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A Universal Top-Down Fixpoint AlgorithmBaudouin Le CharlierUniversity of Namur,21 rue Grandgagnage, B-5000 Namur (Belgium)Email: ble@info.fundp.ac.bePascal Van HentenryckBrown University,Box 1910, Providence, RI 02912 (USA)Email: pvh@cs.brown.eduAbstractComputing �xpoints and post�xpoints of transformations has numerous applications in com-puter science. In this paper, we present a universal top-down �xpoint algorithm based on the weakassumption that the transformation is de�ned by an e�ective procedure. Given the procedure and avalue �, the universal algorithm computes the value of � in the least �xpoint of the transformationand has the property of focusing on the subset of elements necessary to compute the value of �.The total correctness of the algorithm is proven and requires some weak (but rather technical) as-sumptions. These conditions can be relaxed further if post�xpoints su�ce for the application. As aconsequence, the algorithm generalizes and abstracts numerous algorithms and provides a versatilealternative to bottom-up algorithms. It has been used to derive speci�c abstract interpretationalgorithms for Prolog, which are practical both in terms of e�ciency and accuracy and are, to ourknowledge, the fastest algorithms available.1 IntroductionThe computation of least �xpoints and/or post�xpoints of transformations (or functionals) hasnumerous applications in computer science, including programming languages (e.g. abstract inter-pretation), data bases (e.g. dependencies), and arti�cial intelligence (e.g. expert systems). Many�xpoint algorithms were proposed in the past; most of them, however, are either speci�c to a givenproblem, restricted to a syntactic class of transformations (e.g. equations), or they impose somestrong restrictions on the domains of the transformations (e.g. �niteness). Moreover, many algo-rithms are bottom-up, which complicates them substantially for in�nite domains and/or when theapplication only requires a subset of the �xpoint or post�xpoint.In this paper, we propose a universal top-down �xpoint algorithm, based upon the weak as-sumption that the transformation, say � , is de�ned by an e�ective procedure tau (e.g. a procedurein a programming language), which, given a functional parameter f and a value �, returns the value�f�. The algorithm, given tau and �, returns the value of � in the least �xpoint of � . It has theproperty of focusing on the subset of elements necessary to compute the value of � and explores few,if any, other elements in the practical applications we have considered [15]. Its partial correctnessand termination are proven and require some additional weak (but rather technical) assumptions.These assumptions are mostly speci�c monotonicity conditions and they can be relaxed further



when the application only requires a post�xpoint. In particular, widening techniques [7] allowtermination even on in�nite domains and the monotonicity conditions imposed for partial correct-ness can be dropped at the cost of a stronger assumption for termination. As a consequence, thealgorithm generalizes and abstracts numerous existing algorithms, removes many restrictions, andprovides a versatile alternative to bottom-up algorithms. The algorithm has proven useful to deriveseveral abstract interpretation algorithms for Prolog, based on various semantics [14, 15, 16, 9].These algorithms (to our knowledge, the fastest available) are practical both in terms of e�ciencyand accuracy.The rest of the paper is organized as follows. Section 2 presents some mathematical preliminar-ies. Section 3 presents the universal top-down �xpoint algorithm. Section 4 outlines the proofs ofpartial correctness and termination and formulates the necessary assumptions. Section 5 indicateshow to weaken further the conditions when only a post�xpoint is required. Section 6 discusseshow several optimizations can be included in the algorithm. Section 7 discusses related works on�xpoint algorithms, abstract interpretation, and deductive data bases, and suggests several possibleimprovements for speci�c application areas.2 PreliminariesThe basic computation domains considered in this paper are complete partial orders (cpos). Recallthat a cpo is noetherian if it contains no in�nite strictly increasing chains. Cpos are denoted byA, A0 in the following. We use A 7! A0 to represent the set of monotone functions from A to A0,where A, A0 are cpos and A0 is endowed with a lub operation. Similarly, (A 7! A0) 7! (A 7! A0) isthe set of monotonic functionals (or transformations). Transformations are denoted by the letter �in the following. The least �xpoint of a transformation is denoted by �(�) or �� when there is noambiguity. A post�xpoint of a transformation � is a function f such that f � �(f).We also consider partial functions and use A 6! A0 to represent the set of partial functions fromA to A0. We write f(x) = undef if the partial function f is unde�ned for some value x 2 A. Thedomain of a partial function f , dom(f), is the set of � 2 A such that f(�) 6= undef . A 6! A0 isendowed with a structure of cpo by the traditional inclusion relation on partial functions:f � g i� dom(f) � dom(g) & f(�) = g(�) for all � 2 dom(f):Let S � A. The restriction of a partial function f to S, say fjS , is the partial function satisfyingdom(fjS) = dom(f) \ S and fjS(�) = f(�) 8� 2 dom(fjS). Let �+ : (A 6! A0) ! (A 6! A0),f 2 A 6! A0, and � 2 A. We say that � is based in f (wrt �+) i� �+f� 6= undef . f 2 A 6! A0is a partial �xpoint (resp. post�xpoint) i� 8� 2 dom(f) : � is based in f & f� = �+f� (resp.f� � �+f�).The set of monotone partial functions is denoted A 67! A0. We also de�ne a partial order � onmonotone partial functions:f � g i� dom(f) � dom(g) & f(�) � g(�) for all � 2 dom(f):3 The ProblemWe consider a monotone transformation � : (A 7! A0) 7! (A 7! A0) described by a computableprocedure tau(f:A!A';�:A):A' written in any usual programming language (e.g. Pascal). Pro-1



cedure tau computes the transformation � (i.e. tau(f,�)) returns �f�, calls f �nitely often, andterminates when the functional parameter computes a (total) monotone function. The second re-quirement can be formalized, using denotational semantics [25], by requiring that procedure taucomputes a continuous transformation �+ : (A 6! A0)! (A 6! A0), i.e. 8f 2 (A 7! A0) : �+f = �f .In the following, we overload � and �+ and use � only.The purpose of this paper is to present an algorithm to compute �(�)�, given procedure tauand �. The algorithm computes a subset of the least �xpoint for practical (A may be in�nite)and e�ciency reasons. As can be noticed, the algorithm is very general since it only assumes theexistence of procedure tau. It is fact necessary to add some weak (but rather technical) assumptionsto prove partial correctness and termination. They are discussed later in the paper.4 The Algorithm4.1 Informal PresentationThe goal of our algorithm is to avoid computing the entire table of �(�) for practical and e�ciencyreasons, since, on the one hand, A may be in�nite, and, on the other hand, only a small subsetof �(�) is su�cient in general to compute �(�)�. As a consequence, the result of our algorithmis the table of a partial function f satisfying f(�) = �(�)�. Of course, the elements necessary tocompute �(�)� are not known in advance and it is the purpose of the top-down strategy to avoidconsidering non-relevant elements. How the algorithm computes this table is the key issue. Recallthat the only tool at our disposal is the procedure tau(f:A!A';�:A):A'.Our algorithm builds the partial table by simulating the execution of procedure tau on �. Thesimulation is straightforward as long as function f is not used. When function f is applied to aparameter �, the algorithm suspends its simulation (we say that � is suspended) and initiates asub-simulation on �. On return of the sub-simulation, the algorithm updates the partial table andresumes the initial simulation, using, in both cases, the sub-simulation result. The sub-simulationitself proceeds as the initial simulation except when function f is applied to �. In this case, nosub-simulation is initiated and the current value of � in the partial table is used instead. Since thevalue of � may be approximated, the algorithm needs to redo the sub-simulation on � if the valueof � is re�ned.The table built by the algorithm corresponds in fact to a sequence of partial functions f0; . . . ; fnsatisfying f0 � f1 � . . . � �(�): f0 is the function unde�ned everywhere and the algorithm movesfrom a function fi to the next by considering a new element � (i.e. � =2 dom(fi) & � 2 dom(fi+1))or re�ning an existing element � (i.e. fi(�) < fi+1(�0)).4.2 Operations on Partial TablesThe algorithm can be viewed as building a partial function represented by its table. Tables aredenoted by pt in the following. Also, because of the correspondence between tables and partialfunctions, we do not distinguish the two when convenient. In particular, when we write about thedomain of a table, or the application of a table to a value, we mean the appropriate operations ofthe partial function.The algorithm manipulates partial tables through two operations which are used respectivelyto introduce a new element in pt and to update pt with the result � for �. Their speci�cation are2



as follows (in the postconditions, a parameter subscripted by 0 denotes the value of the parameterat call time):Extend pt(pt,�)Pre: � =2 dom(pt).Post: pt= pt0 [f(�; �)g where � = lubfpt0(�0) : �0 � � and �0 2 dom(pt0)gAdjust pt(pt,�; �)Pre: � 2 dom(pt0)Post: pt= pt1 [ pt2 where pt1 = pt0 n f(�0; �0) 2 pt0 j �0 � �g andpt2 = f(�0; lubfpt0(�0); �g j �0 � � & �0 2 dom(pt0)g.In the algorithm, we use in fact a slightly more general version that returns also the set of�0 2 dom(pt) such that pt(�0) has been modi�ed by the operation.4.3 The Dependency GraphOur algorithm includes a dependency graph to avoid redundant computations. The main idea isto avoid restarting simulations of procedure tau that would not produce any information. Depen-dencies enable to improve the worst case complexity of the algorithm for many instantiations (see[14]).De�nition 1 A dependency graph dg is a set of elements (�; f�1; . . . ; �ng) such that(�; S) 2 dg & (�; S 0) 2 dg ) S = S 0:The domain of dg, dom(dg), is the set of � such that (�; S) 2 dg for some S. The codomain of dg,codom(dg), is the set of all � such that there exists (�; S) 2 dg and � 2 S. If � 2 dom(dg), dg(�)denotes the set S such that (�; S) 2 dg.Intuitively, dg(�) represents all elements which � depends upon. The value of � needs to be recon-sidered if any of these elements are re�ned. More precisely, two situations must be distinguished:� If � is not suspended, � 2 dom(dg) means that pt(�) cannot be re�ned by a new simulation.� If � is suspended, � 2 dom(dg) means that, so far, the computation of � need no furthersimulation. In addition, dg(�) contains the set of � called directly by the simulation of �.De�nition 2 Let dg be a dependency graph such that � 2 dom(dg). The set dg+(�) is the smallestsubset of codom(dg) closed by the following two rules:1. � 2 dg(�) ) � 2 dg+(�).2. � 2 dg(�) & � 2 dom(dg) & 
 2 dg+(�) ) 
 2 dg+(�):The re
exive and transitive closure of dg, noted dg�(�), is simply dg+(�) [ f�g.The operations on dependency graphs (to remove, extend, and add dependencies) can be speci�edas follows: 3



Remove dg(dg,f�1; . . . ; �ng)Post: dg = dg0 n f(�; S) 2 dg0 j f�1; . . . ; �ng \ dg+0 (�) 6= ;g.Extend dg(dg,�)Pre: � =2 dom(dg);Post: dg = dg0 [ f(�; ;)g.Add dg(dg,�,�)Pre: � 2 dom(dg);Post: dg = dg0 n f(�; dg0(�))g [ f(�; dg0(�) [ f�g)g.Note also that if dg+(�) does not contain any suspended element, then pt(�) = �(�)�.4.4 The AlgorithmThe algorithm is depicted in Figure 1. The top-level procedure is compute fixpoint which receivestwo inputs, the functional parameter tau and an element � of A, and returns two outputs, thepartial table pt and the dependency graph dg. The procedure expected as functional parameteris a syntactic variant of the procedure tau given by the user. The modi�cation, which can beautomated directly, amounts to replacing each call f(�) in tau(f,�) by f(�; �). This simplechange allows us to simulate procedure tau on an unknown function. The partial table returnedas result satis�es pt(�) = �(�)� for all � 2 dom(dg), where � is the transformation described bytau. In addition to the parameters, compute fixpoint makes use of a local set ics representingthe set of initiated simulations (or computations), a local procedure, and a local function. Its bodyinitializes pt, dg, ics to empty sets and calls procedure repeat computation.Procedure repeat computation starts by testing if its parameter � is in the domain of thedependency graph or in the set of initiated computations. In the �rst case, no information can begained by executing the remaining instructions, since no element which � depends upon has beenre�ned. In the second case, a sub-computation has already been started for �. In all other cases,the procedure extends the partial table if necessary and updates ics to include �. It then entersa repeat loop which, informally speaking, computes a local �xpoint for � given the values of thesuspended elements in ics. This local �xpoint is obtained by successive executions of procedure tauand terminates when � is in the domain of the dependency graph (which means that an additionaliteration would produce no new information). Each iteration computes a value � (possibly) usedto update the partial table. The dependency graph is also extended with � before the call and ispossibly updated after the call to remove elements depending upon elements in modified. Notethat procedure tau has the local function pretended f as argument.When procedure tau applies its functional argument, function pretended f is used. It receivestwo parameters: � is the argument to which the function should be applied while � is the valuewhich required the value of �. To obtain the value for �, the function calls recursively procedurerepeat computation on �. It then updates the dependency graph if � is still in its domain;otherwise � needs an additional iteration and no update takes place. Finally, the procedure returnsthe value pt(�). 4



procedure compute fixpoint(in tau(f:A!A';�:A):A',�:A; out pt,dg);var ics: set of A;procedure repeat computation(in �:A);var �:A';beginif � 62 dom(dg) [ ics thenbeginif � 62 dom(pt) then Extend pt(pt,�);ics := ics [ f�g;repeatExtend dg(dg,�);� := tau(pretended f,�);Adjust pt(pt,�,�,modified);Remove dg(dg,modified)until � 2 dom(dg);ics := ics � f�gendend;function pretended f(in �,�,:A):A';beginrepeat computation(�);if � 2 dom(dg) then Add dg(dg,�,�);pretended f := pt(�)end;begin pt := fg; dg := fg; ics := fg; repeat computation(�)end Figure 1: The Universal Top-down Fixpoint Algorithm
5



5 Correctness5.1 Partial CorrectnessPartial correctness mainly amounts to proving the condition ptjdom(dg) = (��)jdom(dg) wheneverthe algorithm terminates. We outline the main ideas here; most of the details are in Appendix 1.The proof is split into two steps:Condition 1: 8x 2 dom(dg) : ptx � ��x:Condition 2: 8x 2 dom(dg) : ptx � ��x:Condition 1 is proven by showing the property8x 2 dom(dg) : ( ptx � �ptx;x is based in ptjdom(dg):The condition means that ptjdom(dg) is a partial post�xpoint for � . The property follows fromoperations Adjust pt and Remove dg which ensure pt� � �pt� on termination of the repeatloop of procedure repeat computation. Moreover, conditions � is based in ptjdg(�) and dg(�) �codom(dg) � dom(dg) are also ful�lled.The proof of condition 2 requires some additional hypotheses about procedure tau. Informallyspeaking, the information produced by a call f(�i) should be \recorded monotonically" inside theinternal store of tau. To express this condition mathematically, we assume, without loss ofgenerality, that the execution of tau depends on some internal state �. In other words, the executionfrom any computation point is completely determined by the current internal state � and the actualfunctional parameter f . This implies the existence of a continuous function � : (A 6! A0)! (� 6!A0), where � is the set of internal states, satisfying �f� = �f� for any possible intermediateinternal state � occurring during execution of tau(f; �). Clearly, � is a continuation in the senseof denotational semantics.� is endowed with an order relation (denoted �) which is intended to re
ecting, in some sense,the orderings on A and A0. Intuitively, if �1 � �2 and �1 and �2 are the internal states atcorresponding execution points for two calls tau(f; �1) and tau(f; �2), then �1 � �2. In otherwords, the internal state contains a store of the information received in the past and the greaterthe value of �, the greater the value of the store. This can be formalized as follows:Hypothesis 1: �f is a monotone function of � (when execution terminates) or, in symbols:8f 2 (A 7! A0) : 8�1; �2 2 � : �1 � �2 ) �f�1 � �f�2:For partial correctness, we assume, for convenience, that �f�1 � �f�2 holds whenever �f�1 or �f�2is not de�ned. Finally, we need a \recording" function r : �! A0 7! � such that r��0 de�nes thenew internal state resulting from the internal state � before the call and the value �0 returned bythe call. Mathematically, �f� = �f(r�(f�))holds for any partial function f such that f(�) is de�ned and any internal state � before a callf(�). The recording function should satisfy the following property:6



Hypothesis 2: The value returned by f is recorded monotonically in the store or, in symbols,8�01; �02 2 A0 : 8� 2 � : �01 � �02 ) r��01 � r��02:Note also that the monotonicity of � wrt f can be proven from the hypotheses on � and r.Now the proof that condition 2 holds on termination follows from the invariant pt � �� whichalways holds during the computation. The invariant imposes that the result � of any call toprocedure tau(pretended f,�) satis�es � � ���; which, in turn, follows from the property that�(��)� � ��� holds for any state � occurring during the call. The proof of the last property usesthe hypotheses on � and r. More precisely,� �(��)� = ��� holds before the �rst call to pretended f by de�nition of � and �(��) = �� .� Let �; �0 denote respectively internal states after and before a call pretended f(�; �i).�(��)�0 � ��� holds by hypothesis. Let �i be the value returned by pretended f(�,�i).By de�nition of r, � = r�0�i. But �i � ���i because �i = pt�i and pt � �� by hypothesis.Therefore �(��)� = �(��)(r�0�i) (de�nition of r)� �(��)(r�0(���i)) (monotonicity of r; �� and �(��))= �(��)�0 (property of r and �)� ��� (hypothesis)5.2 TerminationWe give su�cient conditions for the termination of the algorithm. Other (weaker) conditionsare possible for particular transformation classes. Moreover, these conditions are relaxed furtherfor upper approximations of least �xpoints in the next section. Proving termination amounts toshowing the absence of following three situations:1. There is an in�nite sequence of imbricated calls to procedure repeat computation.2. The repeat until loop in procedure repeat computation is executed in�nitely often.3. Execution of � := tau(pretended f; �) contains an internal loop or calls pretended f in-�nitely often. This situation may arise since the algorithm does not use tau with a constant(functional) argument and is the most di�cult one to preclude.5.2.1 Su�cient Conditions for TerminationHypothesis 3: A is �nite.Hypothesis 3 precludes situation 1 since the test � 62 dom(dg) [ ics ensures that imbricated callshave di�erent input values and thus bounds the number of imbricated calls with #A.Hypothesis 4: A 67! A0 is a noetherian cpo.Hypothesis 4 precludes situation 2, since operations Extend pt and Adjust pt return a partialtable greater or equal to pt and hence ensures that the partial table pt is increasing.7



Situation 3 requires some additional assumptions about tau. An obvious condition is to requiretau to terminate for any terminating functional parameter when triggered at any point in procedurefor any internal state �. This condition is satis�ed for many applications but is still too strong arestriction as it would reject the procedure:function tau(f:A!A; �:A):A;var �: A;begin� := ?;while f(�) <> � do � := f(�);tau := �end.If A is noetherian, the procedure terminates for any monotone function f but may loop on nonmonotone functions. An example is A = f?;>g, f(?) = >, f(>) = ?. Moreover, the proceduremay even loop for some monotone f if triggered in some \bad" states. For instance, assumingA = f?; 0; 1g where ? � 0;? � 1; 0 6� 1; 1 6� 0 and f(?) = ?, f(0) = 1, f(1) = 0, procedure tauloops if triggered at the beginning of the while loop with � = 0.A weaker condition can in fact be imposed.Hypothesis 5.a: Procedure tau terminates when started in a state \below the least �xpoint" or,in symbols,8f 2 (A 7! A0) : 8�; �0 2 � : f � �� & � � �0 & 9� 2 A : �(��)�0 = ��� ) �f� 6= undef :This somewhat unnatural hypothesis is implied by the more naturalHypothesis 5.b:8f1; f2 2 (A 7! A0) : 8�1; �2 2 � : (f1 � f2 & �1 � �2)) (�f2�2 6= undef ) �f1�1 6= undef):Note the relationship of this condition with the monotonicity condition for partial correctness.Note also that, in practical applications, it is often possible to modify the code of procedure tau toensure termination for arbitrary states and arbitrary total functional parameters without changingthe value of the least �xpoint. Consider our example again and assume that A is endowed with alub operation. The previous procedure can be modi�ed to give:function tau(f:A!A; �:A):A;var �: A;begin� := ?;while f(�) <> � > do � := lub(�,f(�));tau := �end. 8



We now prove that hypothesis 5.a precludes situation 3. Let � be an internal state during acall tau(pretended f,�). The corresponding partial table pt can be embedded in a monotonefunction f (pt � f) such that f � �� . Hence �f� 6= undef . It follows that no internal loop mayoccur in tau until the next call to pretended f. By induction on execution length, no internal loopoccurs. It remains to prove that no execution of tau calls pretended f in�nitely often. Considerthe execution point where pt has reached its maximal value. Let f be a total monotonic functionsuch that (pt � f) and f � �� . All further calls pretended f(�; �i) return the value pt(�i), i.e.f(�i). Therefore, for any further state � reached in a call to tau, �f� 6= undef holds, implyingtermination.6 ExtensionsIn many applications such as abstract interpretation, it is acceptable to compute an upper approx-imation of the least �xpoint. We now show how to broaden the applicability of the algorithm forthese problems. In particular, A can now be in�nite and some of the monotonicity conditions canbe relaxed.6.1 In�nite DomainsDe�nition 3 [7] Let A be a poset. A widening operator on A is a function: r : A � A ! Asatisfying1. for each in�nite sequence x0; x1; . . . ; xi; . . . (xk 2 A), the sequence y0; y1; . . . ; yi; . . . is increas-ing and stationary, where y0 = x0 & yi+1 = yirxi+1 (i � 0).2. 8x; y 2 A : x; y � xry.Widening operators can be used to prevent the set ics of initiated computations from growingin�nitely when A is an in�nite set. It su�ces to modify the universal algorithm to work on a�nite number of increasing sequences, each of which constructed with a widening operator. Whenrepeat computation(�) is called, the �rst instruction of procedure repeat computation nowbecomes � := y r � where y is the last element in one of the sequences in the set ics. The restof the algorithm is left unchanged. Now the condition ptjdom(dg) � (��)jdom(dg) holds when themodi�ed algorithm terminates. Alternatively, widening techniques are also useful to speed up thealgorithm when convergence is slow.6.2 Non Monotone TransformationsIn abstract interpretation, it is sometimes di�cult, if not almost impossible, to prove monotonicityof transformation � . (See [11, 21].) Fortunately, monotonicity can be dropped since the �rstpart of the partial correctness proof does not use the hypotheses on �; � and r. The algorithmthen computes a partial post�xpoint of � (assuming termination), which is still useful in abstractinterpretation, since it is an upper approximation of the least �xpoint in the concrete domain.However, stronger conditions are needed for termination: procedure tau must terminate for anyinternal state � and total function parameter f . 9



Widening techniques can be applied in the case of non monotone transformation to broadenfurther the applicability. As suggested by the previous example, they can be also applied \inside"procedure tau to ensure its termination.7 Instantiations and Optimizations7.1 Existing InstantiationsThe universal top-down �xpoint algorithm is a generalization of several speci�c algorithms that wedeveloped for the abstract interpretation of Prolog.The generic algorithm described in [15, 14, 21] is an instantiation of the universal algorithmwhere the transformation � is a simple input/output abstract semantics based on SLD-resolution,the standard operational semantics for Prolog (see [17]). In this instantiation, � is speci�c to agiven program and the cpos A and A0 are the same. The worst case complexity (i.e. the number ofiterations in the repeat loop of procedure repeat computation) was analyzed for several interestingprogram classes and behavioral assumptions. The worst case complexity is O(n2hs2) where n isthe size of the analyzed program, and h and s are the height and the size of the cpo A. However,under reasonable assumptions satis�ed by many programs or subprograms, the complexity reducesto O(nhs2), O(nhs), and O(nh) for several classes of recursive programs. The algorithm wasevaluated experimentally on real programs using a complex in�nite abstract domain containingmodes, sharing, and structural information. The number of iterations is h0n in the average andbounded by 3h0n (where h0 is the length of the longest explored increasing sequence), showing thepracticability of the approach. In addition, the algorithm explores at most 15% of unnecessaryelements and none for most programs.The reexecution algorithm described in [16] is also an instantiation of the universal algorithmfor a much more complex semantics exploiting referential transparency to improve accuracy ofthe analysis. Although the semantics was much more complex, the derivation algorithm and itscorrectness proof were substantially simpli�ed because of the availability of the universal algorithm.7.2 OptimizationsIn [16], we have described two general optimizations for �xpoint algorithms. Both of them producedabout 30% improvement on the �rst instantiation. The second optimization was also integratedin the second instantiations and its e�ect should be even more important (although no explicitcomparison was made).The �rst optimization (the so-called pre�x optimization) applies when procedure tau is reex-ecuted on an input value � 2 A. Rather than restarting the execution of tau from scratch, it ismore e�cient to restart the execution from the �rst call to the functional parameter which gives avalue di�erent from the previous execution. This idea can be implemented with a data structurekeeping, for each value �, the internal states �1; . . . ; �n of procedure tau before the calls to thefunctional parameter with input values �1; . . . ; �n. This data structure, which can be seen as a de-pendency graph with a �ner granularity, needs to be updated each time pt(�j) is re�ned to remove�j+1; . . . ; �n. The recomputation starts from the internal state with the largest k still in the datastructure at reexecution time. More sophisticated optimizations are possible when procedure taucan be decomposed in several independent subparts, avoiding reexecution of non-a�ected subparts10



even when an earlier call has an improved value. Deriving the algorithm automatically is howevermore complicated in this case since it is necessary to consider the internal structure of tau.The second optimization is based on the fact that reexecution on the same value redoes manyinternal operations with the same input arguments. These operations can in fact be cached sothat they are only computed once. Although this optimization is rather systematic, it also requiresconsidering the internal structure of tau.Finally, a last optimization that may turn useful amounts to detecting when an element � hasreached its �nal value, i.e. pt� = �(�)�. This is the case when procedure tau on � does not makeuse (directly or indirectly) of any element in the set ics. All subsequent calls to tau with � canthus be avoided. This optimization does not require considering the internal structure of tau.8 Related Work and Discussion8.1 Bottom-up Fixpoint AlgorithmsIn this paper, we view the computation of the least �xpoint of a monotone transformation as ageneralization of computing the values of a function from its recursive de�nition. This leads to atop-down approach in contrast to the more usual approach inspired by the Kleene's sequence. Wenow compare our algorithm with a representative bottom-up algorithm proposed by O'Keefe [24].O'Keefe's algorithm solves �nite sets of equations of the form xi = expri (1 � i � n) wherex1; . . . ; xn are distinct variables, ranging on lattices of �nite depth T1; . . . ; Tn, and expr1; . . . ; exprnare well-typed monotone expressions possibly involving x1; . . . ; xn. The algorithm computes theleast �xpoint of the transformation� : T1 � . . .� Tn 7! T1 � . . .� Tnhx1; . . . ; xni; hexpr1; . . . ; exprniIt proceeds as follows. Variables x1 to xn are initialized to ? and pushed onto a stack. Thenvariables are popped from the stack until it becomes empty. Each time a variable xi is popped itsvalue is recomputed. If the new value is greater than the previous one, all variables that dependson xi and are not on the stack are pushed on it.Our algorithm is obviously applicable to the same class of problems (with A = f1; . . . ; ng andA0 = T1+. . .+Tn). It can also be shown that both algorithms have the same worst case complexityon this class of problems. Moreover, none of the algorithms outperforms the other. For example,our algorithm is optimal for equations of the form:xji = exprjihxj1 ; . . . ; xji�1i (1 � i � n)where j1; . . . ; jn is a permutation of 1; . . . ; n, since each expression is computed at most once whileO'Keefe's algorithm is not optimal.Example 4 Consider the following system:x2 = x1+1...xn = xn�1+1x1 = 111



where T1 = . . . = Tn = f0; . . . ; ng and x+y = min(n; x+ y). O'Keefe's algorithm requires at least2(n� 1) additions and (n� 1)(n� 2)=2 in the worst case depending on how x2; . . . ; xn are put ontothe stack.Conversely, there are also situations where O'Keefe's algorithm gives better results.Example 5 Consider the following system (n � 3):x1 = max(x2; xn�2)...xn�3 = max(xn�2; xn�2)xn�2 = if xn�1 = n then n else 0xn�1 = xn+1xn = max(x1; xn�1)Computation of xn with our algorithm requires n(n+1) operations while O'Keefe's algorithm onlyrequires 7n� 11.As far as applicability is concerned, it is clear that O'Keefe's algorithm addresses a considerablymore restrictive class than ours. The two main restrictions are the following:1. A reduces to the �nite set f1; . . . ; ng, ordered pointwise. (A0 is the disjoint product T1+. . .+Tn.)2. The functional transformation � is not de�ned by an arbitrary algorithm but is constrainedto be de�ned by a system of n equations.It is nevertheless possible to adapt O'Keefe's algorithm to deal with more general problems.However, O'Keefe's algorithm becomes substantially more complicated compared to ours. As anexample, consider the problem of solving recursive equations of the formf(x) = exprhf; xion a �nite lattice T , where expr is an expression built from f; x and constant symbols denotingmonotone functions. To compute f(v) where v 2 T , we can partially evaluate exprhf; vi andidentify other subexpressions, say f(w) for which we iterate the process. We obtain a �nite set ofequations and O'Keefe's algorithm is applicable. The problem is more di�cult when f appears insubexpressions of expressions of the form f(expr1; . . . ; exprn). In order to evaluate the subexpres-sions we can initialize f(v) to the bottom element of T for each v 2 T . So a �rst set of equationscan be derived and solved. The solution is used to derive a new set of equations which is thensolved, and so on until no greater values are obtained for f . This complicated process should becontrasted with the application of our algorithm to a procedure tau de�ned as follows:function tau(f:T!T; �:T):T;begin tau:=exprhf,�i end.The previous discussion can also be related to the minimal function graph semantics discussed inthe paper and to bottom-up computation of recursive functions (see [3]).12



8.2 Chaotic Iteration AlgorithmsChaotic iteration was introduced by P. Cousot in [7] as a very general class of methods for �ndingthe least solution of a set of equations of the form xi = expri (1 � i � n): A chaotic iterationstrategy for such a set of equations de�nes a �nite sequence i1; . . . ; im such that the \loop":(x1; . . . ; xn):=(?; . . . ;?);for j:= 1 to m do xij := exprij<x1; . . . ; xn>compute the least solution of the system. The best strategy minimizes the amount of computation(roughly speaking, the number m of iterations). Clearly, this is very problem dependent. O'Keefe'salgorithm provides a standard (bottom-up) chaotic iteration strategy while ours provides a top-down one. However, chaotic iteration seems di�cult to generalize to the class of problems consideredin this paper.8.3 Deductive Data BasesFixpoint computation algorithms have been extensively studied to solve e�ciently queries in deduc-tive data bases (e.g. [5, 27, 28]). Bottom-up and top-down approaches are both used and have beenrelated by means of rewriting techniques (e.g. magic sets [1, 27]). Our algorithm should be relatedto OLDT-resolution [26]. However, our algorithm is ine�cient in this context because elementsof A and A0 denote sets of values (facts) instead of \individual" values. As a consequence, eachiteration redoes all computations performed by the previous ones. Our algorithm can be adaptedto this type of problems to derive an e�cient and general version of OLDT. The idea is to replace\single" valued functions by \multi" valued ones, delivering values one at a time, and to use thepre�x optimization cleverly. We will investigate this idea in future research.8.4 Abstract InterpretationAbstract interpretation is a general methodology for building static analyses of programs. It wasintroduced by P. and R. Cousot in [7]. The original idea was subsequently adapted, reformulated,and applied to many programming paradigms. (Approximate) computation of �xpoints is a mainissue in abstract interpretation. In the following we relate our algorithm to several aspects andapproaches in this �eld. We stress its usefulness in such a context both from a practical and amethodological point of view.Operational Frameworks The operational approach to abstract interpretation reduces to theidea of executing the program on a non standard (abstract) domain. This leads either to speci�calgorithms (e.g. [8, 2, 10]) or to the so-called operational frameworks [4, 6]. Those approaches aredi�cult to prove correct, to implement, and to modify, since they mix semantic and algorithmicaspects. A more systematic approach consists in separating both issues. De�ning a new class ofstatic analyses then reduces to the de�nition of a non standard �xpoint semantics with respect towhich the universal algorithm can be instantiated (the semantics maps each program to a proceduretau). Hence, a general algorithm parametrized on the abstract domain is obtained. The advantagesof the approach are twofold. Most optimizations can be handled at the algorithmic level and thesemantics can be changed without requiring any substantial modi�cation of the algorithm.13



Denotational Frameworks The denotational approach to abstract interpretation was �rst in-troduced by F. Nielson [22]. It was then further developed by many authors including [13, 19, 29].In this approach, the elegant notations of denotational semantics and the mathematical frameworkof the Cousot's are put together to provide high level descriptions of static analyses. Authors re-lying on this approach are mostly concerned with semantic issues. They assume the existence ofwell-accepted and e�cient algorithms for �xpoint computation. O'Keefe algorithm is often referredto as well as algorithms designed for deductive data bases and OLDT-resolution. Our universalalgorithm provides a versatile alternative to O'Keefe's algorithm to implement the denotationalapproach given its wide applicability. Moreover, OLDT-resolution is not especially adequate forabstract interpretation, since many results are produced for each single input leading to an expo-nential algorithm.Minimal Function Graph and Query Directed Semantics To overcome the applicabilityproblem of O'Keefe's algorithm (and more generally of any bottom-up evaluation), many authorsdesign \instrumental" semantics introducing supplementary results needed only by the algorithmfor �xpoint computation. They are called minimal function graph semantics in [12, 29] and querydirected semantics in [18]. The basic idea is that each iteration provides the set of input values forthe next iteration in addition to the output values corresponding to the previous inputs. Such aninstrumental semantics is no longer needed with our approach (see the comparison with O'Keefe'salgorithm). However, the additional results provided by those derived semantics are sometimesuseful for applications. For example, the minimal function graph semantics is useful for programspecialization [29]. The same information is obtained by instantiating our algorithm to a simpleinput/output semantics, also called total function graph semantics. Note that ptjdom(dg) is therequired minimal function graph.Collecting Semantics Instrumental semantics designed for bottom-up computation purposesmust be distinguished from collecting semantics. Collecting semantics characterizes explicitly prop-erties that are present only implicitly in a simpler abstract semantics. An obvious example is givenby an abstract semantics collecting information at each program point as opposed to a simplerinput/output semantics (for loops and procedures). Oddly enough, it happens sometimes that theminimal function graph and collecting semantics collapse. In these cases, our universal algorithmcan be instantiated to the simple input/output semantics and provides for free the results of thecollecting one. In the general case (the collecting semantics does not reduce to the minimal functiongraph), it is more e�cient to compute the needed information in two steps. First, the universalalgorithm is applied to the simple semantics. Then, the equations de�ning the collecting semanticsare executed once, using the results of the �rst step.Granularity Granularity is a useful criterium to compare Abstract Interpretation algorithms(and frameworks). It is speci�ed by giving the "program points" where information about all pos-sible executions is considered. It is �ner if more program points are considered, coarser otherwise.It is static if the pieces of information corresponding to all execution paths leading to the samepoint are lumped together. Static granularity has the advantage that a �nite set of equations canbe associated with the analyzed program. Dynamic granularity is achieved when di�erent pieces ofinformation can be associated with the same program point, possibly corresponding to di�erent ex-ecution paths. For a �xed abstract domain, a �ner granularity is likely to give more precise results14



at the price of a higher computation cost. Similarly, dynamic granularity is a priori more accurateand costly than static granularity. Usefulness of granularity to compare abstract interpretationframeworks can be illustrated by the works of C. Mellish [20], U. Nilsson [23] and M. Bruynooghe[4], which proposed frameworks for the abstract interpretation of (pure) Prolog.The earlier work is due to Mellish. It has static granularity and only two program points areconsidered for each procedure: procedure entry and procedure exit. The abstract semantics can beexpressed as system of 2n equations with 2n variables where n is the number of procedures. Sincethis system is small, the naive bottom-up method based on the Kleene's sequence can be used asdone in Mellish's algorithm. O' Keefe's paper [24] was motivated by Mellish's work and provides afaster method.The framework of Nilsson has static but �ner granularity: all program points are considered(clause entry and exit, and any point between two calls). This results in a system of m equationswithm variables wherem is the number of program points. The algorithm of is essentially O'Keefe'sone and it is easy to exhibit programs where it gives more precise results than Mellish's algorithm.Bruynooghe's framework uses the same program points as Nilsson but with dynamic granularity.We have presented in [14] a generic abstract interpretation algorithm for Prolog wich can be seen as aprecise implementation of Bruynooghe's framework. Alternatively it can be seen as an instantiationof the universal algorithm of this paper to a simple input/output semantics for Prolog.It is possible to derive abstract interpretation algorithms with the same granularity as Mellishand Nilsson by instantiating the universal algorithm to appropriate (but more complicated) in-strumental semantics. An other approach to investigate in the future is the de�nition of universalalgorithms that should automatically provide a coarser granularity when instantiated to a simple(input/output) abstract semantics. Those algorithms should use widening techniques and/or in-troduce "hooks" in the tau procedure to control the granularity level. Hence, we conclude thatsemantic and algorithmic issues in abstract interpretation are in some sense dual. Tuning thegranularity can be done at both levels just as a matter of convenience.AcknowledgementsHenry Leroy pointed out that our previous algorithms would work in a much more general setting.This research was partly supported by the Belgian National Incentive-Program for fundamentalResearch in Arti�cial Intelligence (Baudouin Le Charlier) and by the National Science Foundationunder grant number CCR-9108032 and by the O�ce of Naval Research and the Defense AdvancedResearch Projects Agency under Contract N00014-91-J-4052 (Pascal Van Hentenryck).References[1] F. et al. Bancilhon. Magic Sets and Other Strange Ways to Implement Logic Programs. In Pro-ceedings of Fifth ACM Symposium on Principles of Database Systems, pages 1{15, Cambridge,Massachusetts, 1986.[2] A. Bansam and L. Sterling. An abstract interpretation scheme for logic programs based ontype expression. In Proc. Int. Conf. on Fifth Generation Computer Systems, pages 422{429,Tokyo, 1988. 15
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9 Appendix 1: Proof of Partial Correctness9.1 Invariant ConditionsAn Invariant Condition is a condition that hold \almost" always during the execution of the algo-rithm. To reuse them extensively, invariant conditions are parametrized on the values of the usedobjects: dg, ics, pt. When used without parameters, their original textual form is intended. Weuse the following invariant conditions:Inv1hdg; icsi : codom(dg) � dom(dg) [ icsInv2hdg; ics; pti : dom(dg); ics � dom(pt)Inv3hdg; ics; pti : 8x 2 dom(dg)� ics : ( x is based in ptjdg(x);ptx � �ptxInv4hpti : pt � �(�)Invhdg; ics; pti : 4̂i=1 Invi9.2 General Post ConditionsGeneral Post Conditions relates objects values at two di�erent execution times called initial and�nal. Those conditions are intended to be used frequently in postconditions of the procedures. Weuse the following general post conditions:GP1hics0; icsi : ics = ics0GP2hdg0; dg; ics0i : dom(dg) \ ics0 � dom(dg0)GP3hpt0; pti : pt0 � ptGP4hdg0; ics0; dgi : U(dg0; ics0; dg) � dom(dg)GP5hdg0; ics0; pt0; dg; pti : 8x 2 U(dg0; ics0; dg) : ( dg(x) = dg0(x);8y 2 dg+(x) : pty = pt0yGPhdg0; ics0; pt0dg; ics; pti : 5̂i=1GPiThe new notations used by the post conditions are de�ned as follows. Let dg be a dependencygraph and � 2 dom(dg). dg(�) is the subset of dg \reachable" from �, i.e.dg(�) = f(�; S) 2 dg j � 2 dg�(�)g:Intuitively, U(dg0; ics0; dg) contains the values whose elements they depend upon are left unchanged.Formally, it is de�ned by U(dg0; ics0; dg) = [x2dom(dg) \ ics0 dg�0(x):9.3 Speci�cations of the ProceduresWe now turn to the speci�cations of the procedures.18



procedure repeat computation(in �:A);var �:A';beginif � 62 dom(dg) [ ics thenbegin if � 62 dom(pt) then Extend pt(pt,�);ics := ics [ f�g;repeat fA1gExtend dg(dg,�) fA2g;� := tau(pretended f,�) fA3g;Adjust pt(pt,�,�,modified) fA4g;Remove dg(dg,modified) fA5guntil � 2 dom(dg);ics := ics � f�gendendFigure 2: The annotated repeat computation ProcedureSpeci�cation 6 frepeat computation(�)gPre : InvPost : Inv & GP & � 2 dom(dg)Speci�cation 7 f� := tau(pretended f,�)gPre : Inv & � 2 ics & dg(�) = f< �; fg >gPost : Inv & GP & � � ��� &� 2 dom(dg)) ( � is based in ptjdg(�)� = �pt� )Speci�cation 8 fcompute fixpoint(�,pt,dg)gPre : truePost : � 2 dom(dg) & codom(dg) � dom(dg) &8x 2 dom(dg) : x is based in ptjdg(x) &ptjdom(dg) = �(�)jdom(dg)9.4 Partial Correctness of repeat computation(�)Partial correctness of Procedure repeat computation relies on �ve intermediate assertions A1,. . . ,A5 that hold where indicated in the annotated version of the procedure (see Figure 2). Theassertions are depicted in Figure 3.We prove statements of the form fAig S fAi+1g. In the proofs, dgi, icsi and pti denote thevalues of dg, ics and pt before execution of S. To denote the �nal values, the symbols dg, ics and19



A1 : ( Inv & � 62 ics0 & ics = ics0 [ f�g &GP2::5 & � 62 dom(dg)A2 : ( Inv & � 62 ics0 & ics = ics0 [ f�g &GP2::5 & � 2 dom(dg) & dg(�) = fgA3 : 8>>>>><>>>>>: Inv & � 62 ics0 & ics = ics0 [ f�g &GP2::5 &� 2 dom(dg)) ( � is based in ptjdg(�)� = �pt� ) &� � ���A4 : 8>>>>>>>>>>>>><>>>>>>>>>>>>>: Inv1::2;4 & � 62 ics0 & ics = ics0 [ f�g &8x 2 dom(dg)� ics : (dg+(x) \ modified = fg)) ( x is based in ptjdg(x)ptx � �ptx ) &� 2 dom(dg)) ( � is based in ptjdg(�)pt� � �pt� ) &GP2::4 &8x 2 U(dg0; ics0; dg) : ( dg(x) = dg0(x);8y 2 dg+(x)� modified : pty = pt0y )A5 : 8>>><>>>: Inv & � 62 ics0 & ics = ics0 [ f�g &� 2 dom(dg)) ( � is based in ptjdg(�)pt� � �pt� ) &GP2::5 Figure 3: Assertions for repeat computation
20



pt are used. To simplify notation, we introduce some notational conventions for assertions. LetAs be an assertion containing possibly occurrences of the symbols dg, ics, pt, dg0, ics0 and pt0.We denote As(i) the assertion As where dgi, icsi and pti have been substituted to dg, ics and pt.Similarly we denote As[i] the assertion As where dgi, icsi and pti have been substituted to dg0, ics0and pt0.The proof proceeds by symbolic execution, using the speci�cation of � := tau(pretended f,�).Since it is rather tedious, we focus on the less obvious parts.9.4.1 fA1g Extend dg(dg,�) fA2gStraightforward consequence of the speci�cation of Extend dg.9.4.2 fA2g � := tau(pretended f,�) fA3gDue to the speci�cation of � := tau(pretended f,�), conditions Inv, � 62 ics0, ics = ics0 [ f�gand GP2::5 are maintained. This is obvious except for GP3, GP4 and GP5. The proof of GP3 usesthe fact that GP(2)3 and GP[2]3 hold due to A2 and the speci�cation of � := tau(pretended f,�).Proofs of GP4 and GP5 are similar.9.4.3 fA3g Adjust pt(pt,�,�,modified) fA4gConditions Inv1::2 are maintained because operation Adjust pt does not use dg nor ics, and doesnot change dom(pt). Condition Inv3 is replaced by a weaker one, i.e.8x 2 dom(dg)� ics : (dg+(x) \ modified = fg)) ( x is based in ptjdg(x)ptx � �ptx ) ;due to the fact that �ptx can have been increased if dg+(x)\modified 6= fg. Otherwise ptx � pt3xdue to the speci�cation of Adjust pt. Therefore: ptx � pt3x � �pt3x = �ptx.Condition � 2 dom(dg)) ( � is based in ptjdg(�)pt� � �pt� )holds because of the third subcondition of A(3)3 and because pt� � � due to the speci�cationof Adjust pt. Conditions � 62 ics0 & ics = ics0 [ f�g, GP2 and GP4 are maintained sinceAdjust pt(pt,�,�,modified) does not use ics nor dg.Condition Inv4 holds due to Inv(3)4 , � � ��� and because8f; g 2 (A 67! A0) : 8 < x; y >2 A� A0 : f � g & y � gx ) Adjust pt(f; x; y) � gx:Finally the condition8x 2 U(dg0; ics0; dg) : ( dg(x) = dg0(x);8y 2 dg+(x)� modified : pty = pt0y )is a consequence of GP(3)5 , dg = dg3 and of the fact that pty = pt3y if y 62 modified.21



9.4.4 fA4g Remove dg(dg,modified) fA5gThe proof uses condition A(4)4 , the fact that Remove dg(dg,modified) does not use ics nor pt andthe following consequences of the speci�cation of Remove dg.dom(dg) � dom(dg4) ;8x 2 dom(dg) : dg+(x) = dg+4 (x):9.4.5 Proof of Partial CorrectnessLet dg0, ics0 and pt0 denote the values of dg, ics and pt at procedure entry. Correctness isstraightforward if � 2 dom(dg0) [ ics0. Otherwise it is easy to see that the body of the repeatuntil instruction is executed under the precondition A1. (Only pt will be possibly increased by thecall Extend pt(pt,�).) A5 holds after each execution of the body. Reexecution of the body takesplace when � 62 dom(dg). Then A1 is true once again since (A5 & � 62 dom(dg)) ) A1. Finallytermination of the repeat until instruction happens when (A5 & � 2 dom(dg)) holds. This clearlyimplies that the postcondition of the speci�cation holds at procedure exit.9.5 Partial Correctness of � := tau(pretended f,�)Assuming termination, procedure tau calls pretended f �nitely often, say n(� 0) times. Let �idenote the �rst actual parameter of the i-th call (1 � i � n). We prove that assertion Iphii belowholds before the �rst call (i = 0), between the calls i� 1 and i (1 � i < n), and after the last callif any (i = n). Assertion Iphii is given together with four auxiliary assertions Ip1, . . . , Ip4. Recallthat � denotes the internal state of tau and � its associated continuation function.Ip1 : dg(�) = f�1; . . . ; �igIp2 : dg(�j) = dgj(�j) (8j : 1 � j � i)Ip3 : 8x 2 dg+(�j) : ptx = ptjx (8j : 1 � j � i)Ip4 : 8j : 1 � j � i : pt�j = ptj�jIphii : 8><>: Inv & GP & �(��)� � ��� &� 2 dom(dg)) 4̂k=1 IpkThe proof is by induction on i.Base case (i = 0) Execution of tau does not use dg, ics nor pt (except through calls topretended f). So all conditions hold trivially because they hold initially. Condition�(��)� � ���holds because pretended f was not used. Therefore the current state is the same as for a calltau(f,�) where f computes �� . 22



Induction step (1 � i � n) Assume that Iphi � 1i holds before the i-th call to pretended f.The call repeat computation(�i) is valid, since Inv holds. Therefore it establishes the followingcondition: Inv & GP[i�1] & �i 2 dom(dg):Moreover conditions Inv(i�1) and GP(i�1) also hold. Putting all conditions together allows to deducethat Inv & GP holds after the call pretended f(�,�i).Now we prove that condition �(��)� � ���holds. Let �0 denote the internal state before the call. �(��)�0 � ��� holds by hypothesis. Let �ibe the value returned by the call pretended f(�,�i). By de�nition of r, � = r�0�i. But �i � ���ibecause �i = pt�i and pt � �� due to the speci�cation of repeat computation. Therefore�(��)� = �(��)(r�0�i) (de�nition of �)� �(��)(r�0(���i)) (monotonicity of r; �� and �)= �(��)�0 (property of r and �)� ��� ( hypothesis )Partial correctness As Iphni holds at completion, Inv & GP holds. To show � � ���, considerthe �nal state �. Then:� = �(��)� (�f� depends on �, not on f , for �nal states.)� ��� (Iphni)For the last condition, suppose � 2 dom(dg). Conditions Ip1 and Ip3 imply that any call tau(f; �)where f(�j) = pt(�j) (8j : 1 � j � n) has the same sequence of internal states as the completedcall to tau. Hence it returns �. Therefore� is based in ptjdg(�) & � = �pt�:9.6 Partial Correctness of compute fixpoint(�,pt,dg)Applying Speci�cation 4 with dg0 = ics0 = pt0 = fg results in the postcondition:codom(dg) � dom(dg) � dom(pt);8x 2 dom(dg) : ( x is based in ptjdg(x);ptx � �ptx;pt � �(�):which obviously implies: 8x 2 dom(dg) : ptx � ��x;To show the converse, consider the trans�nite Kleene's sequence (f{){�� de�ned as follows:f0 = ?f{ = �f{�1 if { is not a limit ordinal= � (F{0<{ f{0) if { is a limit ordinal23



with � being the smallest ordinal such that f� = �f� = �� . Condition8x 2 dom(dg) : ptx � f{xis proven by trans�nite induction on {:ptx � ? = f0xptx � �ptx� �f{�1x (induction hypothesis, monotonicity of � andx is based in ptjdom(dg))= f{xwhen { is a non limit ordinal. The proof is similar for limit ordinals. It follows that8x 2 dom(dg) : ptx � f�x = ��x:Note Using trans�nite induction seems unnatural here but is technically simpler because1. � is only required to be monotone wrt � and not continuous;2. Only partial correctness is of interest to us.Of course, termination is possible only for values reachable in a �nite number of steps (except whenwidening operations are used).
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