theorem of [LST], we can �nd a non-preemptive schedule of lengthless than 4bL in polynomial time. 2Partially based on our techniques, Shmoys and Tardos [ShTa] have developedan O(log2K)-approximation algorithm for non-preemptive scheduling of unrelatedparallel machines with precedence constraints on the jobs.
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Figure 4: The data set consists of the locations of 134 American cities. The frac-tional solutions are transformed into integral solutions by the deterministic greedyalgorithm.


