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AbstractAbductive explanation has been formalized in AI as the process of searching fora set of assumptions that can prove a given observation. A basic problem whichnaturally arises is that there maybe many di�erent possible sets available. Thus,some preferential ordering on the explanations is necessary to precisely determinewhich one is best. Unfortunately, any model with su�cient representationalpower is in general NP-hard.Causal trees and and/or graphs are among the most commonly used forrepresenting causal knowledge. Consequently, �nding a best explanation hasbeen treated as some heuristic search through the graph. However, this approachexhibits an expected exponential run-time growth rate.In this thesis, we present a new approach to modeling abductive reasoningwhich admits an extremely e�cient implementation. We treat the problem interms of constrained optimization instead of graph traversal. Our approach mod-els knowledge using linear constraints and �nds a best explanation by optimizingsome measure within these constraints. Although �nding the best explanationremains NP-hard, our approach allows us to utilize the highly e�cient tools devel-oped in operations research. Such tools as the Simplex method and Karmarkar'sprojective scaling algorithm form the foundations for the practical realization ofour approach. Experimental results strongly indicate that our linear constraintsatisfaction approach is quite promising. Studies comparing our approach againstheuristic search techniques has shown our approach to be superior in both timeand space, and actually exhibiting an expected polynomial run-time growth rate.Our goal is to show that our framework is both 
exible and representation-ally powerful. We can model both cost-based abduction and Bayesian networks.Furthermore, it is possible for us to handle di�cult problems such as alterna-tive explanations, continuous random variables, consistency, partial covering andcyclicity which are commonly encountered in abductive (diagnostic) domains.ii
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1 IntroductionThe majority of human reasoning tasks seems to be explanatory in nature. Weconstantly make observations about our environment and then attempt to explaintheir occurrence. Many of these tasks are often taken for granted. For example,we walk outside on a Spring day and �nd that the ground is wet. We quicklyexplain the wetness by assuming recent rain showers and then, just as quickly,we forget about it. Other situations which may have more impact occurs just asoften. Consider the following scenario: \John visits his friend Mary's house and�nds that the place is dark and quiet. He concludes that Mary is not home."Although we used the word \concludes", John is actually explaining why thehouse is dark and quiet. The distinct possibility exists that Mary may simply besleeping inside.Typically, reasoning has often been modeled in terms of deduction, that is,we try to prove our conclusions given the observations. However, this runs intoa snag when dealing with explanatory tasks. Consider traditional deduction inpropositional logic. We �nd that we are incapable of modeling John's reasoning.Our best (only) deductive conclusion would have been: \Mary is not home" _\Mary is home" where \_" denotes logical disjunction. Common approachesto this problem have advocated augmenting propositional logic with certaintyfactors, probabilities, costs, etc. in an attempt to preserve deduction. This wasoften used in classical expert systems such as MYCIN [70, 71], PROSPECTOR[14] and INTERNIST [38, 46]. However, the resulting models were clumsy andrestrictive. A case in point is Shortli�e's MYCIN system. Although a highlysuccessful system within its restricted domain, its inferencing lacked a propermathematical as well as semantic basis which stemmed from its treatment ofdiagnosis as deduction.2Only until recently has explanatory reasoning been properly identi�ed as beingseparate from deductive reasoning. Pople in [47, 45, 46] was one of the �rstresearchers to point this out through his work on the Caduceus medical diagnosissystem. Formally called abduction, it was not widely considered as a form of2See [41] for discussion on the limitations of these approaches.1



reasoning by the AI community until its popular introduction by Charniak andMcDermott in [5]. Since then, many common problems have been identi�ed inits terms. For example, such problems include medical diagnosis [8, 42], circuitfault detection [12, 11, 20] and story understanding [22, 23, 3].3Clearly, we extensively use abductive reasoning in our everyday tasks from ex-plaining why the ground is wet to performing sophisticated inferencing in medicaldiagnosis. Thus, we need an approach to modeling abduction which is representa-tionally robust and permits a practical implementation. To our chagrin, however,it seems that abductive reasoning is an inherently di�cult process. Indeed, vari-ous abductive models have been shown to be NP-hard [9, 41, 7, 64, 42].To better understand the di�culty inherent in abduction, let us attempt tomodel John's situation above. The information John used to arrive at his conclu-sion can be described with the following set of propositions: We model causalityas logical implication in order to build our knowledge-base using logical rules.house-dark^ house-quiet =) house-dark-quietlights-out =) house-darkno-one-home_ blackout =) lights-outtv-o� ^ radio-o� =) house-quietno-one-home_ no-shows_ blackout =) tv-o�no-one-home_ bad-songs _ blackout =) radio-o�where \^", \_" and \=)" denote conjunction, disjunction and implication, re-spectively. This abductive reasoning task can be viewed as a backward-chainingprocess on the propositions. In essence, we are traveling backwards through theimplications in hopes of �nding a set of assumptions which can serve as an expla-nation for the evidence. For example, assuming that no one is home is a possibleexplanation for the house being dark and quiet.Abductive explanation has been formalized in AI as the process of searching forsome set of assumptions that can prove the things to be explained [7, 26, 60, 64,73, 31, 20, 43, 41]. We call each such set an explanation for the given evidence. Abasic problem which naturally arises is that there maybe many di�erent possible3For a good general discussion of abduction, see [29].2



explanations available. From traditional symbolic logic, the only measure of aset's viability as an explanation is the simple fact concerning whether the evidencecan be deductively inferred from the set. Thus, even the most far-fetched set ofassumptions can be a possible candidate as long as it implies the evidence. Forexample, the house may be dark and quiet because of a blackout which in generalis a slightly less plausible possibility. In a related but slightly di�erent problem,consider the explanation whereby John simply assumes that the house is dark andquiet. This is a perfectly legitimate answer but provides no useful information.We can easily see that some preferential ordering on the explanations is nec-essary. This would serve to precisely de�ne the notion of a best explanation aswell as subsequent next best which is critical to have in domains such as medicaldiagnosis.Several ordering measures are available such as least speci�c abduction [26, 73],cost-based abduction [7], parsimonious covering theory [43] and belief revision[41]. Each approach o�ers di�erent perspectives on the problem and providesindividual frameworks capable of modeling certain aspects of abductive reasoning.The complexity of abduction quickly becomes apparent in that the problemnow involves the search through a most likely exponential space of solutions fora single maximal or minimal. The knowledge representation used in abductionis generally rule-based and often has a graphical representation. Causal treesand and/or graphs are among the most commonly used. Explanations are thussubgraphs of these structures which explicitly detail the inferences used to provethe evidence.Naturally, �nding a best explanation has been treated as a heuristic searchthrough the graph. However, these heuristics exhibit an expected exponentialrun-time growth rate. With the problem being NP-hard for any su�ciently so-phisticated model and the inability of �nding e�cient graph search heuristics,the practical realization of abductive reasoning seems rather bleak.In this paper, we present a new approach to modeling abduction. Sinceknowledge-bases are typically graphical in nature, all models have thus far beendesigned around a graph search engine for reasoning. We make the following ob-servation: Abductive reasoning is ultimately a constrained optimization problem.3



Basically, our approach models knowledge using linear constraints. We �nd abest explanation by optimizing some measure within these constraints. Reduc-ing the highly structured problem of abduction into a seemingly less structuredproblem of linear constraint satisfaction might suggest some \loss" in the trans-formation. However, as will be quite evident, structures such as causal knowledgehierarchies are completely preserved in the reduction and can be straightforwardlyretrieved.Linear constraint satisfaction is a very well understood problem in Opera-tions Research. Our reasoning engine is thus formed from highly e�cient toolsand techniques developed in OR. Such tools as the Simplex method and Kar-markar's projective scaling algorithm [36, 39, 59] provide us with a �rm founda-tion to building a practical system. Experimental results strongly indicate thatour linear constraint satisfaction approach is quite promising. Studies comparingour approach against heuristic search techniques on existing abduction problemshas shown our approach to be superior in both time and space, and actuallyexhibiting an expected polynomial run-time growth rate [53, 55, 54].Our goal is to show that our framework is both 
exible and powerful enoughto solve interesting problems in abductive reasoning. With our linear constraintsatisfaction approach, we can completely model existing approaches such as cost-based abduction [53, 55, 54] and belief revision [57]. Especially in the case ofcost-based abduction, thorough experimentation has shown that our approachhas now made a computationally di�cult problem extremely feasible for extensiveuse in existing applications such as the wimp story comprehension system [6].Furthermore, we consider some issues which remain unaddressed by the exist-ing models. Mainly, this is due to the additional complexities imposed by theseissues, thus making an already di�cult problem impossible given their approach.For example, consider the problem that often crops up in the domains of thewimp story understanding system. Our knowledge-base contains the followingrules: (foo a) ^ (= a b ) =) (foo b)(foo b) ^ (= a b ) =) (foo a)Since explanation is a backward chaining process, the existence of the above4



rules can throw explicit chaining algorithms into in�nite loops. We call thisproblem and any \non-acyclic" knowledge bases, cyclicity. We can show that byusing linear constraints, such issues are naturally handled within our framework[58, 56].In Section 2, we brie
y examine some of the existing frameworks for modelingabductive reasoning. We begin our linear constraints approach in Section 3 bymodeling cost-based abduction. We will provide a detailed analysis of our ap-proach plus extensive experimental data comparing it against existing graphicalsearch solutions. In Section 4, we continue our approach by modeling Bayesiannetworks. In particular, we begin by concentrating on belief revision as an ab-ductive model and proceed to formulating belief updating within our framework.Now having shown the 
exibility and representational power of our approachthrough cost-based abduction and bayesian networks, we tackle the problem ofcyclicity in Section 5.
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2 Earlier Abduction ModelsKnowledge for abductive reasoning is generally cast as propositions and rulesoperating on the propositions. The goal is to �nd a set of propositions whichwhen operated on by some set of rules will result in a proof for the evidence. Thepropositions are considered to be the hypotheses or assumptions made to explainthe observation.In general, there are many di�erent sets of propositions available as explana-tions. Early measures imposing a preferential ordering on these sets were basedon the number and type of propositions in the set. One such approach was to sim-ply maximize or minimize the number of hypotheses needed. However, considerthe following case: Returning to our story above, it seems reasonable that \noone is home" is a better explanation than one requiring that both \the songs areawful" and \the shows are bad". Furthermore, these two di�erent explanationsare still better than the one which assumes a power failure. As we can easilysee, the cardinalities of these explanations are 1, 2 and 1, respectively. Bothmaximizing and minimizing will fail to capture what we consider to be the bestexplanation.Another simple approach is to designate some set of propositions as assum-able. Thus, any set of hypotheses must consist only of assumable propositions.However, we often run into the problem of the explanations either being toodetailed or not detailed enough.2.1 Weighted AbductionHobbs and Stickel [26, 73] proposed an approach called weighted abduction. Itinvolves levying numerical costs to making individual assumptions. The cost ofan explanation is a function of the cost of the individual assumptions made inthe explanation. These costs are used in an e�ort to guide the abductive systemin favoring the intended explanations. The �nal choice for best explanation willbe the one with least cost.The main di�culty of this approach, however, is the lack of any clear semantics6



for the cost assignments. Appelt [1] attempted to provide semantics, but itwas found to be incomplete and inextensible. Furthermore, it failed to give anintuitive feel for what the numbers really mean.2.2 Cost-Based AbductionCharniak and Shimony presented a minor variant of weighted abduction calledcost-based abduction [7]. It has been shown in [7] that belief revision in Bayesiannetworks [41] can be accurately modeled by cost-based abduction.In cost-based abduction, hypotheses have associated costs, and the cost of aproof is simply the sum of the costs of the hypotheses required to complete thatproof. (Examples of such proofs can be found in [7, 4].) Central to this approachis the use of directed acyclic graphs called waodags (or, weighted and/or di-rected acyclic graphs) [7, 4] to represent relationships between hypotheses andthe evidence to be explained. Each node represents some piece of knowledge, andthe connections explicitly detail the relationships between di�erent pieces. Fur-thermore, each node in a waodag corresponds to a logical and or or operationon its immediate parents.Assigning a truth value to each node is considered a proof if the assignmentis consistent with respect to the boolean network and if the items we wish toexplain have been explained, i.e., have been assigned a value of true. Further-more, each hypothesis used in a proof will incur a cost. Consequently, each suchproof will have an associated cost which is simply the sum of the hypothesis costsincurred. The goal is to �nd an assignment which has minimal cost (see Fig-ure 2.1). Charniak and Shimony [7] also showed that by interpreting the costs asnegative log probabilities, cost-based abduction can be reduced to belief revisionin Bayesian networks. Thus, the cost semantics problem of weighted abductionis not encountered. Unfortunately, �nding minimal cost proofs has been shownto be NP-hard [7].Current approaches to �nding the best proof have centered around using abest-�rst search technique and expanding partial proofs to search for the best7



no−one−home=7 blackout=10

lights−out tv−off radio−off

house−dark−quiet
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bad−songs=3no−show=6

Fig. 2.1. A simple waodag. The and-node house-dark-quiet is the ob-servation. The nodes no-one-home, no-shows, blackout and bad-songs arethe hypotheses with associated costs 7, 6, 10 and 3, respectively. Theassignment of no-one-home to true and bad-songs, blackout and no-showsto false results in lights-out, radio-o�, tv-o�, house-dark and house-quiet tobe true. This proof has a cost of 7 and is the minimal cost proof.8



proof [4]. (We will continue with a more detailed discussion of cost-based abduc-tion in Section 3.)2.3 Belief RevisionPearl presented an approach to modeling belief revision by using Bayesian net-works [41]. Based upon the tenets of probability theory, events are representedby random variables and direct and indirect causal relationships between eventsare modeled by conditional probabilities and conditional independence. For ex-ample, if the lights are o�, then the house is dark. This is a direct causalrelationship which is modeled in this approach by the conditional probabilityP (house-dark j lights-out). Indirect causal relationships such as \if no one is home,then the house is dark" contains an intermediary relationship concerning the\lights being out". Furthermore, we know for a fact, that the status of the lightswill completely determine whether the house is dark or not. Thus, if we are giventhe status of the lights being on or o�, then any information about any one beinghome becomes irrelevant in determining the lighting conditions in the house. Thissort of indirect causal relationship is modeled using conditional independence,P (house-dark j lights-out; no-one-home) = P (house-dark j lights-out):Properly constructed with a consistent set of conditional probability assignments,a Bayesian network will represent a unique probability distribution over the ran-dom variables. For our story, we may have the probability assignments in Fig-ure 2.2.The goal of belief revision on Bayesian networks is to �nd an instantiationof all the random variables which will maximize their joint probability. Whenevidence is given to be explained, an instantiation must be sought to maximizethe joint probability given the evidence. The instantiation which maximizes thisprobability is called the best explanation. This measure is Pearl's most-probableexplanation criterion (MPE).This formulation of causal knowledge in terms of conditional probabilities ad-mits a nice graphical representation which becomes central in determining the9



P (no-one-home = true) = :4P (blackout = true) = :1P (no-shows = true) = :7P (bad-songs = true) = :8P (lights-out = true j no-one-home = true; blackout = true) = 1P (lights-out = true j no-one-home = true; blackout = false) = 1P (lights-out = true j no-one-home = false; blackout = true) = 1P (lights-out = true j no-one-home = false; blackout = false) = 0P (tv-o� = true j no-one-home = true; no-shows = true; blackout = true) = 1P (tv-o� = true j no-one-home = true; no-shows = true; blackout = false) = 1P (tv-o� = true j no-one-home = true; no-shows = false; blackout = true) = 1P (tv-o� = true j no-one-home = false; no-shows = true; blackout = true) = 1P (tv-o� = true j no-one-home = true; no-shows = false; blackout = false) = 1P (tv-o� = true j no-one-home = false; no-shows = false; blackout = true) = 1P (tv-o� = true j no-one-home = false; no-shows = true; blackout = false) = 1P (tv-o� = true j no-one-home = false; no-shows = false; blackout = false) = 0P (radio-o� = true j no-one-home = true; bad-songs = true; blackout = true) = 1P (radio-o� = true j no-one-home = true; bad-songs = true; blackout = false) = 1P (radio-o� = true j no-one-home = true; bad-songs = false; blackout = true) = 1P (radio-o� = true j no-one-home = false; bad-songs = true; blackout = true) = 1P (radio-o� = true j no-one-home = true; bad-songs = false; blackout = false) = 1P (radio-o� = true j no-one-home = false; bad-songs = false; blackout = true) = 1P (radio-o� = true j no-one-home = false; bad-songs = true; blackout = false) = 1P (radio-o� = true j no-one-home = false; bad-songs = false; blackout = false) = 0P (house-dark = true j lights-out = true) = 1P (house-dark = true j lights-out = false) = 0P (house-quiet = true j tv-o� = true; radio-o� = true) = 1P (house-quiet = true j tv-o� = true; radio-o� = false) = 0P (house-quiet = true j tv-o� = false; radio-o� = true) = 0P (house-quiet = true j tv-o� = false; radio-o� = false) = 0P (house-dark-quiet = true j house-dark = true; house-quiet = true) = 1P (house-dark-quiet = true j house-dark = true; house-quiet = false) = 0P (house-dark-quiet = true j house-dark = false; house-quiet = true) = 0P (house-dark-quiet = true j house-dark = false; house-quiet = false) = 0Fig. 2.2. A probability assignment for our story.10



most-probable explanation. However, as the Bayesian networks become increas-ingly sophisticated, the current methods used to compute them also becomeextremely complicated. Furthermore, the best computational method which usesmessage-passing schemes [41] are incapable of generating the subsequent nextbest explanations beyond the second best one. (We will continue with a moredetailed discussion of Bayesian networks including belief updating in Section 4.)2.4 Parsimonious Covering TheoryParsimonious covering theory is an approach presented by Peng and Reggia [43]for medical diagnosis. A diagnostic problem is de�ned as a two-layer networkconsisting of a layer of manifestations which are causally a�ected by a layer ofdisorders. Given a subset of the manifestations as evidence, a subset of disordersmust be chosen to best explain the manifestations. The choice of best explanationis determined through a covering set approach. A collection of disorders whichcan explain the manifestations is called a cover. A cover is a best explanationif none of its proper subsets is also a cover. Such a cover is also said to beirredundant.A limitation of this theory as pointed out by Peng and Reggia [43] is thelarge number of covers which are considered \best". In order to further selectfrom these potential explanations, some additional criteria must be used. Thus,basic parsimonious covering theory is extended to incorporate probability theory.The potential of an explanation is now measured by some probability. Withthe addition of probabilities, care must be taken in choosing which covers areto be inspected. Peng and Reggia [43] proposed a 2-layer Bayesian network toprobabilistically model their approach. However, extending their approach tomore general problems is not readily obvious.2.5 CoherenceThagard [74] proposed an approach for modeling explanation in general. Calledexplanatory coherence, the theory consists of several principles that establishrelations of local coherence between a hypothesis and other propositions. Vaguely:11



Propositions P and Q cohere if and only if there is some explanatoryrelation between them.Accordingly, there are four possibilities as to what an explanatory relation mightbe: � P is part of the explanation for Q.� Q is part of the explanation for P.� P and Q together are part of the explanation for some proposition R.� P and Q are analogous in the explanation they respectively give for someR and S.Satisfying any one of the four possibilities indicates a strong degree of con�dencethat P and Q can both be present. We measure our best explanation to be theset of propositions which can \cohere" together \best". Incoherence between twopropositions occurs if they contradict each other or if they o�er explanations thatbackground knowledge suggests are incompatible.As we can easily see, we may have many explanations which \cohere" best ac-cording to our current de�nition. Thagard continues by re�ning the four possibil-ities into seven distinct principles. In this way, it is hoped that further gradationscan be made in \best". Although a seemingly sound theory, it is rather complex.A connectionist [52, 15, 35] implementation has been attempted, however, itsfeasibility in applications seems questionable.2.6 Other ApproachesThe above methods are directed mainly towards modeling abduction. Otherapproaches are certainly available. However, aside from the �ve methods wehave just studied, the remaining ones handle abductive reasoning sort of as anafterthought to their main goals. Such systems include truth maintenance sys-tems [12], in
uence diagrams [61], probabilistic logic [40], Dempster-Shafer theory[13, 63] and fuzzy logic [75]. 12



2.7 Related WorkThere are also various strands of work which, while somewhat related to the workdescribed in this thesis, are nevertheless su�ciently distant not to warrant a full
edged review. In particular, we have in mind the following:� Solving Constraint Satisfaction Problems (CPS's) such as the n-queensproblems through Diophantine equations [51].� Solving the relaxation labeling process through a Simplex-like algorithm[76].� Updating deductive databases though linear programming techniques [2].� Reduction of independence-based MAPs in Bayesian networks to linear con-straint satisfaction [69].� The problem of path planning in robotics in relation to routing and trans-portation problems [49].� Work done with distributed intelligent agents [37].
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3 Cost-Based AbductionOur basic approach towards knowledge representation involves a mapping fromobjects and/or propositions in the world to real variables. The values that areal variable may attain are analogous to the changing states of the associatedobject or proposition. In the simplest case, we can map the truth or falsity ofa proposition into the values 1 and 0 for the corresponding real variable. As weshall see later, more complicated mappings such as objects with multiple statescan be accomplished by solely using the values 0 and 1 (see Section 4.1.1).With the close correlation of real variables to objects in the world, we canmodel relationships such as causal/logical information between the various ob-jects and/or propositions through linear constraints on the appropriate real vari-ables. Taking all these linear constraints together, we can now mathematicallyde�ne the space of possible solutions we wish to consider. A linear function onthe real variables called, an objective function ,is then applied to this space toprecisely determine the solution we desire.Our goal in this section is to model cost-based abduction using this approach.This and the subsequent section which models Bayesian networks should demon-strate the representational capabilities of our linear constraints formulation.3.1 waodagsThe keystone of cost-based abduction [7] is the weighted and/ or directed acyclicgraph (abbreviated waodag) which models the relationships between objectsand/or concepts in the world. Each node in the graph embodies some objector concept while each edge represents direct causal/logical relationships betweennodes incident to the edge. For example, suppose we are in a house which containsa radio and a television set. Furthermore, suppose we also understand that havingthe radio o� plays some role in the house being quiet and that the radio maybe o� because either there is no one home or the music is terrible to listen to.Assume we have nodes labeled radio-o�, house-quiet, no-one-home and bad-songsrepresenting the propositions that the radio is o�, the house is quiet, no one14



tv−off radio−off

house−quiet

bad−songs=3no−show=6

no−one−home=7

Fig. 3.1. A simpler waodag. The and-node house-quiet is the observa-tion. The nodes no-shows, no-one-home and bad-songs are the hypotheseswith associated costs 6, 7 and 3, respectively.is home and that the music is awful, respectively. An accurate indication ofthe relationships between these propositions can be made by introducing edgesbetween radio-o� and each of house-quiet, no-one-home and bad-songs as has beendone in Figure 3.1. (This is similarly done for tv-o� and no-shows.)A dag alone, however, only represents the existence of relationships and doesnot specify their exact nature. In the above example, we know that if either themusic is bad or no one is home, then the radio will be o�. This relationshipcan be easily modeled by the rule no-one-home _ bad-songs =) radio-o� where\_" and \=)" represent disjunction and implication, respectively. Similarly, therelationship that the house is quiet if both the radio and television are o� can berepresented by radio-o� ^ tv-o� =) house-quiet where \^" denotes conjunction.Using this rule-based approach, the nodes in the dag can be augmented by theboolean functions \and" and \or" which take as input, the immediate parents15



of each node, if any. This and/or dag can now be used to completely specifythe causal/logical relationships between the objects in our example.Finally, since we are reasoning via abduction as opposed to deduction, our goalis to attempt to �nd the best set of hypotheses which can prove the given obser-vation. Since we are utilizing a rule-based approach to represent our knowledge,the notion of a proof is straightforward. It simply consists of a set of hypothesesplus some set of rules. In cost-based abduction, the cost of a proof is a measureon the set of hypotheses it uses. Each hypothesis is assigned a cost and the costof a proof is the sum of the costs of all the hypotheses used. The best proof isthen the one with minimal attached cost.We now formalize the minimum cost-based abduction problem:Definition 3.1. A waodag4 is a 4-tuple (G; c; r; S), where:1. G is a directed acyclic graph, G = (V;E).2. c is a function from V � ftrue; falseg to <, called the cost function.3. r is a function from V to fand;org, called the label. A node labeled andis called an and-node, etc.4. S is a subset of nodes in V called the evidence nodes.Notation. VH is the set of all nodes in V with indegree 0. The nodes in VH arealso called the hypothesis nodes.The waodag is our graphical representation of the rule-based knowledgeto be used by the cost-based abduction approach. The dag G represents ourrelationships, c represents the cost of assuming that a piece of knowledge is trueor false, r indicates the type of boolean function associated and S represents theset of observations to be explained.Clearly, an explanation is the same as a proof for cost-based abduction. Weformally de�ne a proof for a set of observations as an assignment of truth valuesto the di�erent objects in the knowledge base such that the observations are trueand the assignments are consistent with respect to the rule-based relationshipsbetween the objects.In Figure 3.1, if fhouse-quiet = trueg is the observation to be explained, one4Slight generalization of Charniak and Shimony [7].16



possible proof would be the following assignment of truth values: fhouse-quiet,radio-o�, bad-songs, tv-o�, no-showsg are assigned true and fno-one-homeg is as-signed false. A second possibility is to assign all of them to true. And as athird possibility, we can assign fhouse-quiet, radio-o�, tv-o�, no-one-homeg totrue and fbad-songs; no-showsg to false. As we can easily see, all three assign-ments are internally consistent with the associated rule-based relationships andassign house-quiet to true.More formally, we de�ne this as follows:Definition 3.2. A truth assignment for a waodag W = (G; c; r; S) where G =(V;E) is a function e from V to ftrue; falseg. We say that such a function is validi� (if and only if) the following conditions hold:1. For all and-nodes q, e(q) = true i� for all nodes p such that (p; q) is anedge in E, e(p) = true.2. For all or-nodes q, e(q) = true i� there exists a node p such that (p; q) isan edge in E and e(p) = true.Furthermore, we say that e is an explanation i� e is valid and for each node q inS, e(q) = true.Once we have the di�erent possible explanations for some observation, wemust now associate a cost to each one to impose some order re
ecting the goodnessof proofs. As we mentioned earlier, the cost of a proof is simply the sum of theindividual costs of the hypotheses assumed.5Definition 3.3. We de�ne the cost of an explanation e for W = (G; c; r; S) whereG = (V;E) as C(e) = Xq2V c(q; e(q)) (1)An explanation e which minimizes C is called a best explanation for W.From (1), we �nd that our three proofs above have costs 9, 16 and 7, respec-tively. Of the three our best proof is the third one with the cost of 7. This proofalso turns out to be the best explanation (minimal-cost proof) for Figure 3.1.5Although we have only discussed having costs associated with hypotheses, our approachpermits costs to be associated with any node.17



As we mentioned earlier, �nding the minimal-cost proof can be a di�culttask. Using brute force enumeration techniques is �ne for small problems butgrows exponentially in complexity. Charniak and Shimony [7] have proven thatthis problem is NP-complete by transforming it into the vertex cover problem[17]. Straightforwardly, this problem can be transformed into a search problemon and/or graphs. However, e�cient admissible heuristics seem to be di�cult to�nd. (In Section 3.4, we compare the computationally e�ciency of our approachagainst a search heuristic designed for use on waodags generated by the WIMPstory understanding system [4].)3.2 Constraint System FormulationBasically, cost-based abduction is ultimately an optimization problem. So, in-stead of treating it as a traditional graph search problem, we consider the problemin terms of constraint satisfaction. In what follows, we will show how cost-basedabduction can be directly transformed into a minimization problem on a collec-tion of linear constraints. Central to this transformation is the formulation oflinear constraint systems (or simply, constraint systems) which can be shown tocorrectly solve the minimum cost-based abduction by determining the minimal-cost proof.Notation. < denotes the set of real numbers.Definition 3.4. A constraint system is a 3-tuple (�; I;  ) where � is a �nite setof real variables, I is a �nite set of linear inequalities based on �, and  is afunction from � � f0; 1g to < called the cost function.Notation. For each node q in V , let Dq = fpj(p; q) is an edge in Eg, the parentsof q. jDqj is the cardinality of Dq.From De�nition 3.2, for a truth assignment to be a possible explanation,we must guarantee the internal consistency of the assignments required in thede�nition. This internal consistency is the same consistency required in booleancombinatorial circuits. We must guarantee the correct assignment of input valuesversus output values of each and/or node in the waodag.Like values in boolean circuits, we can use numerical assignments instead of18



true or false. In general, we use 1 for true and 0 for false. By taking this viewpoint,we can now consider the internal consistency as some form of mathematical for-mulae to be satis�ed where each node is actually a variable in the equation. Ourpurpose is now to show how these equations can be derived and then prove thatthey guarantee the internal consistency required.We begin our derivation with the simplest of the requirements. Let q be anevidence node in our waodag. Associate the variable xq with q. Since q is anevidence node, any explanation for q must assign q to true. This can be modeledby the equation xq = 1Next, let q be an and-node with parents Dq. We have the following: q is true i�p is true for all nodes p in Dq. Symmetrically, q is false i� there exists a p in Dqsuch that p is false. We can accomplish this with the following equations:xq � xp for each p 2 Dqwhich guarantees that1. q being true forces all p in Dq to be true, and2. some p in Dq being false forces q to be false;Xp2Dq xp � jDqj+ 1 � xqguaranteeing that1. q being false forces some p in Dq to be false, and2. if all p in Dq are true, then q must be true.Note that at this time we are assuming that our variables may only take valuesof 0 or 1 although there is no upper or lower bound on the results of evaluatingeither side of the equation. For example, let Dq = fa; b; c; dg, xa = xb = xc = 0and xd = 1. This implies that the summation side of the third equation aboveyields �2!Now consider the or-node. Let q be an or-node with parents Dq. We have:q is false i� p is false for all nodes p in Dq. We can also accomplish this with the19



following equations: Xp2Dq xp � xqwhich guarantees that1. q being true forces some p in Dq to be true, and2. if all p in Dq are false, then q must be false;xq � xp for each p 2 Dqguarantees that1. q being false forces all p in Dq to be false, and2. some p in Dq being true forces q to be true.Together, these equations will guarantee the internal consistency needed fora truth assignment to be an explanation. Also, any explanation is guaranteed tosatisfy this set. We formalize our construction as follows:Definition 3.5. Given a waodag W = (G; c; r; S) where G = (V;E), we canconstruct a constraint system L(W ) = (�; I;  ) where:1. � is a set of variables indexed by V, i.e., � = fxqjq 2 V g,2.  (xq;X) = c(q;X) for all q 2 V and X 2 ftrue; falseg,3. I is the collection of all inequalities of the forms given below:xq � xp 2 I for each p 2 Dq if r(q) = and (2)Xp2Dq xp � jDqj+ 1 � xq 2 I if r(q) = and (3)Xp2Dq xp � xq 2 I if r(q) = or (4)xq � xp 2 I for each p 2 Dq if r(q) = or (5)We say that L(W) is induced by W. Furthermore, by including the additionalconstraints: xq = 1 if q 2 S (6)we say that the resulting constraint system is induced evidentially by W and isdenoted by LE(W ). 20



Definition 3.6. A variable assignment for a constraint system L = (�; I;  ) is afunction s from � to <. Furthermore,1. If the range of s is f0; 1g, then s is a 0-1 assignment.2. If s satis�es all the constraints in I, then s is a solution for L.3. If s is a solution for L and a 0-1 assignment, then s is a 0-1 solution forL.With our transformation of cost-based abduction into constraint systems, wemust now prove that 0-1 solutions are equivalent to explanations. Given a 0-1assignment s for L(W ), we can construct a truth assignment e for W as follows:1. For all q in V , s(xq) = 1 i� e(q) = true.2. For all q in V , s(xq) = 0 i� e(q) = false.Conversely, given a truth assignment e for W , we can construct a 0-1 assignments for L(W ).Notation. es and se denote, respectively, a truth assignment e constructed froma 0-1 assignment s, and a 0-1 assignment s constructed from a truth assignmente. We can show that all explanations for a givenwaodagW have corresponding0-1 solutions for LE(W ) and vice versa.Theorem 3.1. If e is an explanation for W , then se is a 0-1 solution for L(W ).(Proofs can be found in Appendix A.)Corollary 3.2. Let L be constructed from L(W ) by eliminating all constraintsof the forms (3) and (5). If e is an explanation for W , then se is a solution ofL.6Conditions (2) and (4) are called bottom-up constraints since they dictate thevalues of variables from the direction of the evidence nodes. Symmetrically, (3)and (5) are called top-down constraints.Theorem 3.3. If s is a 0-1 solution for LE(W ), then es is an explanation for W .6L is later de�ned as a waodag semi-induced constraint system.21



From Theorems 3.1 and 3.3, 0-1 solutions for constraint systems are the coun-terparts of explanations for waodags. By augmenting a waodag induced con-straint system with a cost function, the notion of the cost of an explanation fora waodag can be transformed into the notion of the cost of a 0-1 solution forthe constraint system.To complete the derivation, we must also be able to compute the costs asso-ciated with each proof. We can do this as follows:Definition 3.7. Given a constraint system L = (�; I;  ), we construct a function�L from variable assignments to < as follows:�L(s) =Xx2�fs(x) (x; true) + (1� s(x)) (x; false)g: (7)�L is called the objective function of L.Definition 3.8. An optimal 0-1 solution for a constraint system L = (�; I;  ) isa 0-1 solution for L which minimizes �L.As we can clearly see, (7) is identical to (1). From Theorems 3.1 and 3.3 andthe relationship between node assignments and variable assignments, an optimal0-1 solution in LE(W ) is a best explanation for W and vice versa.Taking the set of linear inequalities I and the objective function �L, we ob-serve that we have the elements known in operations research as a linear program[59, 36, 39]. The goal of a linear program is to minimize an objective functionaccording to some set of linear constraints. Highly e�cient methods such as thesimplex method7 and Karmarkar's projective scaling algorithm are used to solvelinear programs [59, 36, 39]. Empirical studies have shown that the running timeof the simplex method is roughly linear with respect to the number of constraintsand the number of variables in the linear program [39].Proposition 3.4. Given a waodag W = (G; c; r; S) where G = (V;E), ifLE(W ) = (�; I;  ) is induced evidentially from W, then jIj = jEj+jV �VH j+jSj.Although our constraint systems seem similar in nature to linear programs,linear programs are incapable of making restrictions which cannot be modeled by7For a quick overview of the simplex method, see [25].22



linear inequalities. Thus, solutions which minimize the objective function maynot be strictly 0 and 1. However, if the solution is a 0-1 solution, then the bestexplanation has been found. (From our experiments, as we shall see later, theoptimal solutions for many of these linear programs will in fact be 0-1 solutions.Thus, the best explanation can be found by just using straight Simplex methodson the problems.) If the solution is not a 0-1 solution, the value for the objectivefunction generated by such a solution still provides an excellent lower bound tothe cost of an optimal 0-1 solution. This lower bound will be used to direct oursearch for an optimal 0-1 solution as we shall see below.For computing the lower bound, waodag induced linear programs are wellsuited for the simplex method. The constraint matrices for these types of linearprograms are extremely sparse and consist of only three values: -1, 0, 1. Fur-thermore, detailed knowledge of the problem structure can be exploited to evenfurther improve performance (see Section 3.5). The following theorem shows thatthe number of linear inequalities can be reduced under certain conditions.Let W = (G; c; r; S) where G = (V;E) is a waodag such that only thehypothesis nodes have non-zero costs.Definition 3.9. We can construct a constraint system L̂(W ) = (�; I;  ) where:1. � is a set of variables indexed by V, i.e., � = fxqjq 2 V g.2.  (xq;X) = c(q;X) for all q 2 V and X 2 ftrue; falseg.3. I is the collection of all inequalities of the forms given below:xq � xp 2 I for each p 2 Dq if r(q) = and (2)Xp2Dq xp � xq 2 I if r(q) = or (4)We say that L(W ) is semi-induced by W. Furthermore, by including the additionalconstraints: xq = 1 if q 2 S (6)we say that the resulting constraint system is semi-induced evidentially by W andis denoted by L̂E(W ). (Properties associated with induced constraint systems areeasily generalizable to semi-induced ones.)23



A semi-induced constraint system is simply an induced constraint systemlacking top-down constraints. From Corollary 3.2, the set of possible solutionsfor L(W ) is a superset of the set of possible explanations for W .Before we can introduce the next theorem, we must now present the de�nitionof and-dags.Definition 3.10. An and-dag is a waodag whose nodes which are labeled orhave at most indegree one. Construct W 0 = (G0; c0; r0; S) from W by removingall but one of the parent from every or - node. Now, remove from W 0, all nodesand associated edges which are not reachable from any evidence node in S. Theresulting and-dag W 0 is said to be induced by W .Proposition 3.5. Let W 0 be an and-dag induced by W . For any truth as-signment e, if e(p) = true for all nodes p in W 0, then e is an explanation forW .Theorem 3.6. An optimal 0-1 solution for L̂E(W ) can be transformed into a bestexplanation for W in O(jEj) steps if c(p; false) � c(p; true) for all nodes p in V .For the transformation, see the proof of Theorem 3.6 in Appendix. In general,transforming a 0-1 optimal solution for L̂E(W ) requires at most 2jEj steps.Corollary 3.7. An optimal 0-1 solution for L̂E(W ) is a best explanation for Wif c(p; false) < c(p; true) for all nodes p in V .From the above theorem, a best explanation for W can be found by solvinga smaller linear program.Intuitively, we note that the information required to �nd an optimal 0-1 so-lution is propagated from true assignments which originate from the evidencenodes and thus, results in a bottom-up fashion of processing. In terms of ourconstraint system, constraints need only be sensitive to the information from onedirection, namely from the evidence nodes. As we shall see later in this section,Corollary 3.7 will demonstrate certain enhancements and improvements whichcan be made to our approach. 24



tv−off radio−off

house−quiet

blackout=10

Fig. 3.2. In this simple waodag, the or-node house-quiet is the observedevidence. blackout is the only hypothesis available.Proposition 3.8. If L̂E(W ) = (�; I;  ) is semi-induced evidentially by W, thenjIj = jf(p; q) 2 Ejr(p) = andgj+ jVOj+ jSjwhere VO is the subset of all nodes in V which are labeled or and have nonzerooutdegree.Many other types of improvementsmay also be employed. Some arise from theintimate knowledge of our problem like the one above while others are techniquesused for general linear programming problems (see Sections 3.5 and 3.6).Although only waodags are used in the preceding discussions, one can easilygeneralize our linear constraint satisfaction approach to arbitrary boolean gate-only networks.3.3 Branch and BoundAs we mentioned in the previous section, the solution to awaodag induced linearprogram need not consist of strictly 0s and 1s. For example, consider the simplewaodag in Figure 3.2. (Note that we will use the terms constraint systems andlinear programs interchangeably throughout this section.)25



From this waodag, the following linear program is generated from our semi-induced constraint system L = (�; I;  ):H = 1H � R+ TB � RB � Tand has objective function:�L(s) = s(B) (B; true) + (1 � s(B)) (B; false)where H;R; T;B 2 � respectively stand for house-quiet, radio-o�, tv-o� andblackout. Furthermore, assume  (B; false) = 0 and  (B; true) > 0.We can easily show that the solution which minimizes the objective functionis as follows: H = 1, R = :5, T = :5, and B = :5 with �L(s) =  (B; true)=2. Wecall B a shared node in our waodag. An or-node such as H with assigned valuestrictly greater than its parent is called a divide node. (It is easy to show thateither an or-node is a divide node, or that all of its parent are 0 or the samevalue as the or-node.)Looking closely at Figure 3.2, we could easily remedy this problem by intro-ducing the constraint house-quiet � blackout. This new constraint re
ects thefact that the value for house-quiet is ultimately determined by blackout. Simplepatches like this one could be used to prevent this type of split node problem.However, most are non-trivial to identify and repair.With small linear programs like the one above, using a brute force techniqueof simply trying each possible assignment maybe feasible. Of course, the run timegrows exponentially with respect to the size of the problem.8The technique to be presented avoids the necessity of searching the entiresolution space by utilizing the lower bound computed by the linear program.This is a standard technique used in many domains to speed up processing time.The basic idea is as follows: To �nd an optimal 0-1 solution, we solve asequence of linear programs. This sequence can be represented by a tree where8See integer programming techniques [59, 36, 39].26



each node in the tree is identi�ed with a linear program that is derived from thelinear programs on the path leading to the root of the tree. The root of the tree isidenti�ed with the linear program induced by our constraint system. The linearprograms along the nodes of the tree are generated using the following schema:Consider s0, the optimal solution to our initial linear program denoted lp0. If s0is a 0-1 solution, then we are �nished. Otherwise, we choose some non-integralvariable x in s0 and de�ne two new problems lp1 and lp2 as descendants of lp0. lp1is identical to lp0 except for the additional constraint x = 1, and lp2 is identical tolp0 except for the additional constraint x = 0. Note that the two new problems donot have s0 as their optimal solutions. Since we are looking for a 0-1 assignment,the optimal 0-1 solution must satisfy one of the additional constraints. The twonew nodes just de�ned are called active nodes and the variable x is called thebranching variable.Next, we choose one of the problems identi�ed with an active node and at-tempt to solve it. It is not necessary to run a complete simplex method on thelinear program. Using methods such as the dual simplex algorithm [59, 39], infor-mation is utilized in an incremental manner from other runs resulting in a quickand e�cient computation. If the optimal solution is not a 0-1 solution, thentwo new problems are de�ned based on the current linear program. These newproblems contain all the constraints of the parent problem plus the appropriateadditional one.When a 0-1 solution is found for some active node, the value of its objectivefunction is compared against the current best, if any. The current best is the 0-1solution which has the lowest cost of all the 0-1 solutions found so far. Thus, ifthe cost of the new solution is better than the current best, it is then used toprune those active nodes whose computed lower bounds exceed this value. Thissolution also now becomes the current best solution.Branching continues in this manner until there are no active nodes in the tree.At the end, the current best solution is guaranteed to be the optimal 0-1 solution.This technique is generally classi�ed as a branch and bound technique in thearea of integer linear programming [59, 39]. Also, it can be applied to any con-straint system. 27



Notation. We denote an active node by an ordered pair (I; l) where I is a setof linear constraints and l is the value of the optimal solution for the associatedlinear program.Algorithm 3.1. Given a constraint system L = (�; I;  ), �nd its optimal 0-1solution.1. (Initialization) Set CurrentBest := � and ActiveNodes := f(I; 0)g.2. If ActiveNodes = � then go to step 15. Otherwise, let lp be some linearprogram in ActiveNodes.3. ActiveNodes := ActiveNodes � flpg.4. Compute the optimal solution sopt for lp using Simplex, etc.5. If sopt is a 0-1 solution, then go to step 12.6. (Bound) If CurrentBest 6= � and �L(sopt) > �L(CurrentBest), then go toStep 2.7. (Branch) Choose some variable x in lp whose value in sopt is non-integer.8. Set I1 := I [ fx = 0g and I2 := I [ fx = 1g9. Create two new linear programs:lp1 := (I1;�L(sopt)) and lp2 := (I2;�L(sopt)).10. ActiveNodes := ActiveNodes [ flp1; lp2g.11. Go to step 2.12. (0-1 solution) If CurrentBest = � or �L(sopt) < �L(CurrentBest), thenCurrentBest := sopt.13. (Pruning) Remove from ActiveNodes all linear programs whose lower boundsare greater than �L(CurrentBest).14. Go to step 2.15. (Solution) Print CurrentBest.
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To solve Figure 3.2, we choose tv-o� to be our �rst branching variable. Fol-lowing Algorithm 3.1 above, we generate two new linear programs:L1 : H = 1H � R + TB � RB � TT = 0and L2 : H = 1H � R + TB � RB � TT = 1both with objective function:�L(s) = s(B) (B; true) + (1 � s(B)) (B; false). We �rst note that tv-o� is now a �xed value in both L1 and L2. Since the originaloptimal value of tv-o� was .5, both L1 and L2 now exclude this possibility whiche�ectively eliminates the original optimal solution from their respective feasiblesolutions space. From simple observation, we �nd that the optimal solutions forL1 and L2 are fH = R = B = 1; T = 0g for L1 and fH = T = B = 1; R = 0g forL2. The cost for both assignments is  (B; true). We can easily show that bothassignments are optimal 0-1 solutions.In this algorithm, two points were left deliberately vague: the choice of thenext active node and the choice of branching variable. Several di�erent optionsexist for both.For the choice of the next active node, we have the following:N1. Depth-�rst search of the branch and bound tree.N2. Breadth-�rst search of the branch and bound tree.N3. Choose the active node whose parent node has the best lower bound.29



N4. Choose the active node whose parent's solution sopt is closest to a 0-1 solu-tion according to Xx2lpkminfsopt(x); (1� sopt(x)g:For the choice of the next branching variable:V1. Choose only variables corresponding to hypotheses nodes since a 0-1 as-signment to these variables guarantees a 0-1 assignment throughout theremaining variables.V2. Order the choice of variables such as shared nodes, then divide nodes, thenhypothesis nodes, and so on.V3. Choose the variable x which minimizesfminfsopt(x); (1� sopt(x))gg:V4. Choose the variable x which maximizesfminfsopt(x); (1� sopt(x))gg:V5. Choose the variable which has maximum associated cost.V6. Use any combination of the above.Obviously, many other techniques exist for making our choices, some basedon the knowledge of our problem and others based on general techniques. Com-binations of active node heuristics N1 and N3 together with branching variableheuristics V2 and V3 seem most promising.93.4 Experimental ResultsWe performed two experiments to measure the e�ciency of our linear constraintsatisfaction approach. The �rst involves a real application of our technique tosolve cost-based abduction problems created by the story understanding systemwimp [22, 23]. This allows us to make a comparison against the search-styleheuristic described in [4] to solve these graphs. Our second experiment involves9Techniques V1 and V2 seem to work best when values can propagate in a top-down fashion.Thus, using the induced constraint system as opposed to the semi-induced constraint systemis desired. 30



testing our approach on randomly generated waodags as a gauge on how wellthe technique applies to the general class of waodags. Also, waodags largerthan those found in the �rst experiment are used.For both experiments, we employed active node method N1 and branchingvariable technique V3 above.3.4.1 Experiment #1wimp is a natural language story comprehension system for parsing and under-standing written English sentences [22, 23]. It utilizes belief networks to performthe necessary abductive inference tasks necessary to solve problems like pronounreference and word-sense disambiguation. The belief networks can then be trans-formed into equivalent cost-based abductions problems as shown in [7].The algorithm for determining the minimal cost proof in [4] is based on a best-�rst search of the waodag. The basic idea is that one starts with the partialproof consisting only of the evidence nodes in the waodag and then creatingalternative partial proofs.10 In each iteration, a partial proof is chosen to beexpanded. It is expanded by adding some new nodes and edges to the existingpartial proof which takes into consideration how one of its goals can be achievedlocally according to the current partial proof and nearby nodes. This continuesuntil all the goals (such as evidence) are satis�ed and results in a minimal costproof. How this is actually done is outlined in [7].Naturally, the success of this algorithm depends on having a good heuristicfunction for deciding which partial proof should be worked on next. Further-more, the heuristic function must be admissible to guarantee that the �rst proofgenerated is the minimal cost proof. E�cient heuristics have been di�cult to�nd. One of the few basic admissible heuristics that has been used is cost-so-farin [7, 73]. Simply put, the partial proofs are weighted according to the costs ofthe hypotheses which they currently contain. A much more e�cient heuristic hasbeen found which utilizes a more sophisticated cost estimator [4]. The di�cultyin the cost-so-far approach is that no estimation on the \goodness" of the partial10A partial proof is a subgraph of the waodag.31



proof can be made until hypothesis nodes have been reached. In brief, the newheuristic propagates the costs of the hypothesis nodes down the network to givesome estimation of the \goodness" of each partial proof. The admissibility ofthis heuristic is guaranteed by the special care the heuristic takes in expandingpartial proofs. (For precise details and the admissibility proof of this heuristic,see [4].)Comparing our linear constraint satisfaction approach to the search heuristicis not an obvious task. The method and intuitions behind solving linear program-ming problems is radically di�erent from those involved in best-�rst search. Ouronly course of action seems to be in making a direct CPU timing comparison.However, it is necessary to guarantee some invariance in our measure such aswith respect to programming language used and internal algorithm optimizationindependent of the algorithm itself.We �nd that a common factor in the run times of each approach is a complex-ity measure on the number of edges in the waodag. An expansion of a partialproof necessitates the traversal of the graph along its edges. The �nal minimalcost proof is a traversal such that each or-node in the proof has exactly one out-going edge and each and-node includes all of its outgoing edges in the originalwaodag. Similarly for our constraint systems, Proposition 3.4 stipulates thatthe number of constraints required to solve a waodag is roughly the number ofedges in the waodag.11 And the run time of algorithms like the Simplex methodto solve these systems is a function of the number of constraints.We compare the e�ciency of both the search heuristic and our linear con-straint satisfaction approach by studying the runtime rate of growths. In essence,given a collection of ordered pairs of the form(waodag complexity;CPU usage) � (Number of waodag edges;CPU usage)representing the runtime statistics, we attempt to perform a least-squares �t ofthe data on the function t = ea+bx where t is the CPU seconds used and x is thenumber of edges in the waodag to be solved. We can now compare the relativee�ciency of each approach by comparing against the constant b for both �ts.11Generally, the number of edges is some multiple of the number of nodes.32



Nodes Edges Hypotheses or-nodesMin 7 12 2 3Max 158 375 41 59Average 42.54 93.49 10.88 16.76Median 34 75 9 14Total 5955 13089 1523 2346Table 3.1. wimp waodag summary.In this experiment, 140 waodags generated by wimp ranging in size from7 nodes to 158 nodes and from 12 edges to 375 edges were presented to bothapproaches. Table 3.1 summarizes the set of waodags generated by wimp forour experiment. Figures 3.3 and 3.4 show the semi-logarithmic plot of our timingsfor the WIMP heuristic and for our linear constraint satisfaction approach.We found that in our linear constraint satisfaction approach, roughly 61%of the waodags generated by wimp were solved using only linear programmingwithout resorting to branch and bound. Furthermore, the number of active nodesactually used during branch and bound cases were only a small fraction of thetotal number of nodes involved. On average for the branch and bound cases alone,the number of active nodes was 6.2% of the nodes in the graph, and overall, theaverage number for all waodags was 2.4%.Performing a least-squares �t on the timings gives us the followingwimp heuristic : e�5:32+:0245xConstraint system : e�3:80+:0187xwhich serves to verify some of our expectations on the growth rate of our linearconstraint satisfaction approach as compared to the search technique.Although we have just shown that our approach is better than the searchheuristic found in wimp, the best exponential �t does not actually describe ourtimings very well. Consider the logarithmic plot of our linear constraint satisfac-tion approach in Figure 3.4.As we can clearly see, our linear constraint satisfaction approach actuallyexhibits a subexponential growth rate. By further attempting to �t our data to33
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axb, we get :0001371x1:6484 as our growth curve. To show that the polynomial �tis better, we compare the two least square error �ts, that is,Xe2� j�e � F (e)j2where � is the set of all waodags, �e is the amount of CPU seconds taken tosolve waodage and F (e) is the amount of time predicted by the least-squares�t. Taking the error of the exponential �t and dividing it by the error of thepolynomial �t, we roughly �nd a 10000% improvement of the polynomial �tover the exponential. When we attempted to perform a polynomial �t on thesearch heuristic, we found that the error actually tripled. Although the searchheuristic is slightly faster than our approach on the very small (in terms of edges)waodags, our approach seems to be quite fast and practical at solving all thewaodags generated by wimp.3.4.2 Experiment #2Our purpose in this experiment is to further test the e�ciency of our linear con-straint satisfaction approach when faced with more general and larger waodagsthan those generated by wimp. In particular, we are interested in whether thesubexponential growth rate exhibited for the wimp generated waodags remainsto be the case for these randomly generated graphs.100 waodags were generated ranging from 36 to 387 nodes and from 39 to 699edges. They were generated randomly12 by �rst determining the number of nodesn from 1 to 400 and then instantiating said nodes. Next, the number of edges fromn to 800 to be included in this graph is determined and the edges were randomlyinstantiated between two nodes.13 Finally, hypothesis nodes are identi�ed andare arbitrarily assigned some non-negative cost. Table 3.2 summarizes the set ofrandomly generated waodags for this experiment.We found that 97% of the randomly generated waodags were solved usingonly linear programmingwithout branch and bound.14 Performing a least-squares12By random, we mean uniform distribution.13To guarantee that our resulting graph is acyclic, we initially imposed a random topologicalordering on the nodes.14We are currently investigating why this di�ers so much from wimp generated waodags.36



Nodes Edges Hypotheses or-nodesMin 36 39 8 7Max 387 699 154 135Average 224.2 328.4 74.2 75.6Median 225 323 76 79Total 22424 32844 7423 7559Table 3.2. Random waodag summary.exponential �t gives us e�5:49+:0614x.Consider the logarithmic plot of our linear constraint satisfaction approachin Figure 3.5. Again, we can clearly see that our linear constraint satisfactionapproach actually exhibits a subexponential growth rate. By further attemptingto �t our data to axb, we get :0079188x2:0308 as our growth curve. Again, theerror �t actually improved roughly 2300%.3.4.3 DiscussionFrom our two experiments above, our linear constraint satisfaction approachseems very promising. A very surprising result is that the optimal solution foundfor the linear program without branch and bound was either already a 0-1 opti-mal solution or a very close approximation as indicated by the relatively smallnumber of active nodes used. Furthermore, due to the incremental nature ofbranch and bound, the additional computational e�ort required beyond solvingthe initial linear program was rather small as we could use methods such as thedual simplex algorithm.Instinctively, we would have guessed that the bulk of our problems would havecentered around the branch and bound process since it seems unlikely that ourlinear program should have an optimal solution which is also integral. We arecurrently attempting to understand why this is the case. However, it seems tobe a very di�cult problem.It has been frequently observed that matching and set covering problems ongraphs are very amenable to linear programming formulations in that they very37
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often have integral optimal solutions [18]. The abduction model for medicaldiagnoses presented in [42] is such a set-covering approach. Thus, the associatedlinear programs to solve problems using this model will generally have integraloptimal solutions. This set-covering approach can be straightforwardly modeledusing cost-based abduction where the rigid graphical structures play a key rolein de�ning the solution spaces of the associated linear programs.We also point out that in the original formulation of cost-based abductionpresented in [7], the proof of NP-completeness was accomplished by transformingthe vertex covering problem into cost-based abduction, thus strongly suggestinga close relationship between cost-based abduction and set covering.3.5 Domain-Dependent OptimizationSince the success of branch and bound techniques depends on the ability to prunethe active nodes early and as many as possible, we observe that pruning occurswhenever we have a 0-1 solution for the linear program. Although not every linearprogram results in a 0-1 solution, it is possible to build a 0-1 solution from thenon-integer optimal solution. In fact, the construction is fairly straightforwardand computationally cheap.Theorem 3.9. Let s be the optimal solution of some waodag semi-induced linearprogram. Construct a variable assignment s0 from s by changing all non-zerovalues in s to 1. s0 is a 0-1 solution for the constraint system.For both waodag induced as well as semi-induced constraint system L, weconsider the following construction from s: s0 is constructed from s by changingall nonzero hypothesis node values in s to 1. Now, enforcing the boolean gate-likeproperties of the waodag, we propagate the boolean values from the hypothesisnodes up this boolean graph.Theorem 3.10. s0 constructed from s above is a 0-1 solution for L.On another point, we note that like traditional graph-based search heuristics,the constraints approach starts from scratch in its quest for the optimal solution.If by some fashion, we could incorporate a \good" explanation, then the gains39



are obvious. Finding a \good" explanation is generally quick and simple. Manyfast non-admissible search heuristics will generate decent explanations.In the rest of this subsection, we provide an approach for incorporating initialexplanations. We will show theoretically how this approach naturally �ts intoour constraints formulation.Let W = (G; c; r; S) be a waodag and assume we have an explanation e. Animmediate piece of information we can infer from e is that we should not considerany other explanations which are worse than e, that is, has a higher cost. Wecan use this additional cost information to help constrain our space of possiblesolutions for the evidentially induced LE(W ) = (�; I;  ). We can simply restrictour solution space to those solutions whose costs are less than or equal to C(e).Basically, we introduce the following new constraint in I:Xxq2�fs(xq) (xq; true) + (1� s(xq)) (xq; false)g � C(e): (8)We can easily see that the left hand portion corresponds to our objective function.This now eliminates any assignments which incur a higher cost.We now consider a more explicit use of e.A collection of linear constraints de�nes a polyhedral convex set.15 In 2-space,<2, this would refer to any polygons whose interior angles are less than 180� suchas the regular polygons. In <3, this would correspond to solid objects which haveplanar faces and no \indentations" such as cubes and pyramids.When we attempt to maximize (minimize) a linear cost function within thepolyhedral, we are guaranteed that an optimal solution can be found at a \ver-tex", more properly called an extreme point, of the polyhedral. The Simplexmethod uses this fact and performs a hill-climbing search on the extreme points.It proceeds from extreme point to extreme point increasing (decreasing) the costfunction. Eventually, an extreme point will be reached in which there are noother extreme points which can improved the cost function. This point will bean optimal solution.Before Simplex can proceed, it must have an initial extreme point. Typicallycalled two-Phase Simplex, the �rst Phase involves a search for an initial point and15\Polyhedral" refers to the fact that the boundaries of the constraint set are hyperplanes.40



then continues to the Phase described above. The search procedure performed inPhase I is very similar to that of Phase II. It also proceeds from point to pointuntil it �nds an extreme point. We can immediately see that the �rst Phase canbe avoided if we can obtain and incorporate an initial solution cheaply.We now very brie
y describe the Simplex method. Consider the followingminimization problem:Minimize g(x1; . . . ; xn) = c1x1 + . . . + cnxn � dsubject to a11x1 + a12x2 + . . . + a1nxn � b1a21x1 + a22x2 + . . . + a2nxn � b2...am1x1 + am2x2 + . . . + amnxn � bmx1; . . . ; xn � 0:Now, let t1; . . . ; tm � 0 be such thata11x1 + a12x2 + . . . + a1nxn � b1 = t1a21x1 + a22x2 + . . . + a2nxn � b2 = t2...am1x1 + am2x2 + . . . + amnxn � bm = tm:t1; . . . ; tm are said to be slack variables in that they \take up the slack" in theinequalities to make them equalities. With these new variables, we can easily seethat we have an underconstrained system of linear equations, that is, we havemore variables than equations. Thus, we can reformulate our problem as follows:Minimize g(x1; . . . ; xn) = c1x1 + . . . + cnxn � dsubject to a11x1 + a12x2 + . . . + a1nxn � b1 = t1a21x1 + a22x2 + . . . + a2nxn � b2 = t2...am1x1 + am2x2 + . . . + amnxn � bm = tmt1; . . . ; tm � 0x1; . . . ; xn � 0:From these linear equations, the space of feasible solutions is in fact a polyhedralconvex set. We call the system above a canonical minimization problem.41



An important observation for Simplex is that if we choose m of the variablesin the above problem and solve them in terms of the remaining n variables, wecan possibly �nd an extreme point for the polyhedral. Looking at the aboveproblem, we see that the slack variables, t1; . . . ; tm are already solved in terms ofthe remaining variables. To see if we have an extreme point handy, we simplyassign the remaining variables to 0 and see what the resulting m variable valuesbecome. In this case, ti = �bi for i = 1; . . . ;m. If this assignment satis�es allthe constraints, then we have an extreme point. All that is necessary to checkfor satisfaction is to see if the ti's are non-negative for all i. (We call this thefeasibility test.) The m variables are called the basic variables and the remainingn are called the non-basic variables.Clearly, if the assignment above is an extreme point, we can begin with PhaseII of Simplex. Regardless of whether we are in Phase I or Phase II of Simplex,the basic technique for point to point movement is the same. Our current pointis determined by setting the nonbasic variables to zero and the basic ones ap-propriately. Next, choose a basic variable and a nonbasic variables. We thenperform a simple linear transformation which makes the basic to nonbasic andvice versa. This will construct a new linear program \equivalent" to the originaland by appropriately setting and clearing variables, we can extract a new point.When we have an initial solution, incorporating it into the problem should al-low us to avoid Phase I of Simplex. Mentioned earlier above, Simplex determineswhether it should proceed with Phase I by using the feasibility test. Basically,our goal is to pass the feasibility and hence avoid Phase I.Given a waodag W = (G; c; r; S), let LE(W ) be the evidentially inducedconstraint system and e be an explanation for W . From our previous theoremsin Section 3.2, s[e] is a 0-1 solution for LE(W ). Let LE(W ) be rewritten inthe canonical minimization problem above. We incorporate s[e] as follows: Foreach real variable xp assigned 1 in s[e], replace it by the expression 1 � yp inall the equations and the objective function. Basically, we have de�ned thatxp � 1 � yp. We can easily rewrite this new system into canonical form again.Since nothing else has changed, the slack variables t1; . . . ; tm are still the basicvariables. We know set the nonbasic variables to 0 and compute the values for42



the basic variables. Notice that setting yp to 0 actually says that xp is set to1. Furthermore, since s[e] is an extreme point to begin with, the basic variablesmust be assigned non-negative values! Thus, we have successfully incorporatedan initial solution e into our problem and Simplex will proceed immediately toPhase II of its computations.3.6 Optimization Results (Initial Solutions)In our experiment, we compared our original results against the new approachon a collection of waodags. The waodags were again generated by wimp,a natural language story comprehension system for parsing and understandingwritten English sentences [3, 22, 23].We generated initial solutions for each of the waodags by using a quick (un-fortunately, non-admissible) heuristic outlined in [4]. The basic idea is that onestarts with the partial proof consisting only of the evidence nodes in thewaodagand then creating alternative partial proofs.16 In each iteration, a partial proofis chosen to be expanded. It is expanded by adding some new nodes and edgesto the existing partial proof which takes into consideration how one of its goalscan be achieved locally according to the current partial proof and nearby nodes.This continues until all the goals (such as evidence) are satis�ed and results inan explanation, not necessarily the minimal one though.As we outlined in Section 3.5, we incorporate the initial solutions. We thencompare the new results (New A) against the original in terms of actual CPUusage and number of extreme points visited. We also tested against a furthermodi�cation of our approach by changing (8) to be strictly less than (New B).This e�ectively rules out considering the given explanation and any other expla-nations of equal cost. If our new system of equations has no feasible solution,then we know that the given explanation was already a best explanation.We begin by looking at the run-times of all three approaches. wimp generated136 waodags ranging in size from 7 to 158 nodes and from 12 to 375 edges.Table 3.3 describes the waodags.16A partial proof is a subgraph of the waodag.43



Nodes EdgesMin 7 12Max 158 375Average 42.91 94.21Median 34 75Total 5836 12812Table 3.3. Summary of wimp waodags.Original New A New BMin 0.01 0.01 0.00Max 4.25 4.14 4.99Average 0.32 0.24 0.23Median 0.13 0.07 0.07Total 43.77 32.27 26.27% 30.61 30.06%% Improvement % Improvementwith New A with New BTable 3.4. Summary of run-time results.In our experiment, we found that our new method decreased the amountof CPU time required by about 26:27% where as the strict inequality additionfurther improved it to 30:06%. Table 3.4 summarizes our �ndings.Furthermore, we compared against the number of extreme points visited by allthree methods. We found that our new method reduced the number of pivots17 byabout 30:42% and the strict inequality addition by 29:43%. Table 3.5 summarizesour �ndings.From our data we see that while the strict inequality method runs faster thanthe non-strict method, it seems to require slightly more pivots. To understand thisseemingly strange anomaly, we again look closely at Simplex and the polyhedralspace of solutions de�ned by the constraints. When we are at an extreme point17Each movement from one point to the next is called a pivot in linear programmingterminology. 44



Original New A New BMin 8 7 7Max 405 369 448Average 61.85 43.03 43.65Median 44 29 27Total 8411 5852 30.42% 5936 29.43%% Improvement % Improvementwith New A with New BTable 3.5. Summary of extreme point results.in the polyhedral, we can commence directly with Phase II. Hill-climbing can beapplied since we have a clear idea of which direction to proceed in. Unfortunately,when we have a point outside the polyhedral, knowing how to get to an extremepoint is much less clear. Just looking at a polygonal area in <2, we can seethat there are a huge number of possible directions to approach the polygondepending upon where the current point is. Hence, unlike the distinct searchpattern involved in Phase II, Phase I is somewhat di�erent. In general, specializedoptimizations only applicable to Phase I renders its computations much fasterthan those of Phase II. Having said all this, we can now explain the pivots anomalyfrom our data. Simply put, the strict inequality used in the second method madeour initial solution infeasible. Thus, we had to go back and perform Phase I.Although more pivots were required (which included branch and bound nodes),the computational time for the process was much smaller for these pivots ascompared to the pivots used in Phase II for the �rst optimization method.3.7 Alternative ExplanationsIn abductive explanation, having alternative explanations is often useful andsometimes necessary such as in medical diagnosis. For example, suppose I havethe following symptoms: continual vomiting, acute stomach pains, acute backpains, diarhrea and yellowing of skin and eyes. One very likely diagnosis isHepatitis B since this seems to mainly involve the liver. A less likely diagnosis is45



extensive gall stones in the gall bladder which also a�ects the liver and exhibitsthe same symptoms. However, without proper treatment, the gall stone conditioncan lead to perforation of the gall bladder and extremely serious complications.Thus, it is insu�cient to simply select the more likely explanation of HepatitisB without considering the possibility of gall stones. Furthermore, having the2nd best, 3rd best, and so on, can provide a useful gauge on the quality of thebest explanation. In this section, we present techniques for extracting alternativeexplanations in order of their associated costs [54, 57].To generate the alternative explanations, we solve a sequence of constraintsystems. This sequence consists of constraint systems each of which are derivedfrom the constraint systems earlier in the sequence. The initial constraint systemis the original constraint system which determines the �rst optimal solution.The subsequent constraint systems are generated using the following schema:Consider L1 = (�; I1;  ), our initial constraint system. Let s1 be the optimal 0-1solution of L1. We de�ne a new problem L2 as the successor of L1. L2 is identicalto L1 except for the additional constraintXx2�F (s1; x) � j�j � 1where for each x 2 �, F (s1; x) = 8<: x if s1(x) = 1(1 � x) if s1(x) = 0Note that the new problem does not have s1 as its optimal 0-1 solution since thevariable assignment would violate the new constraint.Let s2 be the optimal 0-1 solution, if any, to L2. This will be the second best0-1 solution. To continue the search for the next best explanation, we simplyde�ne a successor to the last constraint system, in this case, L2. When thecurrent constraint system does not yield any solution, all possible explanationshave been generated and we are �nished.Algorithm 3.2. Given a constraint system L = (�; I;  ), generate all the 0-1solutions for L in order of cost.1. (Initialization) Set I1 := I, L1 := (�; I1;  ) and k := 1.46



2. Compute the optimal 0-1 solution for Lk. If there is no feasible solution,then go to step 7. Otherwise, let sk be the solution.3. k := k + 1.4. Let Ik := Ik�1 [ ck�1 where ck�1 contains the single constraintXx2�F (sk�1; x) � j�j � 1where for each x 2 �,F (sk�1; x) = 8<: x if sk�1(x) = 1(1� x) if sk�1(x) = 05. Let Lk := (�; Ik;  ).6. Go to step 2.7. (Solutions) Print s1; s2; . . . ; sk�1.The above method we have just described can be classi�ed as a cutting planemethod in operations research [36, 59, 39]. Since each derived constraint systemdi�ers only in an additional constraint from some previously solved problem,e�cient incremental techniques such as the dual simplex method can be appliedhere in a fashion similar to the one used in the branch and bound algorithm.Theorem 3.11. Constraint system Ln in Algorithm 3.2 determines the n-th best0-1 solution for L.The algorithm we have just presented can be applied to any constraint systemregardless of whether it was waodag induced or not.Although we may simply use the alternative generation method in Algo-rithm 3.2 to generate all possible explanations, there are certain situations wheregenerating all of them may not be particularly desirable. Consider the followingscenario: Suppose I decide to phone my friend Tony at the o�ce. After severalrings, no one has answered the phone. Without any additional information, Iconclude that Tony is not at the o�ce. However, suppose that we also know thatTony usually disconnects the phone and takes naps in the o�ce. Furthermore,Tony has been known to be able to sleep in any environment whenever he desires47
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Fig. 3.6. Tony's o�ce habits.and is as likely to be awake as asleep at any time. This implies that for the hy-pothesis that Tony is awake, the di�erence in the cost of being true and it beingfalse is negligible. For the sake of argument, let the cost of being true be equalto the cost for false. If we look at our original explanation that Tony is not inthe o�ce, we must augment it with our guess as to whether he is asleep or not.With our assumptions, there is no way to choose between asleep and awake sincethe costs of the augmented explanations are equal. However, since Tony is notin the o�ce, the hypothesis involving his consciousness has no impact towardsexplaining the observation (see Figure 3.6).If the algorithm �rst chooses that Tony is asleep, then the next alternativewould be the same set of assignments except for Tony being awake. However,this new alternative explanation is uninteresting and does not contribute anythingmore to gauging our explanations. It may be the case that we may run into anoverly large number of these types of uninteresting explanations. We now proceedto present an approach to deal with this problem.Definition 3.11. Given a waodag W = (G; c; r; S) where G = (V;E) andH � VH , an explanation e for W is said to be consistent with H i� for all h inH, e(h) = true. The base set H(e) of e is the subset of VH consisting of all h in48



VH where e(h) = true.In waodags, �nding the best explanation is tantamount to �nding the bestset of hypotheses we need to assume.Definition 3.12. The support-set K(e) of an explanation e is the set consistingof all nodes m in V such that e(m) = true.Proposition 3.12. For every explanation e for W , H(e) = K(e) \ VH .The following propositions follow immediately from the properties found inwaodags:Proposition 3.13. Let e1 and e2 be explanations for W . H(e1) = H(e2) i�K(e1) = K(e2).Proposition 3.14. Let e be an explanation for W . For each H(e) � H � VH ,there exists an explanation e0 for W such that H(e0) = H.Theorem 3.15. Let e1 and e2 be explanations for W .1. H(e1) � H(e2) i� K(e1) � K(e2).2. H(e1) � H(e2) i� K(e1) � K(e2).Theorem 3.16. There exists a 1-1 and onto mapping between 2VH and the set ofall possible truth assignments for W .Theorem 3.17. If e is an explanation for W , then there exists at least 2jVH�H(e)jexplanations for W which are consistent with H(e).In general, we see that there are an exponential number of explanations for agiven waodag. However, from Theorem 3.17, it seems that the majority of theseexplanations are formed from a possibly small number of \simpler" explanationswhich utilizes smaller numbers of hypotheses. The following question naturallyarises: Do these additional explanations provide any new or important informa-tion? The answer is \yes" only if the explanation has a lower cost associatedwith it than the \simpler" explanation. Typically, this will occur if we considernegative costs. 49



We now consider a class of waodags we call monotonic. In general, most ofthe waodags used in systems like wimp will fall into this class. In this class,\simpler" explanations will imply lower costs. We will provide a method forextracting only the \simple" explanations.Definition 3.13. A waodag W is monotonic i� for every explanations e1 ande2 for W , K(e1) � K(e2) implies C(e1) � C(e2). W is strictly monotonic i�W is monotonic, and for every explanations e1 and e2 for W , K(e1) � K(e2)implies C(e1) < C(e2).Proposition 3.18. If c(v; true) � c(v; false) for all v in V , then W is monotonic.If c(v; true) > c(v; false) for all v in V , then W is strictly monotonic.Theorem 3.19. A waodag W is monotonic i� for every explanations e1 and e2for W , H(e1) � H(e2) implies C(e1) � C(e2). W is strictly monotonic i� W ismonotonic, and for every explanations e1 and e2 for W , H(e1) � H(e2) impliesC(e1) < C(e2).Proposition 3.18 and Theorem 3.19 together demonstrate that in a monotonicwaodag, \simpler" explanations are preferred due to the lower associated costs.The assumption of monotonicity is reasonable in many cases as pointed out by[7] and characterized in [3]. Thus, we are only interested in the \simplest" ex-planations. Our goal is to generate these explanations in order of cost withouthaving to consider the remaining exponential number of explanations.Definition 3.14. e is cardinal i� there does not exist an explanation e0 such thatH(e0) � H(e).Intuitively, a cardinal explanation is among the \simplest" of explanations wewish to consider. Our notion of cardinal explanations is equivalent to the notionof irredundancy found in parsimonious covering theory for modeling medical di-agnosis [43]. A cover is said to be irredundant if none of its proper subsets is alsoa cover.Theorem 3.20. If W is strictly monotonic, then any best explanation for W iscardinal. 50



All the de�nitions given above involving waodags can be carried over towaodag induced constraint systems.Similar to the previous method, the best cardinal explanation, 2nd best, 3rdbest, etc. may be generated by constructing a sequence of constraint systemsL1; L2; . . . Each constraint system in the sequence is derived from those earlier inthe sequence. The initial constraint system L1 is the one which determines theoptimal 0-1 solution s1. L2 is a new constraint system identical to L1 except forthe additional constraint Xxq2H(s1)xq � jH(s1)j � 1:We can show that L2 will determine the 2nd best cardinal solution. We cancontinue to �nd the other cardinal solutions by adding new constraints.Algorithm 3.3. Given a strictly monotonic waodag induced constraint systemL = (�; I;  ), generate all the cardinal 0-1 solutions for L in order of cost.1. (Initialization) Set I1 := I, L1 := �; I1;  ) and k := 1.2. Compute the optimal 0-1 solution for Lk. If there is no feasible solution,then go to step 7. Otherwise, let sk be the solution.3. k := k + 1.4. Let Ik := Ik�1 [ ck�1 where ck�1 contains the single constraintXxq2H(sk�1)xq � jH(sk�1)j � 1:5. Let Lk := (�; Ik;  ).6. Go to step 2.7. (Solutions) Print s1; s2; . . . ; sk�1.Lemma 3.21. Let W be strictly monotonic. If sn is the optimal 0-1 solution forthe constraint system Ln in Algorithm 3.3, then sn is a cardinal solution for L.Theorem 3.22. Let W be strictly monotonic. The constraint system Ln in Algo-rithm 3.3 determines the n-th best cardinal solution.Although this algorithm works only for W being strictly monotonic, we canmodify any non-strictly monotonic problem to make it applicable. In essence, the51



strict monotonicity simply implies that we should always have a preference fora false assignment over a true assignment. By introducing an arbitrarily smallpositive di�erence between the cost for true and the cost for false in the originalproblem, we can now determine the cardinal solutions of the new problem whichturns out to be identical to those of the original.In our above formulation, we de�ned monotonicity only for waodag inducedsystems. Thus, the accompanying algorithm is not applicable to all constraintsystems. We now provide a generalization of monotonicity for constraint systems.In the rest of this section, L = (�; I;  ) will represent a constraint system andQ a subset of �.Definition 3.15. Given a 0-1 solution s for L, the support-set K(s) of s is theset of all xq 2 � where s(xq) = 1.Definition 3.16. Q is dominant i� for every 0-1 solutions s1 and s2 for L,(K(s1)) \ Q) = (K(s2) \ Q) implies K(s1) = K(s2). Q is strongly dominant i�Q is dominant and no proper subset of Q is dominant.Proposition 3.23. � is dominant.Proposition 3.24. Let Q0 be a subset of � such that Q � Q0. If Q is dominant,then Q0 is also dominant.Intuitively, a set of variables Q is dominant if any assignment of 0,1 values toQ completely determines the assignment of 0,1 values to the remaining variables.For waodags, the only strongly dominant set is the set corresponding to VH .Similarly for dags representing boolean gate functions, the only strongly domi-nant set is the set corresponding to the set of all nodes with zero indegree. Fordiagnostic problem [43], the only strongly dominant set is the set correspondingto the set of all disorders.Definition 3.17. L is Q-monotonic i� for every 0-1 solutions s1 and s2 for L,(K(s1) \Q) � (K(s2) \ Q) implies �L(s1) � �L(s2). L is strictly Q-monotonici� L is Q-monotonic and for every 0-1 solutions s1 and s2 for L, (K(s1) \Q) �(K(s2) \Q) implies �L(s1) < �L(s2). 52



Intuitively, monotonicity says that the more information we require in anexplanation, the more costly it will be.Theorem 3.25. Let C be the set of variables that appear in �L with non-zerocoe�cient.1. If C is a subset of Q and all the coe�cients in �L are positive, then L isQ-monotonic.2. If C = Q and all the coe�cients in �L are positive, then L is strictlyQ-monotonic.Definition 3.18. A 0-1 solution s for L is Q-cardinal i� there exist no 0-1solution s0 for L such that (K(s0) \Q) � (K(s) \ Q) and �L(s0) � �L(s).Q is the set of variables whose assignment we are mainly interested in. Forwaodags, the set of variables corresponding to the hypothesis nodes would besuch a set.Theorem 3.26. Let L be strictly Q-monotonic. Every optimal 0-1 solution for Lis Q-cardinal.Our interests now lie in generating the Q-cardinal solutions for L in orderof cost. This can be accomplished by a method similar to Algorithm 3.3. Weconstruct a sequence of constraint systems L1; L2; . . . which respectively computethe best cardinal solution, 2nd best, 3rd best, and so on. Each constraint systemin the sequence is derived from those earlier in the sequence. The initial constraintsystem L1 is the one which determines the optimal 0-1 solution s1. L2 is identicalto L1 except for the additional constraintXxq2(K(s1)\Q)xq � jK(s1) \ Qj � 1:We can show that L2 will determine the representative of the 2nd best Q-cardinalsolution and continue to �nd the others by adding new constraints.Algorithm 3.4. Given a set of variables Q which is dominant and a strictly Q-monotonic constraint system L = (�; I;  ), generate all the cardinal 0-1 solutionsfor L in order of cost.1. (Initialization) Set I1 := I, L1 := (�; I1;  ) and k := 1.53



2. Compute the optimal 0-1 solution for Lk. If there is no feasible solution,then go to step 7. Otherwise, let sk be the solution.3. k := k + 1.4. Let Ik := Ik�1 [ ck�1 where ck�1 contains the single constraint:Xxq2(K(sk�1)\Q)xq � jK(sk�1 \Qj � 1:5. Let Lk := (�; Ik;  ).6. Go to step 2.7. (Solutions) Print s1; s2; . . . ; sk�1.Lemma 3.27. Let L be strictly Q-monotonic. If sn is the solution of the constraintsystem Ln in the Algorithm 3.4, then sn is a Q-cardinal solution for L.Theorem 3.28. Let Q be a dominant set and let L be strictly Q-monotonic. Theconstraint system Ln in the Algorithm 3.4 determines the n-th best Q-cardinalsolution for L.As we can clearly see, by setting Q to be the set of variables corresponding tothe hypothesis nodes of a strictly monotonic waodag W . We get the followingresults:Theorem 3.29. Let W be a strictly monotonic waodag and L(W ) be the con-straint system induced by W . Let Q be the set of variables corresponding to thehypothesis nodes of W in L(W ). We have the following:1. Q is strictly dominant.2. L(W ) is strictly Q-monotonic.3.8 ConsistencyFinally, in this subsection, we consider extensions to cost-based abduction whichcan be naturally modeled under our constraint systems. For example, waodagsdo not consider negation. This can be categorized in a class of problems we callconsistency. 54



Consistency is concerned with the maintenance of relationships between twoor more pieces of information. In the attempt to build sophisticated inferencemodels, we often run into the di�culty of maintaining certain close relation-ships such as \(female a) i� :(male a)", or, from medical diagnosis, disorder d1is complementary to disorder d2.The formulation of waodags in cost-based abduction can be modi�ed torepresent these relationships but the standard techniques for �nding the bestexplanations may not be readily applicable.18 As we shall see below, constraintsystems can provide an intuitive and practical solution to handling these rela-tionships.We �rst consider the problem of negation. If we allow the existence of propo-sitions p and q where p and q are derived (via rules) from a and :a, respectively,we have introduced a not-node in terms of boolean gate functions. However,given some partial truth assignment, arbitrarily assigning the remaining hypoth-esis nodes may violate some of the constraints.Two approaches to handling negation in constraint systems are describedbelow { the implicit formulation and the explicit formulation.In the implicit formulation, when . . .a . . . =) p, no change is necessary andxa is still used in the constraints. However, when . . .:a . . . =) p, (1�xa) is usedin place of xa. For an example, see Figures 3.7 and 3.8.In the explicit formulation, a brand new variable x:a is used in place of xa.(Referring to Figure 3.8, we replace \(1 � xa)" with \x:a".) In addition, theconstraint xa = (1 � x:a) must be included in the constraint system.We observe that the ability to handle negation in our approach permits us toeasily generalize from waodags to arbitrary boolean gate-only networks.From negation, we can extend our formulation to handle the case involvingcomplementary disorders mentioned earlier, where not both disorder d1 and dis-order d2 can occur simultaneously. Actually, we can take this one step further.From Table 3.6, we can take any combination of the conditions and form arelationship between d1 and d2. We can easily see that the explicit formulation18With the exception of brute force techniques which enumerate the possible solutions, cur-rent existing heuristics do not take consistency into account.55
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xq + xa + xr � xpxp � xqxp � xaxp � xrFig. 3.7. Ordinary waodag.
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xq + (1 � xa) + xr � xpxp � xqxp � (1 � xa)xp � xrFig. 3.8. An and/or-graph with negation. A small circle of an arrowindicates negation of the parent. 56



Condition Constraint:(d1 and d2) xd1 + xd2 � 1:(:d1 and :d2) xd1 + xd2 � 1:(d1 and :d2) xd1 � xd2:(:d1 and d2) xd1 � xd2Table 3.6. d1 and d2 are disorders. The conditions we wish to have trueare guaranteed by the addition of the associated constraint.of the negation relationship is the combination of the �rst and second conditionsin the table. We have shown how to handle two items. We can generalize thisapproach to handling various complicated relationships between three or moreitems.
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4 Bayesian NetworksIn cost-based abduction, information is arranged in a graphical form. The nodesand arcs of the graphs represent relationships between objects in the world. Sim-ilar to cost-based abduction, Bayesian networks have an underlying graphicalfoundation. The similarity of both approaches goes insofar as semantically de�n-ing nodes to correspond to some object or event and arcs to represent directrelationships between these nodes.Bayesian networks provide an approach to modeling our knowledge in a prob-abilistic manner. Basically, objects and/or events are represented by randomvariables (abbreviated, r.v.s). We can then de�ne the likelihood of a set of eventsby their joint probability. However, calculating the joint probability of a collectionof random variables is often impossible unless you have additional informationconcerning the dependence relationships between each sets of random variables.Given a collection of r.v.s A1; A2; . . . ; An, we can rewrite their joint probabilityas P (A1 = a1; . . . ; An = an) = nYi=1P (Ai = aijAi+1 = ai+1; . . . ; An = an) (9)according to Bayes' theorem on conditional probabilities. However, we still re-quire a large number of conditional probabilities of which most are not easilyattainable.Equation (9) suggests a topological ordering on the r.v.s. Bayesian networksconsider this ordering as some sort of causality relationship. So, if an event A cancause an event B, then A should topologically dominate B. This would simplymean that if A and B were indexed in terms of A1; . . . ; An, the index of A willbe less than the index for B.The strength of Bayesian networks lies in the assumption that for each r.v. Athere exists a set of r.v.s B1; . . . ; Bk which topologically dominates A such thatfor any conditional probabilitiesP (A = ajB1 = b1; . . . ; Bk = bk; C1 = c1; . . . ; Cm = cm) =P (A = ajB1 = b1; . . . ; Bk = bk) (10)58



where Cj topologically dominates A and Cj 6= Bi for all i = 1; . . . ; k. We saythat A is conditionally dependent on B1; . . . ; Bk. Thus, instead of storing all theconditional probabilities required in (9), we can store a much more compact setaccording to (10). Furthermore, this provides us with a strong notion of causal-ity for semantically constructing the knowledge-base of conditional probabilitytables. Now, we can compute the joint probability of A1; . . . ; An as follows:P (A1 = a1; . . . ; An = an) = nYi=1P (Ai = aijAi1 = ai1; . . . ; Aij = aij) (11)where fAi1; . . . ; Aijg � fAi+1; . . . ; Angand Ai is conditionally dependent on Ai1; . . . ; Aij .From the above assumption of conditional independence, we can quickly trans-form the independence relationships into a graphical structure. In essence, wehave a directed acyclic graph where each node represents a r.v. and the directedarcs represent topological dominance. A node A will be conditionally dependenton its immediate parents.For example, let's consider the following story: Mary walks outside and �ndsthat the street and lawn are wet. She concludes that it has just rained recently.Furthermore, she decides that she does not need to water her climbing roses.Assume that Mary used the following set of propositions:rain_ sprinklers =) street-wetrain_ sprinklers =) lawn-wetlawn-wet =) soil-moistsoil-moist =) roses-okaySince the propositions explicitly indicate causality, we can again directly trans-form it into a graph. Now, by considering each logic variable as a r.v. withpossible states of ftrue; falseg, we can construct conditional probability tables for(11) which re
ects our knowledge of the world (see Figure 4.1).Bayesian networks have become an important tool in modeling probabilisticreasoning. The inherent representational power of these networks provides a59
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very promising approach. In particular, belief revision in Bayesian networks isthe process of �nding the best interpretation for some given piece of evidence.This, of course, is a cornerstone of abductive explanation.One algorithm for belief revision is given by Pearl in [41] which is based on amessage passing scheme. However, except for simple networks such as polytrees,the method is rather complicated to apply. Also, as Pearl points out in Chapter 5in [41], this algorithm cannot guarantee the generation of alternative explanationsbeyond the second best.In this section, our goal is to apply our linear constraint satisfaction approachto belief revision as well as belief updating in Bayesian networks. This entails con-structing a constraint system which is computationally equivalent to the Bayesiannetwork.4.1 Belief RevisionThe goal of belief revision on Bayesian networks is to �nd an instantiation ofall the random variables which will maximize their joint probability. When ev-idence is given to be explained, an instantiation must be sought to maximizethe joint probability given the evidence. The instantiation which maximizes thisprobability is called the best explanation. This measure is Pearl's most-probableexplanation criterion (MPE).In this section, our goal is to apply our linear constraint satisfaction approachto belief revision in Bayesian networks. Although this could be done by �rst trans-forming the Bayesian network into a cost-based abduction graph [68] and thentransforming the graph into a constraint system, a more natural and straight-forward method will be given below. (See also [54, 57].) We will show how todirectly transform a Bayesian network into an equivalent constraint system.4.1.1 Constraints FormulationWe �rst observe that a Bayesian network can be completely described by a �nitecollection of random variables and a �nite set of conditional probabilities based61



on the r.v.s.19Notation. Throughout the remainder of this thesis, upper case italicized letterssuch as A;B; . . . will represent r.v.s and lower case italicized letters such as a; b; . . .will represent the possible assignments to the associated upper case letter r.v.,in this case, A;B; . . .. Subscripted upper case letters which are not italicized arevariables in a constraint system which explicitly represent the instantiation ofthe associated r.v. with the item in the subscript. For example, Aa denotes theinstantiation of r.v. A with value a.Notation. Given a r.v. A, the set of possible values for A called the range of Awill be denoted by R(A).Given a Bayesian network, we can construct an ordered pair (V; P ) where V isthe set of r.v.s in the network and P is a set of conditional probabilities associatedwith the network. P (A = ajC1 = c1; . . . ; Cn = cn) 2 P i� C1; . . . ; Cn are all theimmediate parents of A and there is an edge from Ci to A for i = 1; . . . ; n inthe network. We can clearly see that (V; P ) completely describes the Bayesiannetwork.Definition 4.1. Given a Bayesian network B = (V; P ), an instantiation is anordered pair (A; a) where A 2 V and a 2 R(A). (An instantiation (A; a) isalso denoted by A = a and Aa.) A collection of instantiations w is called aninstantiation-set i� are no two instantiations (A; a); (A; a0) in w such that a 6= a0.An instantiation represents the event when a r.v. takes on a value from itsrange. Given an instantiation-set, we can de�ne the notion of the span of aninstantiation-set.Definition 4.2. Given an instantiation-set w for a Bayesian network B = (V; P ),we de�ne the span of w, span(w), to be the collection of r.v.s in the �rst coordinateof the instantiations. Furthermore, an instantiation-set w is said to be completei� span(w) = V .Straightforwardly, the span of an instantiation-set simply denotes the r.v.swhich have been instantiated.19We consider prior probabilities to be degenerate cases of conditional probabilities, i.e.,P (A = a) = P (A = aj�) where � is the empty set.62



Notation. For each r.v. A and each a in R(A), �Aa is the set of all conditionalprobabilities in P of the form P (A = ajC1 = c1; . . . ; Cn = cn). For each r.v. A, wede�ne cond(A) as follows: B 2 cond(A) i� there exists a conditional probabilityin P of the form P (A = aj . . . ; B = b; . . .). Intuitively, cond(A) is the set of r.v.swhich are the parents of A.Notation. Given an instantiation-set w for B such that cond(A) � span(w),w(A) denotes the instantiation A = a where (A; a) 2 w. w(cond(A)) denotes theinstantiation-set w0 where w is consistent with w0 and span(w0) = cond(A).Definition 4.3. Given an instantiation-set w = f(A1; a1); . . . ; (An; an)g for aBayesian network B = (V; P ), we de�ne the probability of w to beP (w) = P (A1 = a1; . . . ; An = an):The goal of belief revision on Bayesian networks is to determine the com-plete instantiation-set which maximizes the associated probability under certainconditions. In general, these conditions, called evidence, imposes restrictions onwhat instantiations may be made. The instantiation-set satisfying the evidencewith the highest probability is said to be the most-probable explanation for theevidence. We now formalize this as follows:Definition 4.4. Given a Bayesian network B = (V; P ), evidence e for B is saidto be some instantiation-set for B.Definition 4.5. Given instantiation-sets w1; w2 for a Bayesian network B, w2 issaid to be consistent with w1 i� w1 � w2.Definition 4.6. Given evidence e for B, a complete instantiation-set w for B is anexplanation for e i� w is consistent with e. Furthermore, w is said to be a most-probable explanation for e i� for all explanations w0 6= w for e, P (w0) � P (w).Thus, the most-probable explanation for evidence e will be the explanationw� which maximizes P (w�) = maxw2W (e)P (w)where W (e) is the set of all explanations for e.63



Our basic approach in constructing a constraint system from a given Bayesiannetwork is to represent and enforce the constraints that exist between any twoor more random variables.Given a Bayesian network B = (V; P ), we construct a constraint systemL(B) = (�; I;  ) as follows:1. For each random variable A in V , let R(A) = fa1; . . . ; ang and constructthe variables Aa1; . . . ;Aan in �, set  (Aai ; false) =  (Aai ; true) = 0 and addthe following constraint to I: nXi=1 Aai = 1: (12)2. For each random variable A and some a in R(A), construct the following:(a) For each conditional probability P (A = ajC1 = c1; . . . ; Cn = cn) in�Aa, construct a variable q[Aa jC1 = c1; . . . ;Cn = cn] in � such that(for notational convenience, we will denote q[Aa jC1 = c1; . . . ;Cn = cn]by q in the next two conditions)i.  (q; false) = 0,  (q; true) = � log(P (A = ajC1 = c; . . . ; Cn = cn)),and,ii. Add the following constraints to I:q � Ckck for k = 1; 2; . . . ; n: (13)(b) Let �Aa be all variables constructed by �Aa in (a). Add the followingconstraint to I: Xx2�Aa x = Aa : (14)Definition 4.7. L(B) constructed above is the constraint system induced by B.Theorem 4.1. Let B = (V; P ) be a Bayesian network and L(B) = (�; I;  ) be theconstraint system induced by B. Then1. j�j = jP j+PA2V jR(A)j and2. jIj = 2jV j +Pp2P N(p) � 2jV j + jV jjP j = (2 + jP j)jV j where N(p) is thenumber of r.v.s which appear as conditionals in the probability.64



C

BA

P(C=T | A=T, B=T) = p1
P(C=T | A=T, B=F) = p2
P(C=T | A=F, B=T) = p3
P(C=T | A=F, B=F) = p4Fig. 4.2. Simple Bayesian network.In our construction, (12) guarantees that any r.v. takes on exactly one value.(13) and (14) guarantees that the probability of any complete instantiation-setwill be computed with the appropriate set of conditional probabilities. Variablesof the form q[Aa jC1c1 ; . . . ;Cncn ] are called conditional variables in that theyexplicitly represent the dependencies between r.v.s and will be the mechanismfor computing the probability for any instantiation-set.For example, consider the simple Bayesian network in Figure 4.2. When wehave the instantiations fA = true; B = false; C = trueg, its associated proba-bility is p2 � p5 � p6. In the induced constraint system, we expect our variablesassignments to be Atrue = 1, Bfalse = 1, Ctrue = 1, q[Ctrue jAtrue;Bfalse] = 1,and all remaining variables to be 0. Since the only costs are associated with thevariables Atrue, Bfalse and q[Ctrue jAtrue;Bfalse], the cost of this assignment is� log(p5)� log(p6)� log(p2) which is equivalent to � log(p2 � p5 � p6).Notation. For each r.v. A, let �(A) be the set of variables in the inducedconstraint system constructed for A.Theorem 4.2. Given a 0-1 solution s for L(B), for each set of variables �(A),there exists some Aa in �(A) such that Aa = 1 and Aa0 = 0 for all Aa0 6= Aa in65



�(A).Theorem 4.3. Given a 0-1 solution s for L(B), for all variables q[Aa jC1 =c1; . . . ;Cn = cn], q[Aa jC1 = c1; . . . ;Cn = cn] = 1 i� Aa = C1c1 = . . . = Cncn = 1.Theorems 4.2 and 4.3 above veri�es our expectations on the legitimate variableassignments. We must now show that calculations on the constructed constraintsystem are equivalent to those on the Bayesian network for belief revision.Given a 0-1 solution s for L(B), we can construct a complete instantiation-set ws for B as follows: s(Aa) = 1 i� (A; a) 2 ws. To convert from a com-plete instantiation-set to a 0-1 solution is slightly trickier. Given a completeinstantiation-set w for B, construct a 0-1 solution sw for L(B) as follows: (A; a) 2w i� sw(Aa) = 1. For each conditional variable q in �Aa, set the appropriate valueaccording to w.Theorem 4.4. If s is a 0-1 solution for L(B), then ws is an instantiation-set forB.Theorem 4.5. If w is a complete instantiation-set for B, then sw is a 0-1 solutionfor L(B).From Theorems 4.4 and 4.5, there is a 1-1 and onto mapping between 0-1solution for the induced constraint system and complete instantiation-sets forthe Bayesian network.Definition 4.8. Let e be some evidence for B = (V; P ). We construct Le(B) =(�; Ie;  ) from L(B) = (�; I;  ) as follows: Let Ie = I [ I 0 where the constraintAa = 1 is in I 0 i� (A; a) 2 e. We say that Le(B) is induced by B with evidencee.Proposition 4.6. jIej = jIj+ jej.We can now show that all explanations for some given evidence e have corre-sponding 0-1 solutions for Le(B) and vice versa.Theorem 4.7. If s is a 0-1 solution for Le(B), then ws is an explanation for e.Theorem 4.8. If w is an explanation for e, then sw is a 0-1 solution for Le(B).66



Theorems 4.7 and 4.8 above guarantees that the evidence properly restrictsthe set of possible 0-1 solutions we wish to consider. Now, we must show thatthe costs associated to each 0-1 solution are directly related to the probability ofthe corresponding instantiation-set.For the following theorems, assume that L is induced by a Bayesian networkB, w is a complete instantiation-set for B, and s is a 0-1 solution for L(B).Theorem 4.9. �L(sr) = � log(P (w)).Theorem 4.9 shows that our constraint system will properly calculate theprobability of a complete instantiation-set for B. Next, we must show that thiscalculation is su�cient for �nding the most-probable explanation.Theorem 4.10. There exists a constant �e such that for all explanations w fore, �Le(sw) = �e � log(P (wje)).�e in Theorem 4.10 above represents � log(P (e)) which is a constant in allexplanations (see proof of Theorem 4.10 in Appendix).Theorem 4.11. w is a most-probable explanation for e i� sw is an optimal 0-1solution for Le(B).Theorem 4.10 guarantees that the probabilistic ordering of instantiation-setsis exactly reversed from the cost ordering imposed on 0-1 solutions. Furthermore,computing the cost for a 0-1 solution immediately determines the probability of itsassociated instantiation-set. With the transformation of belief revision problemsto constraint systems, we can now solve them using the highly e�cient tools andtechniques applicable to constraint systems.4.1.2 Alternative ExplanationsIn Section 3.7, we saw the necessity for generating alternative explanations indomains like medical diagnosis. Unfortunately, as we mentioned earlier, message-passing schemes are incapable of generating beyond the second best.We now present a generation technique for Bayesian networks which is similarto the cutting plane approach in Section 3.7 [54, 54].67



Again, our approach is to solve a sequence of constraint systems. This se-quence consists of constraint systems each of which are derived from the con-straint systems earlier in the sequence. The initial constraint system is the orig-inal constraint system which determines the �rst optimal solution. The sub-sequent constraint systems are generated using the following schema: ConsiderL1 = (�; I1;  ), our initial constraint system. Let s1 be the optimal 0-1 solutionof L1. We de�ne a new problem L2 as the successor of L1. L2 is identical to L1except for the additional constraintXx2� F (s1; x) � j� j � 1where for each x 2 � and � = fxjx 2 V and x 2 �(A) for some r.v.Ag,F (s1; x) = 8<: x if s1(x) = 1(1 � x) if s1(x) = 0Note that the new problem does not have s1 as its optimal 0-1 solution since thevariable assignment would violate the new constraint.Let s2 be the optimal 0-1 solution, if any, to L2. This will be the second best0-1 solution. To continue the search for the next best explanation, we simplyde�ne a successor to the last constraint system, in this case, L2. When thecurrent constraint system does not yield any solution, all possible explanationshave been generated and we are �nished.Algorithm 4.1. Given a constraint system L = (�; I;  ), generate all the 0-1solutions for L in order of cost.1. (Initialization) Set I1 = I, L1 = (�; I1;  ) and k = 1.2. Compute the optimal 0-1 solution for Lk. If there is no feasible solution,then goto step 7. Otherwise, let sk be the solution.3. k = k + 1.4. Let Ik = Ik�1 [ ck�1 where ck�1 contains the single constraint:Xx2� F (sk�1; x) � j� j � 168



where for each x 2 � and � = fxjx 2 V and x 2 �(A) for some r.v.Ag,F (sk�1; x) = 8<: x if s1(x) = 1(1 � x) if s1(x) = 05. Let Lk = (�; Ik;  ).6. Go to step 2.7. (Solutions) Print s1; s2; . . . ; sk�1.The above method can again be classi�ed as a cutting plane method in opera-tions research [36, 59, 39]. Likewise, since each derived constraint system di�ersonly in an additional constraint from some previously solved problem, incremen-tal computational methods such as the dual simplex method can be applied herein a fashion similar to the one used in the branch and bound algorithm.Theorem 4.12. Constraint system Ln in Algorithm 4.1 determines the n-th best0-1 solution for L.4.1.3 Circumscribing Explanations and FocusingConsider the following problem with most-probable explanation (MPE) criterionpointed out by Pearl in [41]: Suppose a medical test reveals that my friend Glennhas an 80% chance of being totally healthy. If you are not healthy, then youare going to die. Since Glenn believes himself to likely be healthy, he beginsto daydream about going on vacation and not staying at home. Our Bayesiannetwork can be represented by the following conditional probabilities on the r.v.sHealthy, Dead and Location:P (Healthy = true) = :8P (Healthy = false) = :2P (Dead = true jHealthy = true) = 0P (Dead = false jHealthy = true) = 1P (Dead = true jHealthy = false) = 1P (Dead = false jHealthy = false) = 0P (Location = at homejHealthy = true) = 0P (Location = at homejHealthy = false) = 169



P (Location = BarbadosjHealthy = true) = :1P (Location = BarbadosjHealthy = false) = 0P (Location = CaracasjHealthy = true) = :1P (Location = CaracasjHealthy = false) = 0. . . plus 8 more vacation spots with .1 / 0 conditional probabilities . . .Our most-probable explanation for this network isfHealthy = false;Dead = true; Location = at homegwith probability :2! Thus, although Glenn is most likely healthy, the MPE crite-rion says that our best scenario is for him to be dead.Probabilistically, we made the following computations: Let e be the evidenceto be explained which in this case is the empty set. Let W be the set of allcomplete instantiation-sets for this network. Our goal is to �nd w� such thatP (w�je) = maxw2W P (wje), but, P (wje) = P (wj�) = P (w) for all w in W where� is the empty set. Thus, P (w�) = maxw2W P (w).Now,P (Healthy = h;Dead = d; Location = l) =P (Dead = d; Location = ljHealthy = h)P (Healthy = h) =P (Dead = djHealthy = h)P (Location = ljHealthy = h)P (Healthy = h):For any scenario in which we are not dead, that is, Dead = false, we have thefollowing probabilities:P (Healthy = false;Dead = false; Location = at home) = 0 � 1 � :2 = 0P (Healthy = false;Dead = false; Location = hvacation-spoti) = 0 � 0 � :2 = 0P (Healthy = true;Dead = false; Location = at home) = 1 � 0 � :8 = 0P (Healthy = true;Dead = false; Location = hvacation-spoti) = 1�:1�:8 = :08Thus, Glenn's happy daydreaming about lovely vacation spots has ended in mor-bid thoughts of dying.As we can clearly see, this result is mathematically correct although somewhatcounterintuitive. As Pearl points out [41], this has much to do with what sort ofinformation we are currently thinking about or focusing on. In the above case,70



since we started with information concerning our health, we naturally expect allour attention to shift heavily to thoughts involving being healthy. However, if wehad been previously thinking about what is going to happen to our entire life ingeneral, then the explanations of being unhealthy and dying seem to be not sounreasonable anymore.From the computations above, we can make the following observation: Sincemultiplication of probabilities is a monotonically decreasing function [16] and isstrictly decreasing when probabilities are less than 1, it is expected that the moreprobabilistic information we have, the smaller the joint probabilities will become.So, if Glenn continued daydreaming like about what he is going to do at eachparticular vacation spot, then any individual scenario in which he is alive has aneven smaller probability. The problem of determining what the solution shouldbe seems to be highly dependent on what we are currently focused on.Pearl in [41] presents one possible conservative approach which suggests thatwhat we are focusing on is precisely the evidence we wish to explain. Furthermore,the evidence should be the determining factor in what we consider as informationwhich is relevant to any explanation we may be interested in. In the abovescenario, since there is no evidence needing to be explained, no conclusions canbe drawn. In probabilistic terms, this seems to suggest that random variableswhich are \irrelevant" to the evidence are not instantiated. This approach ofonly instantiating a subset of the random variables is currently being exploredby [41] and [7, 67, 66].In our constraint system formulation of Bayesian networks, not assigning allthe random variables is tantamount to weakening the constraint that each randomvariable must have exactly one assignment,nXi=1 Aai = 1: (15)to the constraint that each random variable takes on \at most" one value,nXi=1 Aai � 1: (16)When the summation is zero, this means that the associated random variabletakes on no values and is considered \ignored". By simply replacing constraints71



of the form (15) with those of (16), we can predict certain results on the possibleinstantiations of the random variables.Definition 4.9. Let L̂(B) be the constraint system constructed from L(B) byreplacing all constraints of the form (15) with those of (16). We say that L̂(B)is weakly induced from B.Theorem 4.13. Given a 0-1 solution s for L̂(B), for each set of variables �(A),there exists at most one variable Aa in �(A) such that Aa = 1 and Aa0 = 0 forall Aa0 6= Aa in �(A).Theorem 4.14. Given a 0-1 solution s for L̂(B), for all variablesq[Aa jC1c1 ; . . . ;Cncn ],q[Aa jC1c1 ; . . . ;Cncn ] = 1 i� Aa = C1c1 = . . . = Cncn = 1:Theorems 4.13 and 4.14 show us that certain expectations on the legitimatevariable assignments still hold.We now show that this weakening of constraints results in computations usingthe circumscribing explanation approach suggested by Pearl [41].Definition 4.10. Let d1 and d2 be instantiation-sets for B = (V; P ). d1 and d2 aresaid to be compliments i� span(d1) [ span(d2) = V and span(d1) \ span(d2) = �.Notation. We denote the set of all compliments of instantiation-set d by X(d).Intuitively, the compliment of an instantiation-set d is the set of all r.v.s notinstantiated in d.Definition 4.11. For any two instantiation-sets d1 and d2 for B such thatspan(d1) \ span(d2) = span(d1 \ d2), we de�ne the join of d1 and d2 to be theinstantiation-set d constructed as follows:1. For all r.v.s A in span(d1), (A; a) 2 d i� (A; a) 2 d1.2. For all r.v.s A in span(d2), (A; a) 2 d i� (A; a) 2 d2.We denote this by J(d1; d2).Proposition 4.15. If d1 and d2 are complementary instantiation-sets for B, thenthe join of d1 and d2, J(d1; d2), is a complete instantiation-set for B.72



Proposition 4.16. Given an instantiation-set d for B,P (d) = Xd02X(d)P (J(d; d0)):In circumscribing explanations, r.v.s which do not causally a�ect the evidenceremain uninstantiated so as to prevent the undesirable a�ect of decreasing theprobabilities. In what follows, we present our formulation of circumscribing ex-planations by introducing the concept of well-founded instantiation-sets.Definition 4.12. An instantiation-set w is said to be well-founded for B = (V; P )i� for all r.v.s A 2 span(w), cond(A) � span(w).Basically, an instantiation-set is well-founded when the instantiation of a r.v.A implies that the r.v.s which causally a�ect A are also instantiated.Proposition 4.17. All complete instantiation-sets for B are well-founded for B.The following theorems will be very important to our computation of proba-bilities for well-founded instantiation-sets.Proposition 4.18. Let w be a well-founded instantiation-set for B and let w0 becomplimentary to w. The probability of the join of w and w0 isP (J(w;w0)) = YA2span(w)P (w(A)jw(cond(A)))� YA2span(w0)P (w0(A)jJ(w;w0)(cond(A))):Notation. Let v be a subset of V . �(v) is the set of all instantiation-sets forB = (V; P ) whose span is v.Theorem 4.19. Given a Bayesian network B = (V; P ), let v be a subset of V andq be an instantiation-set for B whose span is V � v, thenXw2�(v) YA2span(w)P (w(A)jJ(w; q)(cond(A))) = 1:Theorem 4.20. If w is a well-founded instantiation-set for B, thenP (w) = YA2span(w)P (w(A)jw(cond(A))):73



From Theorem 4.20, the probability of a well-founded instantiation-set for Bcan be computed in a straightforward manner like complete instantiation-sets forB. We will now proceed to show that 0-1 solutions for weakly induced constraintsystems are equivalent to well-founded instantiation-sets.Given a 0-1 solution s for L̂(B), we can construct a well-founded instantiation-set ws for B as follows: s(Aa) = 1 i� (A; a) 2 ws. To convert from a well-foundedinstantiation-set to a 0-1 solution again is slightly trickier. Given a well-foundedinstantiation-set w for B, construct a 0-1 solution sw for L̂(B) as follows: (1) Forall A in span(w), (A; a) 2 w i� sw(Aa) = 1, and (2) For all A in V � span(w),for all Aa in �(A), sw(Aa) = 0. For each conditional variable q in �Aa, set theappropriate value according Theorem 4.14.Theorem 4.21. If s is a 0-1 solution for L̂(B), then ws is a well-foundedinstantiation-set for B.Theorem 4.22. If w is a well-founded instantiation-set for B, then sw is a 0-1solution for L̂(B).From Theorems 4.21 and 4.22, there is a 1-1 and onto mapping between 0-1solution for the weakly induced constraint system and well-founded instantiation-sets for the Bayesian network.From this point on, let w be a well-founded instantiation-set for B.Theorem 4.23. �L(sw) = � log(P (w)):Definition 4.13. Let e be some evidence for B = (V; P ). We construct L̂e(B) =(�; Ie;  ) from L̂(B) = (�; I;  ) as follows: Let Ie = I [ I 0 where the constraintAa = 1 is in I 0 i� (A; a) 2 e. We say that L̂e(B) is weakly induced by B withevidence e.Definition 4.14. Given some evidence e for B and some instantiation-set w, wesay that w is a hypothesis for e i� w is consistent with e.Theorem 4.24. If s is a 0-1 solution for L̂e(B), then ws is a hypothesis for e.74



Theorem 4.25. If w is a hypothesis for e, then sw is a 0-1 solution for L̂e(B).Similarly to our earlier work involving complete instantiation-sets, when thereis some set of evidence given to be explained, we only want to consider thoseinstantiation-sets which are hypotheses for the evidence. Theorems 4.24 and 4.25above guarantee that the evidence also properly restricts the set of possible 0-1solutions we wish to consider.Now, we must show that the costs associated to each 0-1 solution are directlyrelated to the probability of the corresponding instantiation-sets.For the following theorems, assume that L̂ is weakly induced by a Bayesiannetwork B, w is a well-founded instantiation-set for B, and s is a 0-1 solution forL̂(B).Theorem 4.26. There exists a constant �e such that for all well-founded instant-iation-sets w consistent to e, �Le(sw) = �e � log(P (wje)).Theorem 4.27. w is a maximal well-founded instantiation-set for B with evidencee i� sw is an optimal 0-1 solution for L̂e(B).Theorem 4.26 guarantees that the ordering imposed on the well-foundedinstantiation-sets according to decreasing probabilities is exactly identical to theordering imposed on 0-1 solution according to ascending costs. Furthermore,computing the cost for a 0-1 solution immediately determines the probability ofits associated well-founded instantiation-set.In general, \realistically" designed Bayesian networks should work well underthe well-foundedness formulation. However, there still exists networks whichcause problems for well-foundedness. Our daydream problem is one such network.There is no instantiated evidence to be explained. Thus, by enlarging our set ofpossible explanations to well-founded instantiation-sets, we �nd that the best onefor our daydreaming problem is to simply not make any instantiations.While there is no evidence in our daydream problem, there is an idea thatthe person, Glenn, is concerned about dying and thus wishes to know the valueof the node Dead. We will formalize this idea by saying that some nodes are the\focus" of the problem. Here, the focus is Dead. We then want to �nd the values75



of the focus nodes by constructing the most likely scenario.Definition 4.15. A focus f in a given Bayesian network B = (V; P ) is a subsetof 2V . An instantiation-set w for B is said to be f -focused i� span(w) 2 f .Simply put, a focus is the collection of r.v. sets whose instantiations we maybe particularly interested in. In our daydreaming problem, if we wished to knowthe status of our being alive, each set in the focus would contain the r.v. Dead.On the other hand, if we are in the context of speaking with our travel agent,then our focus would have vacation spots for Location.We now de�ne our focused explanation problem as follows: Given a Bayesiannetwork B = (V; P ), some evidence e and some focus f , �nd a hypothesis w� fore which satis�es P (w�je) = maxw2W P (wje)where W is the set of all hypotheses for e such that w 2 W i� w is f -focused.Notation. Let A be a r.v. in B = (V; P ). We de�ne the cond(cond(A)) to be[B2cond(A) cond(B):Let cond�(A) to be the transitive closure of this operation.With this focusing approach, we can easily see that well-foundedness is aspecial case. The focus for well-foundedness is simply the single set[A2span(e) cond�(A):The best explanation generated will be precisely the hypothesis which maximizesthis focus.A similar notion of focusing in circumscribing explanations has previouslybeen discussed in [65]. However, the main di�erence between our approach andthe approach presented in [65] lies in the treatment of focusing. In [65], focusingis considered a special type of evidence called the (null) evidence. This typeof evidence simply requires that the r.v.s speci�ed must be instantiated. Theapproach then uses these (null) evidences and combines it with circumscribingexplanation in the hopes of solving problems like the daydream above. Basically,76



any r.v. which causally a�ects the special (null) evidence r.v. must be instantiated.However, as [65] points out, certain Bayesian networks do exist which results incounterintuitive solutions using their approach. For example, suppose we areinterested in whether we will live or not which involves making the r.v. Dead intoa (null) evidence. Also, suppose that our network was modi�ed such that Deadalso depended on Location. Our new Bayesian network can be represented by thefollowing conditional probabilities:P (Healthy = true) = :8P (Location = at homejHealthy = true) = 0P (Location = at homejHealthy = false) = 1P (Location = BarbadosjHealthy = true) = :1P (Location = BarbadosjHealthy = false) = 0P (Location = CaracasjHealthy = true) = :1P (Location = CaracasjHealthy = false) = 0. . . plus 8 more vacation spots with :1=0 conditional probabilities . . .P (Dead = true jHealthy = true; Location = at home) = 0P (Dead = true jHealthy = true; Location = <vacation-spot>) = 0P (Dead = true jHealthy = false; Location = at home) = 1P (Dead = true jHealthy = false; Location = <vacation-spot>) = 1According to the MPE criterion, the most-probable explanations for this networkis fHealthy = false;Dead = true; Location = at homegagain with a probability of :2. Since we must include the r.v. Dead, we must alsoinstantiate the r.v. Location thus returning us to our original problem of havingto instantiate everything.From our above discussion, our approach is di�erent in that it considersfocusing as the mechanism for determining which r.v.s to instantiate. It is ageneral approach which precisely de�nes the problem of computing incompleteinstantiation-sets. As we also saw above, well-foundedness is a special type offocusing under our approach. Similarly, the approaches found in [65, 67, 66] canalso be classi�ed within our model. 77



4.2 Belief UpdatingIn the previous sections, we have demonstrated how belief revision can be modeledusing our linear constraint satisfaction approach. We now show that we can alsomodel belief updating based on our constraints formulation of belief revision.The goal of belief updating is to determine the belief of an event given someevidence. Basically, given evidence e, we are attempting to �nd for each r.v. Aand instantiation a 2 R(A),Bel(A = a) � P (A = aje):4.2.1 FormulationWe begin our formulation by making a simple observation found in basic proba-bility theory. Let B = (V; P ) be a Bayesian network and let Q be a subset of r.v.sfrom V . Furthermore, let w be an instantiation-set for B such that span(w) = Q.Proposition 4.28. For any subset of r.v.s Q' such that Q \ Q0 = �,P (w) = Xspan(w0)=Q0 P (w [ w0):From Proposition 4.28, we can see that it is possible to compute Bel(A = a)given evidence e in terms ofBel(A = a) � P (A = a; e)P (e)where P (A = a; e) and P (e) can be computed byXspan(w)=V�fAg[span(e)P (w [ fA = ag [ e)and Xspan(w)=V�span(e)P (w [ e)respectively.As we can easily see, the joint probabilities involved in the summations arecomplete instantiation-sets for B. Thus, the probabilities can be computed in astraightforward manner in Bayesian networks.78



Obviously, the di�culty involved in directly applying this approach is theimmense number of complete instantiation-sets involved. The best we could hopefor is an estimate to the actual value.Basically, our approach is as follows: We are given evidence e and would liketo determine Bel(A = a). We generate a sequence of complete instantiation-setsI1; I2; . . .. As each instantiation-set is generated, we will update our estimate toBel(A = a) which we denote by B̂el(A = a). We continue this updating usingeach Ij generated until some criterion (such as a time limit) is met.We now have a very general outline of what our system should do. In orderto �ll in the gaps, we must be able guarantee that the estimates will convergeto the actual value and that the process of selecting and generating the com-plete instantiation-sets can be done in an e�cient and somewhat \goal-directed"manner.We compute our estimates as follows: Let I1; I2; . . . be a sequence of completeinstantiation-sets. De�ne a function q :W �W �! f0; 1g where W is the set ofall instantiation-sets for B such that q(w; ŵ) = 1 i� ŵ � w. We de�ne the jthestimate of Bel(A = a) as B̂elj(A = a) = P̂j(A = a; e)P̂j(e) (17)whereP̂j(A = a; e) = P̂j�1(A = a; e) + q(Ij; fA = ag [ e)P (Ij) and P̂0(A = a; e) = 0and P̂j(e) = P̂j�1(e) + q(Ij; e)P (Ij) and P̂0(e) = 0:The following proposition follows straightforwardly:Proposition 4.29. If Ij 6= Ik for all j 6= k, then the sequence must be of �nitelength, that is, I1; I2; . . . ; In.It is necessary to make the assumption that the sequence of instantiation-sets is unique. Otherwise, we would be incorrectly re-using information that hadalready been incorporated into our computations.79



Theorem 4.30. If Ij 6= Ik for all j 6= k, then there exists some integer N suchthat B̂elN(A = a) = Bel(A = a).The above theorem guarantees that our computations will converge to thecorrect value. Now having shown that the computations will work for any se-quence of distinct instantiation-sets, we must now consider which sequence maybest suit our needs.The simplest method for generating sequences would be to arbitrarily makeinstantiations for each r.v. Basically, each possible instantiation of a r.v. wouldhave an equal chance of being realized in any instantiation-set created. Themain di�culty with this simple approach is that an inordinate amount of timemay be wasted in generating instantiation-sets with \insigni�cant" probabilities.For example, there may only be a small number of complete instantiation-setswhose probabilities summed together constitute the \mass" of the probabilitydistribution. For example, of a million possible complete instantiation-sets, onlya thousand of them together constitute .75 of the distribution.An improved approach would be to �rst start at root nodes, that is, nodeswith no incoming arcs, and make instantiations which are weighted accordingto the prior probabilities. For example, let A be a r.v. with prior probabilitiesP (A = true) = 0:8 and P (A = false) = 0:2. Thus, there is an 80% chance ofassign A to true and only 20% to false. After the root node instantiations havebeen made, we proceed in a top-down manner and consider instantiations forthose nodes which are dependent only on root nodes. The possible instantiationsare then weighted against the appropriate conditional probability entries. Forexample, let B be a r.v. dependent on A with conditional probabilities P (B =true jA = true) = 0:6 and P (B = true jA = false) = 0:3. Assuming that A hasbeen instantiated to true, we would consider the instantiation to be with weightsof 0:6 for true and 0:4 for false. As we can clearly see, a r.v.s instantiation cannotbe determined until all the r.v.s it depends on have already been instantiated,thus forcing a top-down construction paralleling the causality information builtinto the topology of the network. This sort of approach was introduced in [24]called logic sampling. 80
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P(C=T | A=T, B=T) = p1
P(C=T | A=T, B=F) = p2
P(C=T | A=F, B=T) = p3
P(C=T | A=F, B=F) = p4Fig. 4.3. Simple Bayesian network.Still, eventhough logic sampling takes into account a fair amount of informa-tion inside the Bayesian network, its approach can also miss those \signi�cant"instantiation-sets. For example, consider our simple Bayesian network in Fig-ure 4.3 with actual probabilities:P (A = true) = 0:1P (B = true) = 0:8P (C = true jA = true; B = true) = 0P (C = true jA = false; B = true) = 0P (C = true jA = true; B = false) = 1P (C = true jA = false; B = false) = 0Assume our evidence is that C = true. If we choose according to the most likelyinstantiations, we initially get false for A and true for B. Since C must be true,our �rst complete instantiation-set would be fA = false; B = true; C = trueg. Butit has a probability of 0! The best and only signi�cant complete instantiation-setis in fact fA = true; B = false; C = trueg with probability 0:02 and it is the leastlikely instantiation-set of the four to be chosen.The above discussion strongly suggests that avoiding processing very low81



probability complete instantiation-sets is very desirable. Thus, we would wishto somehow only generate those instantiation-sets which are deemed signi�cant.We could say that a complete instantiation-set is \most-signi�cant" when it hasthe highest probability of those consistent with the evidence. Furthermore, if wecould start with the most-signi�cant and continue down the list in order of \nextmost-signi�cant", then we could begin to accumulate the \mass" of the proba-bilities in the fastest manner. Indeed, we can prove this statement as follows.Definition 4.16. Given a Bayesian network B = (V; P ) and evidence e, a se-quence of complete instantiation-sets I1; I2; . . . ; In for B is said to be an I-sequenceof e if and only if e � Ij for j = 1; . . . ; n and Ij 6= Ik for all j 6= k. Furthermore,an I-sequence is said to be complete if any complete instantiation-set consistentwith e can be found in the I-sequence.Definition 4.17. Given a Bayesian network B = (V; P ), evidence e and a com-plete I-sequence of e, I = I1; . . . ; In, we de�ne the mass of e with respect toI1; . . . ; In, M(e; I) = nXj=1P (Ij):Proposition 4.31. Given a Bayesian network B = (V; P ), evidence e and anytwo complete I-sequences of e, I and I 0, M(e; I) =M(e; I 0).From Proposition 4.31, the mass of evidence e is independent of whichevercomplete I-sequence of e we choose. We will simply denote the mass of e byM(e).Definition 4.18. Given a Bayesian network B = (V; P ), evidence e and twocomplete I-sequences of e, I and I 0, I is said to mass-faster than I 0 if and only iffor all j = 1; . . . ; n where n is the number of complete instantiation-sets in I orI 0, jXk=1P (Ik) � jXk=1P (I 0k):Furthermore, we say that I is mass-fastest if it is mass-faster than any otherI-sequence for e.This now leads to our following theorem:82



Theorem 4.32. Given a Bayesian network B = (V; P ) and evidence e, an I-sequence of e which instantiation-sets are sorted in order of decreasing probabili-ties is mass-fastest.With the above theorem showing us which I-sequence we wish to generate,we must now consider how to go about doing it. So, we must somehow generatecomplete instantiation-sets which are consistent with e and in order of decreas-ing probability. As it turns out, the complete instantiation-set with the highestprobability and is consistent to e is exactly the best explanation for e. Andas we well know from above, we can solve for the best explanation using ourlinear constraint satisfaction approach. Furthermore, the remaining completeinstantiation-sets that needs to be generated correspond to the alternative expla-nations which we can also generate. Therefore, we will perform belief updatingby actually performing belief revision.Combining (17) and our linear constraint satisfaction system for belief revisionwill provide us with estimates on the actual belief values.4.2.2 Selective UpdatingSo far, we have assumed that we are interested in updating the beliefs of all ther.v.s. We now proceed to present a more specialized algorithm to handle the casewhere we are only interested in the updated beliefs of a single variable. Considerthe following scenario: Suppose for a r.v. A, there exists an a 2 R(A) suchthat P (A = aje) = � and � � P (A = bje) for all b 2 R(A) and b 6= a. We alsoassume that P (e) > 0. So, for the purpose of our discussion, assume that � = :95.Since, P (A = aje) is such a dominating value, we know P (fA = ag; e) to be asigni�cant portion of P (e). Furthermore, P (fA = ag; e) will generally be formedfrom a collection of explanations for e which constitutes almost all the mass fore and thus usually be one of the best explanations for e around. In terms of themass-fastest I-sequence for e, the top I-sequence explanations will be those alsoconsistent with fA = ag. Obviously, the estimates for P (A = bje) when a 6= bwill basically stay near zero. In general, we are interested in rough estimates ofwhat our updated beliefs are. We tend to be just interested in which is the most83



likely instantiation and how dominating the estimate seems to be compared tothe remaining instantiations. However, to allow for cases where better numericalestimations are desired, our approach can be naturally modi�ed as follows:Let A be the r.v. we are interested in �nding the belief of given evidence e andR(A) = fa1; . . . ; ang. Intuitively, if we �nd the best explanations for e[fA = aigfor each i = 1; . . . ; n, this should give us a good approximation to for Bel(A).Basically, we computeB̂el0(A = ai) = T0(fA = aig; e)Pnj=1 T0(fA = ajg; e) (18)where T0(fA = aig; e) = maxw2W (fA=aig[e)�wP (w)and W is the set of all complete instantiation-sets. Obviously, the sum in thedenominator is an approximation of P (e). We can easily compute T0(fA = aig; e)by treating fA = aig [ e as new evidence e0 and running our belief revisiontechnique to �nd the best explanation for e0.20After �nding all the best explanations, we can further re�ne our initial esti-mates by considering the alternative explanations in a somewhat directed manneras follows: Of the best explanations, choose i such that T0(fA = ai; e)g is maxi-mal. Now, �nd the next best explanation for fA = aig [ e. Let T1(fA = aig; e)be the probability of the next best explanation. We can take this new expla-nation and incorporate it into our estimation. The basic process continues bydetermining among which of the unselected explanations including this new onehas the highest probability. We then proceed to �nd the next best explanationfor it. Thus, we are again generating a complete I-sequence for e which is alsomade up of distinct elements. According to Theorem 4.30, our I-sequence willguarantee that our estimations will converge to the proper probabilities.20When we have a probability of 0, which can certainly occur, in one of the T0(fA = aig[ e),we know that the negative log is in�nity. So, to deal with this problem, we simply change the0 to some arbitrarily small yet positive value.84



4.2.3 Quick SamplingIn large knowledge-bases, we often run into the phenomena where given an expla-nation, changing the state of a r.v. hardly a�ects the �nal joint probability, thatis, the probability of the new explanation barely di�ers from that of the original.Return to our story about Mary: Mary walks outside and �nds that the streetand lawn are wet. She concludes that it has just rained recently. Furthermore,she decides that she does not need to water her climbing roses. We have theBayesian network in Figure 4.1. Now, assume that we also included informationabout the color of Mary's blouse in a new r.v. Marys-blouse-color. Obviously,this information should have very small impact on the rest of our network andconsequently is not attached to any other r.v. in the network. Furthermore, thecolor of her blouse is almost equally likely to be any color.Since any explanation must be a complete instantiation-set, the addition ofthe new r.v. has increased the number of possible explanations by a factor of thenumber of r.v. states. Also, since the blouse color can be anything, there will bea multiple number of explanations with maximal probability.Obviously, this can be solved by using the focusing methods found in Sec-tion 4.1.3. However, consider the domain of fault detection in circuit diagnosiswhere the r.v.s tend to be very deterministic in nature, that is, made up of logicgates such as OR-nodes. The phenomena arises when given an OR-node, we havemultiple inputs (or, r.v.s) with which to activate a gate. These inputs each couldhave the same probability of being realized.Observe that this phenomena often just involves some state changes. Also,calculating the new probability of such state changes can be done in a very localmanner. We would simply divide out the original conditional probabilities andmultiply in the new ones. So, given an explanation, we can go and generate anew set of explanations by taking the given one and \
ipping" some of its statesin di�erent combinations. Of course, there is a limit on how many you generatesince we could have conceivably gone through and tried all di�erent combinationsfrom the original which although may give us the exact solution to the updating,however, this becomes an exercise in combinatorics.85



Basically, our goal is to use the current best explanation as a template and 
ipr.v.s in order to catch our somewhat \redundant" ones. The process is certainlyinexpensive up to a certain point.4.2.4 Hill-ClimbingBy using the Simplex method in our search for the best-explanation, we are en-gaging in a hill-climbing process. We proceed towards our answer by continuallylooking for better solutions. With this in mind, it seems that our search for thebest explanation is proceeding through explanations which are increasingly bet-ter. Up to this point, we have been interested only in the best explanation. Sincethese intermediate solutions might provide other \good" explanations, we shouldconsider using this free information.Although Simplex is performing a hill-climbing search, the solution space ituses is continuous and hence non-integral. (Recall our discussion in Section 3.2concerning non-integral solutions.) Thus, the intermediate solutions our Simplexmethod generates may not be integral. This implies that we cannot directlyconstruct an explanation.Given a r.v. A with R(A) = fa1; . . . ; ang, unless there exists an i such thatAai = 1 and Aaj = 0 for all j 6= i, we cannot determine an instantiation for Aaccording to our strict de�nitions. Yet, consider the following: Each assignmentof values to the real variable is governed by the constraints and the objectivefunction in De�nition 4.7. The objective function itself is an embodiment of thejoint probability distribution of the given Bayesian network. Thus, these partialsolutions provide strong indicators as to what instantiations should be made.Recall earlier our discussion of the logic sampling approach and its di�cultywith evidence in the non-root r.v.s. Some global scheme is desirable to direct theinstantiations. It seems that our partial solutions should provide us with such amechanism.Assume we have a non-integral solution Q for our Bayesian induced constraintsystem. Let Aa1; . . . ;Aan be the real variables associated with r.v. A such thatthere exists some i where Aai is non-integral. In our transformation to constraint86



systems, we know that Aa1 � 0 andnXj=1Aaj = 1: (19)Thus, Aa1; . . . ;Aan directly provides us with a weighting scheme on how to choosethe proper instantiations in order to create an explanation. From here, there area variety of methods to construct the explanations. We could either simplychoose the instantiation with the largest associated weight or use the weights aslikelihoods and perform some limited stochastic simulations.4.3 Other ModelsIn the above subsections, we demonstrated that Bayesian networks can be mod-eled through linear constraint satisfaction. Bayesian networks are by far one ofthe most commonly used models for probabilistic reasoning. This is mainly dueto the model's success at formulating various tasks and actually solving the moresimpler ones in a reasonable amount of time. Almost all alternative uncertaintymodels have failed to provide working implementations.Models which are closely related to Bayesian networks can also be formulatedusing linear constraints as well. For example, Markov random �elds [27, 33].4.4 DiscussionWe have just demonstrated that our linear constraint satisfaction approach cancompletely model Bayesian networks. In particular, the reasoning task of be-lief revision and belief updating can be solved using our tools and techniques.Furthermore, we have demonstrated that our approach can avoid the limitationscurrently su�ered by existing methods. Generating alternative explanations areavailable through our formulation. This should provide us with some idea as tothe representational capabilities of our linear constraint satisfaction approach.Although our experiments in cost-based abduction were rather successful,our approach to belief revision may easily su�er the exponential explosions in thesize of the conditional probability tables. For example, consider image processingwhere each pixel is represented by a r.v. [19].87



Yet, of the other existing algorithms for performing belief revision, namelyPearl's message-passing scheme [41] and Shimony and Charniak's cost-based ap-proach [68], message-passing is incapable of generating alternative explanationswhile the cost-based method su�ers from the heuristic problems outlined in Sec-tion 3. Given this dearth of algorithms, we believe ours to be a plausible alterna-tive. Through various tests, we have noticed that our method performs best onhighly deterministic networks, that is, networks whose conditional probabilitiesare near 0 or 1.For belief updating, we compared our approach against stochastic simulationmethods [72, 34, 28, 10, 24, 62]. We found that our approach performed muchbetter than stochastic simulation on highly deterministic networks. Basically, aswe discussed earlier, simulation approaches could very rarely come up with ananswer on these types of networks. On the other hand, our approach (withoutour suggested optimizations) is much slower on networks which have very 
atdistributions. We incur a higher overhead than the simulation techniques. Still,our formulation can easily solve a class of networks which have proven to bestumbling blocks for the simulation methods.In the remainder of this section, we present some preliminary results on analternative constraints formulation for Bayesian networks which seems quite in-teresting. This new formulation attempts to address some of the limitationsfound in the current one. New tools and techniques are also provided for solvingthis new system.4.5 Near-Continuous Random VariablesThe allure of Bayesian networks stems from its robust yet simple modeling ofthe world. As we have seen, it is capable of modeling abduction as well as beliefupdating. Furthermore, its graphical representation provides a �rm foundationfor modeling causality and causal inferencing.Unfortunately, inherent in Bayesian networks is the potential for exponentialexplosions in the size of its conditional probability tables. Obviously, the mainfactor is the number of parents a node has plus the number of instantiations88



each parent has. Even having a small number of parents but a large number ofinstantiation sets for each can become quite prohibitive.This implicit restriction has been the crux of Bayesian network's crudity atmodeling quantitative information. Common information such as time and dis-tance are often poorly modeled with discrete coarse approximations to avoid thecombinatorial explosion.We now present a method which may provide a �ner grained discretization ofquantized data without the exponential explosion. Although we are still dealingwith discrete r.v.s, the level of discretization we wish to consider prompts us tocall these near-continuous r.v.s.4.5.1 FormulationBasically, our current formulation for belief revision is �rmly tied to the sizesof the conditional probability tables. Each entry in the table will be associatedwith some unique real variable in the constraint system. To avoid the possibleexponential explosion, our approach is to compress the information found in thetables. Through the use of functions we call splining functions, we could reducethe entire table and store it as a simple function. Ideally, we would like to have atable reduced to a single splining function, but multiple functions are still moredesirable than having the explicit table as we shall see. These splining functionsmap sets of real numbers to a single real number. The set of real numbers willbe used as indices to fetch the appropriate conditional probabilities. But �rst,we must map the di�erent possible instantiations for a r.v. to real values.Notation. Q is the set of rational numbers. Q+ is the set of positive rationalnumbers.Let B = (V; P ) be a Bayesian network.Definition 4.19. Given a r.v. A in V , a one-to-one and onto mapping EA fromR(A) to fq1; q2; . . . ; qng where qi 2 Q+ is called an encoder for A.Let EB be a collection of encoders for the r.v.s in V such that there is exactlyone encoder for each r.v. Intuitively, encoders provide a total ordering on thepossible instantiations for a r.v. Furthermore, it provides a mechanism for 
exibly89



transforming/reorganizing our instantiations to a possibly more useful form orinterpretation as we shall see.Notation. r(A) = fP (A = ajC1 = c1; . . . ; Cn = cn) 2 P ja 2 R(A)gIf we have multiple splining functions, then we must have a way of determiningwhich one to use given an instantiation. By restricting which entries in a tablemay be grouped with other entries, we can provide such a mechanism.Notation. Let �(A) be a partition on r(A) and o to be a cell in �(A). We de�neextent(A; o) to be be all the di�erent instantiations of A which appear in o.Definition 4.20. Given a r.v. A in V andr(A), assume cond(A) = fC1; . . . ; Cng.Let �(A) be a partition on r(A). We say the �(A) is contiguous with respect toEB if and only if for each cell o in �(A), the following condition holds:� For all r.v. B in fAg[cond(A), there does not exist a b 2 R(B) such that bis not in o and EB(b) is in the interval from minij EB(bij) to maxij EB(bij).� Let r(A) consists of conditional probabilities of the formP (A = ajC1 = c1; . . . ; Cn = cn):For all collections fa0; c01; c02; . . . ; c0ng such that a0 2 extent(A) and c0i 2extent(Ci) for i = 1; . . . ; n,P (A = a0jC1 = c01; . . . ; Cn = c0n) 2 o:Intuitively, we can view a contiguous partition as follows: For each r.v. Binvolved in r(A), somehow uniquely number the instantiations R(B). We nowconstruct a hypercube whose axes correspond to each r.v. B in r(A) boundedby the minimum and maximum values of the numbering on R(B). A contiguouspartition of r(A) will cut up the hypercube into a set of smaller hypercubesbased on the instantiation numbering.Definition 4.21. Let �(A) be a contiguous partition with respect to EB. For eachcell o in �(A), we associate a function So;EB from <n+1 to < such thatSo;EB(EA(a); EC1(c1); . . . ; ECn(cn)) = P (A = ajC1 = c1; . . . ; Cn = cn) (20)90



where EA; EC1 ; . . . ; ECn are the encoders found inEB and a 2 R(A); c1 2 R(C1); . . .n 2 R(Cn):We call So;EB a spline for o. Let S�(A);EB be a collection of splines associated withpartition �(A). We call S�(A);EB a spline-set for A.Let SEB be a set of spline-sets such that each r.v. A in B is associated withexactly one spline-set.Notation. Given S�(A);EB , since �(A) is a partition, for any a 2 R(A); c1 2R(C1); . . . cn 2 R(Cn), So;EB(EA(a); EC1(c1); . . . ; ECn(cn))will unambiguously refer to the appropriate spline function de�ned in S�(A);EB.Similarly, given SEB , since all our conditional probability tables are unique,for any a 2 R(A); c1 2 R(C1); . . . cn 2 R(Cn),SEB(EA(a); EC1(c1); . . . ; ECn(cn))will unambiguously refer to the appropriate spline function de�ned in SEB .We now rede�ne our notion of a Bayesian network.Definition 4.22. Given a Bayesian network B = (V; P ), let EB be a collectionof encoders and SEB be a collection of spline-sets. We de�ne a splined Bayesiannetwork to be a 3-tuple B = (V;EB;SEB).We now de�ne the analogue of instantiation-sets for the splined Bayesiannetworks.Definition 4.23. Given a well-founded instantiation set w for B, we de�ne thespline probability, Ps for B asPs(w) = YA2span(w)SEB(w(A); w(cond(A))) (21)where w(cond(A)) expands appropriately to fw(C1); . . . ; w(Cn)g.Theorem 4.33. Given a well founded instantiation set w, P (w) � Ps(w).91



The above theorem shows that our splining probability is equivalent to ournormal probability function. Thus, we can substitute splining probability func-tions into our computations for belief revision.Theorem 4.34. Any Bayesian network can be modeled as a splined Bayesiannetwork.We now proceed to show how we can transform splined Bayesian networksinto linear constraint satisfaction problems.Clearly, a splined Bayesian network B = (V;EB;SEB) induces a partition onthe original conditional probabilities P . Let [P ]B denote this induced partitioning.Furthermore, a splining function from SEB is uniquely associated with each cell inthe partition. If d is a cell in [P ]B, then Sd will uniquely denote the appropriatesplining function.We say that a r.v. instantiation fA = ag appears in a cell in [P ]B if there existsa conditional probability in the cell of the form P (C0 = c0jC1 = c1; . . . ; Cn = cn)where for some i = 1; . . . ; n, Ci � A and ci � a.Definition 4.24. Given a r.v. A and a splined Bayesian network B, we de�nethe partition on R(A) induced by B as follows: a1; a2 2 R(A) both belong in thesame partition if and only if for all cells, d in [P ]B, fA = a1g appears in d if andonly if fA = a2g appears in d. We call this partitioning the capsulation of A byB and denote it by [A]B.Theorem 4.35. Given any cell d = fa1; . . . ; akg in [A]B where EA(ai) < EA(ai+1),there does not exist b 2 R(A) such that EA(a1) < EA(b) < EA(ak) and b 6= ai fori = 1; . . . ; k.Definition 4.25. Given a splining function S 2 SEB , we say that S is e-continuous if and only ifSo;EB(EA(a); EC1(c1); . . . ; ECn(cn)) � ek0EA(a)+k1EC1(c1)+...+knECn(cn)+kfor some constants k; k0; k1; . . . ; kn. We say that SEB is e-continuous if and onlyif all splining functions in it are also e-continuous.Without going into detail, we must generalize our notion of constraint systems.92



Previously in cost-based abduction and belief revision, we restricted our variablesto values of 0 and 1. We generalize this by allowing variables to to be restrictedto sets of real values. In doing so, we also generalize our notion of a 0-1 solutionto the notion of a permissible solution as a solution which satis�es all the valuerestrictions as well as constraints.We begin our construction as follows: Let B = (V;EB;SEB) be a splinedBayesian network and SEB be e-continuous. For each r.v. A in V , construct areal variable xA whose values are restricted to fEA(a)jEA 2 EB and a 2 R(A)gand a 0-1 restricted variable yA. Next, arbitrarily label each cell in [A]B byfdA;1; dA;2; . . . ; dA;ng. For each cell in fdA;1; dA;2; . . . ; dA;ng, construct a new 0-1restricted variable xda;i. Construct the following constraints:yA + nXi=1 xdA;i = 1 (22)For each dA;i, xA � mina2dA;iEA(a) � �M(1 � xdA;i) (23)xA � maxa2dA;i EA(a) �M(1 � xdA;i) (24)xA �M(1 � yA) (25)where M is some arbitrarily large positive constant. Intuitively, xdA;i is used to\detect" whether xA falls within a particular interval de�ned by the partitioning,yA indicates whether A is instantiated or not, and xA represents the instantiatedvalue if any.We now must guarantee that when a r.v. A is instantiated, then all the r.v.sin cond(A) must also be instantiated. We can guarantee this by simply addingthe following constraint for each r.v. A:yA � 1j cond(A)j XB2cond(A) yB (26)From our de�nitions above, we can unambiguously associate a splining func-tion S in SEB with some r.v.s fAg [ cond(A). Furthermore, using our encodermappings, we describe the domain of S as a cross product of intervals on real vari-ables associated with the r.v.s. For example, let �(A) be the partition on r(A)93



associated with S. According to De�nition 4.21, for each r.v. B in fAg[cond(A),there exists a set of instantiations of B, fB = bi1; . . . ; B = bikg in the cell associ-ated with S in �(A) such that there does not exist an instantiation fB = cg wherec 6= bij for all ij and EB(c) is in the interval from minij EB(bij) to maxij EB(bij).Thus, we only need the min and the max values to describe the` domain for S.Also, remember that we want to incorporate S into our probabilistic computa-tions only when the r.v.s are instantiated within its restricted domain. Let usdenote the interval for a r.v. A for splining function S by [min(A;S);max(A;S)].We now proceed with our construction. For each splining function S involving ther.v.s fC1; . . . ; Cng, we construct the new variables xCi;S which are virtual copiesof xCi constructed above. For each [min(Ci; S);max(Ci; S)], if there does notyet exist a 0-1 variable which detects whether xCi is in [min(Ci; S);max(Ci; S)],create a new 0-1 variable dCi;S with the following constraints: For each dA;i,xCi �min(Ci; S) � �M(1� dCi ;S) (27)xCi �max(Ci; S) �M(1 � dCi ;S) (28)Now, continue and construct a new 0-1 real variable dS adding the followingconstraints: dS � n� nXj=1 dCj ;S + 1 (29)dS � 1n nXj=1 dCj ;S (30)For each i, xCi;S � xCi �M(1 � dS) (31)xCi;S � xCi +M(1 � dS) (32)xCi;S �MdS (33)dS is used to indicate whether S will be used. If so, copy the values into thevirtual copies and make the computations necessary based on the virtual copies.We complete our transformation by de�ning an appropriate objective func-tion. For each splining function S in SEB , introduce the following terms into the94



objective function: Assume thatSo;EB(EA(a); EC1(c1); . . . ; ECn(cn)) � ek0EA(a)+k1EC1(c1)+...+knECn(cn)+k:The terms to be added are � kdS � nXi=1 kixCi;S (34)We now must show that the solution space de�ned by our induced constraintsystem is equivalent to the space of all well-founded instantiation-sets for theBayesian network. We begin by providing a transformation from permissibleassignments in our constraint systems to instantiation-sets. Let s be a permissiblesolution. We can construct an instantiation-set w[s] as follows: For each r.v. A inV , A is instantiated if and only if s(xA) > 0. Since our encoders our one-to-oneand onto, then the inverse (or, called decoder) exists and we denote them by E�1A .If s(xA) > 0, then w[s](A) = E�1A (xA).Conversely, given a well-founded instantiation-set w, we can construct a per-missible assignment s[w] as follows: For each r.v. A in V , if A is instantiatedin w, then s[w](yA) = 0 and s[w](xA) = EA(w(A)). If A is not instantiated inw, then s[w](dA) = 1 and s[w](xA) = 0. Furthermore, if A is instantiated, weproperly activate the appropriate interval detectors. Finally, according to theinstantiation-set w, we can easily determine which splining functions are active.s[w](dS) = 1 if and only if S is an active splining function according to w. And, ifS is active, then copy s[w](xCi;S) = s[w](xCi) for all i involved with S. Otherwise,s[w](xCi;S) = 0.Theorem 4.36. w is a well-founded instantiation-set for B if and only s[w] is apermissible solution for the induced constraint system.Having shown the equivalence, we can prove the following theorem on theprobabilities being calculated.Theorem 4.37. P (w) = e��(s[w]):Therefore, the optimal permissible solution for our induced constraint systemwill be the best well-founded instantiation set.95



One �nal note to our formulation is that we must also incorporate the notionof evidence. Evidence, we recall, can either be the requirement that a r.v. beinstantiated with a certain value or that the r.v. simply be instantiated. Forthe �rst case where a r.v. A must be instantiated to a, we simply include theconstraint xA = EA(a). When it just needs to be instantiated to some value, weinclude the constraint xA >= mina2R(A)EA(a). Thus, we can proceed with ourbelief revision computations like we did earlier in this section.What we have attempted to do in this formulation is to avoid the combi-natorial explosion of O(jR(A)j � jR(C1)j � . . . � jR(Cn)j) by compressing it toO(jR(A)j + jR(C1)j + . . . + jR(Cn)j). Our goal is to �nd such an optimal com-pression by manipulating encoders and splining functions.4.5.2 Branch and Bound For Permissible SolutionsSince we have generalized our restrictions on what values a real variable mayattain from simple 0 and 1, we must modify our branch and bound algorithmappropriately to guarantee that we generate permissible solutions.Notation. Let x be a real variable and fk1; k2; . . . ; kng be its permissible valuessuch that ki < ki+1. We de�ne the following functions:bkcx = maxki�k kidkex = minki�k kiSimilar to our original branch and bound algorithm, the basic idea is as fol-lows: To �nd an optimal permissible solution, we solve a sequence of linearprograms. This sequence can be represented by a tree where each node in thetree is identi�ed with a linear program that is derived from the linear programson the path leading to the root of the tree. The root of the tree is identi�ed withthe linear program induced by our constraint system. The linear programs alongthe nodes of the tree are generated using the following schema: Consider s0, theoptimal solution to our initial linear program denoted lp0. If s0 is a permissiblesolution, then we are �nished. Otherwise, we choose some non-permissible vari-able assignment x in s0 and de�ne two new problems lp1 and lp2 as descendants96



of lp0. lp1 is identical to lp0 except for the additional constraint x � ds0(x)ex,and lp2 is identical to lp0 except for the additional constraint x � bs0(x)cx. Notethat the two new problems do not have s0 as their optimal solutions. Since weare looking for a permissible assignment, the optimal permissible solution mustsatisfy one of the additional constraints.As we can clearly see, we now proceed in a similar fashion to our branch andbound method for 0-1 problems.Algorithm 4.2. Given a constraint system L = (�; I;  ), �nd its optimal per-missible solution.1. (Initialization) Set CurrentBest := � and ActiveNodes := f(I; 0)g.2. If ActiveNodes = � then go to step 15. Otherwise, let lp be some linearprogram in ActiveNodes.3. ActiveNodes := ActiveNodes � flpg.4. Compute the optimal solution sopt for lp using Simplex, etc.5. If sopt is a permissible solution, then go to step 12.6. (Bound) If CurrentBest 6= � and �L(sopt) > �L(CurrentBest), then go toStep 2.7. (Branch) Choose some variable x 2 lp whose value in sopt is non-permissible.8. Set I1 := I [ fx � bsopt(x)cxg and I2 := I [ fx � dsopt(x)exg9. Create two new linear programs:lp1 := (I1;�L(sopt)) and lp2 := (I2;�L(sopt)).10. ActiveNodes := ActiveNodes [ flp1; lp2g.11. Go to step 2.12. (Permissible solution)If CurrentBest = � or �L(sopt) < �L(CurrentBest), then CurrentBest :=sopt.13. (Pruning) Remove from ActiveNodes all linear programs whose lower boundsare greater than �L(CurrentBest).14. Go to step 2.15. (Solution) Print CurrentBest. 97



5 Cyclicity and Generalized Cost-Based Ab-ductionCost-based abduction is restricted to those knowledge bases which are acyclicin nature. It requires that there cannot be two propositions A and B in theknowledge base where the following conditions occur:� A can be used in a proof for B.� B can be used in a proof for A.In the most degenerate case where A =) B and B =) A are both in theknowledge base, if we had as evidence that B is true, then A can be assigned trueto prove B. Furthermore, since B is already true, we can use it now to prove A.Thus, no other propositions need to be assigned true to explain B! Clearly, thisexplanation is counter-intuitive and provides little information. Also, since noneof the hypotheses are used, no cost is incurred which can make this explanation,the best explanation.A more sophisticated example involving cyclicity often occurs in the rule basesof the wimp story understanding system [3, 23, 22]. In its knowledge base, youcan �nd the logical rules: (foo a) ^ (= a b ) =) (foo b)(foo b) ^ (= a b ) =) (foo a)A method is available in wimp to eliminate this logical cyclicity. However, it israther ad hoc.A similar situation arises in Hobbs et al. [26] where we �nd the rules:(dog x) =) (mammal x)(mammal x)^ (dog-features x) =) (dog x)The second rule is needed by [26] (and probably by most cost-based schemes) toallow us to use the fact that \something is a mammal" as (weak) evidence thatit is a dog. Our (dog-features x) corresponds to the etcetera attribute, (etc x),found in [26].Finally, cyclicity can also occur in modeling causal information. Suppose weare modeling faulty electrical outlets. Furthermore, suppose that our television98



set and radio are both plugged into such an outlet. Being faulty, when the fuseis blown in one of the components, the accompanying surge causes the other fuseto also blow. In this case, it is possible that a better axiomatization could solvethe problem. However, there is no such solution for the logical case above. Thus,cyclicity must somehow be faced.Since abduction is a backward chaining process on the logical rules, the searchfor the best explanation in cost-based abduction can be performed as a graphsearching problem. Starting from the evidence, we proceed backwards to the hy-potheses through the implications. In this way, we build many partial proofs touse as guides for determining the least cost proof. Introducing cyclicity compli-cates the problem because explicitly chaining backwards though the implicationscan end up in an in�nite loop.In this section, we present an approach to the problem of cyclicity in cost-based abduction. We arrived at our solution by studying cyclicity under linearconstraint satisfaction. The solution itself represents a natural extension of ourconstrained optimization approach and remains a linear constraint satisfactionformulation.5.1 Generalized Cost-Based AbductionWe now address the issue of cyclicity and present a generalization to cost-basedabduction. Consider the following set of rules:(foo a)^ (= a b ) =) (foo b)(foo b)^ (= a b ) =) (foo a)a-stu� =) (foo a)b-stu� =) (foo b)We can easily see that this set of rules is cyclic.Again, we observe the following: If (= a b ) is true, then (foo a) could beexplained by (foo b) and vice versa. Invariably, this is an explanation undercost-based abduction and will most likely be the best one.Intuitively, to avoid this type of \self-supporting" anomaly, a proper explana-tion must guarantee that some \outside" agent be present, such as either a-stu�99



to explain (foo a) or b-stu� to explain (foo b), when (foo b), (foo a) and (= a b )are all true. For this fairly simple case, we can easily enumerate the desiredbehavior as follows:� When (foo a), (foo b) and (= a b ) are all true, then either b-stu� or a-stu�must be true.� When (foo a) = true and (= a b ) = false, then a-stu� must be true.� When (foo b) = true and (= a b ) = false, then b-stu� must be true.� When (foo a) = (foo b) = false and (= a b ) is either true or false, thennothing special needs to be done.� The remaining states are inconsistent and must be prevented from occur-ring.From the above behavior list, we can make the following observation: Properlogical reasoning requires that propositions never support themselves. Acyclicitysimply gives us a single unique partial ordering on the propositions. On the otherhand, cyclicity can actually be viewed as providing multiple partial orderings. Inour above example, consider the �rst behavioral item and pick a-stu� to be false.What we have e�ectively done is choose the following proof sequence:1. b-stu� and (= a b ) are both true.2. (foo b) is implied by b-stu�.3. Since (= a b ) is also true, this implies that (foo a) is true.In terms of causality, we can see this as: Causal reasoning is an inherentlytime-dependent process since obviously causes must temporally precede e�ects.Thus, when attempting to explain the occurrence of some given event, we aretemporally ordering all the other events which lead up to it.When we consider the problem in terms of our cost-based abduction graphs,we �nd that our waodags clearly re
ect unique partial orderings. Any expla-nations constructed under cost-based abduction properly determined the proofsequence. By adding cyclicity, these new more general graphs can be viewed ascollections of waodags. Our goal now is to be able to form proper explanations.We now present our new model of cost-based abduction called generalizedcost-based abduction. 100



Definition 5.1. A cost-based graph is a 4-tuple (G; c; r; S), where1. G is a directed graph, G = (V;E).2. c is a function from V � ftrue; falseg to <, called the cost function.3. r is a function from V to fand;org, called the label.4. S is a subset of V � ftrue; falseg called the evidence.Clearly, a cost-based graph is a generalization of our original waodags.Definition 5.2. Given a cost-based graph Z = (G; c; r; S) where G = (V;E), asolution graph Gs = (Vs; Es) for Z is a subgraph of G which satis�es the followingconditions:1. Gs is acyclic.2. If q 2 Vs and r(q) = and, then Dq � Vs and (p; q) 2 Es for all p 2 Dq.3. If Dq � Vs and r(q) = and, then q 2 Vs and (p; q) 2 Es for all p 2 Dq.4. If q 2 Vs and r(q) = or, then there exists a node p in Dq such that p 2 Vsand (p; q) 2 Es.5. If Dq\Vs 6= � and r(q) = or, then q 2 Vs and there exists a node p 2 Dq\Vssuch that (p; q) 2 Es.6. If (q; true) 2 S, then q 2 Vs.7. If (q; false) 2 S, then q is not in Vs.Basically, solution graphs correspond to explanations in that they representall the nodes which are to be assigned true. Nodes not included in a solutiongraph are assumed to be set to false. The condition of acyclicity will guaranteethat we have a proper proof sequence.Definition 5.3. We de�ne the cost of a solution graph Gs = (Vs; ES) for Z =(G; c; r; S) where G = (V;E) asC(Gs) = Xq2Vs c(q; true) + Xq2V�Vs c(q; false): (35)A solution graph Gs which minimizes C is called a best explanation for Z.We have now completely de�ned our generalized cost-based abduction model.We can also easily see that our original cost-based abduction model is a specialcase of our new model. 101



AND1 AND2

(foo a) (foo b)
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(= a b) = 1

Fig. 5.1. A cost-based graph for our wimp example.Let's return to our example above and consider the associated cost-basedgraph (see Figure 5.1). Our \self-supporting" anomaly arises when we have thefollowing truth assignment to our nodes: (foo a) = (foo b) = true, (= a b ) =true and a-stu� = b-stu� = false. We can easily see that there is no solution graphof our cost-based graph which has this assignment. They all end up violatingeither the edge inclusion requirements or the acyclicity constraint.
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5.2 Constraints Formulation - CyclesWe now consider how we might reduce generalized cost-based abduction to lin-ear constraint satisfaction21. As we mentioned at the beginning of this thesis,our work on cyclicity was motivated by our constrained optimization view oncost-based abduction. We were trying to see how we might manipulate linearconstraints in order to achieve our desired behaviors. We �rst found that wecould properly satisfy the behavior list in the previous section by modifying theoriginal set of constraints generated by De�nition 3.5.We �rst eliminate any constraints involving (foo a) and (foo b). We thenintroduce the following new constraints:(foo a)+ (= a b )�1 � (foo b)(foo b)+ (= a b )�1 � (foo a)(foo a)+ (foo b)+ (= a b )�2 � a-stu�+ b-stu�(foo a)� (= a b ) � a-stu�(foo b)� (= a b ) � b-stu�(foo a) � a-stu�(foo b) � b-stu�Clearly, we can associate these constraints directly to the items in the behaviorlist. We can readily show that this new set of constraints will result in thebehaviors we dictated. Thus, our solution demonstrates that our linear constraintsatisfaction approach can be extended to handle at least the cyclicity problemin the previous section. However, when we proceed to more general cyclicityproblems which may involve interactions between large numbers of propositions,using this sort of brute force enumeration of relationships is certainly infeasible.Even with moderate problems, this brute force approach grows exponentially inthe number of constraints we would need to introduce. Just consider introducing(foo c) and other appropriate accoutrements.Obviously, we need a general solution to cyclicity in linear constraint satis-faction which could compactly capture the essence of our problem.21An earlier cycles formulation for generalized cost-based abduction can be found in [58]103



Disallowing the presence of logical cycles in our solution graphs is tantamountto removing the associated 0-1 assignments from our 0-1 solution space. Intu-itively, we introduce new variables in our construction to serve as indicators ofwhether or not the nodes are logically linked, that is, whether one node is directlyused to prove the other. For an and-node, when it is true, then all its parentsmust be used. However, for an or-node, only some of its parents need be used.A situation can arise where although a parent is true, it is not used as a proof forthe child. This must certainly occur in the presence of cycles. The new variableswill detect this case. By taking these new variables plus the and-nodes of a cycle,we can determine whether a causal chain is legitimate.We now present our solution.Let Z = (G; c; r; S) where G = (V;E) be a cost-based graph. Our goal is toconstruct an equivalent constraint system L(Z) = (�; I;  ).Notation. Given a node q in V , we de�ne the in-degree of q to bejf(p; q)jp 2 V and (p; q) 2 Egj:We denote this by IN(q). We de�ne the out-degree of q to bejf(q; p)jp 2 V and (p; q) 2 Egjand denote it by OUT(q).Definition 5.4. A subgraph J = (VJ ; EJ) of G is called a cycle if and only if Jis strongly connected and for all p 2 VJ ,IN(p) = OUT(p) = 1:Furthermore, we denote the set of all cycles for G by �(G). An edge (p; q) 2 E issaid to be encycled if and only if there exists a cycle in �(G) which also contains(p; q).We begin by �rst constructing all the real variables for L(Z). For each p 2 V ,associate a real variable xp 2 �. Next, for each encycled edge (p; q) 2 E suchthat r(q) = or, associate the real variable mpq 2 �. These are the new detectionvariables we mentioned above.Now we construct the constraints I. For each node q 2 V ,104



1. If r(q) = and, then construct the following constraints:xq � xp for each p 2 Dq (36)Xp2Dq xp � jDqj+ 1 � xq: (37)These two constraints are the same and-node constraints found in ouroriginal formulation.2. If r(q) = or, then construct the variable set t(q) as follows: For each p 2 Dq,if there exists a cycle J = (VJ ; EJ) in �(G) such that (p; q) 2 EJ , thenmpq 2 t(q). Otherwise xp 2 t(q). Next, construct the following constraints:Xx2t(q)x � xq (38)xq � xp for each p 2 Dq (39)mpq � xp for each mpq 2 t(q): (40)Equations (38) and (39) are modi�ed or-node constraints to take into ac-count encycled edges. Equation (40) is necessary to properly tie in thesenew variables.For each (p; b) 2 S, if b = true, then construct the constraint xp = 1, otherwise,xp = 0. Finally, for each cycle J = (VJ ; EJ ) in �(G), construct the variable sett(J) as follows: For each (p; q) 2 EJ , if r(q) = and, then xq 2 t(J). Otherwise,mpq 2 t(J). Construct the constraint,Xx2t(J)x � jt(J)j � 1: (41)This last constraint will be used to guarantee that we have no cycles in oursolution graph. Consider the case where we only have encycled edge variables,mpq, in t(J). Clearly, if all the mpq's are 1, we have a cycle in the graph.Lastly, we de�ne  as follows:  (xq;X) = c(q;X) for all q 2 V and X 2ftrue; falseg.Definition 5.5. L(Z) constructed above is the constraint system induced by Z.105



We now prove that our induced constraint system will indeed determine thebest explanation in our cost-based graph. Given a solution graph Gs = (Vs; Es)for Z, we can construct a 0-1 assignment s[Gs] for L(Z) as follows (for notationalconvenience, s[Gs](x) � s(x)): We begin by satisfying the condition that p 2 Vsif and only s(xp) = 1. Next, for each (p; q) 2 Es, if (p; q) is encycled, thens(mpq) = 1. Otherwise s(mpq) = 0.Conversely, given a 0-1 solution s, we can construct a subgraph Gs[s] =(Vs[s]; Es[s]) for Z as follows (for notational convenience, Gs[s] � Gs): Again, webegin by satisfying the condition that s(xp) = 1 if and only if p 2 Vs. Next, foreach node q 2 V , if r(q) = and and s(xq) = 1, then for all p 2 Dq, (p; q) 2 Es.For each encycled edge (p; q) 2 E, (p; q) 2 Es if and only if s(mpq) = 1.We can now prove the following:Theorem 5.1. Gs = (Vs; Es) is a solution graph for Z = (G; c; r; S) whereG = (V;E) i� s[Gs] is a 0-1 solution for L(Z).Theorem 5.2. Gs is a best explanation i� s[Gs] is an optimal 0-1 solution.The above theorems show that we can solve generalized cost-based abductionby reducing it to linear constraint satisfaction.Let's return to our earlier cyclicity example in Figure 5.1. In our new set ofconstraints, we have the following to deal with the cyclicity:(foo a) � a-stu�+m1m1 � and1and1 � (foo a)(foo b) � b-stu�+m2m2 � and2and2 � (foo b)m1 + and1+m2 + and2 � 3where and1 and and2 are the and-nodes and m1;m2 are the special markervariables. We can easily see that the anomalous truth assignment and1 = and2 =m1 = m2 = 1 will violate the last constraint above, thus demonstrating that our106



linear constraints properly eliminates the \self-supporting" assignment.The only additional requirement needed by our new linear constraint satis-faction formulation is generating all the cycles in the cost-based graph. How-ever, we note that the problem of generating the cycles can be easily done inO((jV j + jEj)(n + 1)) where n is the number of cycles generated. Basically, adepth-�rst search is used whereby through an elegant approach to adding edgeswill generate each cycle. Details and analysis of the algorithm can be found in[50].5.3 Constraints Formulation - TopologicalThe cycles formulation of the previous section was simple and computationallye�cient. It only required the additional process of identifying the cycles in thecost-based graph. This could be easily done in time linear to the size of thegraph for each cycle. However, in the unlikely event that our graph is completelyconnected or approaches it, the number of cycles may be large with respect tothe number of nodes.In this section, we present an alternative constraints formulation for gener-alized cost-based abduction which does not need to identify the cycles in thegraph.A subgraph of a digraph is acyclic if and only if it provides a topologicalordering of its nodes. Our basic approach, like the previous one, is to eliminatecyclic digraphs as possible solution graphs. Instead of working explicitly withcycles, we generalized our approach by requiring that there must be a topologicalordering on nodes.Intuitively, we determined whether there is a topological ordering for a givendigraph by �nding an assignment of real values to each node such that if a nodep is an ancestor of a node q, then p's value must be less than q's. Recall, p is aparent of q if p is one of the causes of q.In our formulation, we will associate with each node p a real variable tp tohold p's topological number.22 For a topological ordering to occur between two22tp does not need to be restricted to integer values.107



nodes, we must have used a sequence of rules tying to two nodes together. Sinceimplication is transitive, we could locally restrict ourselves to nodes which areadjacent to each other. For example, p1 =) p2 and p2 =) p3 implies the orderingtp1 < tp2 and tp2 < tp3. From transitivity, p1 =) p3 which must imply tp1 < tp3and is already the case from \<"'s transitivity.We formed solution graphs from a given cost-based graph by essentially deter-mining which rules to use. We consider a rule to be \conjunctive" if the precedentis a conjunction of one or more nodes and the antecedent is a single node,p1 ^ . . . ^ pn =) q:Obviously, we can take any set of rules and create an equivalent set composingonly of conjunctive rules. In terms of our cost-based graph, an and-node withall of its parents would constitute a single conjunctive rule whereas an or-nodewith represent one rule for each of its children.Basically, if we used the conjunctive rule,p1 ^ . . . ^ pn =) q;then we must have the following topological constraints:tpi < tq for i = 1; . . . ; n:Now, we can easily determine whether a collection of rules is acyclic. If thecollection is cyclic, then there must exist some nodes p and q such that p is adescendant of q and vice versa. According to the transitivity property above,we have both tp < tq and tq < tp which is clearly a contradiction rendering ourconstraints infeasible.We begin by �rst constructing all the real variables for L(Z). For each p 2 V ,associate a real variable xp 2 �. Next, for each edge (p; q) 2 E such thatr(q) = or, associate the real variable mpq 2 �. Intuitively, the variable mpqdetermines whether the logical rule p =) q has been used or not. Furthermore,mpq is directly related to the edge between p and q. Finally, for each p 2 V ,associate the topological variable tp.Now we construct the constraints I. For each node q 2 V ,108



1. If r(q) = and, then construct the following constraints:xq � xp for each p 2 Dq (42)Xp2Dq xp � jDqj+ 1 � xq (43)2jV j(1� xq) + tq � tp + 1 for each p 2 Dq: (44)Again, equations (42) and (43) are our original and-node constraints. Onthe other hand, equation (44) is used to model the following event: Ifand-node q is true, then all the parents of q are true and must topologicaldominate q. Otherwise, no action is taken.2. If r(q) = or, then construct the following constraints:Xp2Dqmpq � xq (45)xq � xp for each p 2 Dq (46)mpq � xp for each p 2 Dq (47)2jV j(1 �mpq) + tq � tp + 1 for each p 2 Dq: (48)Equations (45) to (47) are similar to equations (38) to (40). Equation (48)is used to guarantee the appropriate topological ordering if necessary.Finally, for each (p; b) 2 S, if b = true, then construct the constraint xp = 1,otherwise, xp = 0.Lastly, we de�ne  as follows:  (xq;X) = c(q;X) for all q 2 V and X 2ftrue; falseg.We now go about and prove that our induced constraint system will indeeddetermine the best explanation in our cost-based graph. Given a solution graphGs = (Vs; Es) for Z, we can construct a 0-1 assignment s[Gs] for L(Z) as follows(for notational convenience, s[Gs](x) � s(x)): We begin by satisfying the condi-tion that p 2 Vs if and only s(xp) = 1. Next, (p; q) 2 Es and r(q) = or if andonly if s(mpq) = 1. Now, since Gs is acyclic, assign a topological ordering to Vsand set the appropriate values for s(tp) where p 2 Vs. (A labeling of integersfrom 1 to jV j is suggested.) For all p 2 V � Vs, s(tp) = 0.109



Conversely, given a 0-1 solution s, we can construct a subgraph Gs[s] =(Vs[s]; Es[s]) for Z as follows (for notational convenience, Gs[s] � Gs): Again, webegin by satisfying the condition that s(xp) = 1 if and only if p 2 Vs. Next, foreach node q 2 V , if r(q) = and and s(xq) = 1, then for all p 2 Dq, (p; q) 2 Es.For each edge (p; q) 2 E, (p; q) 2 Es and r(q) = or if and only if s(mpq) = 1.We can now prove the following:Theorem 5.3. Gs = (Vs; Es) is a solution graph for Z = (G; c; r; S) whereG = (V;E) i� s[Gs] is a 0-1 solution for L(Z).Theorem 5.4. Gs is a best explanation i� s[Gs] is an optimal 0-1 solution.In the cycles formulation, we identi�ed cycles in order to explicitly \break"them. This achieved the e�ect of properly ordering the propositions. We observedthat this ordering actually corresponds to a topological ordering of all the nodes.As we can easily see, our topological formulation is not dependent on thecycles in the digraph. The size of the constraint system is once again dependentonly on the original size of the given digraph. Obviously, there are cases wherethe cycles formulation results in a smaller system of constraints, especially whenwe have a large number of nodes but a relatively small number of cycles.5.4 DiscussionWe have considered the problem of cyclicity with regards to cost-based abductionand presented generalized cost-based abduction to appropriately incorporate thephenomenon. This was accomplished by studying cyclicity from the standpointof linear constraint satisfaction which allowed us to concretely identify the prob-lem. Our goal was to determine whether we could manipulate the constraintsfrom the original cost-based abduction problem to handle cyclicity. Indeed, wedemonstrated that the problem could be solved through a natural extension ofour linear constraint satisfaction approach. Furthermore, the extensions requiredseemed quite compact in size. 110



6 ConclusionIn this thesis, we presented a new approach to modeling abduction which mayalleviate the computational di�culty in �nding a best explanation.First, we transformed cost-based abduction into linear constraint satisfaction.This allowed us to solve for minimal-cost proofs by using highly e�cient tools andtechniques developed in Operations Research. So far, experiments show that ourtechnique outperforms the existing best-�rst heuristics by exhibiting an expectedpolynomial run-time growth rate as opposed to their expected exponential growthrate. Our tests were performed both on randomly generated problems and onones generated by the wimp story understanding system. Furthermore, we foundthat various optimizations such as incorporating an initial solution signi�cantlyimproved our performance without increasing the complexity of our formulation.As a result, this now provided wimp a practical means of performing abductivereasoning, a facility it was lacking earlier [6].We further demonstrated that our approach could naturally generate the al-ternative explanations. This can be important in domains like medical diagnosiswhere the availability of alternatives is critical.Next, we extended our approach and modelled Bayesian networks. In partic-ular, we show that MPE problems for belief revision could also be transformedinto linear constraints. Our formulation overcomes a limitation of the existingmessage-passing scheme. We are capable of readily generating all the alternativeexplanations in order of probability. Furthermore, our approach could addressthe additional issues of circumscribing explanations and focusing.We also found that belief updating could be modelled based on our beliefrevision formulation. From our various studies, we found that our approach couldsolve the class of deterministic Bayesian networks which have been stumblingblocks for existing simulation techniques.Preliminary work was presented which addressed the issue of combinatorialexplosions of conditional probability table sizes in Bayesian networks. Throughlinear constraint satisfaction, we demonstrated that certain compressions maybe achieved. This new class of constraint systems was also shown to properly111



subsume the formulations for belief revision. Thus, we can now hopefully solveBayesian networks with near-continuous r.v.s.Finally, we considered the problem of cyclicity. We provided a new frameworkcalled generalized cost-based abduction which permits cyclicity. Through ourlinear constraint satisfaction approach, we were able to naturally formulate andsolve problems in this new framework.Putting all this together, we believe our linear constraint satisfaction approachto be quite promising. Furthermore, our approach opens up some new and inter-esting lines of research for abduction and constraint satisfaction. Some are of atheoretical nature while others are more practical:� From our cost-based abduction experiments, we found that a signi�cantportion of the minimal-cost proofs had optimal solutions which were also0-1 solutions. A question naturally arises as to whether there is somethingspecial about our domain which causes this. Can we predict when a 0-1solution will be the optimal solution?� There exists domain dependent methods for solving linear programmingproblems other than the general ones like Simplex [44, 30, 32, 48, 76]. Thesemethods have been shown to outperform the general ones for their speci�cdomains. For example, there are approximation methods for solving integerlinear programming problems which have theoretically proven error bounds.Can we also �nd such a technique tailored to our abductive models?� Parallel algorithms exist for solving linear programming problems [21, 25].Can we get the expected sub-linear run-times from these algorithms?� In systems like wimp and tacitus [26], the reasoning mechanisms areessentially broken down into two components. The �rst component in-volves constructing a network of propositional rules from a �rst-order logicknowledge-base. The second component then takes this network as the basisfor its abductive computations. For example, wimp constructs a networkand then uses cost-based abduction. So far, we have only concentratedon the second component in our formulation since it has been the majorstumbling block for systems like wimp [23]. Obviously, we should now con-sider how we might model the �rst component with our approach with the112



eventual goal of merging both within one constraint systems formulation.� Splined Bayesian networks introduce a new 
exibility in transforming andmanipulating our data. We hope to continue to study them and attemptto determine the limits of this model.� Finally, again, from our cost-based experiments, we found that our systemworked very well on moderate size wimp generated networks. Since linearprogramming methods were tailored for problems in the tens of thousandsof variables, we would like to construct very large and hopefully realisticdomains and attempt to apply our approach.
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A ProofsTheorem 3.1. If e is an explanation for W , then se is a 0-1 solution for L(W ).Proof. Assume that se is not a solution of L(W ) = (�; I;  ). This implies thatthere exists a constraint Q in I which is violated. (For notational convenience,we will denote se(xp) = a by xp = a.)Case 1. Q is of the form xp � xq.Since se is a 0-1 assignment, xp = 1 and xq = 0. From (2) and (5), we getcan conclude that either r(p) = and or r(q) = or. If r(p) = and, then q isa parent of p and xq must equal 1 in se. If r(p) = or, then p is a child of qand xp must equal 0 in se. Since neither is the case, Q cannot be violated.Case 2. Q is of the form Xq2D xq � jDj + 1 � xpwhere D is some set of nodes.For Q to be violated, Xq2D xq � xp > jDj � 1:This implies that xp = 0 and for all q 2 D, xq = 1. From (3), we canconclude that r(p) = and and D = Dp. Since r(p) is an and node, if xpequals 0, then all the parents of p must also equal zero. Thus, Q cannot beviolated.Case 3. Q is of the form Xq2D xq � xpwhere D is some set of nodes.This implies that xp = 1 and for all q 2 D, xq = 0. From (4), we concludethat r(p) = or and D = Dp. Since r(p) is an or node, xp equals 1 impliesthat there exists an q 2 Dp such that xq = 1. Thus, Q cannot be violated.Cases 1 to 3 cover every type of violations of the constraint system possible.Therefore, e cannot be an explanation for W .Theorem 3.3. If s is a 0-1 solution for LE(W ), then es is an explanation for W .121



Proof. Assume es is not an explanation for W . This implies that one or moreof the following conditions hold: (For notational convenience, we will denotes(xp) = a by xp = a and es by e.)1. There exists an and node p in W such that e(p) = true and there exists aq 2 Dp such that e(q) = false.2. There exists an and node p in W such that e(p) = false and for all q 2 Dp,e(q) = true.3. There exists an or node p in W such that e(p) = true and for all q 2 Dp,e(q) = false.4. There exists an or node p in W such that e(p) = false and there exists aq 2 Dp such that e(q) = true.5. There exists an evidence node p in S such that e(p) = false.Case 1. From (2), r(p) = and implies that the constraint xp � xq is in I. Since,xp = 1 and xq = 0, condition 1 does not hold.Case 2. From (3), r(p) = and implies that xp � 1. Thus, condition 2 does nothold.Case 3. From (4), r(p) = or implies that xp � 0. Thus, condition 3 does nothold.Case 4. From (5), r(p) = or implies that xp � 1. Thus, condition 4 does nothold.Case 5. From (6), p 2 S implies that xp = 1. Thus, condition 5 does not hold.Therefore, s is not a 0-1 solution in LE(W ).Theorem 3.6. Let W = (G; c; r; S) be a waodag where G = (V;E). An optimal0-1 solution for L̂E(W ) can be transformed into a best explanation for W inO(jEj) steps if and only if c(p; false) � c(p; true) for all nodes p in V .Proof. Let s be any optimal 0-1 solution for L̂E(W ). Assume es is not anexplanation for W . This implies that one or more of the following conditionshold: (For notational convenience, let e denote es.)1. There exists an and node p in W such that e(p) = true and there exists aq 2 Dp such that e(q) = false. 122



2. There exists an and node p in W such that e(p) = false and for all q 2 Dp,e(q) = true.3. There exists an or node p in W such that e(p) = true and for all q 2 Dp,e(q) = false.4. There exists an or node p in W such that e(p) = false and there exists aq 2 Dp such that e(q) = true.5. There exists an evidence node p in S such that e(p) = false.From De�nition 3.9, conditions 1, 3, and 5 cannot hold. We now only considerconditions 2 and 4.We can view the process of �nding a suitable 0-1 solution as the propaga-tion of information from evidence nodes through and=or nodes to hypothesisnodes. The remaining conditions, 2 and 4, indicate that zero assignments do notpropagate. Let M be the set of nodes p in W such that e(p) = false and whosechildrens' assignment permits either condition 2 or 4 to hold. Let M 0 be thesubset of M such that each node in M 0 does not have a descendant also in M .Let p be any node in M 0 and D�1p be the immediate children of node p. Foreach q in D�1p , one of the following holds:1. e(q) = false and r(q) = and.2. e(q) = false and r(q) = or.3. e(q) = true and r(q) = or.e(q) = true and r(q) = and cannot both be true since it would violate thede�nition of M 0. For the third combination, there exists some node p0 6= p in Dqsuch that e(p0) = true.Let WM be the resulting waodag obtained by �rst removing all nodes andassociated edges from W in M and then removing those which are not reachablefrom any evidence node in S. We can easily see that any and-dag obtained fromWM is an and-dag for W .Since s is an optimal 0-1 solution for L̂E(W ) and c(q; false) � c(q; true) for anynode q, for each hypothesis node p in W but not in WM , e(p) can be set to false.(It can be easily shown that if e(p) = true, then c(p; false) = c(p; true).) Now,by propagating the truth values from the hypothesis nodes, another optimal 0-1solution will be generated. This new solution will be a best explanation for W .123



We can easily determineM and the �nal 0-1 solution in O(jEj) steps.Theorem 3.9. Let s be the optimal solution of some waodag semi-induced linearprogram. Construct a variable assignment s0 from s by changing all non-zerovalues in s to 1. s0 is a 0-1 solution for the constraint system.Proof. Assume that s0 is not a 0-1 solution for the constraint system. Thisimplies that there exists a nonzero variable xq such that by setting xq to 1, thisviolates some constraint Q in the constraint system.Case 1. xq � xp is violated. Since xq is nonzero, this implies that xp was alsononzero to begin with. Thus xp would have also been set to 1. Thus, thisconstraint is not violated.Case 2. Pp2Dq xp � xp is violated. Since xq is nonzero, this implies that somexp where p 2 Dq is also nonzero. Thus, xp would have also been set to 1.Thus, this constraint is not violated.All the cases for constraint violations have been considered. No constraint isviolated. Contradiction.Theorem 3.10. s0 constructed from s above is a 0-1 solution for L.Proof. Follows from Theorems 3.1 and 3.3.Theorem 3.11. Constraint system Ln in Algorithm 3.2 determines the n-th best0-1 solution for L.Proof. We can show that the additional constraint eliminates exactly oneadditional 0-1 solution from the set of 0-1 solutions in L. Also, the 0-1 solutioneliminated will be the optimal 0-1 solution determined by Ln�1.Theorem 3.15. Let e1 and e2 be explanations for W .1. H(e1) � H(e2) i� K(e1) � K(e2).2. H(e1) � H(e2) i� K(e1) � K(e2).Proof. We observe that setting any node in W to true never results in someother node assignment in W to change from true to false. Combining this withPropositions 3.12 and 3.13, our theorem follows.Theorem 3.16. There exists a 1-1 and onto mapping between 2VH and the set of124



all possible truth assignments for W .Proof. Follows from Proposition 3.13.Theorem 3.17. If e is an explanation for W , then there exists at least 2jVH�H(e)jexplanations for W which are consistent with H(e).Proof. Let e be an explanation for W and let H be a subset of VH such thatH(e) � H. By Proposition 3.14 and Theorem 3.16, there exists an explanatione0 for W such that H(e0) = H.Theorem 3.19. A waodag W is monotonic i� for every explanations e1 and e2for W , H(e1) � H(e2) implies C(e1) � C(e2). W is strictly monotonic i� W ismonotonic, and for every explanations e1 and e2 for W , H(e1) � H(e2) impliesC(e1) < C(e2).Proof. Follows from Theorem 3.15.Theorem 3.20. If W is strictly monotonic, then any best explanation for W iscardinal.Proof. Let e be a best explanation for W . Assume e is not cardinal. Thenthere exists an explanation e0 for W such that H(e0) � H(e). Since W is strictlymonotonic, C(e0) < C(e). However, e is a best explanation for W which impliesthat C(e) � C(e0). Contradiction.Lemma 3.21. Let W be strictly monotonic. If sn is the optimal 0-1 solution forthe constraint system Ln in Algorithm 3.3, then sn is a cardinal solution for L.Proof. Suppose sn is not a cardinal solution for L. Since W is strictlymonotonic, there exists a 0-1 solution s for L such that H(s) � H(sn) and�L(s) < �L(sn). Since s has a lower cost than sn and s 6= sn, we must assumethat s does not satisfy one or more of the new constraints in Ln. However, sinceevery new constraint satis�ed by sn is also satis�ed by s, it follows that sn is nota solution for Ln. A contradiction.Theorem 3.22. Let W be strictly monotonic. The constraint system Ln in Algo-rithm 3.3 determines the n-th best cardinal solution.Proof. Let sn be the optimal 0-1 solution for the constraint system Ln.125



Suppose s is a cardinal solution for L and n is the smallest integer such that�L(s) < �L(sn) and s 6= sk for k = 1; 2; . . . ; n. Then s must violate at least oneof the new constraints of the formXxq2H(sk)xq � jH(sk)j � 1:Thus, H(sk) � H(s). If H(sk) is a proper subset of H(s), then sinceW is strictlymonotonic, �L(s) < �L(sk). Therefore, s is not cardinal. If H(sk) = H(s),then from Proposition 3.13, sk = s. Contradiction. Hence, s = sk for somek = 1; 2; . . . ; n� 1.Finally, since the generation of cardinal solutions is ordered by cost, Ln willgenerate the n-th best cardinal solution.Theorem 3.25. Let C be the set of variables that appear in �L with non-zerocoe�cient.1. If C is a subset of Q and all the coe�cients in �L are positive, then L isQ-monotonic.2. If C = Q and all the coe�cients in �L are positive, then L is strictlyQ-monotonic.Proof. Follows from the fact that if C is a subset of Q, then (K(s1) \ Q) �(K(s2) \Q) implies (K(s1) \ C) � (K(s2) \ C).Theorem 3.26. Let L be strictly Q-monotonic. Every optimal 0-1 solution for Lis Q-cardinal.Proof. Let s be the optimal 0-1 solution for L. Assume s is not Q-cardinal.There exists a 0-1 solution s0 for L such that (K(s0) \Q) � (K(s)\Q). Since Lis strictly Q-monotonic, �L(s0) < �L(s). Thus s is not optimal. Contradiction.Lemma 3.27. Let L be strictly Q-monotonic. If sn is the solution of the constraintsystem Ln in the Algorithm 3.4, then sn is a Q-cardinal solution for L.Proof. Similar to Lemma 3.21.Theorem 3.28. Let Q be a dominant set and let L be strictly Q-monotonic. The126



constraint system Ln in the Algorithm 3.4 determines the n-th best Q-cardinalsolution for L.Proof. Let sn be the solution of the constraint system Ln. Suppose s is aQ-cardinal solution for L and n is the smallest integer such that �L(s) < �L(sn)and s 6= sk for k = 1; 2; . . . ; n. Then s must violate at least one of the newconstraints of the form Xxq2(K(sk)\Q)xq � jK(sk) \Qj � 1:Thus, (K(sk)\Q) � (K(s)\Q). Since Q is a dominant set and s 6= sk, K(sk)\Qis a proper subset of K(s)\Q. But L is strictly Q-monotonic, therefore, s cannotbe Q-cardinal. Contradiction.Theorem 3.29. Let W be a strictly monotonic waodag and L(W ) be the con-straint system induced by W . Let Q be the set of variables corresponding to thehypothesis nodes of W in L(W ). We have the following:1. Q is strictly dominant.2. L(W ) is strictly Q-monotonic.Proof. (1) Follows from De�nition 3.16. (2) Since W is strictly monotonic,by De�nition 3.13, for every two explanations e1 and e2 for W , K(e1) � K(e2)impliesC(e1) < C(e2). Let s1 and s2 be any two 0-1 solutions for L(W ) such that(K(s1) \ Q) � (K(s2) \ Q). Since Q is strictly dominant from (1), this impliesthat K(s1) � K(s2). Furthermore, since there is a 1-1 and onto mapping betweenexplanations for W and 0-1 solutions for L(W ), �L(s1) < �L(s2). Therefore,L(W ) is strictly Q-monotonic.Theorem 4.1. Let B = (V; P ) be a Bayesian network and L(B) = (�; I;  ) be theconstraint system induced by B. Then1. j�j = jP j+PA2V jR(A)j and2. jIj = 2jV j +Pp2P N(p) � 2jV j + jV jjP j = (2 + jP j)jV j where N(p) is thenumber of r.v.s which appear as conditionals in the probability.Proof. Follows from the above construction.127



Theorem 4.2. Given a 0-1 solution s for L(B), for each set of variables �(A),there exists some Aa in �(A) such that Aa = 1 and Aa0 = 0 for all Aa0 6= Aa in�(A).Proof. Let s be a 0-1 solution for L(B). Assume there exists a set of variables�(A) such that Aa = 0 for all Aa in �(A). This implies thatXAa2�(A)Aa = 0which violates the constraint formed by (12) for r.v. A. Contradiction.Instead, assume there exists a set of variables �(A) such that Aa = Aa0 = 1for some a� a0. This implies that XAa2�(A)Aa � 2which also violates the constraint formed by (12) for r.v. A. Contradiction.Theorem 4.3. Given a 0-1 solution s for L(B), for all variables q[Aa jC1 =c1; . . . ;Cn = cn],q[Aa jC1 = c1; . . . ;Cn = cn] = 1 i� Aa = C1c1 = . . . = Cncn = 1:Proof. Let s be a 0-1 solution for L(B).(if) Assume q[Aa jC1c1 ; . . . ;Cncn ] = 1. From (13), this implies Cjcj = 1. From(14), Xx2�Ai x = Ai = 1since q[Aa jC1c1 ; . . . ;Cncn ] 2 �Ai :(only if) Assume Aa = C1c1 = . . . = Cncn = 1. From (14),Xx2�Ai x = 1:Let x be the variable q[Aa jC1d1 ; . . . ;Cndn ]. Assume x = 1 and for some l, dl 6= cl.From (13), this implies Cldl = 1. Since Clcl = 1,XClj2�(Cl)Clj � 2128



which violates (12). Contradiction. Therefore, for x to be 1, dl = cl for l =1; . . . ; n.Theorem 4.4. If s is a 0-1 solution for L(B), then ws is an instantiation-set forB. Proof. Follows from above construction and Theorems 4.2 and 4.3. (Theorem 4.5. If w is a complete instantiation-set for B, then sw is a 0-1 solutionfor L(B).Proof. Let w be a complete instantiation-set for B. Assume sw is not a 0-1solution for L(B) = (�; I;  ). This implies that there exists some constraint Q inI which is violated by sw.Case 1. Q is of the form XAa2�(A)Aa = 1:Since sw is a 0-1 assignment, then from Theorem 4.2, either Aa = 0 for allAa in �(A) or there exists Aa = Aa0 = 1 for some a 6= a0. This implies thateither the r.v. A has no instantiation or more that one instantiation whichcontradicts the fact that w is a complete instantiation-set for B. Thus, Qcannot be violated.Case 2. Q is of the form Xx2�Aa x = Aa :From our construction of sw above and Theorem 4.3, Q cannot be violated.Case 3. Q is of the form x � Ckck . From our construction of sw above andTheorem 4.3, Q cannot be violated.Cases 1 to 3 cover every type of constraint in L(B). Contradiction.Theorem 4.7. If s is a 0-1 solution for Le(B), then ws is an explanation for e.Proof. Assume there exists an instantiation (A; a) in e but not in ws. Since wsis a complete instantiation-set, there exists the instantiation (A; a0) in ws wherea 6= a0. From our construction of ws and Theorems 4.4 and 4.5, Aa0 = 1. FromTheorem 4.2. Aa = 0. However, De�nition 4.8, Aa = 1. Contradiction.129



Theorem 4.8. If w is an explanation for e, then sw is a 0-1 solution for Le(B).Proof. Assume sw is not a 0-1 solution for Le(B). The only di�erence betweenLe(B) and L(B) is in the addition of the constraints of the form Aa = 1 where(A; a) 2 e. If sw is not a 0-1 solution for Le(B), then sw must violate one of theseconstraints. Let Aa = 1 be the constraint violated. This implies that Aa = 0.However, this contradicts the construction of sw.Theorem 4.9. �L(sr) = � log(P (w)).Proof. � log(P (w)) = � log fQA2V P (A = w(a)jw(cond(a)))g= PA2V � log(PA = w(A))jw(cond(A))) :�L(sw) = XAa 2 �sw(Aa) = 1 Xx2�Aa x (x; true):From Theorem 4.3, for each Aa = 1, only one conditional variable in �Aahas value 1 and q[Aa jC1c1 ; . . . ;Cncn ] is one such conditional variable i� Aa =C1c1 = . . . = Cncn = 1. From our construction of L(B), cost is incurred onlyby conditional variables with values assigned 1. Since q[Aa jC1c1 ; . . . ;Cncn ] hascost � log(P (A = ajC1 = c1; . . . ; Cn = cn)), we can easily see that �L(sw) =� log(P (w)).Theorem 4.10. There exists a constant �e such that for all explanations w fore, �Le(sw) = �e � log(P (wje)).Proof. P (wjr) = P (w)P (ejw)P (e) :If w is consistent to e, then P (ejw) = 1, otherwise, P (ejw) = 0. Thus, all weneed to consider is P (e) which is constant.P (wje) = P (w)P (e)P (w) = P (e)P (W je)130



� log(P (w)) = � log(P (e))� log(P (wje))Since �Le(sw) = �L(sw), from Theorem 4.9, we get �Le(sw) = � log(P (w)).Thus, �e = � log(P (e)).Theorem 4.11. w is a most-probable explanation for e i� sw is an optimal 0-1solution for Le(B).Proof. Follows from Theorem 4.10. (Theorem 4.12. Constraint system Ln in Algorithm 4.1 determines the n-th best0-1 solution for L.Proof. We can show that the additional constraint eliminates exactly oneadditional 0-1 solution from the set of 0-1 solutions in L. Also, the 0-1 solutioneliminated will be the optimal 0-1 solution determined by Ln�1.Theorem 4.13. Given a 0-1 solution s for L̂(B), for each set of variables �(A),there exists at most one variable Aa in �(A) such that Aa = 1 and Aa0 = 0 forall Aa0 6= Aa in �(A).Proof. Assume there exists a set of variables �(A) such that Aa = Asfa0 = 1for some a 6= a0. This implies that XAa2�(A)Aa � 2which violates the constraint formed by (16) for r.v. A. Contradiction.Theorem 4.14. Given a 0-1 solution s for L̂(B), for all variablesq[Aa jC1c1 ; . . . ;Cncn ];q[Aa jC1c1 ; . . . ;Cncn ] = 1 i� Aa = C1c1 = . . . = Cncn = 1:Proof. Let s be a 0-1 solution for L̂(B). (if) Assume q[Aa jC1c1 : . . . ;Cncn ] = 1.From (13), this implies Cjcj = 1. From (14),Xx2�Aa = Aa = 1since q[[Aa jC1c1 : . . . ;Cncn ] = 1 2 �Aa.131



(only if) Assume Aa = C1c1 = . . . = Cncn = 1. From ( 14),Xx2�Aa = 1:Let x be the conditional variable q[Aa jC1d1 ; . . . ;Cndn ] = 1. Assume x = 1 andfor some l, dl 6= cl. From (13), this implies Cldl = 1. Since Clcl = 1, r.v. Cl hastwo distinct instantiations which violates (16). Contradiction. Therefore, for xto be 1, dl = cl for l = 1; . . . ; n.Theorem 4.19. Given a Bayesian network B = (V; P ), let v be a subset of V andq be an instantiation-set for B whose span is V � v, thenXw2�(v)U YA2span(w)P (w(A)jJ(w; Jq)(cond(A))) = 1:Proof. First, arbitrarily order the r.v.s in v resulting in the sequence of r.v.s,A1; A2; . . . ; Ajvj. We can now rewrite the sum asXw2�(v) jvjYi=1P (w(Ai))jJ(w; Jq)(cond(Ai)))= e Xw2�(v)P (w(A1))jJ(w; Jq)(cond(A1)) jvjYi=2P (w(Ai))jJ(w; Jq)(cond(Ai))):We partition �(v) with respect to A1 as follows: instantiation-sets w;w0 in �(v)belong in the same partition i� (w [ w0) � (w \ w0) = f(A1; a1); (A1; a01)g wherea1 6= a01. Let v1 = v � fA1g. For each d in �(v1), #1(v; d) denotes the partitionwhere each instantiation-set in �(v) is consistent with d. We can now rewrite oursum asXd2�(v1) Xw2#1(v;Jd)P (w(A1))jJ(w; Jq)(cond(A1))U jvjYi=2P (w(Ai))jJ(w; Jq)(cond(Ai)))Since all the instantiation-sets w in the product term are identical. This is con-stant and can be factored out of the inner sum.= e Xd2�(v1)8<: jvjYi=2P (d(Ai))jJ(d; Jq)(cond(Ai))) �Xw2#1(v;Jd)P (w(A1))jJ(w; Jq)(cond(A1))9=; :132



Note that the assignments to the conditionals of the probability in the innermostsum are all identical. Thus, the innermost sum is equal to 1. This leaves us with= e Xd2�(v1) jvjYi=2P (d(Ai))jJ(d; Jq)(cond(Ai))):We can continue and process A2 in the same fashion. Eventually, we will reduceour sum to 1.Theorem 4.20. If w is a well-founded instantiation-set for B, thenP (w) = U YA2span(w)P (w(A)jw(cond(A))):Proof. By Proposition 4.15,P (w) = Xw02X(w)P (J(w; Jw0)):From Proposition 4.18, we getP (w) = Xw02X(w)8<: YA2span(w)P (w(A))jw(cond(A))) �YA2span(w0)P (w0(A))jJ(w; Jw0)(cond(A)))9=; :By factoring out the common terms, we getP (w) = YA2span(w)P (w(A))jw(cond(A))) �Xw02X(w) YA2span(w0)P (w0(A))jJ(w; Jw0)(cond(A))):By Theorem 4.19, the sum is equal to 1.Theorem 4.21. If s is a 0-1 solution for L̂(B), then ws is a well-foundedinstantiation-set for B.Proof. From the above construction and Theorems 4.13 and 4.14, ws is aninstantiation-set for B. Assume ws is not well-founded. This implies that thereexists a r.v. A 2 span(ws) such that r.v. C is not in span(ws) for some C 2133



cond(A). From the above construction, Aa = 1 corresponding to some A = a inws and Cc = 0 for all Cc 2 �(C) since C is not in span(ws). Furthermore, fromthe construction of weakly induced constraint systems, we have the followingconstraints: q[Aa j . . . ;Cc; . . .] � Cc for all Cc 2 �(C) and (49)Xx2�Aa x = Aa : (50)Since Aa = 1, (50) implies that there exists some Cc 2 �(C) such thatq[Aa j . . . ;Cc; . . .] = 1:(49) further implies that Cc = 1. Contradiction.Theorem 4.22. If w is a well-founded instantiation-set for B, then sw is a 0-1solution for L̂(B).Proof. Let w be a well-founded instantiation-set for B. Assume sw is not a0-1 solution for L̂(B) = (�; I;  ). This implies that there exists some constraintQ in I which is violated by sw.Case 1. Q is of the form XAa2�(A)Aa � 1:Since sw is a 0-1 assignment, then from Theorem 4.13, there exists Aa =Aa0 = 1 for some a 6= a0. This implies that the r.v. A has more that oneinstantiation which contradicts the fact that w is an instantiation-set forB. Thus, Q cannot be violated.Case 2. Q is of the form Xx2�Aa x = Aa :From our construction of sw above and Theorem 4.14, Q cannot be violated.Case 3. Q is of the form x � Ckck . From our construction of sw above andTheorem 4.14, Q cannot be violated.Cases 1 to 3 cover every type of constraint in L̂(B). Contradiction.134



Theorem 4.23. �L(sw) = � log(P (w)):Proof. Similar to Theorem 4.9.Theorem 4.24. If s is a 0-1 solution for L̂e(B), then ws is a hypothesis for e.Proof. Assume there exists a r.v. A such that (A; a) 2 e and (A; a0) 2 ws anda 6= a0. From our construction of ws and Theorems 4.21 and 4.22, Aa0 = 1. FromTheorem 4.13, Aa = 0. However, from De�nition 4.13, Aa = 1. Contradiction.Theorem 4.25. If w is a hypothesis for e, then sw is a 0-1 solution for L̂e(B).Proof. Similar to Theorem 4.8.Theorem 4.26. There exists a constant �e such that for all well-founded instant-iation-sets w consistent to e, �Le(sw) = �e � log(P (wje)).Proof. P (rje) = P (r)P (ejr)P (e):If w is a hypothesis for e, then P (ejw) = 1. Otherwise, P (ejw) = 0. Thus, all weneed to consider is P (e) which in constant.P (wje) = P (w)P (e)P (w) = P (e)P (wje)� log(P (w)) = � log(P (e))� log(P (wje))Since �Le(sw) = �L(sw), from Theorem 4.23, we get�Le(sw) = � log(P (w))Thus, �e = � log(P (e)).Theorem 4.27. w is a maximal well-founded instantiation-set for B with evidencee i� sw is an optimal 0-1 solution for L̂e(B).Proof. Follows from Theorem 4.26.Theorem 4.30. If Ij 6= Ik for all j 6= k, then there exists some integer N suchthat B̂elN(A = a) = Bel(A = a). 135



Proof. Follows from Propositions 4.28 and 4.29.Theorem 4.32. Given a Bayesian network B = (V; P ) and evidence e, an I-sequence of e which instantiation-sets are sorted in order of decreasing probabili-ties is mass-fastest.Proof. Follows from De�nitions 4.16, 4.17, 4.18 and Proposition 4.31.Theorem 4.33. Given a well founded instantiation set w, P (w) � Ps(w).Proof. Follows from Theorem 4.20 and De�nition 4.23.Theorem 4.34. Any Bayesian network can be modeled as a splined Bayesiannetwork.Proof. In brief, we simply partition each r(A) into single element cells. Therest of the construction of a splined Bayesian network should follow straightfor-wardly.Theorem 4.35. Given any cell d = fa1; . . . ; akg in [A]B where EA(ai) < EA(ai+1),there does not exist b 2 R(A) such that EA(a1) < EA(b) < EA(ak) and b 6= ai fori = 1; . . . ; k.Proof. This follows from the fact that the partitioning induced on A resultsfrom a contiguous partitioning of the conditional probabilities P and from De�-nition 4.20.Theorem 4.36. w is a well-founded instantiation-set for B if and only s[w] is apermissible solution for the induced constraint system.Proof. Given a well-founded instantiation-set w for B, assume that s[w] is apermissible assignment for the induced constraint system but not a permissiblesolution. This implies that one of the following constraints have been violated:(For simplicity, we denote s[w] by s.)1. yA +Pni=1 xdA;i = 12. xA �mina2dA;i EA(a) � �M(1 � xdA;i)3. xA �maxa2dA;i EA(a) �M(1 � xdA;i)4. xA �M(1� yA)5. yA � j cond(A)j+ 1 �PB2cond(A) yB136



6. xCi �min(Ci; S) � �M(1 � dCi;S)7. xCi �max(Ci; S) �M(1 � dCi ;S)8. dS � n�Pnj=1 dCj;S + 19. dS � 1n Pnj=1 dCj ;S10. xCi;S � xCi �M(1� dS)11. xCi;S � xCi +M(1 � dS)12. xCi;S �MdS� Case 1. yA +Pni=1 xdA;i = 1 is violated. This implies thats(yA) = s(xdA;1) = . . . = s(xdA;n) = 0:From our construction, if s(yA) = 1, then A has not been instantiated inw. If s(yA) = 0, then A has been instantiated and for some i, s(xdA;i) = 1.Contradiction.� Case 2. xA � mina2dA;i EA(a) � �M(1 � xdA;i) has been violated. Thisimplies that s(xA) is in the designated interval but s(xdA;i) = 0. This is acontradiction according to our construction.� Cases 3, 4, 6 and 7. The reasoning is similar to Case 2.� Case 5. yA � 1jcond(A)jPB2cond(A) yB is violated. This implies thats(yA) = 1 and there exists a B in cond(A) such that s(yB) = 0. Thissays that A is instantiated but B is not instantiated which violates thede�nition of well-foundedness for w. Contradiction.� Case 8. dS � n �Pnj=1 dCj ;S + 1 is violated. This implies that s(dS) = 0and s(dCj ;S) = 1 for all j. However, this violates our notion of an activesplining function from our construction. Contradiction.� Case 9. dS � 1n Pnj=1 dCj ;S is violated. This implies that s(dS) = 1 ands(dCj ;S) = 0 for all j. However, this violates our notion of an active spliningfunction from our construction. Contradiction.� Case 10. xCi;S � xCi �M(1� dS) is violated. This implies that s(dS) = 1and s(xCi;S) < s(xCi). But from our construction, when a splining functionis active, s(xCi;S) = s(xCi). Contradiction.� Cases 11 and 12. Similar to Case 10.137



Contradiction. There s[w] is a permissible solution.Now, given a permissible solution s. Assume that w[s] is not a well-foundedinstantiation-set. This implies that there exists a r.v. A in V such that A isinstantiated in w[s] and for some B in cond(A), B is not instantiated in w[s].Let A be such a r.v.. From our construction, this implies that s(xA) > 0 ands(xB) = 0. Furthermore, from constraints (22), (23), (24) and (25), s(yA) = 0and s(yB) = 1. However, this violates constraint (26). Contradiction.Theorem 4.37. P (w) = e��(s[w]):Proof. Follows from our construction and Theorems 4.20 and 4.36.Theorem 5.1. Gs = (Vs; Es) is a solution graph for Z = (G; c; r; S) whereG = (V;E) i� s is a 0-1 solution for L(Z).Proof. Formally, we must �rst prove that given any solution graph Gs =(Vs; Es) for Z = (G; c; r; S) where G = (V;E) we can construct a 0-1 solution sfor L(Z) = (�; I;  ) such that p 2 Vs if and only if s(xp) = 1.Assume s is not a 0-1 solution for L(Z). This implies at least one of thefollowing constraint forms have been violated by s:1. x = b where x 2 � and b 2 f0; 1g.2. x � y where x; y 2 �.3. x � y1 + y2 + . . . + yn where x; y1; . . . ; yn 2 �.4. x � y1 + y2 + . . . + yn � n+ 1 where x; y1; . . . ; yn 2 �.5. x1 + x2 + . . . + xn � n� 1 where x1; . . . ; xn 2 �.� Case 1: x = b has been violated. Without loss of generality, assume thatb = 1. This implies that s(x) = 0. Since this constraint is only generatedby evidence in S, this implies that there is some node p in V such thatx � xp where xp is the real variable associated with p in L(Z). Now,fxp = 1g 2 I ) (p; true) 2 S ) p 2 Vs ) s(xp) = 1. However, x � xp.Contradiction.� Case 2: x � y has been violated. This implies that s(x) = 1 and s(y) = 0.This constraint can be generated from one of the following sources:138



{ From equation (36), we see that x and y are the real variables as-sociated with some nodes q and p in V , respectively. Furthermore,r(q) = and and (p; q) 2 E. Now, s(x) = 1 and s(y) = 0 implyq = true and p = false which further implies that q 2 Vs but p is notin Vs. However, this violates De�nition 5.2 thus implying that Gs isnot a solution graph. Contradiction.{ From equation (39), we see that x and y are the real variables as-sociated with some nodes p and q in V , respectively. Furthermore,r(q) = or and (p; q) 2 E. Now, s(x) = 1 and s(y) = 0 imply p = trueand q = false which further implies that p 2 Vs but q is not in Vs.However, this violates De�nition 5.2 thus implying that Gs is not asolution graph. Contradiction.{ From equation (40), we �nd that y is the real variable associated withsome node pi in V and x is a special marker variable created betweennode pi and some node pi+1 in V and x � mpipi+1 . Now, s(x) = 1and s(y) = 0 imply that (pi; pi+1) 2 Es and pi = false. However,(pi; pi+1) 2 Es implies that pi 2 Vs. Contradiction.� Case 3: x � y1+. . .+yn has been violated. This implies that s(x) = 1 ands(yi) = 0 for i = 1; . . . ; n. We can easily see that this type of constraint isgenerated by the equation (38). We know that x is a real variable associatedwith some node p in V and the r(p) = or. Furthermore, s(x) = 1 ) p 2 Vs.Some of the yi's are each associated to some special marker variable mqip.Now, s(yi) = 0 ) s(mqip) = 0 which further implies that (qi; p) is notin Es. For the remaining yi's which are associated to some node qi in V ,s(yi) = 0 implies that qi is not in Vs. This also implies that (qi; p) is not inEs. However, this violates De�nition 5.2. Thus, Gs is not a solution graph.Contradiction.� Case 4: x � y1 + . . . + yn � n + 1 has been violated. This implies thats(x) = 0 and s(yi) = 1 for all i = 1; . . . ; n. Since this constraint can only begenerated by equation (37), x is the real variable associated with some nodep in V , r(p) = and and yi is associated with some qi in V for all i. Thisimplies that qi 2 Vs for all i but p is not in Vs which violates De�nition 5.2.139



Thus, Gs is not a solution graph. Contradiction.� Case 5: x1 + . . . + xn � n � 1 has been violated. This implies thats(xi) = 1 for all i = 1; . . . ; n. Finally, this constraint is created by equation(41). It is directly associated with some cycle fp1; . . . ; pn�1g in G. Now,for i = 1; . . . ; n � 1 each xi either represents the and-node pi+1 or thespecial marker variable mpipi+1 . If xi is associated to the and-node pi+1,then pi+1 2 Vs and according to De�nition 5.2, (pi; pi+1) 2 Es. If xi isassociated to mpipi+1, then s(xi) = 1 implies that (pi; pi+1) 2 Es. Finally,xn is a special case joining pn�1 and p1 which will imply that (pn�1; p1) 2 Es.However, this implies that Gs has a cycle. Contradiction.All the cases have now been covered. Thus s is a 0-1 solution for L(Z).Now, we must �nish our proof by showing that for each 0-1 solution s forL(Z), we can construct a solution graph Gs for Z such that s(xp) = 1 i� p 2 Vs.Assume that Gs = (Vs; Es) is not a solution graph for Z. This implies thatone or more of the following conditions have been violated:1. If (q; true) 2 S, then q 2 Vs.2. If (q; false) 2 S, then q is not in Vs.3. If q 2 Vs and r(q) = and, then Dq � Vs and (p; q) 2 Es for all p 2 Dq.4. If Dq � Vs and r(q) = and, then q 2 Vs and (p; q) 2 Es for all p 2 Dq.5. If q 2 Vs and r(q) = or, then there exists a node p in Dq such that p 2 Vsand (p; q) 2 Es.6. IfDq\Vs 6= � and r(q) = or, then q 2 Vs and there exists a node p 2 Dq\Vssuch that (p; q) 2 Es.7. Gs is acyclic.� Case 1: If (q; true) 2 S, then q 2 Vs.q not in Vs implies that s(xq) = 0. However, according to our constructionof L(Z), if (q; true) 2 S, then s(xq) = 1. Contradiction.� Case 2: If (q; false) 2 S, then q is not in Vs.q 2 Vs implies that s(xq) = 1. However, according to our construction ofL(Z), if (q; false) 2 S, then s(xq) = 0. Contradiction.140



� Case 3: If q 2 Vs and r(q) = and, then Dq � Vs and (p; q) 2 Es for allp 2 Dq.This implies that either Dq � Vs 6= � or there exists some p 2 Dq such that(p; q) is not in Es. If Dq � Vs 6= �, then let p 2 Dq � Vs. Now, s(xp) = 0and s(xq) = 1. However, since r(q) = and, we have the constraint xq � xpin L(Z). Contradiction.Dq must be a subset of Vs. This implies that from our construction of Gs,for all p 2 Dq, (p; q) 2 Es. Contradiction.� Case 4: If Dq � Vs and r(q) = and, then q 2 Vs and (p; q) 2 Es for allp 2 Dq.This implies that either q is not in Vs or there exists some p 2 Dq suchthat (p; q) is not in Es. If q is not in Vs, then s(xq) = 0. Also, s(xp) = 1for all p 2 Dq. However, since r(q) = and, we have the constraint xq �Pp2Dq xp � jDqj+ 1. Contradiction.� Case 5: If q 2 Vs and r(q) = or, then there exists a node p in Dq suchthat p 2 Vs and (p; q) 2 Es.This implies that for all p 2 Dq, either p is not in Vs or (p; q) is not inEs. We know that s(xq) = 1 and r(q) = or. This implies that we have aconstraint of the form xq � y1 + . . . + yn where each yi represents one ofthe following:{ yi is the real variable associated with the node pi in V .{ yi is the special marker variable associated with the nodes pi and q inV and is called mpiq.Note, Dq = fp1; . . . ; png where pi is related to yi.According to our constraint, there exists some s(yi) = 1. If yi � xpi, thenpi 2 Vs and according to our construction of Gs, (pi; q) 2 Es, since thereis no special marker associated to pi and q. Contradiction. If yi � mpiq,then we also have the constraint that mpiq � xpi in L(Z). This impliesthat s(xpi) = 1 and according to our construction of Gs, (pi; q) 2 Es.Contradiction.� Case 6: If Dq \Vs 6= � and r(q) = or, then q 2 Vs and there exists a nodep 2 Dq \ Vs such that (p; q) 2 Es.141



This implies that either q is not in Vs or for all p 2 Dq \ Vs, (p; q) is notin Es. We know that for all p 2 Dq, s(xp) = 1 and r(q) = or. From ourconstruction of L(Z), we have the constraints xp � xq for all p 2 Dq. SinceDq \ Vs 6= �, s(xq) = 1 which implies that q 2 Vs. Thus, this leaves uswith for all p 2 Dq \ Vs, (p; q) is not in Es. Now, for each p 2 Dq \ Vs,if there is no mpq, then (p; q) 2 Es. If there is an mpq, then mpq must be0. Looking at the constraint for or-node q, xq � y1 + . . . + yn where yi iseither associated with a node in Dq or a special marker variable, we �ndthat all the yi's must be set to 0. Contradiction since s(xq) = 1.� Case 7: Gs is acyclic.This implies that there exists a cycle fp1; . . . ; png of nodes in Gs. Withoutloss of generality, assume that all the nodes are or-nodes. A cycle in Gs isof course a cycle in G. By our cyclicity construction, we have special markervariables mpipi+1 between the adjacent nodes in the cycle. The cycle impliesthat (pi; pi+1) 2 Es for all i including the edge (pn; p1). By our constructionof Gs, s(mpipi+1) = 1 for all i. However, we have the constraintmp1p2 + . . . +mpn�1pn +mpnp1 � n� 1:Contradiction.Contradiction. Gs is a solution graph for Z.Theorem 5.2. Gs is a best explanation i� s is an optimal 0-1 solution.Proof. Follows from Theorem 5.1 and the fact that our costs computationsare identical.Theorem 5.3. Gs = (Vs; Es) is a solution graph for Z = (G; c; r; S) whereG = (V;E) i� s is a 0-1 solution for L(Z).Proof. Formally, we must �rst prove that given any solution graph Gs =(Vs; Es) for Z = (G; c; r; S) where G = (V;E) we can construct a 0-1 solution sfor L(Z) = (�; I;  ) such that p 2 Vs if and only if s(xp) = 1.Assume s is not a 0-1 solution for L(Z). This implies at least one of thefollowing constraint forms have been violated by s:1. x = b where x 2 � and b 2 f0; 1g.142



2. x � y where x; y 2 �.3. x � m1 +m2 + . . . +mn where x;m1; . . . ;mn 2 �.4. x � y1 + y2 + . . . + yn � n+ 1 where x; y1; . . . ; yn 2 �.5. 2jV j(1 �mpq) + tq � tp + 1.� Case 1: x = b has been violated. Without loss of generality, assume thatb = 1. This implies that s(x) = 0. Since this constraint is only generatedby evidence in S, this implies that there is some node p in V such thatx � xp where xp is the real variable associated with p in L(Z). Now,fxp = 1g 2 I ) (p; true) 2 S ) p 2 Vs ) s(xp) = 1. However, x � xp.Contradiction.� Case 2: x � y has been violated. This implies that s(x) = 1 and s(y) = 0.This constraint can be generated from one of the following sources:{ From equation (42), we see that x and y are the real variables as-sociated with some nodes q and p in V , respectively. Furthermore,r(q) = and and (p; q) 2 E. Now, s(x) = 1 and s(y) = 0 implyq = true and p = false which further implies that q 2 Vs but p is notin Vs. However, this violates De�nition 5.2 thus implying that Gs isnot a solution graph. Contradiction.{ From equation (46), we see that x and y are the real variables as-sociated with some nodes p and q in V , respectively. Furthermore,r(q) = or and (p; q) 2 E. Now, s(x) = 1 and s(y) = 0 imply p = trueand q = false which further implies that p 2 Vs but q is not in Vs.However, this violates De�nition 5.2 thus implying that Gs is not asolution graph. Contradiction.{ From equation (47), we �nd that y is the real variable associated withsome node pi in V and x is a special marker variable created betweennode pi and some node pi+1 in V and x � mpipi+1 . Now, s(x) = 1and s(y) = 0 imply that (pi; pi+1) 2 Es and pi = false. However,(pi; pi+1) 2 Es implies that pi 2 Vs. Contradiction.� Case 3: x � m1 + . . . +mn has been violated. This implies that s(x) = 1and s(mi) = 0 for i = 1; . . . ; n. We can easily see that this type of constraintis generated by equation (45). We know that x is a real variable associated143



with some node p in V and the r(p) = or. Furthermore, s(x) = 1 ) p 2 Vs.Now, s(mi) = 0 ) s(mqip) = 0 which further implies that (qi; p) is not inEs. However, this violates De�nition 5.2. Thus, Gs is not a solution graph.Contradiction.� Case 4: x � y1 + . . . + yn � n + 1 has been violated. This implies thats(x) = 0 and s(yi) = 1 for all i = 1; . . . ; n. Since this constraint can only begenerated by equation (43), x is the real variable associated with some nodep in V , r(p) = and and yi is associated with some qi in V for all i. Thisimplies that qi 2 Vs for all i but p is not in Vs which violates De�nition 5.2.Thus, Gs is not a solution graph. Contradiction.� Case 5: 2jV j(1�mpq)+ tq � tp+1 has been violated. If s(mpq) = 0, thenthe constraint has not been violated since s(tp) and s(tq) are restricted tof1; . . . ; jV jg. Thus, s(tq) < s(tp) + 1 and s(mpq) = 1. However, s(mpq) = 1implies that (p; q) 2 Es which further implies that s(tq) > s(tp). Contra-diction.All the cases have now been covered. Thus s is a 0-1 solution for L(Z).Now, we must �nish our proof by showing that for each 0-1 solution s forL(Z), we can construct a solution graph Gs for Z such that s(xp) = 1 i� p 2 Vs.Assume that Gs = (Vs; Es) is not a solution graph for Z. This implies thatone or more of the following conditions have been violated:1. If (q; true) 2 S, then q 2 Vs.2. If (q; false) 2 S, then q is not in Vs.3. If q 2 Vs and r(q) = and, then Dq � Vs and (p; q) 2 Es for all p 2 Dq.4. If Dq � Vs and r(q) = and, then q 2 Vs and (p; q) 2 Es for all p 2 Dq.5. If q 2 Vs and r(q) = or, then there exists a node p in Dq such that p 2 Vsand (p; q) 2 Es.6. IfDq\Vs 6= � and r(q) = or, then q 2 Vs and there exists a node p 2 Dq\Vssuch that (p; q) 2 Es.7. Gs is acyclic.� Case 1: If (q; true) 2 S, then q 2 Vs.144



q not in Vs implies that s(xq) = 0. However, according to our constructionof L(Z), if (q; true) 2 S, then s(xq) = 1. Contradiction.� Case 2: If (q; false) 2 S, then q is not in Vs.q 2 Vs implies that s(xq) = 1. However, according to our construction ofL(Z), if (q; false) 2 S, then s(xq) = 0. Contradiction.� Case 3: If q 2 Vs and r(q) = and, then Dq � Vs and (p; q) 2 Es for allp 2 Dq.This implies that either Dq � Vs 6= � or there exists some p 2 Dq such that(p; q) is not in Es. If Dq � Vs 6= �, then let p 2 Dq � Vs. Now, s(xp) = 0and s(xq) = 1. However, since r(q) = and, we have the constraint xq � xpin L(Z). Contradiction.Dq must be a subset of Vs. This implies that from our construction of Gs,for all p 2 Dq, (p; q) 2 Es. Contradiction.� Case 4: If Dq � Vs and r(q) = and, then q 2 Vs and (p; q) 2 Es for allp 2 Dq.This implies that either q is not in Vs or there exists some p 2 Dq suchthat (p; q) is not in Es. If q is not in Vs, then s(xq) = 0. Also, s(xp) = 1for all p 2 Dq. However, since r(q) = and, we have the constraint xq �Pp2Dq xp � jDqj+ 1. Contradiction.� Case 5: If q 2 Vs and r(q) = or, then there exists a node p in Dq suchthat p 2 Vs and (p; q) 2 Es.This implies that for all p 2 Dq, either p is not in Vs or (p; q) is not in Es. Weknow that s(xq) = 1 and r(q) = or. This implies that we have a constraintof the form xq � mp1q+. . .+mpnq. According to our constraint, there existssome s(mpiq) = 1. Now, pi 2 Vs and according to our construction of Gs,(pi; q) 2 Es. Contradiction.� Case 6: If Dq \Vs 6= � and r(q) = or, then q 2 Vs and there exists a nodep 2 Dq \ Vs such that (p; q) 2 Es.This implies that either q is not in Vs or for all p 2 Dq \ Vs, (p; q) is notin Es. We know that for all p 2 Dq, s(xp) = 1 and r(q) = or. From ourconstruction of L(Z), we have the constraints xp � xq for all p 2 Dq. SinceDq \ Vs 6= �, s(xq) = 1 which implies that q 2 Vs. Thus, this leaves us145



with for all p 2 Dq \ Vs, mpq must be 0. Looking at the constraint foror-node q, xq � m1 + . . . +mn, we �nd that all the mi's must be set to 0.Contradiction since s(xq) = 1.� Case 7: Gs is acyclic.This implies that there exists a cycle fp1; . . . ; png of nodes in Gs. Withoutloss of generality, assume that all the nodes are or-nodes. A cycle in Gs is ofcourse a cycle in G. By our cyclicity construction, we have special variablesmpipi+1 between the adjacent nodes in the cycle. The cycle implies that(pi; pi+1) 2 Es for all i including the edge (pn; p1). By our construction ofGs, s(mpipi+1) = 1 for all i. This further implies the following constraints:2jV j(1 �mpipi+1) + tpi+1 � tpi + 1for all i. From transitivity, tp1 < tpn. However, we also have tp1 > tpm.Contradiction.Contradiction. Gs is a solution graph for Z.Theorem 5.4. Gs is a best explanation i� s is an optimal 0-1 solution.Proof. Follows from Theorem 5.3 and the fact that our costs computationsare identical.
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