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Abstract

We consider a special case of a general problem involving the deployment of vehicles
to transport packages in transportation networks. In this special case, the schedules of
the vehicles are fixed and packages are routed by transferring them between vehicles
as these vehicles make stops according to their fixed schedules. We show that this
problem is hard and explore approximation algorithms for its solution. In particular,
we cast this problem as a multicommodity flow problem with a mixed integer/linear
program formulation. We then apply combinatorial optimization techniques based on
solving the relaxed linear programming formulation of the problem to obtain provable
feasibility and expected performance guarantees, where performance is measured in
terms of the sum of the time in transit over all packages. We investigate the sensitivity
of the performance guarantees to certain scaling factors and other limitations of this
technique.

*This work was supported in part by a National Science Foundation Presidential Young Investigator
Award [RI-8957601 and by the Air Force and the Advanced Research Projects Agency of the Department
of Defense under Contract No. F30602-91-C-0041.



1 Introduction

The general transportation problem addresses a wide range of issues facing those in govern-
ment and industry responsible for the efficient and timely transportation of passengers and
cargo. In this paper we explore in detail a special case of the general problem in which the
schedules of the vehicles are fixed and packages are routed by transferring them between
vehicles as these vehicles make stops according to their fixed schedules. We call this re-
stricted problem the greyhound package scheduling problem since its fixed vehicle schedules
are reminiscent of commercial bus schedules. By focusing on this restricted version of the

general problem we gain insight into the general problem as well.

In addition to providing insight into the general problem, there is independent motiva-
tion for studying this restricted version of the problem. One heuristic for solving scheduling
problems is to decompose the larger problem into a series of smaller scheduling problems.
One such multistage scheduling approach is to solve the scheduling problem for the larger
cargo and then solve the scheduling problem for the smaller cargo within the constraints
imposed by the solution to the former problem. The first stage of this two stage process
can be solved by algorithms such as those designed for the dial-a-ride problem [4, 10].
The solution resulting from this first process is comprised of vehicles with fixed schedules
and possibly unused capacity. These are the primary features of the greyhound problem,
therefore, the techniques described in this paper for solving the greyhound problem can be

employed to solve the second stage of this multistage scheduling approach.

In Section 2, we briefly outline a static version of the general transportation problem.
The static version of the problem considers the basic entities of the transportation network
and the static scheduling problem and ignores issues such as online processing, uncertainty,
decision-making structure and distributed processing. In Section 3, the greyvhound problem
is described and formulated as a restriction of the static transportation problem. The first
result of our exploration into the greyhound problem is presented in Section 4. In this sec-
tion, we prove that the greyhound problem is NP-complete by reducing 3-Satisfiability to
it. This result extends to the static transportation problem and the general transportation
problem and also provides motivation for exploring approximation algorithms to solve the
greyhound problem. The approximation algorithms we consider are variants of the ran-
domized rounding technique of Raghavan and Thompson [9, 8]. Since this technique has

been applied to multicommodity flow problems, in Section 5 we provide a polynomial re-



duction from the greyhound problem to the multicommodity flow problem. By doing so we
can more easily apply the randomized rounding techniques to the greyhound problem. In
Section 6, we describe in detail randomized rounding and its application to the greyhound
problem. Additionally, we explore the provable feasibility and expected performance guar-
antees that this technique provides. The initial result shows that the technique can be used
to provide a solution to the greyhound problem in which the package load assigned to any
vehicle does not exceed its capacity by more than a constant factor with high-probability.
However, this analysis technique cannot be used to provide constant factor bounds for per-
formance; though it does provide expected performance that is optimal. In Section 7, this
technique is extended to provide deterministic algorithms that guarantee feasible solutions
(no capacities exceeded) to the greyhound problem, if they exist. The basic technique and
its variants have inherent limitations. These limitations are explored in the context of the

greyhound problem.

2 Static Transportation Problem

The transportation problems considered in this paper involve the deployment of diverse
equipment (e.g., planes, ships, trucks) to transport cargo (e.g., personnel and material)
throughout large geographical areas for private, government, and military purposes. A
full presentation of the general transportation problem, including both static and dynamic
entities, is given in [4]. In this section, we present a specialized version of the static trans-

portation problem abstracted from the more general presentation.

The static portion of the transportation problem concerns the spatial layout of locations,
capabilities of transportation assets and requirements for shipping packages. The notions
concerning the static structure of the transportation network are depicted graphically in

Figure 1 and formalized in the following mathematical objects.

e a set of locations, L; each location [ € L has a storage capacity, cap; € R;

e a set of direct routes (channels)!, R, between locations in L; each direct route r € R
has a length len, € R;

!Transportation problems are described in the literature using a variety of language. To standardize
terminology we provide our default terms for basic entities and, parenthetically, alternative terms used for

the same entities elsewhere in the literature.



e (L, R) corresponds to a directed graph with vertices, L, and edges, R;
e a set of packages (parcels, commodities), P; each package p € P has:

— requirement (size, demand) reg, € R,

— source (initial location) sre, € L,

— sink (destination) snk, € L,

— release date (earliest pickup time) rel, € T (T is the set of all time points), and
— optional deadline (latest delivery time) dead, € T;

e a set of transportation assets (vehicles), A; each asset a € A has:

— capacity cap, € R,

— speed spd, € R,

— range rng, € R,

— source (starting location, depot) sre, € L,

— optional sink (ending location, end depot) snk, € L,

— release date (earliest movement from depot) rel, € T, and

— optional deadline (latest arrival at end depot) dead, € T.

The state variables of the static transportation problem consist of |A| location variables,
one for each asset, and |P| location variables, one for each package. We denote by S the
state space formed by taking the cross product of the set of values for each of the state
variables. At each point in time ¢ € T, each asset ¢« € A is in some location or direct
route loc(a,t) € {L, R} and each package p € P is contained in some asset or location
loc(p,t) € {A,L}. There are no further restrictions on the movement of packages and
assets except those of sources and sinks defined above. Specifically, each package can be
loaded onto and unloaded from assets multiple times during its transit from source to sink
and each asset can move freely between locations as defined by the graph (L, R). We assume
that the sets of assets and packages are fixed and the properties of each asset and package

are known in advance (i.e., at time ¢ = 0).

Each static transportation problem has performance criteria for comparing solutions

to various instances of the problem. A solution to an instance of a static transportation



Figure 1: Transportation network



problem specifies values for the state variables defined above for each point in time. To

capture this general metric for performance, we introduce the following measure:
e a function, g: H — R

Where H is the set of state-space histories, H = {hlh : T — S5}. Thus, the function ¢
assigns a value to the solution of the problem based on the locations of packages and assets
at each point in time. This value may or may not take into consideration the given source,
sink, release date, deadline and requirement for each package and the source, sink, release
date and deadline for each transportation asset. If we think of the transportation problem
in terms of a linear program, the function ¢ encompasses both the objective function and

the constraints in determining the value of a state-space history.

3 Greyhound Package Scheduling Problem

A further specialization of the static transportation problem given in Section 2 is the Grey-
hound Package Scheduling Problem. In this problem, we enforce restrictions on the move-
ment of assets in addition to specifying the sources and sinks as in the static transportation
problem. Specifically, we provide a fixed schedule for each asset. Each schedule resembles
a bus schedule. This important restriction simplifies the problem and allows us to focus on

the complexity remaining in the unrestricted movement of packages.

To motivate this restriction, consider a situation in which a bus company has created a
set of schedules for its buses that it has optimized for some performance criteria based on
its passenger operations. For example, it has minimized the time a passenger has to wait
before the next bus arrives given that passengers arrive at fixed times. The company then
realizes that, although the schedules are optimal for its desired performance criteria, there
is unused capacity available on some buses. The bus company would like to make use of this
capacity by managing a package delivery business on the side. Given a set of packages to be
delivered, the bus company has the new problem of determining a set of loads/unloads for
each package that will maximize (minimize) some new performance criteria subject to the
constraints on the packages and the fixed schedules and unused capacities of the buses. The

bus schedules and unused capacities are fixed in advance by the bus company’s solution to



the passenger routing problem.?

The mathematical formulation of this problem is nearly identical to the static trans-
portation problem of Section 2, except that the asset properties are replaced by the follow-

ing. Fach asset a € A has:

e capacity cap, € R, and

e a fixed schedule, i.e., for each ¢t € T, a location loc, ; € {L, R}.

In addition, we do not include the optional deadlines on packages and assume all locations
to have infinite storage capacity. It should also be clear that the fixed asset schedules not
only subsume the asset properties (speed, source, sink, release date) but, also the lengths
of direct routes (and, as we will see in Section 5, the direct routes themselves). The basic

entities of the greyhound problem are depicted in Figure 2.

The fixed asset schedules can be summarized by a table in which only changes in asset
locations corresponding to scheduled stops on routes are depicted. A fixed asset schedule
table that corresponds to the example problem in Figure 2 is:

first stop | second stop | third stop | fourth stop | fifth stop | sixth stop | cycle time*
on route on route on route on route on route | on route
Bus a || 12:00 (A) | 12:09 (C) 12:18 (B) | repeat 30.6 min
Bus b || 12:00 (B) | 12:24 (F) 12:39 (E) | 12:54 (F) repeat 78 min
Bus ¢ || 12:00 (E) | 12:13 (D) 12:28 (C) | 12:41 (B) 1:00 (A) | repeat 91 min

*Cycle times assume 3 minutes per stop for loading/unloading. In this simplification of
the problem, we neglect any variance in the travel times due to traffic conditions, etc., and
assume that the fixed schedules (bus schedules) are guaranteed. Also, note that, although
the example problem has periodic schedules for assets, this is not required. Schedules can

be terminating as well.

The example instance of the greyhound problem given in the above table and Figure 2

has the following detailed constituents:

?In practice, cargo is not stored in the passenger area but, rather, in the baggage area. The unused
capacity at any time will vary though we have assumed it is fixed. A more convincing version of this

problem can be framed in terms of containerized freight.



Figure 2: Greyhound Problem — Basic Entities



e L={A,B,C,D,E,I'}
— capy = capp = ... = Capr =

o R = {(A,B), (B, A), (A,C), (C,B), (A, E), (E,A), (C,D),(D,C), (B,F), (I, B),
(£, D), (D, F), (B, F), (F, E)}

- len(AB) = len(BA) = 8, len(Ap) = 5, len(QB) = 5, len(AE) = len(EA) = 14,

len(QD) = len(Dp) = 6, len(B7F) = len(EB) = 14, len(ﬂp) = 5, len(D7F) = 5,
len(ﬂp) = len(RE) = 87

o P={p1,p2, ..., 2}

— srep, = A, snk, = B, req,, =2, rel, = 12:00,

— srep, = A, snk,, = B, req,, = 10, rel,, = 12:00,

— srep, = A, snk,, = F, req,, =3, rel,, = 12:00,

— srep, = B, snk,, = E, req,, =2, rel,, = 12:00,

— srep, = O, snky, = A, req,, =5, rel,, = 12:00,

— srCp, = D, snk,, = A, reqy, =3, rel,, = 12:00,

— srep, = D, snk,, = B, req,, =10, rel,, = 12:00,

— srep, = D, snk,, = F, req,, = 20, rel,, = 12:00,

— srcp, = F, snky, = A, reqy,, = 10, rel,, = 12:00,
= 12:00,
— srep,, = F, snk,, = A, req,, =10, rel,, = 12:00,

— 8rCpy, = L, snk,,, = F, req,, = 20, rel,,,

— srcp,, = I, snk,, = C, req,,, =5, rel,, = 12:00;

o A={ab,c}

— Cap, = 5, lOCa712:00 = ...= lOCa712:03 = A, lOCa712:04 = ...= lOCa712:08 = (A,C 5
lOCa,12:09 =...= lOCa,12:12 =, lOCa,12:13 =...= lOCa,12:17 = (C, B), lOCa,12:18 =
.= lOCa712:21 = B, lOCa712:22 = ...= lOCa712:30 = (B, A), repeat;

— capy, = 20, lOCb712:00 = ...= lOCb712:03 = B, lOCb712:04 = ...= lOCb712:23 = (B,F),
lOCb,12:24 =...= lOCb,12:27 =r, lOCb,12:28 =...= lOCb,12:38 = (F,E), lOCb,12:39 =
el = lOCb712:42 = E, lOCb712:43 = ... = lOCb712:53 = (E,F), lOCb712:54 = ... =
locy 1957 = F, locy 12:58 = ... = locy 1.7 = (F, B), repeat;



— cap. = 30, lOCc,12:00 =...= lOCc,12:03 =k, lOCc,12:04 =...= lOCc,12:12 = (EvD >

lOCc,12:13 == lOCc,12:16 =D, lOCc,12:17 =...= lOCc,12:27 = (D7 C)7 lOCc,12:28 =
sl = lOCc,12:31 = C, lOCc,12:32 = ... = lOCc,12:40 = (CvB)v lOCc,12:41 = ... =
lOCc,12:44 =B, lOCc,12:45 =...= lOCc,12:59 = (B7 A)v lOCc,lzoo =...= lOCc,1:03 = A,
locci.01= ... = locc1.30 = (A, F), repeat.

The performance criterion for the greyvhound problem is to find a set of schedules for
packages (i.e., for each package, a series of loads/unloads onto assets such that the package
begins at its source and ends at its sink), such that the total time between release date and
delivery date (at sink) for all packages, subject to the capacity constraints of the assets, is

minimized. Formally, we have

min Z delivery(p) — rel,
peP

where delivery(p) = min,cp{loc(p,t) = snk,} is the time at which package p is delivered

at its sink. The performance criterion is discussed more in Sections 5 and 6.1.

4 Greyhound Problem is NP-Complete

In this section, we show that the greyhound problem is NP-complete through a reduc-
tion from 3-Satisfiability (3SAT). This reduction not only provides us with a measure of
complexity for the greyhound and general transportation problems, but also gives us addi-
tional insight into the structure of the greyhound problem. In Sections 5 and 6, we exploit
this structure to provide approximation algorithms for restricted versions of the greyhound

problem.

It is convenient for our reduction to consider the greyhound problem of Section 3 as a
feasibility problem rather than an optimization problem. We can express the greyhound

feasibility problem as a decision problem as follows:

INSTANCE: Directed graph G = (L, R); set T' C T of time points; set P of | P| packages;
for each p € P, req, € R, src, € L, snk, € L, rel, € T; set A of |A| assets; for each
a € A, cap, € R and for each t € T, a location loc, ; € {L, R}.

QUESTION: Is there a function loc: P x T — {A, L} such that

10



1. foreach a € Aand t € T, - crieplioc(q,)=a} T€4p < cap, (capacity constraints);
2. for each p € P and t € T, either

o loc(p,tps1) = loc(p, 1) (package remains at location or in asset), where tj41
is the time point immediately following ¢ ({541 — tx may be infinitesimal,

if desired),
o loc(p,tpt1) = a and loc, 4, = loc(p, ;) (load), or
o loc(p,tpt1) =1, loc(p,ty) = a and loc, t, = [ (unload),
(conservation of flow constraints); and

3. for each p € P, loc(p,t) = snk, for some ¢t > rel, (requirement delivery con-

straints)?

The greyhound optimization problem of Section 3 consists of the above decision problem

with the following modifications:

INSTANCE: as above.
QUESTION: Is there a function loc: P x T — {A, L} and a positive integer K such that

1.,2.,3. as above; and

4. 3 epdelivery(p) — rel, < K, where delivery(p) = minser{loc(p,t) = snk,} is
the time at which package p is delivered at its sink?

It is clear that the NP-completeness of the greyhound feasibility problem implies the NP-
completeness of the greyhound optimization problem and the NP-hardness of the general

transportation problem.

3SAT is described by the following decision problem [6]:

INSTANCE Set U of variables, collection C' of clauses over U such that each clause ¢ € C
has |¢| = 3.

QUESTION Is there a satisfying truth assignment for C'7

3SAT was shown to be NP-complete by Cook [3] as a transformation from Satisfiability.

11



Theorem 1 Greyhound Feasibility is NP-complete.

Proof (Sketch):
Our proof sketch reduces 3SAT to the greyhound feasibility problem. In [5], Satisfiability

is reduced to a restricted version of multicommodity flow by creating a network in which,
for each variable, there are two possible paths from source to sink, one corresponding to
the positive truth-value for the variable and the other corresponding to its negation. The
network is constructed such that flow can only take place through one or the other of these
paths, but not both. Our reduction takes a similar approach but requires more attention
to time-constrained routes rather than flows. Flow problems center around the flow of a
commodity along one or more paths from source to sink. Transportation problems differ
from this in that the notion of flow is replaced by discrete movements in time of packages

within specific transportation assets along transportation routes.

Without loss of generality, we assume that the 3SAT instance is in conjunctive normal
form (CNF, product of sums). Additionally, we assume that each variable is present at most
once in any given clause, either negated or unnegated (if this were not the case we could
create an equivalent instance in which it is so). Let m = |C| be the number of clauses in
our 35AT instance. In the following reduction, we construct an instance of the greyhound
feasibility problem in which there are m unit packages, m sources and m sinks, one for each
clause. We then create a transportation network and a set of unit capacity transportation
assets such that there are three different paths from source to sink for each clause, one
corresponding to each literal in the clause. The package for a clause can be transported on
exactly one of these paths. The paths are constructed such that, for any complementary pair
of literals (negated and unnegated versions of the same variable) from two different clauses,
the two corresponding paths have a common link. We call this common link a contention.
The common link is a contention because each link in the transportation network can be
traversed exactly once by exactly one unit capacity transportation asset. Therefore, of
the two paths meeting at a contention, at most one can be used to transport a unit-sized
package from its source to its sink. An important detail of the reduction concerns the
timing of the transportation asset schedules so that contentions can occur between any two

clauses, if necessary.

The details of this reduction are provided here. Let an arbitrary instance of 3SAT in

CNF with m clauses and n variables be C' = {¢y,¢q,..., ¢}, U = {uy,ug,...,u,}, where

12



¢; = (w1, w; 2, w;3) and w; ; = uy or 4y for some k, 1 < k < n. We construct an instance

of the greyhound problem as follows:

For each ¢; € C', we create a source location [, a sink location /, and a package p; with
req,, = 1, such that src,, = [,,, snk,, = l;; and rel,, = 0. We then create the transportation
network and transportation assets to transport each package from its source to sink. There
are two types of direct-routes in our transportation network, vertical and lateral links.
Vertical links provide the sources of contention between complementary pairs of literals.
In other words, they allow us to ensure that two clauses with literals corresponding to a
variable and its negation depend on that variable being assigned exactly one truth-value,
either “true” or “false”. Lateral links enable the contention on vertical links by providing
a bridge between clauses. In order to ensure that all possible contentions between package
paths can occur, each package must pass through exactly ﬂ@—_ll + 2 vertical links, one for
each possible contention between literals from different clauses plus one from source and
one to sink. Let S5, = ﬂ@—_ll We create Sy, + 1 locations {l; ;1,0 2, -, j.s.4+1}, i
addition to source and sink, corresponding to the endpoints of these links, where j = 1,2,3
corresponds to the three literals of clause ¢;. The reason a package from a single clause
must pass through 5, links, even though many enable contentions that do not involve that
clause, is so that precise timings of contentions can be accomplished among all possible
pairs of clauses. This will become clearer when we discuss the construction and timing of

transportation asset schedules.

For a literal corresponding to an unnegated variable, we create a path consisting solely of
vertical links in a single chain as shown in Figure 3. These links correspond to direct routes
riik = Lk lijke), L <k <S8, as well as rg; 50 = ({5, 6 ;1) and 74, 55,41 = (L g5 1),
for 7 = 1,2,3. For a single clause in which all literals correspond to unnegated variables,
we have the transportation network of Figure 4. If there are no literals that correspond to
negated variables in the instance of 3SAT (or variables occur either negated or unnegated
but not both throughout the instance), then there are no sources of contention and we have

a disconnected graph as shown by the example in Figure 5.

For a literal that corresponds to a negated variable, we create a path with a combination
of vertical and lateral links. In order for a package to traverse a path corresponding to a
literal, it must prevent packages from traversing any paths corresponding to the comple-
mentary literal in other clauses. This is accomplished via lateral links. Specifically, consider

literal w; ; = wuy from clause ¢;. For each clause ¢, if ¢; contains a negated version of the

13



source location
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-4—— hetween clause 1 and clause 3
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Figure 3: Packages must pass through enough vertical links to account for contentions

between literals of any two clauses.
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15



&0
N
&

40 <40«
<40«
<40«
40 <4+—0«
<40«
<40«
40 <40«
<40«

ty ty t3
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therefore, have no contention for transportation assets.



same variable or no version of that variable, then there is no contention and we create a ver-
tical link (direct route) r; ;7 = (i ;1,li j141). However, if ¢; contains an unnegated version
of that variable, w; ,;,, = uj, then we set up a contention by constructing the lateral links
(direct routes) 7 ;1 = (li 1, limg) and 7; ;v = (I ;1415 li ji41). This forces the package to
traverse vertical link 77, 1 = (li 1, i m 1+1) on its path from source to sink. Therefore, in
order for a package taking the path corresponding to an instance of the negated variable to
reach its sink it must pass through the vertical links of all clauses with unnegated instances
of the same variable. By doing so, it prevents any packages in the other clauses from using
these paths. It prevents all or none. In other words, either the negated instances of a single
variable block all unnegated instances for that variable in other clauses, or the unnegated

instances block all negated instances for that variable.

Figure 6 depicts an example 3SAT problem and its corresponding transportation net-
work. This figure depicts both vertical and lateral links. Note that the package from clause
cy contends with that of clause ¢; on vertical link 717, and the package from clause ¢3
contends with that of clause ¢; on vertical link 7y ; o. Either p; can traverse the path cor-
responding to uy (uq set to true), or py and ps can traverse the paths corresponding to
(uq set to false). Also, note that the package from clause c3 contends with that of clause

cq1 on vertical link 71 22 and that of clause ¢y on vertical link r 5 3.

We have, up to now, neglected the transportation assets. For each direct route created
above (both vertical and lateral), we create an asset with capacity 1. We constrain the
schedule of the asset to a time interval that provides the crucial synchronization of con-
tentions in the transportation network. In particular, we interleave the travel on vertical
links with the travel on lateral links so that contentions across clauses can be handled. This
delay between the time one asset arrives at a location from the vertical direction and the
next asset leaves in the vertical direction is bounded because at most two lateral links need
to be traversed between vertical links. Furthermore, we constrain the travel on vertical
links so that they must be traversed serially from top to bottom. Any two packages being
transported in the network must traverse corresponding vertical links at the same time.
In other words, the movement of assets corresponds to a wavefront in which the levels are
reached simultaneously across all clauses. A package which pauses at a location will not be

delivered to its sink. Similarly, there is no way to skip a level.

Formally, we create |R| assets a; ;1 such that for each r; ;1 € R, capy, ;, = 1, and

17
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Figure 6: Example transportation network with lateral links to enable contentions across

clauses.
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e locy, . 00=1

i
° locai7J7071/3 =l
o if 7 ;1= (Lijklijk+1) then
= loca, ke = lijk
- lOCai7J7k7k+1/3 = lm}kﬁ-l
o if r; ;1= (L1, 01m,) then
— locy, 1 1-173 = lij
= loca, ;0 = limy
o if 7; ;1 = (lmyg1, i j141) then

- lOCa.Jyl/,l-I—l/S = lim 141

7

- lOCawyl/,l-I—Z/S =lijim1
o loca;; gir Smt1 = ij St

¢ lOC“i,g,sm+175m+4/3 = lti

The above capacities and asset schedules define the role of the transportation assets in
the reduction. All packages are released at time 0 and cannot wait at the sources since
the only assets to visit the source nodes visit at time 0, exclusively. Finally, we create
|T| = 3(S5,, + 2) time points, T' = {0,1/3,2/3,1,...,5, 4+ 5/3, 5, + 2} to correspond to

the asset schedules above. The time points are labeled in third units for convenience.

To better understand the asset schedules derived above, consider a path from Figure 6.
Consider the path <153, 137271, 137272, 117272, 117273, 137273, 127273, 127274, 137274, lt3> isolated in Figure 7.

The transportation assets transport package ps along this route as follows:

1. asset a3z loads the package at time 0 at location /,, and unloads the package at

time 1/3 at location I3 1,

2. the package waits at location 357 from time 1/3 until time 1,
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3. asset a3 21 loads the package at time 1 at location /357 and unloads the package at

time 4/3 at location I3 2 9,
4. the package waits at location l3 5 5 from time 4/3 until time 5/3,

5. asset as g9 loads the package at time 5/3 at location I35 and unloads the package

at time 2 at location [ 5 o,

6. asset aj 29 loads the package at time 2 at location /; 39 and unloads the package at

time 7/3 at location [y o3,

7. asset ag g9 loads the package at time 7/3 at location /4 23 and unloads the package

at time 8/3 at location I3 2 3,

8. asset as g3 loads the package at time 8/3 at location I35 3 and unloads the package

at time 3 at location [ 5 3,

9. asset ay 23 loads the package at time 3 at location /323 and unloads the package at

time 10/3 at location I3 2 4,

10. asset ag g3 loads the package at time 10/3 at location /5 5 4 and unloads the package

at time 11/3 at location I35 4,
11. the package waits at location I35 4 from time 11/3 until time 4,

12. finally, asset a3 4 loads the package at time 4 at location /324 and unloads the

package at time 13/3 at location I,.

In Figure 7, the location indices are indicated by triplets and the time intervals are indicated

by bracketed pairs.

The reduction given above can be accomplished in polynomial time. Membership in
NP is straightforward. It remains to show that this transformation produces a greyvhound
feasibility problem instance in which a feasible solution can be found if and only if the
corresponding 3SAT instance is satisfiable. First, we summarize the important properties

of the reduction:

1. contentions can only arise between complementary versions of the same variable;
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Figure 7: Example timed path for transporting package ps from [, to [4,.
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2. when a contention arises, only one of the two paths can be traversed;
3. all possible contentions across clauses and variables are enabled;
4. assets travel vertically in a lockstep wavefront; no cycles can occur;

5. a package has exactly three paths from source to sink; it can traverse other paths,
but they will not lead it to its sink; once it embarks on a path, it cannot cross-over

to one of the other two;

6. at most one pair of lateral links is traversed for any vertical link; the lateral links go
from negated instance to unnegated instance and back and must traverse a vertical
link at the chain corresponding to an unnegated version of the variable before it can
traverse another lateral link; in other words, it can only contend with any given clause

once and must traverse the vertical link for each clause before moving on.

(if) Assume that there exists a feasible solution to the greyhound problem. Then each
package is delivered to its sink and no transportation asset is assigned a load that exceeds its
capacity. Exactly one path is taken that corresponds to each clause of the 3SAT instance.
Assign a value of “true” to each literal corresponding to a path traversed by a package in
its routing from source to sink (implicitly assigning "false” to its negation). Arbitrarily
assign truth values to any variables left unassigned. By properties 1, 2 and 3 no variable is
assigned both the values “true” and “false”. Therefore, there is at least one literal assigned

a value of “true” for each clause and the 3SAT expression is satisfiable.

(only if) Assume that the expression is satisfiable. For each clause, select one of the
literals that has been assigned the value “true” in the satisfying truth assignment. For each
package, construct a route (series of loads and unloads for the package) that corresponds
to traversing the path associated with this literal. Since the expression is satisfiable, the
package will have no contentions along this path (if it did have a contention then both the
negated and unnegated version of a variable would be assigned the value of “true” and this
would not be a satisfying truth assignment). Therefore, each package is delivered to its
sink, no transportation asset is assigned a load that exceeds its capacity and we have a

feasible solution to the greyhound problem instance.

Thus, both requirements are met. Q.E.D.
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Given the above result, there is no polynomial time optimal algorithm to solve the
greyhound problem unless P = N P. However, there are ways to approach the greyhound
problem if we are willing to relax our need for optimal solutions. We look to construct
approzimation algorithms to solve the greyhound problem. Approximation algorithms give
up the notion of an “optimal solution” to an optimization problem but, in turn, guarantee
that the quality of the solution of the resulting algorithm is within a factor of the optimal

solution for any problem instance.

The approximation algorithms that we construct are based on randomization techniques
for flow and other related problems developed by Raghavan and Thompson [9]. This work
introduces the concept of randomized rounding in which high-probability approximations
are obtained for integer problems by first solving a relaxed linear program and then using
the resulting real-number values to determine integer values for the variables. (See [2] for

recent results in using linear programming for solving complex transportation problems).

5 Formulating a Multicommodity Flow Problem from an
Instance of the Greyhound Problem by Inducing a Flow
Graph

In [5], Even, Itai and Shamir show that the simple directed two-commodity integral flow

problem is NP-complete. This problem is described by the following decision problem:
INSTANCE Directed graph G' = (V, F); specified vertices s1, sz, 1, and t2; capacity
c(e) = 1, for each e € F; and requirements Ry, Ry € Z.

QUESTION Are there two flow functions fy, fo : £ — Z such that

1. for each e € E, fi(e) + fale) < c(e),
2. for each v € V — {s,t} and i € {1,2}, flow f; is conserved at v, and
3. for ¢ € {1,2}, the net flow into ¢; is at least R;?

The two-commodity version of the problem generalizes to an m-commodity problem called
integral multicommodity flow, in which there are m commodities, each with a designated

source, sink and requirement. The problem is then to produce m flow functions such that
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the combined flows do not violate the constraints generalized from the two-commodity case.
The integral version is NP-complete [6], although the fractional version of the problem is
solvable by linear programming in polynomial time. The multicommodity flow problem
has been well-studied and there are several approximation algorithms for its solution. In
this section, we provide a reduction from any instance of the greyhound problem to an
instance of the integral multicommodity flow problem. Expressing a greyhound problem
as a multicommodity flow problem allows us to apply solution techniques designed for

multicommodity flow to an instance of the greyhound problem.

As noted in Section 3, the fixed asset schedules of the greyhound problem subsume
the properties of the assets and the lengths of the direct routes of the transportation
graph. We can take this a step further by noting that the direct routes themselves are
completely subsumed by the fixed asset schedules. Using this fact we can collapse the
fixed asset schedules and transportation graph from any greyhound problem instance into
a single structure. In the reduction from 3SAT to greyhound problem of Section 4, we
create an asset for every direct route. In other words, a direct-route has no meaning other
than to support an asset. Likewise, in our transformation from greyhound problem to
multicommodity flow, we can ignore direct routes and rely on the fixed asset schedules in

constructing the flow graph.

In constructing the flow graph we must be certain to capture all the paths (induced by
fixed asset schedules) that are possible in the transportation graph, including paths that
cycle over time. Since periodic schedules lead to an infinite number of paths, we restrict our
problem instance to a specified interval of time (otherwise, we potentially would have to deal
with an infinite flow graph). Another difference is that packages travel in discrete time steps
in a transportation graph whereas flow of a commodity is instantaneous in a flow graph. We
resolve this problem by duplicating each location for each time point that corresponds to
an event for that location (i.e., a package release date or asset-stop at that location). Also,
packages are allowed to wait (be stored) at locations to be loaded onto an asset at a future
time. This is also not possible in flow graphs. To overcome this we provide edges from each
instance of the same location across time. Flow along these edges corresponds to waiting at
the location. Finally, since there are duplicate nodes corresponding to the same location at
different times, there are no distinct termination nodes for the flow graph. We resolve this
by creating distinct termination nodes with edges coming from the corresponding location

for each of its duplications across time.
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In Section 4, we are primarily concerned with feasibility version of the greyhound prob-
lem. In general, we would like to consider the optimization versions of the greyvhound and
the multicommodity flow problems as well. The performance criterion of Sections 3 and 4
concerns minimizing the total time between release date and delivery date (at sink) for all
packages. Formally, min}" p delivery(p) — rel, where delivery(p) = min,cp{loc(p,t) =
snky} is the time at which package p is delivered at its sink. Although it doesn’t change
the value at all, it is convenient to explicitly decompose this value into a summation of
smaller values. For any package p, delivery(p) — rel(p) can be decomposed into a series of
values representing the time needed to travel a particular leg of the trip (from one location
to another, aboard a specific asset) or the time spent waiting to be loaded onto an asset at
a particular location. We introduce the term cost, measured in time units, to capture this
notion. Since the asset schedules are fixed, the cost of using a particular asset to deliver a
package from one location to another, along a direct route, starting at a particular time,
is fixed in advance. Also, the cost of waiting for a particular asset to arrive at a location
at a particular time is fixed in advance. These costs are implicit in the problem instance
and are made explicit in the transformation to a multicommodity flow problem below. As
mentioned above, waiting at a node is not relevant in the multicommodity flow formulation,
so the cost of waiting at a node is transferred to the cost of traversing an edge in the flow
graph from a location to the same location, across time. Therefore, cost is associated with

edges only, in the flow graph.

Formally, given an instance of the greyhound problem, including transportation graph,

fixed asset schedules and packages, we induce a flow graph as follows:

e pick some time interval;
o for each asset a € A:

— for each scheduled stop ¢ = stop,; € L within the time interval (stop,: = loc,
such that loc,; € L and loc,;—. € R, i.e., asset a arrives at location loc,; at
time t € T):
asset stop node: create a node [;4;
asset travel edge: create a directed edge (/;+,1; /) with capacity Cap(, i, ) =

cap, and cost cost( 1" —t, where j = stop,y € L is the next stop

liytJ],t/) =

on asset a’s fixed schedule (¢’ > t);
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e for each package p € P:

package release node: create a node [, ¢, such that package p is released at

source node src, € L at release date rel, € T;

o for each time step ¢ € T within the time interval, if /; ; corresponds to a node created

above (either an asset stop node or a package release node) then:

package wait (storage) edge: create a directed edge (/;+,/; ) with infinite capac-

ity Cap(; i, ) = and cost cost = ' —t; where t' is minimum time step

iytvli,t/)
greater than ¢ corresponding to node created above for location ¢ € L;

e for each snk € {snk,|p € P}

package sink node: create a node lg,;

package sink edges: for each asset stop node or package release node [;; created
above, if ¢ = snk then create a directed edge (I;,lsnx) with infinite capacity

CAP(l; 4l o) = O and zero cost cost(; = 0.

i,tvlsnk)

The edges and nodes created above form the flow graph G = (V, FE). It is sufficient to
set the package-sink-edge and package-wait-edge capacities equal to the sum of all package

requirements ) p reqy, rather than infinity.

In addition to the induced flow graph, we complete the transformation from a greyhound
problem to a multicommodity flow problem with the following entities: for each package

p € P we have:

o 5, = STCp,
o 1, = snk,, and
o R, =req,

(rel, is already incorporated into the graph).

An induced flow graph corresponding to our example problem of Figure 2 is given in
Figure 8. In this example the time interval is 7" = {12:00,.. .,1:32}; location [; ; is represented

by a node in row ¢, column ¢; and edge (/;4,(;) is represented by a directed arc from I;;
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Figure 8: Greyhound Problem — Induced Graph

to [; with its capacity cap labeled. Unlabeled edges have infinite capacity. Cost

i7t7l],t/)

for edges, cost( are implicit in the distance across time of each edge in the graph.

i,t7l]7t/)7
Note that capacities for edges created from the same transportation asset are the same
throughout, and the edges are contiguous. The source nodes are 141200, (B,12:00, - - - » {F,12:00

and the sink nodes are ly4, ..., excluding D since no commodity has D as a sink.

6 Application of Randomized Rounding to the Greyhound
Problem

Given an instance of the greyhound problem as described in Section 3, we can induce a flow
graph as described in Section 5 and solve the problem as a multicommodity flow. While
the integral multicommodity flow problem is NP-complete, there are existing polynomial
approximation algorithms providing provable performance bounds. One such method is
the randomized rounding technique of Raghavan and Thompson [9, 8]. In this section,
we describe the randomized rounding technique and apply it to the greyhound problem.
We also discuss the performance guarantees that this method provides. However, this
method is not without its limitations. In Section 7 we describe several variations of the
randomized rounding technique, each with its own limitations. These limitations take the

form of restrictions on the instances of the greyhound problem that can be solved with any
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particular variation of randomized rounding, as well as features of problem instances that

weaken the provable feasibility and expected performance guarantees.

In this section, we discuss each of the following phases in the randomized rounding

technique:

1. Formulate and solve linear programming relaxation of integral multicommodity flow

problem,

2. Perform path-stripping to change the relaxed solution decomposition from edge-based

flow to path-based flow, and

3. Convert the path-based relaxed solution to an integer solution using randomized

rounding.

Finally, we discuss the provable feasibility and expected performance guarantees provided

by the randomized rounding technique.

6.1 Linear Programming Formulation Phase

Although integral multicommodity flow is NP-complete, fractional multicommodity flow
is polynomially equivalent to linear programming [6]. Linear programming is solvable in
polynomial time [7], therefore, fractional multicommodity flow is solvable in polynomial
time. The first phase of the randomized rounding procedure is to solve the linear program
relaxation of the multicommodity flow version of the greyhound problem. This solution
serves as a basis for subsequent phases. In this section, we show how to construct a linear

program from the multicommodity flow problem constructed in Section 5.

The linear programming formulation below captures the restrictions on flow through the
induced graph, including capacity constraints on edges. The restrictions are those intro-
duced for the two-commodity flow problem in Section 5, generalized for the m-commodity
case. The linear programming formulation also captures the performance criterion of the
greyhound problem as a function of costs on edges, as discussed in Section 5. In the follow-
ing, constants cap, represent the capacity of edge e € F in the induced graph and constants
cost, represent the cost of edge e € F, in terms of time, in the induced graph. The con-
stants s,, t, and R, represent the source node, sink node and requirement, respectively, of

package p € P.
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For all p and e, let )A(pﬁ € [0,1] be a variable describing the fractional flow from package
p assigned to edge e (i.e., if package p could be divided into arbitrarily small pieces, the
fraction that would be assigned to any given edge in the flow graph). We then would like

to solve the following linear program:

min Z = Z Z cost. X, (performance criterion/objective function)
pEP e€kE
such that
for each ec &

Z Rpf(%6 < cap. (capacity constraints)
peEP

for each peP, veV — {s,,t,}

Z Xp,(uﬂf) = Z Xp,(uu) (conservation of flow constraints)
(uw,v)eE (vu)eE

for each peP

Z )A(p7(u7tp) - Z Xp7(tp7u) = 1 (requirement delivery constraints)
(w,tp)EE (tp,u)EE

with sign restrictions
for each eclV, peP )A(pﬁ >0
for each eclV, peP Xpﬁ <1

A solution to the relaxed linear programming formulation above describes a flow of
packages through the flow graph such that all the constraints are satisfied. A fractional
flow value between 0 and 1 is assigned to each of the |P| x |E| variables of the linear
program. The flow value is the fraction of each package assigned to each edge in the flow
graph. This corresponds to the fraction of each package that is assigned to a particular

asset for a leg of its travel or is designated to wait at a location for an asset to arrive, in
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the original greyhound problem. This solution minimizes the performance criterion. Thus,
assuming the packages can be broken up into arbitrarily small pieces and then reassembled
at the sinks, this solution is optimal. The path-stripping and randomized rounding phases
of the randomized rounding procedure of Sections 6.2 and 6.3 address the fact that packages

cannot be split up this way.

To demonstrate the linear programming formulation of a multicommodity flow problem,
we apply it to a subset of our example multicommodity flow graph of Figure 8. As mentioned
in Section 5, we may use the sum of all package requirements instead of infinity on edge
constraints, where necessary. Let SR =}  -preg, be this sum. The performance criterion

for this problem is:

min7Z = 31Xp17 lA,12:00JA,12:31) + 9Xp17(lA,12:007lC,12:09) +ot

(

(Ip12:54:0B,1:18) + OXZ?h(lE,l:SlJE)—I_
p2,(la,12:00,04,12:31) +9 p2,(la,12:00+/C,12:00) +ot
(

X

p2,(Ig1:31.0E)

Sy e

31Xp127(lA,12:007lA,12:31) —I: 9Xp127(lA,12:007lc,12:09) +..ot

24X 0Xp127(lE,1:3171E)

p12,(lF12:54:0B,1:18)

The capacity constraints are:

2)?2717(1,4,12:0071,4,12:31) + 10){1727(114,12:007lA,12:31) +..F 5)§p127(1A,12:0071A,12:31) < SR
2Xp17(lA,12:ooJc,12:09) + 10Xp27(lA,12:00710,12:09) +..F 5Xp127(lA,12:007lc,12:09) < 5
2)§p17(1F,12:5471B,1:18) +A10Xp27(lF,12:54716’,1:18) —I_A‘ St 5Xp127(lF,12:54Jc,1:18) < 20
2Xp17(lE,1:3171E) + 10Xp27(lF,1:3171E) +..oF 5Xp127(lF,1:3171E) < SR

Similarly for the other constraints and sign restrictions.

Some observations can be made of any feasible solution to this problem. For example,

X

p12.(Ia 120044 12021) TS be assigned flow zero or else it would violate the conservation of

flow constraints (package pio cannot get to location [4 12.00 since, in the greyhound problem,
it is at location F’ at time 12:00; i.e., there is a zero flow into /4 12.00 for package pi2 and,

thus, there must be a zero flow out of this node as well). Also, X must

p5,(lc,12:00,00,12:00)
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Figure 9: Edge Flow Values Assigned by Feasible Linear Program Solution - Package po
Only

be assigned flow 1 (all the flow of package ps) or else there would be no way to satisfy
the requirement delivery constraints for package ps. Requirement delivery constraints in
conjunction with conservation of flow constraints guarantee that all the requirement for a

package flows from the source as well as flows to the sink, in any feasible solution.

6.2 Path-Stripping Phase

A solution to the relaxed linear programming formulation of a greyhound problem as-
signs a fractional flow value between 0 and 1 to each variable. For example, one fea-

sible (though, not necessarily optimal) solution for the assignment of package py’s flow

may include: X = 0.7, )A(p,b(l =03, X = 0.2,

p2,(la,12:00404,12:31)

=0.1. X,

(o 12:28,0B,12:41)

=02, X

p2,(lc,12:40+¢c1:10)

= 0.2, X, = 0.1, X,

) lB,12:4lle) ) lB,12:49le)

p27(lc,12:997113,12:18)

=04, X,

» lA,12:31JC,12:40) -

=04, X

12:00716’,12:09)

A,
0.1, Xp27(lA,12:3171A,1:01)

=0.1, X

p2,(la,1:01:0c1:10)

= 0.2, and X,

) lB,l:lSJB) =

X

p27({c,12:097lc,12:28)

0.3, X

Ap27(lc,12:407113,12:49)

0.5, X

p2,(lB,12:18,0B)
0.5. All other variables are assigned zero flow. This partial solution is shown in Figure 9.

The flow value of a variable is the fraction of a package assigned to an edge in the flow
graph. We ultimately want to assign a single path in the flow graph to each package. As

a step toward this goal, we re-interpret the flow values for each package as being assigned
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to a set of paths, rather than a set of edges. Subsequently, in Section 6.3, we choose a
single path for the package from this set of paths. In this section, we describe an efficient

procedure for re-interpreting the edge-based flows as path-based flows.

The example solution of Figure 9 shows a set of edge-based flow assignments for pack-
age py. Consider the package flowing through this graph. Edge (1412:00,04,12:31) is as-
signed a flow of 0.7. Similarly edges (14,12:00,lc,12:00), (lc12:00:[B,12:18)s (Ic,12:00,C 12:28)
and (g 12:18, ) are assigned flows of 0.3, 0.2, 0.1 and 0.2, respectively. Rather than looking
at these edge-flows in isolation, we can look at them as the splitting of a package as it flows
through the graph. At location 4 12.00 the package is split into two pieces, one of require-
ment 0.7 and one of requirement 0.3. Then, at location /¢ 1209 the 0.3 portion of the package
is again split into two pieces, one of requirement 0.2 and the other of requirement 0.1. Given
this interpretation, we notice that the path (({4 12:00,lc,12:00), (Ic12:09, {B,12:18)s (1B 12:18, (B))
carries 0.2 of the package from source to sink. The path-stripping procedure of Raghavan
and Thompson [9] explicitly constructs this interpretation by assigning a flow value to each
possible path (with nonzero flow) of each package in the flow graph. This path is assigned
a value corresponding to the largest possible common flow across all edges of the path (i.e.,
the minimum flow on any one edge in the path). In this way, the path stripping technique
merely relabels the solution from an edge-based flow to a path-based flow. The solution is

not changed.

This procedure is more formally defined as follows. Given the induced graph G' = (V, F)
and the fractional flows {)A(pﬁ} derived from the linear program we create a set of paths I',
for each package p € P with the algorithm (sketch) below. For each v € I',, Pr{v} is the
assigned probability that p will traverse 7.

for each package pclP with source s, and sink 7,
G, = (V, E,), where E, = {e | e€E and X,. # 0}
r

=10

P

while v = [findpath(s,,t,,G,)
Xm = mineey )A(]L6

Pr{y} = X,

r, =1, U ¥«
for each ecy
Xpe = Xpe = X

if X, = 0 then £, = E, — {e}

The above process terminates since findpath can find at most |F,| paths per package,
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as at least one edge is removed per iteration of the while loop. Notice that, in the above
procedure, the flow assigned to a path is called its probability. The reasons for this are

explained in Section 6.3.

The results of path stripping for package p; are shown in Figure 10. In this figure, we
begin with 15 edge-based flows and end with five path-based flows. The five paths contained
in I',, comprise all possible paths (with non-zero flow) that package p, could take, given the
edge flow values assigned by the linear program. These paths have the assigned path-flows
(probabilities) 0.4,0.2,0.1,0.2,0.1 which naturally sum to one (if they did not sum to one
then the requirement delivery constraint of the linear program would have been violated).
In Section 6.3, these path-flows (probabilities) are used to select one path from the five that
will transport all of package ps.

6.3 Randomized Rounding Phase

The randomized rounding phase concludes the randomized rounding procedure. In the
path-stripping phase of Section 6.2, the edge-based flows that resulted from the relaxed
linear programming solution are re-interpreted as path-based flows. Since the values of the
flows on all paths for a given package sum to one, these flows can be considered probabilities.
The randomized rounding phase chooses a single path for each package (independently from

other packages), based on these probabilities.

Formally, we can define this procedure as follows: Given a set of paths I', for each
package p € P and a corresponding flow value (probability) Pr{+} for each path v € I'y;
for each package p € P:

1. Perform a probability experiment with |I',| choices (such as throwing a |I',|-faced

die), one corresponding to each vy € I'p;

2. Select one choice based on the probabilities {Pr{v}} and call this choice 7,; this choice
7vp is the path selected for p.

This procedure selects one and only one path for each p € P, 7, to transport all of package
p’s requirement R, from source s, to sink ¢,. In other words, we set X,. = 1 for each

e €vpand X, . =0 for each e € v,.
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Figure 10: Path Probabilities Assigned after Path Stripping for Package po
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Figure 11: One Possible Path Chosen for Package ps after Randomized Rounding

For our example, the results of path stripping for package p, are given in Figure 10.
From these results one possible selection from the randomized rounding phase is the path

given in Figure 11.

Each phase of the randomized rounding procedure can be performed in polynomial
time. Therefore, the entire procedure can be performed in polynomial time. Thus, we have
approximated an NP-complete problem, multicommodity flow (greyhound problem), with
a polynomial time algorithm. It remains to see how much the quality of the solution of this
approximation algorithm differs from the optimal solution. Section 6.4 provides provable

feasibility and expected performance guarantees for the randomized rounding procedure.

6.4 Provable Feasibility and Expected Performance Guarantees

The randomized rounding procedure produces an approximate integral solution to the grey-
hound problem based on the optimal fractional solution. Although we have approximated
an NP-complete problem with a polynomial time algorithm, we have not shown that the re-
sulting solution possesses any desired qualities. In fact, we have not shown that the integral
solution is even feasible (i.e., does not violate any constraints), much less near-optimal. In
this section, we provide provable feasibility and expected performance guarantees for the

randomized rounding procedure.
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We demonstrate the quality of the randomized rounding solution in two parts. First,
we explore the solution in view of the constraints. This provides our feasibility results.
The path stripping and randomized rounding phases guarantee that the conservation of
flow and requirement delivery constraints are met. To see this, notice that path stripping
defines a set of paths for each package, with each path beginning at the source and ending
at the sink for that package and each edge along a path carrying identical flow. Therefore,
every one of these paths satisfies the conservation of flow constraints. Also, the randomized
rounding phase selects exactly one of these paths to transport the entire requirement,
thus, the requirement delivery constraint is met. However, the satisfaction of the capacity
constraints is not as straight-forward and is explored in detail below. Second, we explore
the solution in view of the performance criterion. This provides our expected performance
results. In particular, we relate the value of the integral solution to the optimal fractional

solution.

In order explore the feasibility of the integral solution (i.e., capacity constraints are not
violated), given a feasible fractional solution, we introduce the general analysis technique
of Raghavan and Thompson [9, 8]. In summary, their technique employs a Chernoff-type
bound to bound how far the flow assigned to each edge (load) can exceed the edge capacity,
for any edge, in the integral solution. Unfortunately, as is discussed later in this section,
this technique cannot be applied to bounding how far the value of the integral solution

(performance) can vary from the optimal fractional solution.

Let aq,az,...,a, be reals in (0,1]. Let X1, Xo,..., X, be independent Bernoulli trials
with E[X;] = p;. Look at the random variable ¥ = 37"_, a;X;.
Theorem 2 [8] Let 6 >0, and m = E[V] = 37"_a;p; > 0. Then

)

Pr[¥ > (14 68)m] < Wl

This result roughly states that the probability that a weighted sum of independent
Bernoulli trials exceeds the weighted sum of the expected values of the same trials by
more (14 6) times (probability of a bad event or, in other words, a failure), decreases with
increasing 6. If we know the expected values of the independent Bernoulli trials, then, by
choosing the appropriate é, we can bound the value of the weighted sum of those trials with

high probability. In a sense, ¢ bounds the penalty we pay (deviation from feasible solution)
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by enforcing an integer solution. The more confidence (higher probability) we need that we

won’t pay an unexpectedly high penalty, the weaker our feasibility bound.

The character of the bound of Theorem 2 can be seen by the graph in Figure 12. This
graph plots probability of a bad event versus é for a fixed mean m = 10. It can be seen
that as we relax our bounds (allow ¢ to become greater) the probability that the bounds
will fail (a bad event) is reduced. On the other hand, if we insist on tight bounds (small 6)
then the probability that a bad event will occur increases (similarly, the probability that

only good events will occur, 1 — Pr, decreases).

This result applies to the randomized rounding technique as follows. After the path
stripping phase, for any given package p, we have a set of paths I', through which the flow
of that package may be assigned. The expected fraction of flow from this package assigned
to any given one of those paths y€I',, after the randomized rounding phase, is equal to the
probability assigned to that path Pr{~} during path stripping. For any given package and
edge within the flow graph, the expected fraction of flow from this package assigned to that

37



edge is the sum of the expected fraction of flows assigned to each path y€I', that includes
the edge (which is the same as the flow assigned to that edge before path stripping); i.e.,
for each peP and e€E, E[X, ] = 3 er ey P17} = Xpe

For each package p€ P a flow path for that package is chosen independent of any other
package. Each of these decisions can be considered an independent Bernoulli trial. By the
above argument, we know the expected flow values for each edge in the flow graph resulting
from each of these trials. Therefore, we can bound any weighted sum of these trials using

Theorem 2 and the appropriate 6. We use this fact to bound the capacity constraints.

If the relaxed linear program is infeasible then the integral problem is infeasible. How-
ever, even if the fractional problem is feasible, the integral problem may still be infeasible.
We use the tools above to analyze this situation in reference to capacity constraints. Since
the relaxed linear programming solution is optimal, we know that all the constraints are
satisfied in that solution. Consider any edge e€ IV in the flow graph. From the linear pro-
gram we know that >~ - p Rpo,e < cap, (the fractional load assigned to edge e does not
exceed the capacity of the edge). From the above arguments, we can see that, for each pe P
E[X,.] = X,.. Therefore, Bl pep BpXpel = Ypep R,X,. < cap. (the expected load
assigned to edge e by the integral solution does not exceed the capacity of the edge). Let
V=3 cp Ry X, . (actual load assigned to edge e by the integral solution); by Theorem 2,

Pr[¥ > (1 + 6)cap.] <

o cape
(14 6)(1+6)] '

Therefore, the actual load assigned to any edge by the randomized rounding solution does
not exceed the capacity of the edge by more than (1 4+ ¢) times, with high probability,
for selected é. In Section 7, we show a variation of randomized rounding that guarantees
that the integral load will not exceed the capacity, deterministically, with some sacrifice in

performance.

The above arguments show that for any edge, the expected load is the same as the
optimal fractional load and, therefore, does not exceed the capacity of the edge. In addition,
we have shown that, if the actual load does exceed the capacity, this violation is provably
bounded from above, with high-probability. While we can make these strong statements
about the feasibility of the integral solution obtained by randomized rounding, we can

only extend some of these claims to the performance of the algorithm. In particular, we
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show that the expected performance of the integral solution is the same as the optimal

performance; however, we cannot provide tight bounds on the actual performance.

We know that the solution to the relaxed linear program gives us an optimal value
for our performance criterion Z. As before, for each peP E[X,.] = )A(pﬁ. Therefore,
ElZ] = 3 ep>cer cost.X,. = 7 (the expected total cost of the integral solution equals

the optimal value of the fractional solution).

Previously, we pointed out the properties needed in order to apply Theorem 2 to bound a
quantity. Included is that the quantity involved be the sum of independent Bernoulli trials.
We now show that this is not the case for the performance criterion. In our multicommod-
ity flow formulation (and the original greyhound problem) the costs in the performance
calculation are associated with each edge. Namely, the algorithm is assessed the cost of an
edge once for each package that traverses that edge. As discussed above, for any edge e€ F/
selecting whether a particular package p€ P will traverse that edge is independent of any
other package. Therefore, we can treat the total cost associated with any one edge, over
all packages, as a weighted sum of independent Bernoulli trials. However, the performance
criterion does not calculate the cost of a single edge, rather, it calculates the total cost
over all edges and packages. While selecting whether a particular package will traverse a
particular edge is independent of all other packages, it is not independent of all other edges.
Therefore, the performance criterion is not a sum of independent Bernoulli trials, and we
cannot use Theorem 2 to bound the performance of the integral solution in terms of the
optimal fractional solution. In Section 8 we touch upon variations of analysis techniques

similar to Theorem 2, as well as other possibilities, for overcoming this problem.

In Figure 12, we demonstrate the bounds for a fixed mean. The quality of the bounds
changes as the mean changes. In Figure 13 it can be seen that as the mean increases
the quality of the bound increases. For example, for a low mean such as m = 0.1 in
Figure 13.i., in order to get a high-probability bound such as Pr{bad event} = 0.2, we can
only guarantee that the actual integer load will be within 1 + 10 times the capacity of the
edge. If we desire that the actual load be within 1 4+ 1 times the capacity of the edge, we
can only guarantee this with Pr{bad event} = 0.9. For large means the result is just the
opposite. In Figure 13.vi., we see that for m = 10000 we can guarantee with probability
1 — 0.2 that the actual load will be within 1 4+ 0.02 times the capacity. This is a much
stronger result. This result is consistent with intuition; rounding has a larger effect on

smaller values than on larger values. Thus, the quality of this bound is dependent upon
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the scale of the capacities in the particular greyhound instance being studied.

The right hand side of Theorem 2 can be a little difficult to deal with. Especially when
trying to determine questions such as “how large need 6 be for Pr[¥ > (14 ¢)m] to be less
than 2?” For a desired probability bound, Raghavan [8] provides a technique for estimating
the deviation ¢ to use in Theorem 2. Namely, denote Pr[¥ > (1 4+ §)m] by B(m,d). Then,
given any m and desired probability  we can derived the required é = D(m,z) such that

B(m, D(m,z)) =z by the following equations:

m > 1In(1/2z) D(m,z) < (e — 1)[MTln/_xl]1/2

eln(1/xz)

m <In(1/z) D(m,2) < i rnrm]

For instance, if m = 1000 and we desire a solution with probability at least 0.9 (i.e., so-
lution exceeds mean by more than 146 with probability z = 0.1), we can find a satisfactory
6 = D(1000,0.1) = 0.082; indicating that load will be within 8.2% of the capacity (expected
load) with probability > 0.9. Similarly, for m = 1000 and desired probability at least 0.99,
6 = D(1000,1/100) = 0.12, indicating that load will be within 12% of the capacity with
probability > 0.99. Finally, for m = 1 and desired probability 0.99, 6 = D(1,1/100) = 4.95,
indicating that load will be within 495% of the capacity with probability > 0.99. These ex-
amples indicate that this technique provides much better bounds when the mean is greater.

These estimates are consistent with the exact curves given in Figure 13.

7 Variations and Limitations of Applying Randomized Round-
ing to the Greyhound Problem

In Section 6, we introduce the randomized rounding technique of Raghavan and Thompson
and apply it to the greyhound problem. We show that the expected load on an edge in
the integral solution is less than or equal to the capacity of the edge and that the expected
performance of the integral solution is equal to the optimal fractional performance. We
also provide the analysis techniques that allow us to bound the feasibility of the solution
provided by the approximation algorithm on instances of the greyvhound problem, but do
not allow us to bound the actual performance of the integral solution. This is a significant

limitation on the use of Theorem 2. We also mentioned that larger expected loads on edges
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provide better bounds. In this section, we explore additional limitations of this approach.
In particular, we show that some restricted instances of the greyhound problem can obtain
provably tighter bounds than others. In conjunction with the restrictions on instances we

also discuss variations of the randomized rounding technique that address other issues.

We discuss three classes of approximation algorithms for the greyhound problem, based

on randomized rounding. These classes differ in the type of bounds provided:

1. High-Probability Bounds,
2. Deterministic Bounds within Guaranteed Range, and

3. Deterministic Upper Bounds.

Fach successive bounds introduces further limitations and restrictions on the solvable in-

stances of the greyhound problem.

7.1 Limitations of High-Probability Bound Randomized Rounding Algo-
rithm

The basic randomized rounding algorithm presented in Section 6 is an approximation al-
gorithm with high-probability bounds. In this section, we explore the limitations of this
algorithm in more detail. The first limitation of the basic algorithm is that the high-
probability bounds imply that there is a non-zero probability that the guarantees will not
hold for a particular integer solution. Although the probability of a bad event (i.e., exceed-
ing the capacity of an edge by more than § times) is very low, its non-zero probability can
be an unfortunate limitation for the greyhound problem. One way around this is to make
repeated runs of the algorithm until a solution that satisfies the bounds is achieved. With
high-probability, a solution in which no edge capacities are exceeded by more than é times
will be found, but, again, this technique is only probabilistic. In Section 7.2, we discuss a

deterministic variation to solve this problem.

A second limitation, both of the basic algorithm and the deterministic algorithm of
Section 7.2, is that the load assigned to an edge by the integer solution is only guaranteed

to be within a certain ¢ factor of the capacity of the edge. This may not be sufficient for
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the greyhound problem. In Section 7.3, we discuss a deterministic variation to overcome

this deficiency.

Other limitations are derived from the application of Theorem 2 to the greyhound
problem. As we pointed out in Section 6.4, this theorem only applies to the weighted sum
of independent Bernoulli trials. In particular, it doesn’t apply to dependent sums like the
performance criterion. Also, larger expected loads (i.e., capacities) on edges provide better
bounds. Additional limitations concern the weights. The theorem can only be applied when
weights are reals in the interval (0, 1]. Since the weighted sum that this theorem is applied
tois Y- cp Ry Xpe, we are testricted to instances in which package requirements (R,) are
in the interval (0,1]. In many problems this limitation may not be serious but, in the
greyhound problem this is a severe limitation. There is a naive solution to getting around
this limitation. If we can bound the maximum package requirement in advance we can
normalize all the values to this interval. Let R . be the largest package requirement. The
package requirements for the normalized problem would be R, = R,/ Riax. In addition, we
would also be forced to normalize the edge capacities by the maximum package requirement
as well, cap. = cap./Rmax. However, as discussed in Section 6.4, smaller capacities lead
to weaker bounds. Furthermore, as discussed in Section 7.3, further extensions of the
randomized rounding technique require that the minimum edge capacity be greater than
In n, where n is the number of edges. Therefore, this naive solution introduces additional

limitations.

7.2 Deterministic Variation of Randomized Rounding, Providing Bounds
within Guaranteed Range

As mentioned in Section 7.1, high-probability bounds imply that there is a non-zero prob-
ability that the guarantees will not hold for a particular integer solution. In other words,
although Theorem 2 guarantees with high-probability that the load assigned to any edge
will not exceed the edge’s capacity by more that 1 + ¢, there may be a rare case with
very low, but non-zero, probability in which the load assigned to an edge by a particular
integer solution exceeds this guarantee. For the greyhound problem, this is an important
limitation. Luckily, Raghavan [8] provides a deterministic method for guaranteeing that
the integer solution will not exceed the fractional solution by more than the guaranteed

bound.
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This method can be outlined as follows. Let n be the number of edge constraints (edges).
Let 6; be the bound provided for edge ¢, 1 < i < n, given a particular probability goal. If
we can guarantee that for any edge the probability that a bad event occurs on that edge
(the integer load exceeds the edge capacity by more than the guaranteed ¢; bound) is less
than 1/n, then we are guaranteed that there exists with non-zero probability an integer
solution in which good events occur on all edges, simultaneously. Specifically, for the 7
bad event B(m;, D(m;,1/n)) < 1/n. Since there are n of these events the probability that
the integer solution violates any of these bounds is < 1. Thus, it is possible to find a good
solution. Once we have guaranteed that this integer solution exists, we deterministically
find that solution in polynomial time. Raghavan first shows how to derive the §; such that
such a solution exists, then provides a deterministic method called pessimistic estimators
for finding that solution. It is important to note that the method of pessimistic estimators

can be computed efficiently.

One problem with this solution is that, since we must guarantee that no edge load will
exceed its capacity by more than a factor of 14 6; with probability < 1/n, we are further
restricting the problem instances in which a satisfactory é; can be found. For example
consider an edge 7 in which the expected load (capacity) is m = 10. In Figure 12, we see
that we can limit the probability of a bad event to less than 0.2 by choosing a §; = 0.6.
Thus, we can get a fairly tight bound. Now, suppose there are n = 10 edges, all of capacity
m = 10. Then, we must limit the probability to less than 1/10 and get a é; no better
than 0.7. The more edges we add, the weaker the bound becomes. This problem is worse
for edges with smaller capacities. For example, in Figure 13.i., we see that if our problem
contains 10 edges, one of which has capacity 0.1, the best overall bound we can provide is

6 =12 (where 6 = maxy<i<y 6;).

With this method the load assigned to any edge is guaranteed to be within 1 + ¢ times
the capacity, deterministically. Not with high-probability. However, this may not be good
enough for the greyvhound problem. It may be the case that the only acceptable solution is

for 6 = 0. A way to achieve this result is given in Section 7.3.
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7.3 Deterministic Variation of Randomized Rounding, Providing Guar-
anteed Upper Bounds

The solutions provided in Sections 7.1 and 7.2 guarantee that the load assigned to any edge is
within 146 times the capacity of the edge, either with high-probability or deterministically.
In other words, the solutions do not guarantee that no load will exceed the capacity of its
edge. Raghavan and Thompson [8, 9] provide a solution for this based on scaling. The
technique involves finding a scaling factor v € (0,1) such that B(vk,1=%) < 1/n, where k
is the minimum edge capacity and n is the number of edges. This scaling factor is then
multiplied by each fractional flow before rounding. By doing so, the fractional value of the
loads on edges is scaled down by a factor of v. Let’s look at how this effects our bounds.
It is clear that the expected value of each load after rounding is < v X cap.. Whereas in

the unscaled version we are bounding the probability that ¥ > (1 + §)cap., in this scaled

1—v
v

version we are bounding the probability that ¥ > (1 + Jv X cap.. Working this out we
get U > cap,. Thus, our bad event now occurs when the actual load exceeds the capacity,
rather than some multiple of the capacity. As in the pessimistic estimators method of
Section 7.2, the choice of v ensures that each bad event occurs with probability < 1/n. So
there exists an integer solution that does not exceed any capacities and it can be found

deterministically as in Section 7.2.

One limitation of this technique is that such a scaling factor can be found only when
k > Inn. In other words, the minimum capacity of any edge must be greater than the
natural log of the number of edges. Note that v is chosen so that the minimum capacity
of any edge, k, satisfies the desired probability bound, 1/n. By doing so, the condition is
simultaneously satisfied for all the edges. Note also that as the number of edges, n, becomes
larger (with minimum capacity remaining fixed ), the scaling factor » becomes smaller. Thus,
the larger the problem the weaker the bound provided by the scaling technique. Finally,
the larger the minimum capacity, k, (with size of problem fixed) the tighter the bound.

In addition to the above limitations, there is a further tradeoff for the strict bounds
provided by scaling. Since the flows are scaled before rounding, the flows for all the paths
of a package no longer sum to one. This introduces the probability that the integer solution
will not satisfy all package requirements. In the greyhound problem we not only need to
guarantee that the capacities are not exceeded, but we also must guarantee that all packages

are delivered (i.e. all requirements are met). Although the deterministic algorithm with
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scaling is guaranteed to find a solution which does not exceed any capacities, it does not
guarantee that the solution will satisfy all requirements. Without scaling, all requirements
are guaranteed to be met. It is clear that we cannot deterministically guarantee both

capacities and requirements, simultaneously.

8 Discussion of Applicability of Randomized Rounding to
the Greyhound Problem

In the above discussions we have presented three variations of the randomized rounding

technique:

1. High-Probability Bounds,
2. Deterministic Bounds within Guaranteed Range, and

3. Deterministic Upper Bounds.

Notice that in each subsequent algorithm the obtainable bounds become weaker and addi-
tional limitations creep in. The following are characteristics of restricted greyhound problem

instances which weaken the bounds in the above algorithms:

e small mean fractional load (capacity) on edges
e scaling of package requirements into the interval (0, 1]
e for deterministic bounds, larger problem sizes (number of edges)

e for upper bounds, smaller minimum capacities (smaller scaling factor)

An equally important limitation of the randomized rounding technique is the inabil-
ity to use the analyses of Theorem 2 to bound the performance of the integer solution.
There is some hope to overcoming this deficiency. Although the variables in the perfor-
mance criterion are not independent, their dependency graph has a particular structure
that may be exploited. An open question involves how to exploit this structure in the
analyses. Promising research along these lines includes the work of Berger and Rompel [1]

and Spencer [11].
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9 Conclusion

This paper provides insight into the structure of restricted transportation problems and
their solution through approximation algorithms. By exploring the greyhound problem in
detail we develop intuition about the difficulties involved in solving problems within the
transportation domain. The greyhound problem is shown to be NP-complete and, therefore,
amenable to approximations as opposed to exact solutions. In this paper, we explore the
use of approximation techniques based on solving integer programs through first solving
the relaxed linear programs and then applying rounding techniques. We also demonstrate
one procedure for converting randomized algorithms into deterministic algorithms. These
techniques provide positive basic results but, the limitations cast doubts on its application
to practical transportation problems. Further work is anticipated both in modifying the
approach to remove some of the limitations and applying similar approaches to practical

problems to extend our intuitions.
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