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Abstract

Abductive explanation has been formalized in AT as the process of searching for
a set of assumptions that can prove a given observation. A basic problem which
naturally arises is that there maybe many different possible sets available. Thus,
some preferential ordering on the explanations is necessary to precisely determine
which one is best. Unfortunately, any model with sufficient representational
power is in general NP-hard.

Causal trees and AND/OR graphs are among the most commonly used for
representing causal knowledge. Consequently, finding a best explanation has
been treated as some heuristic search through the graph. However, this approach
exhibits an expected exponential run-time growth rate.

In this thesis, we present a new approach to modeling abductive reasoning
which admits an extremely efficient implementation. We treat the problem in
terms of constrained optimization instead of graph traversal. Our approach mod-
els knowledge using linear constraints and finds a best explanation by optimizing
some measure within these constraints. Although finding the best explanation
remains NP-hard, our approach allows us to utilize the highly efficient tools devel-
oped in operations research. Such tools as the Simplez method and Karmarkar’s
projective scaling algorithm form the foundations for the practical realization of
our approach. Experimental results strongly indicate that our linear constraint
satisfaction approach is quite promising. Studies comparing our approach against
heuristic search techniques has shown our approach to be superior in both time
and space, and actually exhibiting an expected polynomial run-time growth rate.

Our goal is to show that our framework is both flexible and representation-
ally powerful. We can model both cost-based abduction and Bayesian networks.
Furthermore, it is possible for us to handle difficult problems such as alterna-
tive explanations, continuous random variables, consistency, partial covering and

cyclicity which are commonly encountered in abductive (diagnostic) domains.
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1 Introduction

The majority of human reasoning tasks seems to be explanatory in nature. We
constantly make observations about our environment and then attempt to explain
their occurrence. Many of these tasks are often taken for granted. For example,
we walk outside on a Spring day and find that the ground is wet. We quickly
explain the wetness by assuming recent rain showers and then, just as quickly,
we forget about it. Other situations which may have more impact occurs just as
often. Consider the following scenario: “John visits his friend Mary’s house and
finds that the place is dark and quiet. He concludes that Mary is not home.”
Although we used the word “concludes”, John is actually explaining why the
house is dark and quiet. The distinct possibility exists that Mary may simply be
sleeping inside.

Typically, reasoning has often been modeled in terms of deduction, that is,
we try to prove our conclusions given the observations. However, this runs into
a snag when dealing with explanatory tasks. Consider traditional deduction in
propositional logic. We find that we are incapable of modeling John’s reasoning.
Our best (only) deductive conclusion would have been: “Mary is not home” V
“Mary is home” where “V” denotes logical disjunction. Common approaches
to this problem have advocated augmenting propositional logic with certainty
factors, probabilities, costs, etc. in an attempt to preserve deduction. This was
often used in classical expert systems such as MYCIN [70, 71], PROSPECTOR
[14] and INTERNIST [38, 46]. However, the resulting models were clumsy and
restrictive. A case in point is Shortliffe’s MYCIN system. Although a highly
successful system within its restricted domain, its inferencing lacked a proper
mathematical as well as semantic basis which stemmed from its treatment of
diagnosis as deduction.?

Only until recently has explanatory reasoning been properly identified as being
separate from deductive reasoning. Pople in [47, 45, 46] was one of the first
researchers to point this out through his work on the Caduceus medical diagnosis

system. Formally called abduction, it was not widely considered as a form of

2See [41] for discussion on the limitations of these approaches.



reasoning by the Al community until its popular introduction by Charniak and
McDermott in [5]. Since then, many common problems have been identified in
its terms. For example, such problems include medical diagnosis [8, 42], circuit
fault detection [12, 11, 20] and story understanding [22, 23, 3].3

Clearly, we extensively use abductive reasoning in our everyday tasks from ex-
plaining why the ground is wet to performing sophisticated inferencing in medical
diagnosis. Thus, we need an approach to modeling abduction which is representa-
tionally robust and permits a practical implementation. To our chagrin, however,
it seems that abductive reasoning is an inherently difficult process. Indeed, vari-
ous abductive models have been shown to be NP-hard [9, 41, 7, 64, 42].

To better understand the difficulty inherent in abduction, let us attempt to
model John’s situation above. The information John used to arrive at his conclu-
sion can be described with the following set of propositions: We model causality

as logical implication in order to build our knowledge-base using logical rules.

house-dark A house-quiet = house-dark-quiet
lights-out =—> house-dark
no-one-home V blackout =—> lights-out
tv-off A radio-off = house-quiet
no-one-home V no-shows V blackout —> tv-off
no-one-home V bad-songs V blackout =—> radio-off

where “A”, “V” and “=" denote conjunction, disjunction and implication, re-
spectively. This abductive reasoning task can be viewed as a backward-chaining
process on the propositions. In essence, we are traveling backwards through the
implications in hopes of finding a set of assumptions which can serve as an expla-
nation for the evidence. For example, assuming that no one is home is a possible
explanation for the house being dark and quiet.

Abductive explanation has been formalized in AT as the process of searching for
some set of assumptions that can prove the things to be explained [7, 26, 60, 64,
73, 31, 20, 43, 41]. We call each such set an ezplanation for the given evidence. A

basic problem which naturally arises is that there maybe many different possible

3Tor a good general discussion of abduction, see [29].



explanations available. From traditional symbolic logic, the only measure of a
set’s viability as an explanation is the simple fact concerning whether the evidence
can be deductively inferred from the set. Thus, even the most far-fetched set of
assumptions can be a possible candidate as long as it implies the evidence. For
example, the house may be dark and quiet because of a blackout which in general
is a slightly less plausible possibility. In a related but slightly different problem,
consider the explanation whereby John simply assumes that the house is dark and
quiet. This is a perfectly legitimate answer but provides no useful information.

We can easily see that some preferential ordering on the explanations is nec-
essary. This would serve to precisely define the notion of a best explanation as
well as subsequent next best which is critical to have in domains such as medical
diagnosis.

Several ordering measures are available such as least specific abduction [26, 73],
cost-based abduction [7], parsimonious covering theory [43] and belief revision
[41]. Each approach offers different perspectives on the problem and provides
individual frameworks capable of modeling certain aspects of abductive reasoning.

The complexity of abduction quickly becomes apparent in that the problem
now involves the search through a most likely exponential space of solutions for
a single maximal or minimal. The knowledge representation used in abduction
is generally rule-based and often has a graphical representation. Causal trees
and AND/OR graphs are among the most commonly used. Explanations are thus
subgraphs of these structures which explicitly detail the inferences used to prove
the evidence.

Naturally, finding a best explanation has been treated as a heuristic search
through the graph. However, these heuristics exhibit an expected exponential
run-time growth rate. With the problem being NP-hard for any sufficiently so-
phisticated model and the inability of finding efficient graph search heuristics,
the practical realization of abductive reasoning seems rather bleak.

In this paper, we present a new approach to modeling abduction. Since
knowledge-bases are typically graphical in nature, all models have thus far been
designed around a graph search engine for reasoning. We make the following ob-

servation: Abductive reasoning 1s ultimately a constrained optimization problem.



Basically, our approach models knowledge using linear constraints. We find a
best explanation by optimizing some measure within these constraints. Reduc-
ing the highly structured problem of abduction into a seemingly less structured
problem of linear constraint satisfaction might suggest some “loss” in the trans-
formation. However, as will be quite evident, structures such as causal knowledge
hierarchies are completely preserved in the reduction and can be straightforwardly
retrieved.

Linear constraint satisfaction is a very well understood problem in Opera-
tions Research. Our reasoning engine is thus formed from highly efficient tools
and techniques developed in OR. Such tools as the Simplez method and Kar-
markar’s projective scaling algorithm [36, 39, 59| provide us with a firm founda-
tion to building a practical system. Experimental results strongly indicate that
our linear constraint satisfaction approach is quite promising. Studies comparing
our approach against heuristic search techniques on existing abduction problems
has shown our approach to be superior in both time and space, and actually
exhibiting an expected polynomial run-time growth rate [53, 55, 54].

Our goal is to show that our framework is both flexible and powerful enough
to solve interesting problems in abductive reasoning. With our linear constraint
satisfaction approach, we can completely model existing approaches such as cost-
based abduction [53, 55, 54] and belief revision [57]. Especially in the case of
cost-based abduction, thorough experimentation has shown that our approach
has now made a computationally difficult problem extremely feasible for extensive
use in existing applications such as the WIMP story comprehension system [6].

Furthermore, we consider some issues which remain unaddressed by the exist-
ing models. Mainly, this is due to the additional complexities imposed by these
issues, thus making an already difficult problem impossible given their approach.
For example, consider the problem that often crops up in the domains of the
WIMP story understanding system. Our knowledge-base contains the following

rules:

(fooa)A (= ab) = (foobd)
(foob)A(= ab) = (fooa)

Since explanation is a backward chaining process, the existence of the above



rules can throw explicit chaining algorithms into infinite loops. We call this
problem and any “non-acyclic” knowledge bases, cyclicity. We can show that by
using linear constraints, such issues are naturally handled within our framework
(58, 56].

In Section 2, we briefly examine some of the existing frameworks for modeling
abductive reasoning. We begin our linear constraints approach in Section 3 by
modeling cost-based abduction. We will provide a detailed analysis of our ap-
proach plus extensive experimental data comparing it against existing graphical
search solutions. In Section 4, we continue our approach by modeling Bayesian
networks. In particular, we begin by concentrating on belief revision as an ab-
ductive model and proceed to formulating belief updating within our framework.
Now having shown the flexibility and representational power of our approach
through cost-based abduction and bayesian networks, we tackle the problem of

cyclicity in Section 5.



2 Earlier Abduction Models

Knowledge for abductive reasoning is generally cast as propositions and rules
operating on the propositions. The goal is to find a set of propositions which
when operated on by some set of rules will result in a proof for the evidence. The
propositions are considered to be the hypotheses or assumptions made to explain
the observation.

In general, there are many different sets of propositions available as explana-
tions. Early measures imposing a preferential ordering on these sets were based
on the number and type of propositions in the set. One such approach was to sim-
ply maximize or minimize the number of hypotheses needed. However, consider
the following case: Returning to our story above, it seems reasonable that “no
one is home” is a better explanation than one requiring that both “the songs are
awful” and “the shows are bad”. Furthermore, these two different explanations
are still better than the one which assumes a power failure. As we can easily
see, the cardinalities of these explanations are 1, 2 and 1, respectively. Both
maximizing and minimizing will fail to capture what we consider to be the best
explanation.

Another simple approach is to designate some set of propositions as assum-
able. Thus, any set of hypotheses must consist only of assumable propositions.
However, we often run into the problem of the explanations either being too

detailed or not detailed enough.

2.1 Weighted Abduction

Hobbs and Stickel [26, 73] proposed an approach called weighted abduction. It
involves levying numerical costs to making individual assumptions. The cost of
an explanation is a function of the cost of the individual assumptions made in
the explanation. These costs are used in an effort to guide the abductive system
in favoring the intended explanations. The final choice for best explanation will
be the one with least cost.

The main difficulty of this approach, however, is the lack of any clear semantics



for the cost assignments. Appelt [1] attempted to provide semantics, but it
was found to be incomplete and inextensible. Furthermore, it failed to give an

intuitive feel for what the numbers really mean.

2.2 Cost-Based Abduction

Charniak and Shimony presented a minor variant of weighted abduction called
cost-based abduction [7]. It has been shown in [7] that belief revision in Bayesian
networks [41] can be accurately modeled by cost-based abduction.

In cost-based abduction, hypotheses have associated costs, and the cost of a
proof is simply the sum of the costs of the hypotheses required to complete that
proof. (Examples of such proofs can be found in [7, 4].) Central to this approach
is the use of directed acyclic graphs called WAODAGs (or, weighted AND/OR di-
rected acyclic graphs) [7, 4] to represent relationships between hypotheses and
the evidence to be explained. Each node represents some piece of knowledge, and
the connections explicitly detail the relationships between different pieces. Fur-
thermore, each node in a WAODAG corresponds to a logical AND or OR operation
on its immediate parents.

Assigning a truth value to each node is considered a proof if the assignment
is consistent with respect to the boolean network and if the items we wish to
explain have been explained, i.e., have been assigned a value of true. Further-
more, each hypothesis used in a proof will incur a cost. Consequently, each such
proof will have an associated cost which is simply the sum of the hypothesis costs
incurred. The goal is to find an assignment which has minimal cost (see Fig-
ure 2.1). Charniak and Shimony [7] also showed that by interpreting the costs as
negative log probabilities, cost-based abduction can be reduced to belief revision
in Bayesian networks. Thus, the cost semantics problem of weighted abduction
is not encountered. Unfortunately, finding minimal cost proofs has been shown
to be NP-hard [7].

Current approaches to finding the best proof have centered around using a

best-first search technique and ezpanding partial proofs to search for the best



no-one—-home=7 blackout=10

house-quiet

house-dark—quiet

bad-songs=3

radio—off

Fig. 2.1. A simple waoDAG. The AND-node house-dark-quiet is the ob-
servation. The nodes no-one-home, no-shows, blackout and bad-songs are
the hypotheses with associated costs 7, 6, 10 and 3, respectively. The
assignment of no-one-home to true and bad-songs, blackout and no-shows
to false results in lights-out, radio-off, tv-off, house-dark and house-quiet to
be true. This proof has a cost of 7 and is the minimal cost proof.



proof [4]. (We will continue with a more detailed discussion of cost-based abduc-

tion in Section 3.)

2.3 Belief Revision

Pearl presented an approach to modeling belief revision by using Bayesian net-
works [41]. Based upon the tenets of probability theory, events are represented
by random variables and direct and indirect causal relationships between events
are modeled by conditional probabilities and conditional independence. For ex-
ample, if the lights are off, then the house is dark. This is a direct causal
relationship which is modeled in this approach by the conditional probability
P(house-dark | lights-out). Indirect causal relationships such as “if no one is home,
then the house is dark” contains an intermediary relationship concerning the
“lights being out”. Furthermore, we know for a fact, that the status of the lights
will completely determine whether the house is dark or not. Thus, if we are given
the status of the lights being on or off, then any information about any one being
home becomes irrelevant in determining the lighting conditions in the house. This

sort of indirect causal relationship is modeled using conditional independence,
P(house-dark | lights-out, no-one-home) = P(house-dark | lights-out).

Properly constructed with a consistent set of conditional probability assignments,
a Bayesian network will represent a unique probability distribution over the ran-
dom variables. For our story, we may have the probability assignments in Fig-
ure 2.2.

The goal of belief revision on Bayesian networks is to find an instantiation
of all the random variables which will maximize their joint probability. When
evidence is given to be explained, an instantiation must be sought to maximize
the joint probability given the evidence. The instantiation which maximizes this
probability is called the best explanation. This measure is Pearl’s most-probable
ezplanation criterion (MPE).

This formulation of causal knowledge in terms of conditional probabilities ad-

mits a nice graphical representation which becomes central in determining the



P(no-one-home = true) = .4

P(blackout = true) = .1

P(no-shows = true) = .7

P(bad-songs = true) = .8

P(lights-out = true | no-one-home = true, blackout = true) =1

P(lights-out = true | no-one-home = true, blackout = false) = 1

P(lights-out = true | no-one-home = false, blackout = true) =1

P(lights-out = true | no-one-home = false, blackout = false) = 0

P(tv-off = true|no-one-home = true, no-shows = true, blackout = true) =1
P(tv-off = true|no-one-home = true, no-shows = true, blackout = false) =1
P(tv-off = true|no-one-home = true, no-shows = false, blackout = true) =1
P(tv-off = true|no-one-home = false, no-shows = true, blackout = true) =1
P(tv-off = true|no-one-home = true, no-shows = false, blackout = false) =1
P(tv-off = true|no-one-home = false, no-shows = false, blackout = true) =1
P(tv-off = true|no-one-home = false, no-shows = true, blackout = false) =1
P(tv-off = true|no-one-home = false, no-shows = false, blackout = false) = 0
P(radio-off = true| no-one-home = true, bad-songs = true, blackout = true) =1
P(radio-off = true| no-one-home = true, bad-songs = true, blackout = false) =1
P(radio-off = true| no-one-home = true, bad-songs = false, blackout = true) =1
P(radio-off = true| no-one-home = false, bad-songs = true, blackout = true) =1
P(radio-off = true| no-one-home = true, bad-songs = false, blackout = false) =1
P(radio-off = true| no-one-home = false, bad-songs = false, blackout = true) =1
P(radio-off = true| no-one-home = false, bad-songs = true, blackout = false) =1
P(radio-off = true | no-one-home = false, bad-songs = false, blackout = false) = 0
P(house-dark = true|lights-out = true) =1

P(house-dark = true|lights-out = false) = 0

P(house-quiet = true| tv-off = true, radio-off = true) = 1

P(house-quiet = true | tv-off = true, radio-off = false) =0

P(house-quiet = true | tv-off = false, radio-off = true) =0

P(house-quiet = true | tv-off = false, radio-off = false) = 0

P(house-dark-quiet = true | house-dark = true, house-quiet = true) =1
P(house-dark-quiet = true | house-dark = true, house-quiet = false) = 0
P(house-dark-quiet = true | house-dark = false, house-quiet = true) = 0
P(house-dark-quiet = true | house-dark = false, house-quiet = false) = 0

Fic. 2.2. A probability assignment for our story.

10



most-probable explanation. However, as the Bayesian networks become increas-
ingly sophisticated, the current methods used to compute them also become
extremely complicated. Furthermore, the best computational method which uses
message-passing schemes [41] are incapable of generating the subsequent next
best explanations beyond the second best one. (We will continue with a more

detailed discussion of Bayesian networks including belief updating in Section 4.)

2.4 Parsimonious Covering Theory

Parsimonious covering theory is an approach presented by Peng and Reggia [43]
for medical diagnosis. A diagnostic problem is defined as a two-layer network
consisting of a layer of manifestations which are causally affected by a layer of
disorders. Given a subset of the manifestations as evidence, a subset of disorders
must be chosen to best explain the manifestations. The choice of best explanation
is determined through a covering set approach. A collection of disorders which
can explain the manifestations is called a cover. A cover is a best explanation
if none of its proper subsets is also a cover. Such a cover is also said to be
wrredundant.

A limitation of this theory as pointed out by Peng and Reggia [43] is the
large number of covers which are considered “best”. In order to further select
from these potential explanations, some additional criteria must be used. Thus,
basic parsimonious covering theory is extended to incorporate probability theory.
The potential of an explanation is now measured by some probability. With
the addition of probabilities, care must be taken in choosing which covers are
to be inspected. Peng and Reggia [43] proposed a 2-layer Bayesian network to
probabilistically model their approach. However, extending their approach to

more general problems is not readily obvious.

2.5 Coherence

Thagard [74] proposed an approach for modeling explanation in general. Called
explanatory coherence, the theory consists of several principles that establish

relations of local coherence between a hypothesis and other propositions. Vaguely:
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Propositions P and Q cohere if and only if there is some explanatory
relation between them.

Accordingly, there are four possibilities as to what an explanatory relation might

be:

P is part of the explanation for Q.

Q is part of the explanation for P.

o P and Q together are part of the explanation for some proposition R.

e P and Q are analogous in the explanation they respectively give for some

R and S.

Satisfying any one of the four possibilities indicates a strong degree of confidence
that P and Q can both be present. We measure our best explanation to be the
set of propositions which can “cohere” together “best”. Incoherence between two
propositions occurs if they contradict each other or if they offer explanations that
background knowledge suggests are incompatible.

As we can easily see, we may have many explanations which “cohere” best ac-
cording to our current definition. Thagard continues by refining the four possibil-
ities into seven distinct principles. In this way, it is hoped that further gradations
can be made in “best”. Although a seemingly sound theory, it is rather complex.
A connectionist [52, 15, 35| implementation has been attempted, however, its

feasibility in applications seems questionable.

2.6 Other Approaches

The above methods are directed mainly towards modeling abduction. Other
approaches are certainly available. However, aside from the five methods we
have just studied, the remaining ones handle abductive reasoning sort of as an
afterthought to their main goals. Such systems include truth maintenance sys-
tems [12], influence diagrams [61], probabilistic logic [40], Dempster-Shafer theory
[13, 63] and fuzzy logic [75].
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2.7 Related Work

There are also various strands of work which, while somewhat related to the work
described in this thesis, are nevertheless sufficiently distant not to warrant a full
fledged review. In particular, we have in mind the following:
e Solving Constraint Satisfaction Problems (CPS’s) such as the n-queens
problems through Diophantine equations [51].
e Solving the relaxation labeling process through a Simplex-like algorithm
[76].
e Updating deductive databases though linear programming techniques [2].
e Reduction of independence-based MAPs in Bayesian networks to linear con-
straint satisfaction [69].
e The problem of path planning in robotics in relation to routing and trans-
portation problems [49)].
e Work done with distributed intelligent agents [37].
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3 Cost-Based Abduction

Our basic approach towards knowledge representation involves a mapping from
objects and/or propositions in the world to real variables. The values that a
real variable may attain are analogous to the changing states of the associated
object or proposition. In the simplest case, we can map the truth or falsity of
a proposition into the values 1 and 0 for the corresponding real variable. As we
shall see later, more complicated mappings such as objects with multiple states
can be accomplished by solely using the values 0 and 1 (see Section 4.1.1).

With the close correlation of real variables to objects in the world, we can
model relationships such as causal/logical information between the various ob-
jects and/or propositions through linear constraints on the appropriate real vari-
ables. Taking all these linear constraints together, we can now mathematically
define the space of possible solutions we wish to consider. A linear function on
the real variables called, an objective function ,is then applied to this space to
precisely determine the solution we desire.

Our goal in this section is to model cost-based abduction using this approach.
This and the subsequent section which models Bayesian networks should demon-

strate the representational capabilities of our linear constraints formulation.

3.1 WAODAGS

The keystone of cost-based abduction [7] is the weighted AND/ OR directed acyclic
graph (abbreviated WAODAG) which models the relationships between objects
and/or concepts in the world. Each node in the graph embodies some object
or concept while each edge represents direct causal/logical relationships between
nodes incident to the edge. For example, suppose we are in a house which contains
aradio and a television set. Furthermore, suppose we also understand that having
the radio off plays some role in the house being quiet and that the radio may
be off because either there is no one home or the music is terrible to listen to.
Assume we have nodes labeled radio-off, house-quiet, no-one-home and bad-songs

representing the propositions that the radio is off, the house is quiet, no one
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bad-songs=3

Fic. 3.1. A simpler wAODAG. The AND-node house-quiet is the observa-
tion. The nodes no-shows, no-one-home and bad-songs are the hypotheses
with associated costs 6, 7 and 3, respectively.

is home and that the music is awful, respectively. An accurate indication of
the relationships between these propositions can be made by introducing edges
between radio-off and each of house-quiet, no-one-home and bad-songs as has been
done in Figure 3.1. (This is similarly done for tv-off and no-shows.)

A dag alone, however, only represents the existence of relationships and does
not specify their exact nature. In the above example, we know that if either the
music is bad or no one is home, then the radio will be off. This relationship
can be easily modeled by the rule no-one-home V bad-songs = radio-off where
“V” and “=" represent disjunction and implication, respectively. Similarly, the
relationship that the house is quiet if both the radio and television are off can be
represented by radio-off A tv-off => house-quiet where “A” denotes conjunction.
Using this rule-based approach, the nodes in the dag can be augmented by the

boolean functions “AND” and “OR” which take as input, the immediate parents
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of each node, if any. This AND/OR dag can now be used to completely specify
the causal/logical relationships between the objects in our example.

Finally, since we are reasoning via abduction as opposed to deduction, our goal
is to attempt to find the best set of hypotheses which can prove the given obser-
vation. Since we are utilizing a rule-based approach to represent our knowledge,
the notion of a proofis straightforward. It simply consists of a set of hypotheses
plus some set of rules. In cost-based abduction, the cost of a proof is a measure
on the set of hypotheses it uses. Each hypothesis is assigned a cost and the cost
of a proof is the sum of the costs of all the hypotheses used. The best proof is
then the one with minimal attached cost.

We now formalize the minimum cost-based abduction problem:

DEFINITION 3.1. A WAODAG* is a J-tuple (G,c,r,S), where:
1. G is a directed acyclic graph, G = (V, E).
2. ¢ is a function from V x {true, false} to R, called the cost function.
3. ris a function from V to {AND,OR}, called the label. A node labeled AND
15 called an AND-node, etc.

4. S is a subset of nodes in V called the evidence nodes.

NotaTioN. Vg is the set of all nodes in V with indegree 0. The nodes in Vg are
also called the hypothesis nodes.

The WAODAG is our graphical representation of the rule-based knowledge
to be used by the cost-based abduction approach. The dag G represents our
relationships, ¢ represents the cost of assuming that a piece of knowledge is true
or false, r indicates the type of boolean function associated and S represents the
set of observations to be explained.

Clearly, an explanation is the same as a proof for cost-based abduction. We
formally define a proof for a set of observations as an assignment of truth values
to the different objects in the knowledge base such that the observations are true
and the assignments are consistent with respect to the rule-based relationships
between the objects.

In Figure 3.1, if {house-quiet = true} is the observation to be explained, one

4Slight generalization of Charniak and Shimony [7].
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possible proof would be the following assignment of truth values: {house-quiet,
radio-off, bad-songs, tv-off, no-shows} are assigned true and {no-one-home} is as-
signed false. A second possibility is to assign all of them to true. And as a
third possibility, we can assign {house-quiet, radio-off, tv-off, no-one-home} to
true and {bad-songs, no-shows} to false. As we can easily see, all three assign-
ments are internally consistent with the associated rule-based relationships and
assign house-quiet to true.

More formally, we define this as follows:

DEFINITION 3.2. A truth assignment for a WAODAG W = (G, ¢,r,S) where G =
(V, E) is a function e from V to {true,false}. We say that such a function is valid
iff (if and only if) the following conditions hold:
1. For all AND-nodes q, e(q) = true iff for all nodes p such that (p,q) is an
edge in E, e(p) = true.
2. For all OR-nodes q, e(q) = true iff there ezists a node p such that (p,q) is
an edge in E and e(p) = true.
Furthermore, we say that e is an explanation iff e is valid and for each node q in

S, e(q) = true.

Once we have the different possible explanations for some observation, we
must now associate a cost to each one to impose some order reflecting the goodness
of proofs. As we mentioned earlier, the cost of a proof is simply the sum of the

individual costs of the hypotheses assumed.®

DErFINITION 3.3. We define the cost of an explanation e for W = (G, ¢, 7, S) where
G=(V,E) as
Cle) = clg,¢(q)) (1)

qeV

An ezplanation e which minimizes C 1s called a best explanation for W.

From (1), we find that our three proofs above have costs 9, 16 and 7, respec-
tively. Of the three our best proof is the third one with the cost of 7. This proof

also turns out to be the best explanation (minimal-cost proof) for Figure 3.1.

S Although we have only discussed having costs associated with hypotheses, our approach
permits costs to be associated with any node.
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As we mentioned earlier, finding the minimal-cost proof can be a difficult
task. Using brute force enumeration techniques is fine for small problems but
grows exponentially in complexity. Charniak and Shimony [7] have proven that
this problem is NP-complete by transforming it into the vertez cover problem
[17]. Straightforwardly, this problem can be transformed into a search problem
on AND/OR graphs. However, efficient admissible heuristics seem to be difficult to
find. (In Section 3.4, we compare the computationally efficiency of our approach
against a search heuristic designed for use on WAODAGs generated by the WIMP
story understanding system [4].)

3.2 Constraint System Formulation

Basically, cost-based abduction is ultimately an optimization problem. So, in-
stead of treating it as a traditional graph search problem, we consider the problem
in terms of constraint satisfaction. In what follows, we will show how cost-based
abduction can be directly transformed into a minimization problem on a collec-
tion of linear constraints. Central to this transformation is the formulation of
linear constraint systems (or simply, constraint systems) which can be shown to
correctly solve the minimum cost-based abduction by determining the minimal-
cost proof.

NoTaTiOoN. & denotes the set of real numbers.

DEFINITION 3.4. A constraint system is a S-tuple (I, I,%) where I' is a finite set
of real variables, I is a finite set of linear inequalities based on I', and i is a

function from T' x {0,1} to R called the cost function.

NortatioN. For each node ¢ in V, let D, = {p|(p, q) is an edge in E}, the parents
of q. |D,| is the cardinality of D,.

From Definition 3.2, for a truth assignment to be a possible explanation,
we must guarantee the internal consistency of the assignments required in the
definition. This internal consistency is the same consistency required in boolean
combinatorial circuits. We must guarantee the correct assignment of input values
versus output values of each AND/OR node in the WAODAG.

Like values in boolean circuits, we can use numerical assignments instead of
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true or false. In general, we use 1 for true and 0 for false. By taking this viewpoint,
we can now consider the internal consistency as some form of mathematical for-
mulae to be satisfied where each node is actually a variable in the equation. Our
purpose is now to show how these equations can be derived and then prove that
they guarantee the internal consistency required.

We begin our derivation with the simplest of the requirements. Let ¢ be an
evidence node in our WAODAG. Associate the variable z, with ¢. Since ¢ is an
evidence node, any explanation for g must assign g to true. This can be modeled
by the equation

zg=1

Next, let ¢ be an AND-node with parents D,. We have the following: ¢ s true iff
p is true for all nodes p in Dy. Symmetrically, g is false iff there exists a p in D,

such that p is false. We can accomplish this with the following equations:
zq < zp for each p € D,

which guarantees that
1. g being true forces all p in D, to be true, and

2. some p in D, being false forces q to be false;

Z Zp — |Dg| +1 < 24
peD,
guaranteeing that
1. ¢ being false forces some p in D, to be false, and
2. if all p in Dy, are true, then ¢ must be true.
Note that at this time we are assuming that our variables may only take values
of 0 or 1 although there is no upper or lower bound on the results of evaluating
either side of the equation. For example, let D, = {a,b,¢,d}, z, = zp = 2. = 0
and z4 = 1. This implies that the summation side of the third equation above
yields —2!
Now consider the OR-node. Let g be an OR-node with parents D,. We have:

q 1s false iff p is false for all nodes p 1n D,. We can also accomplish this with the
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following equations:

Zmpqu

PGDq
which guarantees that
1. g being true forces some p in D, to be true, and

2. if all p in D, are false, then ¢ must be false;

Ty > p for each p € D,

guarantees that

1. g being false forces all p in D, to be false, and

2. some p in D, being true forces q to be true.

Together, these equations will guarantee the internal consistency needed for
a truth assignment to be an explanation. Also, any explanation is guaranteed to

satisfy this set. We formalize our construction as follows:

DEerFINITION 3.5. Given ¢ WAODAG W = (G,¢,r, S) where G = (V, E), we can
construct a constraint system L(W) = (', I,4) where:

1. T is a set of variables indezed by V, i.e., I' = {z4|q € V},

2. Y(zq, X) =c(q,X) for all g € V and X € {true,false},

3. I 1s the collection of all inequalities of the forms given below:

zq <z, € I for each p € D, 1f r(qg) = AND (2)
> @p— |Dgl+1<zq€Itfr(q)=AND (3)
PGDq

S 4y > @y € 1 ifr(g) = OR @
PGDq
zq >z, € I for each p € Dy if r(q) = OR (5)

We say that L(W) is induced by W. Furthermore, by including the additional

constraints:

z,=1ifqg€S (6)

we say that the resulting comstraint system s induced evidentially by W and is

denoted by Lg(W).
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DEFINITION 3.6. A variable assignment for a constraint system L = (I',I,%) is a
function s from I' to R. Furthermore,

1. If the range of s is {0,1}, then s is a 0-1 assignment.

2. If s satisfies all the constraints in I, then s is a solution for L.

3. If s 1s a solution for L and a 0-1 assignment, then s is a 0-1 solution for

L.

With our transformation of cost-based abduction into constraint systems, we
must now prove that 0-1 solutions are equivalent to explanations. Given a 0-1
assignment s for L(W), we can construct a truth assignment e for W as follows:

1. For all g in V, s(zy) = 1 iff e(q) = true.

2. For all ¢in V, s(z,) = 0 iff e(q) = false.
Conversely, given a truth assignment e for W, we can construct a 0-1 assignment
s for L(W).
NoTATION. e, and s, denote, respectively, a truth assignment e constructed from
a 0-1 assignment s, and a 0-1 assignment s constructed from a truth assignment
e.

We can show that all explanations for a given WAODAG W have corresponding

0-1 solutions for Lg(W) and vice versa.
TrEOREM 3.1. If e is an ezplanation for W, then s. is a 0-1 solution for L(W).
(Proofs can be found in Appendiz A.)

COROLLARY 3.2. Let L be constructed from L(W) by eliminating all constraints
of the forms (8) and (5). If e is an explanation for W, then s. is a solution of
L*

Conditions (2) and (4) are called bottom-up constraints since they dictate the
values of variables from the direction of the evidence nodes. Symmetrically, (3)

and (5) are called top-down constraints.

THEOREM 3.3. If s is a 0-1 solution for Ly(W), then e, is an explanation for W.

6 is later defined as a WAODAG semi-induced constraint system.
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From Theorems 3.1 and 3.3, 0-1 solutions for constraint systems are the coun-
terparts of explanations for WAODAGs. By augmenting a WAODAG induced con-
straint system with a cost function, the notion of the cost of an explanation for
a WAODAG can be transformed into the notion of the cost of a 0-1 solution for
the constraint system.

To complete the derivation, we must also be able to compute the costs asso-

ciated with each proof. We can do this as follows:

DEFINITION 3.7. Given a constraint system L = (I', I,1), we construct a function
O from variable assignments to R as follows:

OL(s) = > _{s(z)p(=z, true) + (1 — s(z))i(z, false)}. ()

zel

Oy, 1s called the objective function of L.

DEFINITION 3.8. An optimal 0-1 solution for a constraint system L = (T',1,%) is

a 0-1 solution for L which minimizes Op,.

As we can clearly see, (7) is identical to (1). From Theorems 3.1 and 3.3 and
the relationship between node assignments and variable assignments, an optimal
0-1 solution in Lg(W) is a best explanation for W and vice versa.

Taking the set of linear inequalities I and the objective function O, we ob-
serve that we have the elements known in operations research as a linear program
[59, 36, 39]. The goal of a linear program is to minimize an objective function
according to some set of linear constraints. Highly efficient methods such as the
simplez method’ and Karmarkar’s projective scaling algorithm are used to solve
linear programs [59, 36, 39]. Empirical studies have shown that the running time
of the simplex method is roughly linear with respect to the number of constraints

and the number of variables in the linear program [39].
ProposiTION 3.4. Given a WAODAG W = (G,¢,r,S) where G = (V, E), if
Lg(W) = (T,1,) is induced evidentially from W, then |I| = |E|+|V —Vg|+|S].

Although our constraint systems seem similar in nature to linear programs,

linear programs are incapable of making restrictions which cannot be modeled by

"For a quick overview of the simplex method, see [25].
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linear inequalities. Thus, solutions which minimize the objective function may
not be strictly 0 and 1. However, if the solution is a 0-1 solution, then the best
explanation has been found. (From our experiments, as we shall see later, the
optimal solutions for many of these linear programs will in fact be 0-1 solutions.
Thus, the best explanation can be found by just using straight Simplex methods
on the problems.) If the solution is not a 0-1 solution, the value for the objective
function generated by such a solution still provides an excellent lower bound to
the cost of an optimal 0-1 solution. This lower bound will be used to direct our
search for an optimal 0-1 solution as we shall see below.

For computing the lower bound, WAODAG induced linear programs are well
suited for the simplex method. The constraint matrices for these types of linear
programs are extremely sparse and consist of only three values: -1, 0, 1. Fur-
thermore, detailed knowledge of the problem structure can be exploited to even
further improve performance (see Section 3.5). The following theorem shows that
the number of linear inequalities can be reduced under certain conditions.

Let W = (G,c¢,r,S) where G = (V,E) is a WAODAG such that only the

hypothesis nodes have non-zero costs.

DEFINITION 3.9. We can construct a constraint system j)(W) = (T, 1,%) where:
1. T is a set of variables indezed by V, i.e., ' = {z,4|qg € V}.
2. Y(zq, X) =c(q,X) for all g € V and X € {true,false}.

3. I 1s the collection of all inequalities of the forms given below:

zq <z, € I for each p € D, 1f r(qg) = AND (2)
> zp >z, €1ifr(qg)=0R (4)
PGDq

We say that L(W) is semi-induced by W. Furthermore, by including the additional
constraints:

z,=1ifqg€S (6)

we say that the resulting constraint system is semi-induced evidentially by W and
1s denoted by j)E(W) (Properties associated with induced constraint systems are

easily generalizable to semi-induced ones.)
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A semi-induced constraint system is simply an induced constraint system
lacking top-down constraints. From Corollary 3.2, the set of possible solutions
for L(W) is a superset of the set of possible explanations for W.

Before we can introduce the next theorem, we must now present the definition

of AND-DAGS.

DEFINITION 3.10. An AND-DAG 1s ¢ WAODAG whose nodes which are labeled OR
have at most indegree one. Construct W' = (G',d,7',S) from W by removing
all but one of the parent from every OR - node. Now, remove from W', all nodes
and associated edges which are not reachable from any evidence node in S. The

resulting AND-DAG W' is said to be induced by W.

ProposiTioN 3.5. Let W' be an AND-DAG induced by W. For any truth as-

signment e, if e(p) = true for all nodes p in W', then e is an ezplanation for

w.

THEOREM 3.6. An optimal 0-1 solution for j)E(W) can be transformed into a best

ezplanation for W in O(|E|) steps if c(p, false) < ¢(p, true) for all nodes p in V.

For the transformation, see the proof of Theorem 3.6 in Appendiz. In general,

transforming a 0-1 optimal solution for j)E(W) requires at most 2|E| steps.

COROLLARY 3.7. An optimal 0-1 solution for j)E(W) 15 a best explanation for W
if c¢(p,false) < c(p, true) for all nodes p in V.

From the above theorem, a best explanation for W can be found by solving
a smaller linear program.

Intuitively, we note that the information required to find an optimal 0-1 so-
lution is propagated from true assignments which originate from the evidence
nodes and thus, results in a bottom-up fashion of processing. In terms of our
constraint system, constraints need only be sensitive to the information from one
direction, namely from the evidence nodes. As we shall see later in this section,
Corollary 3.7 will demonstrate certain enhancements and improvements which

can be made to our approach.
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blackout=10

T e

Fic. 3.2. In this simple WAODAG, the OR-node house-quiet is the observed
evidence. blackout is the only hypothesis available.

ProposiTioN 3.8. If j)E(W) = (T, 1,v) is semi-induced evidentially by W, then

11| = {(p,q) € E|r(p) = AND}| + [Vo| + [5]

where Vo 1s the subset of all nodes in V which are labeled OR and have nonzero

outdegree.

Many other types of improvements may also be employed. Some arise from the
intimate knowledge of our problem like the one above while others are techniques
used for general linear programming problems (see Sections 3.5 and 3.6).

Although only WAODAGs are used in the preceding discussions, one can easily
generalize our linear constraint satisfaction approach to arbitrary boolean gate-

only networks.

3.3 Branch and Bound

As we mentioned in the previous section, the solution to a WAODAG induced linear
program need not consist of strictly Os and 1s. For example, consider the simple
WAODAG in Figure 3.2. (Note that we will use the terms constraint systems and

linear programs interchangeably throughout this section.)
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From this WAODAG, the following linear program is generated from our semi-

induced constraint system L = (T, I, %):

H =1
H < R+T
B > R
B > T

and has objective function:
Or(s) = s(B)y(B,true) + (1 — s(B))y(B, false)

where H,R,T,B € T respectively stand for house-quiet, radio-off, tv-off and
blackout. Furthermore, assume (B, false) = 0 and (B, true) > 0.

We can easily show that the solution which minimizes the objective function
is as follows: H =1, R=.5,T = .5, and B = .5 with O(s) = ¢(B, true)/2. We
call B a shared node in our WAODAG. An OR-node such as H with assigned value
strictly greater than its parent is called a divide node. (It is easy to show that
either an OR-node is a divide node, or that all of its parent are 0 or the same
value as the OR-node.)

Looking closely at Figure 3.2, we could easily remedy this problem by intro-
ducing the constraint house-quiet < blackout. This new constraint reflects the
fact that the value for house-quiet is ultimately determined by blackout. Simple
patches like this one could be used to prevent this type of split node problem.
However, most are non-trivial to identify and repair.

With small linear programs like the one above, using a brute force technique
of simply trying each possible assignment maybe feasible. Of course, the run time
grows exponentially with respect to the size of the problem.®

The technique to be presented avoids the necessity of searching the entire
solution space by utilizing the lower bound computed by the linear program.
This is a standard technique used in many domains to speed up processing time.

The basic idea is as follows: To find an optimal 0-1 solution, we solve a

sequence of linear programs. This sequence can be represented by a tree where

8See integer programming techniques [59, 36, 39].
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each node in the tree is identified with a linear program that is derived from the
linear programs on the path leading to the root of the tree. The root of the tree is
identified with the linear program induced by our constraint system. The linear
programs along the nodes of the tree are generated using the following schema:
Consider sq, the optimal solution to our initial linear program denoted lp,. If s
is a 0-1 solution, then we are finished. Otherwise, we choose some non-integral
variable z in s¢ and define two new problems lp; and lp, as descendants of 1p,. 1p;
is identical to lp, except for the additional constraint z = 1, and lp, is identical to
Ipo except for the additional constraint z = 0. Note that the two new problems do
not have sq as their optimal solutions. Since we are looking for a 0-1 assignment,
the optimal 0-1 solution must satisfy one of the additional constraints. The two
new nodes just defined are called active nodes and the variable z is called the
branching variable.

Next, we choose one of the problems identified with an active node and at-
tempt to solve it. It is not necessary to run a complete simplex method on the
linear program. Using methods such as the dual simplez algorithm [59, 39, infor-
mation is utilized in an incremental manner from other runs resulting in a quick
and efficient computation. If the optimal solution is not a 0-1 solution, then
two new problems are defined based on the current linear program. These new
problems contain all the constraints of the parent problem plus the appropriate
additional one.

When a 0-1 solution is found for some active node, the value of its objective
function is compared against the current best, if any. The current best is the 0-1
solution which has the lowest cost of all the 0-1 solutions found so far. Thus, if
the cost of the new solution is better than the current best, it is then used to
prune those active nodes whose computed lower bounds exceed this value. This
solution also now becomes the current best solution.

Branching continues in this manner until there are no active nodes in the tree.
At the end, the current best solution is guaranteed to be the optimal 0-1 solution.

This technique is generally classified as a branch and bound technique in the
area of integer linear programming [59, 39]. Also, it can be applied to any con-

straint system.
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NotaTioN. We denote an active node by an ordered pair (I,!) where I is a set

of linear constraints and [ is the value of the optimal solution for the associated

linear program.

ALGORITEM 3.1. Given a constraint system L = (I',1,%), find its optimal 0-1

solution.
1. (Initialization) Set CurrentBest := ¢ and ActiveNodes := {(I,0)}.
2. If ActiveNodes = ¢ then go to step 15. Otherwise, let lp be some linear
program in ActiveNodes.
3. ActiveNodes := ActiveNodes — {lp}.
4. Compute the optimal solution s°F* for lp using Simplez, etc.
5. If s°Pt is a 0-1 solution, then go to step 12.
6. (Bound) If CurrentBest # ¢ and Or(s*) > Or(CurrentBest), then go to

7. (Branch) Choose some variable = in lp whose value in s

Step 2.

t is non-integer.

8. Setl; :=IU{z =0} and I,:=1TU{z =1}

9. Create two new linear programs:

10.
11.
12.

15.

14.
15.

Ip; := (11, OL(s%")) and lp, := (I, OL(s)).

ActiveNodes := ActiveNodes U {lp,,1p,}.

Go to step 2.

(0-1 solution) If CurrentBest = ¢ or OL(s®*) < Or(CurrentBest), then
CurrentBest := s°F*.

(Pruning) Remove from ActiveNodes all linear programs whose lower bounds
are greater than ©r( CurrentBest).

Go to step 2.

(Solution ) Print CurrentBest.
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To solve Figure 3.2, we choose tv-off to be our first branching variable. Fol-

lowing Algorithm 3.1 above, we generate two new linear programs:

1
R+T
R

T

Lll H

N
IV IV A

Il
o

and

Lgl

N oo
VvV IV OIA
:U =

I
—_

both with objective function:
Or(s) = s(B)y(B,true) + (1 — s(B))y(B, false)

. We first note that tv-off is now a fixed value in both L; and L. Since the original
optimal value of tv-off was .5, both L; and L, now exclude this possibility which
effectively eliminates the original optimal solution from their respective feasible
solutions space. From simple observation, we find that the optimal solutions for
Lyand Lyare {(H=R=B=1,T=0}for Ly and {H =T =B =1,R =0} for
L,. The cost for both assignments is 9(B, true). We can easily show that both
assignments are optimal 0-1 solutions.

In this algorithm, two points were left deliberately vague: the choice of the
next active node and the choice of branching variable. Several different options
exist for both.

For the choice of the next active node, we have the following:

N1. Depth-first search of the branch and bound tree.
N2. Breadth-first search of the branch and bound tree.

N3. Choose the active node whose parent node has the best lower bound.
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N4. Choose the active node whose parent’s solution s is closest to a 0-1 solu-

tion according to

> min{s"(z), (1 — s (z)}.

o€lp,

For the choice of the next branching variable:

V1. Choose only variables corresponding to hypotheses nodes since a 0-1 as-
signment to these variables guarantees a 0-1 assignment throughout the
remaining variables.

V2. Order the choice of variables such as shared nodes, then divide nodes, then
hypothesis nodes, and so on.

V3. Choose the variable z which minimizes

{min{s™(z), (1 — s*(z))}}.

V4. Choose the variable z which maximizes

{min{s™(z), (1 — s*(z))}}.

V5. Choose the variable which has maximum associated cost.
V6. Use any combination of the above.
Obviously, many other techniques exist for making our choices, some based
on the knowledge of our problem and others based on general techniques. Com-
binations of active node heuristics N1 and N3 together with branching variable

heuristics V2 and V3 seem most promising.®

3.4 Experimental Results

We performed two experiments to measure the efficiency of our linear constraint
satisfaction approach. The first involves a real application of our technique to
solve cost-based abduction problems created by the story understanding system
WIMP [22, 23]. This allows us to make a comparison against the search-style

heuristic described in [4] to solve these graphs. Our second experiment involves

®Techniques V1 and V2 seem to work best when values can propagate in a top-down fashion.
Thus, using the induced constraint system as opposed to the semi-induced constraint system
is desired.
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testing our approach on randomly generated WAODAGs as a gauge on how well
the technique applies to the general class of WAODAGs. Also, WAODAGs larger
than those found in the first experiment are used.

For both experiments, we employed active node method N1 and branching

variable technique V3 above.

3.4.1 Experiment #1

WIMP is a natural language story comprehension system for parsing and under-
standing written English sentences [22, 23]. It utilizes belief networks to perform
the necessary abductive inference tasks necessary to solve problems like pronoun
reference and word-sense disambiguation. The belief networks can then be trans-

formed into equivalent cost-based abductions problems as shown in [7].

The algorithm for determining the minimal cost proof in [4] is based on a best-
first search of the WAODAG. The basic idea is that one starts with the partial
proof consisting only of the evidence nodes in the WAODAG and then creating

alternative partial proofs.'®

In each iteration, a partial proof is chosen to be
expanded. It is expanded by adding some new nodes and edges to the existing
partial proof which takes into consideration how one of its goals can be achieved
locally according to the current partial proof and nearby nodes. This continues
until all the goals (such as evidence) are satisfied and results in a minimal cost
proof. How this is actually done is outlined in [7].

Naturally, the success of this algorithm depends on having a good heuristic
function for deciding which partial proof should be worked on next. Further-
more, the heuristic function must be admissible to guarantee that the first proof
generated is the minimal cost proof. Efficient heuristics have been difficult to
find. One of the few basic admissible heuristics that has been used is cost-so-far
in [7, 73]. Simply put, the partial proofs are weighted according to the costs of
the hypotheses which they currently contain. A much more efficient heuristic has
been found which utilizes a more sophisticated cost estimator [4]. The difficulty

in the cost-so-far approach is that no estimation on the “goodness” of the partial

10A partial proofis a subgraph of the wAODAG.
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proof can be made until hypothesis nodes have been reached. In brief, the new
heuristic propagates the costs of the hypothesis nodes down the network to give
some estimation of the “goodness” of each partial proof. The admissibility of
this heuristic is guaranteed by the special care the heuristic takes in expanding
partial proofs. (For precise details and the admissibility proof of this heuristic,
see [4].)

Comparing our linear constraint satisfaction approach to the search heuristic
is not an obvious task. The method and intuitions behind solving linear program-
ming problems is radically different from those involved in best-first search. Our
only course of action seems to be in making a direct CPU timing comparison.
However, it is necessary to guarantee some invariance in our measure such as
with respect to programming language used and internal algorithm optimization
independent of the algorithm itself.

We find that a common factor in the run times of each approach is a complex-
ity measure on the number of edges in the WAODAG. An expansion of a partial
proof necessitates the traversal of the graph along its edges. The final minimal
cost proof is a traversal such that each OR-node in the proof has exactly one out-
going edge and each AND-node includes all of its outgoing edges in the original
WAODAG. Similarly for our constraint systems, Proposition 3.4 stipulates that
the number of constraints required to solve a WAODAG is roughly the number of
edges in the wAODAG.' And the run time of algorithms like the Simplex method
to solve these systems is a function of the number of constraints.

We compare the efficiency of both the search heuristic and our linear con-
straint satisfaction approach by studying the runtime rate of growths. In essence,

given a collection of ordered pairs of the form
(WAODAG complezity, CPU usage) = (Number of WAODAG edges, CPU usage)

representing the runtime statistics, we attempt to perform a least-squares fit of
the data on the function ¢ = e®t%® where ¢ is the CPU seconds used and z is the
number of edges in the WAODAG to be solved. We can now compare the relative

efficiency of each approach by comparing against the constant b for both fits.

!1Generally, the number of edges is some multiple of the number of nodes.
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H ‘ Nodes ‘ FEdges ‘ Hypotheses ‘ OR-nodes ‘

Mn 7 12 2 3
Maxz 158 375 41 59
Average | 42.54  93.49 10.88 16.76
Median 34 5 9 14
Total 5955 13089 1523 2346

TABLE 3.1. WIMP WAODAG summary.

In this experiment, 140 WAODAGs generated by WIMP ranging in size from
7 nodes to 158 nodes and from 12 edges to 375 edges were presented to both
approaches. Table 3.1 summarizes the set of WAODAGs generated by WiMP for
our experiment. Figures 3.3 and 3.4 show the semi-logarithmic plot of our timings
for the WIMP heuristic and for our linear constraint satisfaction approach.

We found that in our linear constraint satisfaction approach, roughly 61%
of the WAODAGs generated by WIMP were solved using only linear programming
without resorting to branch and bound. Furthermore, the number of active nodes
actually used during branch and bound cases were only a small fraction of the
total number of nodes involved. On average for the branch and bound cases alone,
the number of active nodes was 6.2% of the nodes in the graph, and overall, the
average number for all WAODAGs was 2.4%.

Performing a least-squares fit on the timings gives us the following

WIMP heuristic . gT532+.0245z

Constraint system : e 380101872

which serves to verify some of our expectations on the growth rate of our linear
constraint satisfaction approach as compared to the search technique.

Although we have just shown that our approach is better than the search
heuristic found in WIMP, the best exponential fit does not actually describe our
timings very well. Consider the logarithmic plot of our linear constraint satisfac-
tion approach in Figure 3.4.

As we can clearly see, our linear constraint satisfaction approach actually

exhibits a subexponential growth rate. By further attempting to fit our data to
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azb, we get .00013712'%%8 as our growth curve. To show that the polynomial fit
is better, we compare the two least square error fits, that is,

Z |Xe - F(e)|2

e€A

where A is the set of all WAODAGS, x. is the amount of CPU seconds taken to
solve WAODAG e and F(e) is the amount of time predicted by the least-squares
fit. Taking the error of the exponential fit and dividing it by the error of the
polynomial fit, we roughly find a 10000% improvement of the polynomial fit
over the exponential. When we attempted to perform a polynomial fit on the
search heuristic, we found that the error actually tripled. Although the search
heuristic is slightly faster than our approach on the very small (in terms of edges)
WAODAGS, our approach seems to be quite fast and practical at solving all the
WAODAGSs generated by WIMP.

3.4.2 Experiment #2

Our purpose in this experiment is to further test the efficiency of our linear con-
straint satisfaction approach when faced with more general and larger WAODAGSs
than those generated by WiMP. In particular, we are interested in whether the
subexponential growth rate exhibited for the WIMP generated WAODAGs remains
to be the case for these randomly generated graphs.

100 WAODAGs were generated ranging from 36 to 387 nodes and from 39 to 699
edges. They were generated randomly'? by first determining the number of nodes
n from 1 to 400 and then instantiating said nodes. Next, the number of edges from
n to 800 to be included in this graph is determined and the edges were randomly
instantiated between two nodes.!® Finally, hypothesis nodes are identified and
are arbitrarily assigned some non-negative cost. Table 3.2 summarizes the set of
randomly generated WAODAGs for this experiment.

We found that 97% of the randomly generated WAODAGs were solved using

only linear programming without branch and bound.'* Performing a least-squares

12By random, we mean uniform distribution.

13To guarantee that our resulting graph is acyclic, we initially imposed a random topological
ordering on the nodes.

14We are currently investigating why this differs so much from WiMP generated WAODAGs.
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H ‘ Nodes ‘ FEdges ‘ Hypotheses ‘ OR-nodes ‘

Mn 36 39 8 7
Maxz 387 699 154 135
Average | 224.2 328.4 74.2 75.6
Median 225 323 6 79
Total 22424 32844 7423 7559

TABLE 3.2. Random WAODAG summary.

exponential fit gives us e=%-49T-0614z

Consider the logarithmic plot of our linear constraint satisfaction approach
in Figure 3.5. Again, we can clearly see that our linear constraint satisfaction
approach actually exhibits a subexponential growth rate. By further attempting

b

to fit our data to az®, we get .00791882%%3%® as our growth curve. Again, the

error fit actually improved roughly 2300%.

3.4.3 Discussion

From our two experiments above, our linear constraint satisfaction approach
seems very promising. A very surprising result is that the optimal solution found
for the linear program without branch and bound was either already a 0-1 opti-
mal solution or a very close approximation as indicated by the relatively small
number of active nodes used. Furthermore, due to the incremental nature of
branch and bound, the additional computational effort required beyond solving
the initial linear program was rather small as we could use methods such as the
dual simplex algorithm.

Instinctively, we would have guessed that the bulk of our problems would have
centered around the branch and bound process since it seems unlikely that our
linear program should have an optimal solution which is also integral. We are
currently attempting to understand why this is the case. However, it seems to
be a very difficult problem.

It has been frequently observed that matching and set covering problems on

graphs are very amenable to linear programming formulations in that they very
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often have integral optimal solutions [18]. The abduction model for medical
diagnoses presented in [42] is such a set-covering approach. Thus, the associated
linear programs to solve problems using this model will generally have integral
optimal solutions. This set-covering approach can be straightforwardly modeled
using cost-based abduction where the rigid graphical structures play a key role
in defining the solution spaces of the associated linear programs.

We also point out that in the original formulation of cost-based abduction
presented in [7], the proof of NP-completeness was accomplished by transforming
the vertex covering problem into cost-based abduction, thus strongly suggesting

a close relationship between cost-based abduction and set covering.

3.5 Domain-Dependent Optimization

Since the success of branch and bound techniques depends on the ability to prune
the active nodes early and as many as possible, we observe that pruning occurs
whenever we have a 0-1 solution for the linear program. Although not every linear
program results in a 0-1 solution, it is possible to build a 0-1 solution from the
non-integer optimal solution. In fact, the construction is fairly straightforward

and computationally cheap.

THEOREM 3.9. Let s be the optimal solution of some WAODAG semi-induced linear
program. Construct a variable assignment s' from s by changing all non-zero

values in s to 1. s' is a 0-1 solution for the constraint system.

For both WAODAG induced as well as semi-induced constraint system L, we
consider the following construction from s: s’ is constructed from s by changing
all nonzero hypothesis node values in s to 1. Now, enforcing the boolean gate-like
properties of the WAODAG, we propagate the boolean values from the hypothesis

nodes up this boolean graph.
THEOREM 3.10. s’ constructed from s above is a 0-1 solution for L.

On another point, we note that like traditional graph-based search heuristics,
the constraints approach starts from scratch in its quest for the optimal solution.

If by some fashion, we could incorporate a “good” explanation, then the gains
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are obvious. Finding a “good” explanation is generally quick and simple. Many
fast non-admissible search heuristics will generate decent explanations.

In the rest of this subsection, we provide an approach for incorporating initial
explanations. We will show theoretically how this approach naturally fits into
our constraints formulation.

Let W = (G, ¢,r,S) be a WAODAG and assume we have an explanation e. An
immediate piece of information we can infer from e is that we should not consider
any other explanations which are worse than e, that is, has a higher cost. We
can use this additional cost information to help constrain our space of possible
solutions for the evidentially induced Lg(W) = (T, I,4). We can simply restrict
our solution space to those solutions whose costs are less than or equal to C(e).
Basically, we introduce the following new constraint in I:

3 {s(ag (g true) + (1 = s(ag) (o, flse)} < C(e) (s)
zq€
We can easily see that the left hand portion corresponds to our objective function.
This now eliminates any assignments which incur a higher cost.

We now consider a more explicit use of e.

A collection of linear constraints defines a polyhedral convez set.!® In 2-space,
2, this would refer to any polygons whose interior angles are less than 180° such
as the regular polygons. In R3, this would correspond to solid objects which have
planar faces and no “indentations” such as cubes and pyramids.

When we attempt to maximize (minimize) a linear cost function within the
polyhedral, we are guaranteed that an optimal solution can be found at a “ver-

»

tex”, more properly called an eztreme point, of the polyhedral. The Simplex
method uses this fact and performs a hill-climbing search on the extreme points.
It proceeds from extreme point to extreme point increasing (decreasing) the cost
function. Eventually, an extreme point will be reached in which there are no
other extreme points which can improved the cost function. This point will be
an optimal solution.

Before Simplex can proceed, it must have an initial extreme point. Typically

called two-Phase Simplez, the first Phase involves a search for an initial point and

15«Polyhedral” refers to the fact that the boundaries of the constraint set are hyperplanes.
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then continues to the Phase described above. The search procedure performed in
Phase I is very similar to that of Phase II. It also proceeds from point to point
until it finds an extreme point. We can immediately see that the first Phase can
be avoided if we can obtain and incorporate an initial solution cheaply.

We now very briefly describe the Simplex method. Consider the following

minimization problem:

Minimize g(z1,...,Zn) =c1Z1+ ...+ cnn —d
subject to aj1@; + 1222 + ... + A1y > by

A21Z1 + A2aZy + ... + Gon@y > by

Am1Z1 + AmaZa + - .. + CpnTn > by

T1,.-., Ty > 0.

Now, let ¢1,...,%, > 0 be such that

a11Z1 + Q12%2 + ... + Q1T — by = 1

A21Z1 + GoaZa + ... + QonZn — by = 1o

Am1T1 + QmaZa + ...+ Qn @y — bm = tm-
t1,...,tm are said to be slack variables in that they “take up the slack” in the
inequalities to make them equalities. With these new variables, we can easily see
that we have an underconstrained system of linear equations, that is, we have

more variables than equations. Thus, we can reformulate our problem as follows:
Minimize g(z1,...,Zn) =181+ ...+ cnn —d
subject to a1 + a2z + ...+ Q1aTn — by = 11

a21Z1 + G2aZ2 + ... + QonZn — by = 1o

Am1Z1 + Q2% + ...+ Qn @y — bm =1lm
tye ot >0

T1,.-.,Zn > 0.

From these linear equations, the space of feasible solutions is in fact a polyhedral

convex set. We call the system above a canonical minimization problem.
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An important observation for Simplex is that if we choose m of the variables
in the above problem and solve them in terms of the remaining n variables, we
can possibly find an extreme point for the polyhedral. Looking at the above
problem, we see that the slack variables, ¢, ...,t,, are already solved in terms of
the remaining variables. To see if we have an extreme point handy, we simply
assign the remaining variables to 0 and see what the resulting m variable values
become. In this case, t; = —b; for = = 1,...,m. If this assignment satisfies all
the constraints, then we have an extreme point. All that is necessary to check
for satisfaction is to see if the ¢,’s are non-negative for all :. (We call this the
feasibility test.) The m variables are called the basic variables and the remaining
n are called the non-basic variables.

Clearly, if the assignment above is an extreme point, we can begin with Phase
IT of Simplex. Regardless of whether we are in Phase I or Phase II of Simplex,
the basic technique for point to point movement is the same. Our current point
is determined by setting the nonbasic variables to zero and the basic ones ap-
propriately. Next, choose a basic variable and a nonbasic variables. We then
perform a simple linear transformation which makes the basic to nonbasic and
vice versa. This will construct a new linear program “equivalent” to the original
and by appropriately setting and clearing variables, we can extract a new point.

When we have an initial solution, incorporating it into the problem should al-
low us to avoid Phase I of Simplex. Mentioned earlier above, Simplex determines
whether it should proceed with Phase I by using the feasibility test. Basically,
our goal is to pass the feasibility and hence avoid Phase I.

Given a WAODAG W = (G,¢,r,S), let Lg(W) be the evidentially induced
constraint system and e be an explanation for W. From our previous theorems
in Section 3.2, s[e] is a 0-1 solution for Lgy(W). Let Lg(W) be rewritten in
the canonical minimization problem above. We incorporate s[e] as follows: For
each real variable z, assigned 1 in s[e], replace it by the expression 1 — y, in
all the equations and the objective function. Basically, we have defined that
z, = 1 — yp. We can easily rewrite this new system into canonical form again.
Since nothing else has changed, the slack variables ¢4,...,1t,, are still the basic

variables. We know set the nonbasic variables to 0 and compute the values for
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the basic variables. Notice that setting y, to 0 actually says that z, is set to
1. Furthermore, since s[e] is an extreme point to begin with, the basic variables
must be assigned non-negative values! Thus, we have successfully incorporated
an initial solution e into our problem and Simplex will proceed immediately to

Phase II of its computations.

3.6 Optimization Results (Initial Solutions)

In our experiment, we compared our original results against the new approach
on a collection of WAODAGs. The WAODAGs were again generated by WIMP,
a natural language story comprehension system for parsing and understanding
written English sentences [3, 22, 23].

We generated initial solutions for each of the WAODAGs by using a quick (un-
fortunately, non-admissible) heuristic outlined in [4]. The basic idea is that one
starts with the partial proof consisting only of the evidence nodes in the WAODAG
and then creating alternative partial proofs.'® In each iteration, a partial proof
is chosen to be expanded. It is expanded by adding some new nodes and edges
to the existing partial proof which takes into consideration how one of its goals
can be achieved locally according to the current partial proof and nearby nodes.
This continues until all the goals (such as evidence) are satisfied and results in
an explanation, not necessarily the minimal one though.

As we outlined in Section 3.5, we incorporate the initial solutions. We then
compare the new results (New A) against the original in terms of actual CPU
usage and number of extreme points visited. We also tested against a further
modification of our approach by changing (8) to be strictly less than (New B).
This effectively rules out considering the given explanation and any other expla-
nations of equal cost. If our new system of equations has no feasible solution,
then we know that the given explanation was already a best explanation.

We begin by looking at the run-times of all three approaches. WIMP generated
136 WAODAGs ranging in size from 7 to 158 nodes and from 12 to 375 edges.
Table 3.3 describes the WAODAGs.

18 A partial proofis a subgraph of the wAoDAG.
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H ‘ Nodes ‘ FEdges H

Mn 7 12
Maz 158 375
Average | 42.91 94.21
Median 34 5
Total 5836 12812

TABLE 3.3. Summary of WIMP WAODAGS.

H ‘ Original ‘ New A ‘ New B H
Mn 0.01 0.01 0.00
Maz 4.25 4.14 4.99
Average 0.32 0.24 0.23
Median 0.13 0.07 0.07
Total 43.77  32.27 26.27% 30.61 30.06%
% Improvement % Improvement
with New A with New B

TABLE 3.4. Summary of run-time results.

In our experiment, we found that our new method decreased the amount
of CPU time required by about 26.27% where as the strict inequality addition
further improved it to 30.06%. Table 3.4 summarizes our findings.

Furthermore, we compared against the number of extreme points visited by all
three methods. We found that our new method reduced the number of pivots!” by
about 30.42% and the strict inequality addition by 29.43%. Table 3.5 summarizes
our findings.

From our data we see that while the strict inequality method runs faster than
the non-strict method, it seems to require slightly more pivots. To understand this
seemingly strange anomaly, we again look closely at Simplex and the polyhedral

space of solutions defined by the constraints. When we are at an extreme point

"Each movement from one point to the next is called a pivot in linear programming
terminology.
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H ‘ Original ‘ New A ‘ ‘ New B ‘ H

Mun 8 7 7
Maxz 405 369 448
Average 61.85  43.03 43.65
Median 44 29 27
Total 8411 5852 30.42% 5936 29.43%
% Improvement % Improvement
with New A with New B

TABLE 3.5. Summary of extreme point results.

in the polyhedral, we can commence directly with Phase II. Hill-climbing can be
applied since we have a clear idea of which direction to proceed in. Unfortunately,
when we have a point outside the polyhedral, knowing how to get to an extreme
point is much less clear. Just looking at a polygonal area in %, we can see
that there are a huge number of possible directions to approach the polygon
depending upon where the current point is. Hence, unlike the distinct search
pattern involved in Phase II, Phase I is somewhat different. In general, specialized
optimizations only applicable to Phase I renders its computations much faster
than those of Phase II. Having said all this, we can now explain the pivots anomaly
from our data. Simply put, the strict inequality used in the second method made
our initial solution infeasible. Thus, we had to go back and perform Phase I.
Although more pivots were required (which included branch and bound nodes),
the computational time for the process was much smaller for these pivots as

compared to the pivots used in Phase II for the first optimization method.

3.7 Alternative Explanations

In abductive explanation, having alternative explanations is often useful and
sometimes necessary such as in medical diagnosis. For example, suppose I have
the following symptoms: continual vomiting, acute stomach pains, acute back
pains, diarhrea and yellowing of skin and eyes. One very likely diagnosis is

Hepatitis B since this seems to mainly involve the liver. A less likely diagnosis is
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extensive gall stones in the gall bladder which also affects the liver and exhibits
the same symptoms. However, without proper treatment, the gall stone condition
can lead to perforation of the gall bladder and extremely serious complications.
Thus, it is insufficient to simply select the more likely explanation of Hepatitis
B without considering the possibility of gall stones. Furthermore, having the
2nd best, 3rd best, and so on, can provide a useful gauge on the quality of the
best explanation. In this section, we present techniques for extracting alternative
explanations in order of their associated costs [54, 57].

To generate the alternative explanations, we solve a sequence of constraint
systems. This sequence consists of constraint systems each of which are derived
from the constraint systems earlier in the sequence. The initial constraint system
is the original constraint system which determines the first optimal solution.
The subsequent constraint systems are generated using the following schema:
Consider L; = (I', I1,%), our initial constraint system. Let s; be the optimal 0-1
solution of L;. We define a new problem L, as the successor of L;. L, is identical
to L; except for the additional constraint

> F(si,z) <|T|—1
zel

where for each z € T,

x if s1(z) =

1
Flo2) :{ (1—2) if s1(a) =0

Note that the new problem does not have s; as its optimal 0-1 solution since the
variable assignment would violate the new constraint.

Let sy be the optimal 0-1 solution, if any, to Ly. This will be the second best
0-1 solution. To continue the search for the next best explanation, we simply
define a successor to the last constraint system, in this case, L. When the
current constraint system does not yield any solution, all possible explanations

have been generated and we are finished.

ALcorITEM 3.2. Given a constraint system L = (I',1,%), generate all the 0-1
solutions for L in order of cost.

1. (Initialization) Set I := 1, Ly := (I, I1,%) and k := 1.
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2. Compute the optimal 0-1 solution for Lg. If there is no feasible solution,
then go to step 7. Otheruise, let s; be the solution.
3. k:=k+ 1

4. Let I, := Iy_1 Ucg_y where cx_y contains the single constraint

Z F(sgp_1,2) < || -1

zel

where for each ¢ € T,

o _
F(sno, @) = z l'f se-1()
(1—2) if sg_1(z) =0
5. Let Lk = (F,Ik,’lﬁ)
6. Go to step 2.

7. (Solutions) Print s1,S2,...,Sk_1.

The above method we have just described can be classified as a cutting plane
method in operations research [36, 59, 39]. Since each derived constraint system
differs only in an additional constraint from some previously solved problem,
efficient incremental techniques such as the dual simplex method can be applied

here in a fashion similar to the one used in the branch and bound algorithm.

THEOREM 3.11. Constraint system L, in Algorithm 8.2 determines the n-th best
0-1 solution for L.

The algorithm we have just presented can be applied to any constraint system
regardless of whether it was WAODAG induced or not.

Although we may simply use the alternative generation method in Algo-
rithm 3.2 to generate all possible explanations, there are certain situations where
generating all of them may not be particularly desirable. Consider the following
scenario: Suppose I decide to phone my friend Tony at the office. After several
rings, no one has answered the phone. Without any additional information, I
conclude that Tony is not at the office. However, suppose that we also know that
Tony usually disconnects the phone and takes naps in the office. Furthermore,

Tony has been known to be able to sleep in any environment whenever he desires
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Tony-sleeping

phone-disconnecte
phone—-noanswer

Fic. 3.6. Tony’s office habits.

d

and is as likely to be awake as asleep at any time. This implies that for the hy-
pothesis that Tony is awake, the difference in the cost of being true and it being
false is negligible. For the sake of argument, let the cost of being true be equal
to the cost for false. If we look at our original explanation that Tony is not in
the office, we must augment it with our guess as to whether he is asleep or not.
With our assumptions, there is no way to choose between asleep and awake since
the costs of the augmented explanations are equal. However, since Tony is not
in the office, the hypothesis involving his consciousness has no impact towards
explaining the observation (see Figure 3.6).

If the algorithm first chooses that Tony is asleep, then the next alternative
would be the same set of assignments except for Tony being awake. However,
this new alternative explanation is uninteresting and does not contribute anything
more to gauging our explanations. It may be the case that we may run into an
overly large number of these types of uninteresting explanations. We now proceed

to present an approach to deal with this problem.

DEeFINITION 3.11. Given a WAODAG W = (G,e¢,r,S) where G = (V, E) and
H C Vg, an ezplanation e for W is said to be consistent with H iff for all h in
H, e(h) = true. The base set H(e) of e is the subset of Vi consisting of all h in
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Vi where e(h) = true.

In WAODAGS, finding the best explanation is tantamount to finding the best

set of hypotheses we need to assume.

DEeFINITION 3.12. The support-set K(e) of an ezplanation e is the set consisting

of all nodes m in V such that e(m) = true.

ProposITION 3.12. For every ezplanation e for W, H(e) = K(e)N Vg.

The following propositions follow immediately from the properties found in

WAODAGS:

ProposITION 3.13. Let e; and ey be ezplanations for W. H(ei) = H(es) iff
K(el) = K(€2).

ProposITION 3.14. Let e be an ezplanation for W. For each H(e) C H C Vg,
there ezists an ezplanation €' for W such that H(e') = H.

THEOREM 3.15. Let e; and ey be explanations for W.
1. H(el) g H(€2) lﬁK(el) g K(€2).
2. H(el) C H(eg) ’L_[fK(el) C K(eg).

THEOREM 3.16. There exists a 1-1 and onto mapping between 2V¥ and the set of

all possible truth assignments for W.

THEEOREM 3.17. If e is an explanation for W, then there exists at least 2/VeE—H()l

ezplanations for W which are consistent with H(e).

In general, we see that there are an exponential number of explanations for a
given WAODAG. However, from Theorem 3.17, it seems that the majority of these
explanations are formed from a possibly small number of “simpler” explanations
which utilizes smaller numbers of hypotheses. The following question naturally
arises: Do these additional explanations provide any new or important informa-
tion? The answer is “yes” only if the explanation has a lower cost associated
with it than the “simpler” explanation. Typically, this will occur if we consider

negative costs.
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We now consider a class of WAODAGs we call monotonic. In general, most of
the WAODAGs used in systems like WIMP will fall into this class. In this class,
“simpler” explanations will imply lower costs. We will provide a method for

extracting only the “simple” explanations.

DErINITION 3.13. A WAODAG W s monotonic iff for every ezplanations e; and
ex for W, K(e1) C K(ey) tmplies C(e1) < C(es). W is strictly monotonic iff
W is monotonic, and for every ezplanations e; and ey for W, K(e;) C K(es)
implies C(e1) < C(es).

ProrposiTioN 3.18. If c(v,true) > ¢(v, false) for allv in V', then W is monotonic.

If (v, true) > c(v, false) for all v in V, then W is strictly monotonic.

THEOREM 3.19. A WAODAG W 1s monotonic iff for every explanations e; and e,
for W, H(e;1) C H(ey) implies C(e1) < C(ez). W s strictly monotonic iff W is
monotonic, and for every ezplanations e; and ey for W, H(e;) C H(ey) implies

C(e1) < C(es).

Proposition 3.18 and Theorem 3.19 together demonstrate that in a monotonic
WAODAG, “simpler” explanations are preferred due to the lower associated costs.
The assumption of monotonicity is reasonable in many cases as pointed out by
[7] and characterized in [3]. Thus, we are only interested in the “simplest” ex-
planations. Our goal is to generate these explanations in order of cost without

having to consider the remaining exponential number of explanations.

DEFINITION 3.14. e is cardinal iff there does not ezist an explanation €' such that
H(e') C H(e).

Intuitively, a cardinal explanation is among the “simplest” of explanations we
wish to consider. Qur notion of cardinal explanations is equivalent to the notion
of trredundancy found in parsimonious covering theory for modeling medical di-

agnosis [43]. A cover is said to be irredundant if none of its proper subsets is also

a cover.

THEOREM 3.20. If W 1s strictly monotonic, then any best ezplanation for W is

cardinal.
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All the definitions given above involving WAODAGs can be carried over to
WAODAG induced constraint systems.

Similar to the previous method, the best cardinal explanation, 2nd best, 3rd
best, etc. may be generated by constructing a sequence of constraint systems
Ly, L,, ... Each constraint system in the sequence is derived from those earlier in
the sequence. The initial constraint system L; is the one which determines the
optimal 0-1 solution s;. Ly is a new constraint system identical to L; except for
the additional constraint

Z zqy < |H(s1)| — L.
zg€H(s1)
We can show that L, will determine the 2nd best cardinal solution. We can

continue to find the other cardinal solutions by adding new constraints.

ArvcoriTEM 3.3. Given a strictly monotonic WAODAG wnduced constraint system
L =(T,1,v), generate all the cardinal 0-1 solutions for L in order of cost.
1. (Initialization) Set Iy := I, Ly :=T,11,¢) and k := 1.
2. Compute the optimal 0-1 solution for Lg. If there is no feasible solution,
then go to step 7. Otheruise, let s; be the solution.

3. k. =k + 1.
4. Let I, := Iy_1 Ucg_y where cx_y contains the single constraint
Z zq < [H(sg-1)] — 1.
oq€H(s5_1)
5. Let Ly := (T, I, ).
6. Go to step 2.
7. (Solutions) Print s1,S2,...,Sk_1.

LeEmumA 3.21. Let W be strictly monotonic. If s, is the optimal 0-1 solution for

the comstraint system L, in Algorithm 3.3, then s, is a cardinal solution for L.

THEOREM 3.22. Let W be strictly monotonic. The constraint system L, in Algo-
rithm 8.8 determines the n-th best cardinal solution.
Although this algorithm works only for W being strictly monotonic, we can

modify any non-strictly monotonic problem to make it applicable. In essence, the
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strict monotonicity simply implies that we should always have a preference for
a false assignment over a true assignment. By introducing an arbitrarily small
positive difference between the cost for true and the cost for false in the original
problem, we can now determine the cardinal solutions of the new problem which
turns out to be identical to those of the original.

In our above formulation, we defined monotonicity only for WAODAG induced
systems. Thus, the accompanying algorithm is not applicable to all constraint
systems. We now provide a generalization of monotonicity for constraint systems.

In the rest of this section, L = (I', I, ) will represent a constraint system and

Q) a subset of T'.

DEFINITION 3.15. Given a 0-1 solution s for L, the support-set K(s) of s is the
set of all z, € I where s(z,) = 1.

DErINITION 3.16. () s dominant iff for every 0-1 solutions s; and sy for L,
(K(51))NQ) = (K(s2)N Q) implies K(s1) = K(s2). Q is strongly dominant iff

Q is dominant and no proper subset of () is dominant.
ProrosiTioN 3.23. [' us dominant.

ProposiTION 3.24. Let Q' be a subset of I' such that Q C Q'. If Q is dominant,

then @' is also dominant.

Intuitively, a set of variables @) is dominant if any assignment of 0,1 values to
() completely determines the assignment of 0,1 values to the remaining variables.
For WAODAGs, the only strongly dominant set is the set corresponding to V.
Similarly for dags representing boolean gate functions, the only strongly domi-
nant set is the set corresponding to the set of all nodes with zero indegree. For
diagnostic problem [43], the only strongly dominant set is the set corresponding

to the set of all disorders.

DErINITION 3.17. L s )-monotonic iff for every 0-1 solutions s; and sy for L,
(K(s1)NQ) C(K(s2)NQ) tmplies Op(s1) < Op(sy). L is strictly @-monotonic
iff L is Q-monotonic and for every 0-1 solutions sy and sy for L, (K(s1)NQ) C
(K(s2) N Q) implies Op(s1) < Or(sy).
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Intuitively, monotonicity says that the more information we require in an

explanation, the more costly it will be.

THEOREM 3.25. Let C be the set of variables that appear in O with non-zero
coefficient.
1. If C 1s a subset of Q and all the coefficients in ©f are positive, then L is
()-monotonic.
2. If C = Q and all the coefficients in O are positive, then L is strictly

()-monotonic.

DeriNiTION 3.18. A (-1 solution s for L is Q-cardinal iff there ezist no 0-1
solution s’ for L such that (K(s')N Q) C (K(s)N Q) and Or(s') < Op(s).

Q) is the set of variables whose assignment we are mainly interested in. For
WAODAGS, the set of variables corresponding to the hypothesis nodes would be

such a set.

THEOREM 3.26. Let L be strictly Q-monotonic. Every optimal 0-1 solution for L

18 @-cardinal.

Our interests now lie in generating the Q-cardinal solutions for L in order
of cost. This can be accomplished by a method similar to Algorithm 3.3. We
construct a sequence of constraint systems Ly, Ls, ... which respectively compute
the best cardinal solution, 2nd best, 3rd best, and so on. Each constraint system
in the sequence is derived from those earlier in the sequence. The initial constraint
system L, is the one which determines the optimal 0-1 solution s;. L, is identical
to L; except for the additional constraint

Z zg < |[K(s1)N Q|- 1.
zq€(K(s1)NQ)
We can show that L, will determine the representative of the 2nd best Q-cardinal

solution and continue to find the others by adding new constraints.

ArLcoriTEM 3.4. Given a set of variables () which is dominant and a strictly Q-
monotonic constraint system L = (T, 1,), generate all the cardinal 0-1 solutions

for L in order of cost.

1. (Initialization) Set I := 1, Ly := (I, I1,%) and k := 1.
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2. Compute the optimal 0-1 solution for Lg. If there is no feasible solution,
then go to step 7. Otheruise, let s; be the solution.
3. k:=k+1.

4. Let I, := Ix_1 Ucg_y1 where cx_1 contains the single constraint:

Z g < |K(sg-1 N Q| — 1.
zq€(K(sx-1)NQ)
5. Let Lk = (F,Ik,’lﬁ)
6. Go to step 2.

7. (Solutions) Print s1,S2,...,Sk_1.

LemMA 3.27. Let L be strictly Q-monotonic. If s, s the solution of the constraint

system L, in the Algorithm 8.4, then s, s a Q-cardinal solution for L.

THEOREM 3.28. Let @) be a dominant set and let L be strictly QQ-monotonic. The
constraint system L, in the Algorithm 3.4 determines the m-th best @)-cardinal

solution for L.

As we can clearly see, by setting () to be the set of variables corresponding to
the hypothesis nodes of a strictly monotonic WAODAG W. We get the following

results:

THEOREM 3.29. Let W be a strictly monotonic WAODAG and L(W) be the con-
straint system induced by W. Let @) be the set of variables corresponding to the
hypothesis nodes of W in L(W). We have the following:

1. @ s strictly dominant.

2. L(W) 1s strictly Q-monotonic.

3.8 Consistency

Finally, in this subsection, we consider extensions to cost-based abduction which
can be naturally modeled under our constraint systems. For example, WAODAGs
do not consider negation. This can be categorized in a class of problems we call

consistency.
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Consistency is concerned with the maintenance of relationships between two
or more pieces of information. In the attempt to build sophisticated inference
models, we often run into the difficulty of maintaining certain close relation-
ships such as “(female a) iff =(male a)”, or, from medical diagnosis, disorder d;
is complementary to disorder dj.

The formulation of WAODAGs in cost-based abduction can be modified to
represent these relationships but the standard techniques for finding the best
explanations may not be readily applicable.!® As we shall see below, constraint
systems can provide an intuitive and practical solution to handling these rela-
tionships.

We first consider the problem of negation. If we allow the existence of propo-
sitions p and ¢ where p and q are derived (via rules) from a and —a, respectively,
we have introduced a NOT-node in terms of boolean gate functions. However,
given some partial truth assignment, arbitrarily assigning the remaining hypoth-
esis nodes may violate some of the constraints.

Two approaches to handling negation in constraint systems are described
below — the tmplicit formulation and the ezplicit formulation.

In the implicit formulation, when ...a... = p, no change is necessary and
4 is still used in the constraints. However, when ...—a... => p, (1 — z,) is used
in place of z,. For an example, see Figures 3.7 and 3.8.

In the explicit formulation, a brand new variable z_, is used in place of z,.
(Referring to Figure 3.8, we replace “(1 — z,)” with “z_.,”.) In addition, the
constraint z, = (1 — z_,) must be included in the constraint system.

We observe that the ability to handle negation in our approach permits us to
easily generalize from WAODAGs to arbitrary boolean gate-only networks.

From negation, we can extend our formulation to handle the case involving
complementary disorders mentioned earlier, where not both disorder d; and dis-
order dy can occur simultaneously. Actually, we can take this one step further.

From Table 3.6, we can take any combination of the conditions and form a

relationship between d; and d;. We can easily see that the explicit formulation

18With the exception of brute force techniques which enumerate the possible solutions, cur-
rent existing heuristics do not take consistency into account.
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Tqg+ T+ T > Tp
Tp > Tq
Tp > T
Tp > Ty

Fic. 3.7. Ordinary WAODAG.

mq‘l’(l_ma)—l'mrzmp
Tp > Tq
zp > (1 — z4)
Tp > Ty

Fic. 3.8. An AND/OR-graph with negation. A small circle of an arrow
indicates negation of the parent.
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Condition Constraint

—(d; and dy) zq, +za, <1

-(—d; and ~dy) x4, + zg, > 1
—(d; and —dy) zq, < g4,
—=(—d; and d) T4, > Tq,

TABLE 3.6. d; and d; are disorders. The conditions we wish to have true
are guaranteed by the addition of the associated constraint.

of the negation relationship is the combination of the first and second conditions
in the table. We have shown how to handle two items. We can generalize this
approach to handling various complicated relationships between three or more

items.
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4 Bayesian Networks

In cost-based abduction, information is arranged in a graphical form. The nodes
and arcs of the graphs represent relationships between objects in the world. Sim-
ilar to cost-based abduction, Bayesian networks have an underlying graphical
foundation. The similarity of both approaches goes insofar as semantically defin-
ing nodes to correspond to some object or event and arcs to represent direct
relationships between these nodes.

Bayesian networks provide an approach to modeling our knowledge in a prob-
abilistic manner. Basically, objects and/or events are represented by random
variables (abbreviated, r.v.s). We can then define the likelihood of a set of events
by their joint probability. However, calculating the joint probability of a collection
of random variables is often impossible unless you have additional information
concerning the dependence relationships between each sets of random variables.
Given a collection of r.v.s Aj, A,, ..., A,, we can rewrite their joint probability
as

P(A1 =a,...,An=a,) = H P(A;, = a;|Aiy1 = Gig1,. .., An=1a,) (9)
i=1
according to Bayes’ theorem on conditional probabilities. However, we still re-
quire a large number of conditional probabilities of which most are not easily
attainable.

Equation (9) suggests a topological ordering on the r.v.s. Bayesian networks
consider this ordering as some sort of causality relationship. So, if an event A can
cause an event B, then A should topologically dominate B. This would simply
mean that if A and B were indexed in terms of Ay,..., A,, the index of A will
be less than the index for B.

The strength of Bayesian networks lies in the assumption that for each r.v. A
there exists a set of r.v.s By,..., By which topologically dominates A such that

for any conditional probabilities

P(A:a,|31:b1,...,Bk:bk,Cl:Cl,...,Cm:Cm):
P(A:a,|31:b1,...,Bk:bk) (10)
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where C; topologically dominates A and C; # B; for all = = 1,...,k. We say
that A is conditionally dependent on By, ..., Bg. Thus, instead of storing all the
conditional probabilities required in (9), we can store a much more compact set
according to (10). Furthermore, this provides us with a strong notion of causal-
ity for semantically constructing the knowledge-base of conditional probability
tables. Now, we can compute the joint probability of Ay,..., A, as follows:

P(Al :al,...,An:an) = HP(AZZG’1|A11 :ail,...,Aij :aij) (11)

=1

where
iy A} € (i, A}

and A; is conditionally dependent on A, ..., 4;;.

From the above assumption of conditional independence, we can quickly trans-
form the independence relationships into a graphical structure. In essence, we
have a directed acyclic graph where each node represents a r.v. and the directed
arcs represent topological dominance. A node A will be conditionally dependent
on its immediate parents.

For example, let’s consider the following story: Mary walks outside and finds
that the street and lawn are wet. She concludes that it has just rained recently.
Furthermore, she decides that she does not need to water her climbing roses.

Assume that Mary used the following set of propositions:

rain \V sprinklers = street-wet

rain V sprinklers = lawn-wet
lawn-wet — soil-moist
soil-moist —> roses-okay

Since the propositions explicitly indicate causality, we can again directly trans-
form it into a graph. Now, by considering each logic variable as a r.v. with
possible states of {true,false}, we can construct conditional probability tables for
(11) which reflects our knowledge of the world (see Figure 4.1).

Bayesian networks have become an important tool in modeling probabilistic

reasoning. The inherent representational power of these networks provides a
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P(sprinklers=T) =0.4

P(rain=T) = 0.7

P(street=wet | rain=T, sprinklers=T) = 1.0
P(street=wet | rain=T, sprinklers=F) = 1.0
P(street=wet | rain=F, sprinklers=T) = 1.0
P(street=dry | rain=F, sprinklers=F) = 1.0

street

P(lawn=wet | rain=T, sprinklers=T) = 1.0
P(lawn=wet | rain=T, sprinklers=F) = 1.0
P(lawn=wet | rain=F, sprinklers=T) = 1.0
P(lawn=dry | rain=F, sprinklers=F) = 1.0

P(soil=moist | lawn=wet) = 0.9
P(soil=dry | lawn=dry) = 0.6
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P(roses=okay | soil=moist) = 0.7
P(roses=okay | soil=dry) = 0.2

Fig. 4.1. Mary’s Bayesian network.



very promising approach. In particular, belief revision in Bayesian networks is
the process of finding the best interpretation for some given piece of evidence.
This, of course, is a cornerstone of abductive explanation.

One algorithm for belief revision is given by Pearl in [41] which is based on a
message passing scheme. However, except for simple networks such as polytrees,
the method is rather complicated to apply. Also, as Pearl points out in Chapter 5
in [41], this algorithm cannot guarantee the generation of alternative explanations
beyond the second best.

In this section, our goal is to apply our linear constraint satisfaction approach
to belief revision as well as belief updating in Bayesian networks. This entails con-
structing a constraint system which is computationally equivalent to the Bayesian

network.

4.1 Belief Revision

The goal of belief revision on Bayesian networks is to find an instantiation of
all the random variables which will maximize their joint probability. When ev-
idence is given to be explained, an instantiation must be sought to maximize
the joint probability given the evidence. The instantiation which maximizes this
probability is called the best explanation. This measure is Pearl’s most-probable
ezplanation criterion (MPE).

In this section, our goal is to apply our linear constraint satisfaction approach
to belief revision in Bayesian networks. Although this could be done by first trans-
forming the Bayesian network into a cost-based abduction graph [68] and then
transforming the graph into a constraint system, a more natural and straight-
forward method will be given below. (See also [54, 57].) We will show how to

directly transform a Bayesian network into an equivalent constraint system.

4.1.1 Constraints Formulation

We first observe that a Bayesian network can be completely described by a finite

collection of random variables and a finite set of conditional probabilities based
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on the r.v.s.*®

NotaTioN. Throughout the remainder of this thesis, upper case italicized letters
such as A, B, ... will represent r.v.s and lower case italicized letters such as a, b, . . .
will represent the possible assignments to the associated upper case letter r.v.,
in this case, A, B, .... Subscripted upper case letters which are not italicized are
variables in a constraint system which explicitly represent the instantiation of
the associated r.v. with the item in the subscript. For example, A; denotes the
instantiation of r.v. A with value a.

NotaTioN. Given a r.v. A, the set of possible values for A called the range of A
will be denoted by R(A).

Given a Bayesian network, we can construct an ordered pair (V, P) where V is
the set of r.v.s in the network and P is a set of conditional probabilities associated
with the network. P(A =a|C; =¢1,...,Cn =¢,) € Piff Cy,...,C, are all the
immediate parents of A and there is an edge from C; to A forz =1,...,n in
the network. We can clearly see that (V, P) completely describes the Bayesian

network.

DEeFINITION 4.1. Given a Bayesian network B = (V, P), an instantiation is an
ordered pair (A,a) where A € V and a € R(A). (An instantiation (A,a) is
also denoted by A = a and Aa.) A collection of instantiations w is called an

instantiation-set iff are no two instantiations (A,a),(A,d’) in w such that a # d'.

An instantiation represents the event when a r.v. takes on a value from its
range. Given an instantiation-set, we can define the notion of the span of an

instantiation-set.

DEFINITION 4.2. Given an instantiation-set w for a Bayesian network B = (V, P),
we define the span of w, span(w), to be the collection of r.v.s in the first coordinate

of the instantiations. Furthermore, an instantiation-set w is said to be complete
iff span(w) = V.
Straightforwardly, the span of an instantiation-set simply denotes the r.v.s

which have been instantiated.

19We consider prior probabilities to be degenerate cases of conditional probabilities, i.e.,
P(A =a) = P(A = a|¢) where ¢ is the empty set.
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Notation. For each r.v. A and each a in R(A), vp, is the set of all conditional
probabilities in P of the form P(A = a|C1 = ¢1,...,Cph = ¢,). For eachr.v. A, we
define cond(A) as follows: B € cond(A) iff there exists a conditional probability
in P of the form P(A =a|...,B =b,...). Intuitively, cond(A) is the set of r.v.s
which are the parents of A.

NotaTioN. Given an instantiation-set w for B such that cond(A

w(A) denotes the instantiation A = a where (4, a) € w. w(cond(A

~—r

C span(w),
denotes the

~—r

instantiation-set w’ where w is consistent with w’ and span(w’) = cond(4).

DEeFINITION 4.3. Given an instantiation-set w = {(A1,a1),...,(An,an)} for a

Bayesian network B = (V, P), we define the probability of w to be

P(w)=P(A1 =a1,..., 4 = an).

The goal of belief revision on Bayesian networks is to determine the com-
plete instantiation-set which maximizes the associated probability under certain
conditions. In general, these conditions, called evidence, imposes restrictions on
what instantiations may be made. The instantiation-set satisfying the evidence
with the highest probability is said to be the most-probable explanation for the

evidence. We now formalize this as follows:

DEFINITION 4.4. Given a Bayesian network B = (V, P), evidence e for B is said

to be some instantiation-set for .

DEFINITION 4.5. Given instantiation-sets wi, wy for a Bayesian network B, ws 1s

said to be consistent with wy iff wi C ws.

DEFINITION 4.6. Given evidence e for B, a complete instantiation-set w for B is an
explanation for e iff w is consistent with e. Furthermore, w s said to be a most-

probable explanation for e iff for all explanations w' # w for e, P(w') < P(w).

Thus, the most-probable explanation for evidence e will be the explanation

w* which maximizes

P(w*) = P
(w') = max P(w)

where W (e) is the set of all explanations for e.
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Our basic approach in constructing a constraint system from a given Bayesian
network is to represent and enforce the constraints that exist between any two
or more random variables.

Given a Bayesian network B = (V,P), we construct a constraint system
L(B) = (T, 1,v) as follows:

1. For each random variable A in V, let R(A) = {a4,...,a,} and construct

the variables Aa,,...,Aa, in T, set (Aa,, false) = ¢(Aa,, true) = 0 and add

the following constraint to I:
> Aa, =1 (12)

2. For each random variable A and some a in R(A), construct the following:
(a) For each conditional probability P(A = a|C; = ¢1,...,Cn = ¢,) in
vp,, construct a variable ¢[Aa |Cy = c1,...,Cq = cu] in T such that
(for notational convenience, we will denote g[Aa |C1 =¢1,...,Cp = ¢4

by g in the next two conditions)
i. 9(q,false) = 0, (g, true) = —log(P(A=12a|C1 =c¢,...,Cn =cp)),
and,

ii. Add the following constraints to I:
qSCka for k=1,2,...,n. (13)

(b) Let Tp, be all variables constructed by va, in (a). Add the following

constraint to I:

:EETAa
DEFINITION 4.7. L(B) constructed above is the constraint system induced by B.

THEOREM 4.1. Let B = (V, P) be a Bayesian network and L(B) = (I, I,1) be the
constraint system induced by B. Then

11| = 1P| + Saev |B(A)| and

2. |1] = 2V| + Spep N(p) < 2IV| + VIIP| = (2 + |PIV| where N(p) is the

number of r.v.s which appear as conditionals in the probability.
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P(C=T | A=T, B=T) = pl1
P(C=T | A=T, B=F) = p2
P(C=T | A=F, B=T) = p3
P(C=T | A=F, B=F) = p4

Fic. 4.2. Simple Bayesian network.

In our construction, (12) guarantees that any r.v. takes on exactly one value.
(13) and (14) guarantees that the probability of any complete instantiation-set
will be computed with the appropriate set of conditional probabilities. Variables
of the form ¢[Aa |C1c17“‘7C”cn] are called conditional variables in that they
explicitly represent the dependencies between r.v.s and will be the mechanism
for computing the probability for any instantiation-set.

For example, consider the simple Bayesian network in Figure 4.2. When we
have the instantiations {A = true, B = false, C' = true}, its associated proba-
bility is ps * ps * ps. In the induced constraint system, we expect our variables
assignments to be Atrye = 1, Bfyise = 1r Ctrue = 1, 9[Ctrue | Atrues Bialse) = 1
and all remaining variables to be 0. Since the only costs are associated with the
variables Atrye, Bylse a0d ¢[Cirye | Atrue, Bialsels the cost of this assignment is
— log(ps) — log(pe) — log(p2) which is equivalent to — log(ps * ps * ps).
NotatioN. For each r.v. A, let A(A) be the set of variables in the induced

constraint system constructed for A.

THEOREM 4.2. Given a 0-1 solution s for L(B), for each set of variables A(A),
there ezists some Ag in A(A) such that A = 1 and Agr = 0 for all Agr # Aa in
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A(A).

THEOREM 4.3. Given a 0-1 solution s for L(B), for all variables q[Aa |C; =
C1,...,Cn:Cn], q[Aa |C1 :Cl,...,Cn:Cn] =1 ’LﬁAa :Clcl = :C =1.

ne,,
Theorems 4.2 and 4.3 above verifies our expectations on the legitimate variable
assignments. We must now show that calculations on the constructed constraint
system are equivalent to those on the Bayesian network for belief revision.
Given a 0-1 solution s for L(B), we can construct a complete instantiation-
set ws for B as follows: s(Aa) = 1 iff (4,a) € w,. To convert from a com-
plete instantiation-set to a 0-1 solution is slightly trickier. Given a complete
instantiation-set w for B, construct a 0-1 solution s,, for L(B) as follows: (A4,a) €
w iff s,(Aa) = 1. For each conditional variable g in T, set the appropriate value

according to w.

THEOREM 4.4. If s is a 0-1 solution for L(B), then w, is an instantiation-set for

B.

THEOREM 4.5. Ifw 1s a complete instantiation-set for B, then s, 1s a 0-1 solution
for L(B).
From Theorems 4.4 and 4.5, there is a 1-1 and onto mapping between 0-1

solution for the induced constraint system and complete instantiation-sets for

the Bayesian network.

DEFINITION 4.8. Let e be some evidence for B = (V, P). We construct L.(B) =
(T, Ie,) from L(B) = (T',1,%) as follows: Let I, = I U I' where the constraint
Aa =1isin I' iff (A,a) € e. We say that Le(B) is induced by B with evidence
e.

ProposiTION 4.6. |I.| = |I| + |e|.

We can now show that all explanations for some given evidence e have corre-

sponding 0-1 solutions for L.(B) and vice versa.

THEOREM 4.7. If s is a 0-1 solution for L.(B), then ws is an ezplanation for e.

THEOREM 4.8. If w is an ezplanation for e, then s, is a 0-1 solution for L.(B).
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Theorems 4.7 and 4.8 above guarantees that the evidence properly restricts
the set of possible 0-1 solutions we wish to consider. Now, we must show that
the costs associated to each 0-1 solution are directly related to the probability of
the corresponding instantiation-set.

For the following theorems, assume that L is induced by a Bayesian network

B, w is a complete instantiation-set for B, and s is a 0-1 solution for L(B).
THEOREM 4.9. O(s,) = —log(P(w)).

Theorem 4.9 shows that our constraint system will properly calculate the
probability of a complete instantiation-set for 3. Next, we must show that this

calculation is sufficient for finding the most-probable explanation.

THEOREM 4.10. There exists a constant o, such that for all explanations w for

e, Or.(5w) = a. — log(P(wle)).

a. in Theorem 4.10 above represents — log(P(e)) which is a constant in all

explanations (see proof of Theorem 4.10 in Appendix).

THEOREM 4.11. w s a most-probable ezplanation for e iff s, is an optimal 0-1
solution for L¢(B).

Theorem 4.10 guarantees that the probabilistic ordering of instantiation-sets
is exactly reversed from the cost ordering imposed on 0-1 solutions. Furthermore,
computing the cost for a 0-1 solution immediately determines the probability of its
associated instantiation-set. With the transformation of belief revision problems
to constraint systems, we can now solve them using the highly efficient tools and

techniques applicable to constraint systems.

4.1.2 Alternative Explanations

In Section 3.7, we saw the necessity for generating alternative explanations in
domains like medical diagnosis. Unfortunately, as we mentioned earlier, message-
passing schemes are incapable of generating beyond the second best.

We now present a generation technique for Bayesian networks which is similar

to the cutting plane approach in Section 3.7 [54, 54].
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Again, our approach is to solve a sequence of constraint systems. This se-
quence consists of constraint systems each of which are derived from the con-
straint systems earlier in the sequence. The initial constraint system is the orig-
inal constraint system which determines the first optimal solution. The sub-
sequent constraint systems are generated using the following schema: Consider
L, = (T, I1,%), our initial constraint system. Let s; be the optimal 0-1 solution
of L;. We define a new problem L, as the successor of L;. L, is identical to L
except for the additional constraint

ZF(sl,m) <l|r|—1

TET

where for each z € 7 and 7 = {z|z € V and z € A(A) for some r.v.A},

x if s1(z) =

1
Flo2) :{ (1—2) if s1(a) =0

Note that the new problem does not have s; as its optimal 0-1 solution since the
variable assignment would violate the new constraint.

Let sy be the optimal 0-1 solution, if any, to Ly. This will be the second best
0-1 solution. To continue the search for the next best explanation, we simply
define a successor to the last constraint system, in this case, L. When the
current constraint system does not yield any solution, all possible explanations

have been generated and we are finished.

ALcorIiTEM 4.1. Given a constraint system L = (I',1,4), generate all the 0-1
solutions for L in order of cost.
1. (Initialization) Set I = I, Ly = (T, I1,%¢) and k = 1.
2. Compute the optimal 0-1 solution for Lg. If there is no feasible solution,
then goto step 7. Otherunse, let s be the solution.
3. k=k+1.
4. Let Iy, = Iy_1 U cx_1 where cx_1 contains the single constraint:

ZF(sk_l,a:) <|r|—1

TET
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where for each ¢ € 7 and 7 = {z|z € V and z € A(A) for some r.v. A},

z if s1(z) =1

Flors,=) = { (1—2) ifsi(a)=0

5. Let Lk == (F,Ik,’lﬁ)
6. Go to step 2.

7. (Solutions) Print s1,S2,...,Sk_1.

The above method can again be classified as a cutting plane method in opera-
tions research [36, 59, 39]. Likewise, since each derived constraint system differs
only in an additional constraint from some previously solved problem, incremen-
tal computational methods such as the dual simplex method can be applied here

in a fashion similar to the one used in the branch and bound algorithm.

THEOREM 4.12. Constraint system L, in Algorithm 4.1 determines the n-th best
0-1 solution for L.

4.1.3 Circumscribing Explanations and Focusing

Consider the following problem with most-probable explanation (MPE) criterion
pointed out by Pearl in [41]: Suppose a medical test reveals that my friend Glenn
has an 80% chance of being totally healthy. If you are not healthy, then you
are going to die. Since Glenn believes himself to likely be healthy, he begins
to daydream about going on vacation and not staying at home. Our Bayesian
network can be represented by the following conditional probabilities on the r.v.s

Healthy, Dead and Location:

P(Healthy = true) = .8
P(Healthy = false) = .2

>

Dead = true|Healthy = true) =0
Dead = false | Healthy = true) =1
Dead = true | Healthy = false) = 1
P(Dead = false | Healthy = false) = 0
P(Location = at home| Healthy = true) =0

A~

(
(
(
(
(
(
(
(

P(Location = at home| Healthy = false) = 1
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P(Location = Barbados| Healthy = true) = .1
P(Location = Barbados| Healthy = false) = 0
P(
(

P(Location = Caracas| Healthy = false) = 0

Location = Caracas|Healthy = true) = .1

... plus 8 more vacation spots with .1 / 0 conditional probabilities ...

Our most-probable explanation for this network is
{Healthy = false, Dead = true, Location = at home}

with probability .2! Thus, although Glenn is most likely healthy, the MPE crite-
rion says that our best scenario is for him to be dead.

Probabilistically, we made the following computations: Let e be the evidence
to be explained which in this case is the empty set. Let W be the set of all
complete instantiation-sets for this network. Our goal is to find w* such that
P(w*|e) = maxyew P(wle), but, P(w|e) = P(w|¢) = P(w) for all w in W where
¢ is the empty set. Thus, P(w*) = maxyew P(w).

Now,

P(Healthy = h, Dead = d, Location = [) =
P(Dead = d, Location = [| Healthy = A)P(Healthy = k) =
P(Dead = d| Healthy = h)P(Location = [| Healthy = h)P(Healthy = h).

For any scenario in which we are not dead, that is, Dead = false, we have the
following probabilities:
P(Healthy = false, Dead = false, Location = at home) = 0% 1%.2 =10
P(Healthy = false, Dead = false, Location = (vacation-spot)) = 0% 0.2 =0
P(Healthy = true, Dead = false, Location = at home) =1%0%.8 =0
P(Healthy = true, Dead = false, Location = (vacation-spot)) = 1*.1%.8 = .08
Thus, Glenn’s happy daydreaming about lovely vacation spots has ended in mor-
bid thoughts of dying.
As we can clearly see, this result is mathematically correct although somewhat
counterintuitive. As Pearl points out [41], this has much to do with what sort of

information we are currently thinking about or focusing on. In the above case,
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since we started with information concerning our health, we naturally expect all
our attention to shift heavily to thoughts involving being healthy. However, if we
had been previously thinking about what is going to happen to our entire life in
general, then the explanations of being unhealthy and dying seem to be not so
unreasonable anymore.

From the computations above, we can make the following observation: Since
multiplication of probabilities is a monotonically decreasing function [16] and is
strictly decreasing when probabilities are less than 1, it is expected that the more
probabilistic information we have, the smaller the joint probabilities will become.
So, if Glenn continued daydreaming like about what he is going to do at each
particular vacation spot, then any individual scenario in which he is alive has an
even smaller probability. The problem of determining what the solution should
be seems to be highly dependent on what we are currently focused on.

Pearl in [41] presents one possible conservative approach which suggests that
what we are focusing on is precisely the evidence we wish to explain. Furthermore,
the evidence should be the determining factor in what we consider as information
which is relevant to any explanation we may be interested in. In the above
scenario, since there is no evidence needing to be explained, no conclusions can
be drawn. In probabilistic terms, this seems to suggest that random variables
which are “irrelevant” to the evidence are not instantiated. This approach of
only instantiating a subset of the random variables is currently being explored
by [41] and [7, 67, 66].

In our constraint system formulation of Bayesian networks, not assigning all
the random variables is tantamount to weakening the constraint that each random

variable must have exactly one assignment,
> Aa, =1 (15)
=1

to the constraint that each random variable takes on “at most” one value,
D> Aa, <1 (16)
=1

When the summation is zero, this means that the associated random variable

takes on no values and is considered “ignored”. By simply replacing constraints
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of the form (15) with those of (16), we can predict certain results on the possible

instantiations of the random variables.

DEFINITION 4.9. Let j)(B) be the constraint system constructed from L(B) by
replacing all constraints of the form (15) with those of (16). We say that j)(B)

18 weakly induced from B.

THEOREM 4.13. Given a 0-1 solution s for j)(B), for each set of variables A(A),
there ezists at most one variable Ag in A(A) such that Ag = 1 and Ag: =0 for
all Agr # A in A(A).

THEOREM 4.14. Given a 0-1 solution s for j)(B), for all variables
q[Aa |C1c17"‘ Cae |,

)y ~ng,

q[Aa|C1C17C ]:1’LﬁAa:C1Cl::C =1.

e, nC,

Theorems 4.13 and 4.14 show us that certain expectations on the legitimate
variable assignments still hold.
We now show that this weakening of constraints results in computations using

the circumscribing explanation approach suggested by Pearl [41].

DEFINITION 4.10. Let d; and dy be instantiation-sets for B = (V, P). d; and dy are
satd to be compliments iff span(d;) U span(dy) = V' and span(d;) N span(dy) = ¢.

NotaTioN. We denote the set of all compliments of instantiation-set d by X(d).
Intuitively, the compliment of an instantiation-set d is the set of all r.v.s not

instantiated in d.

DEFINITION 4.11. For any two instantiation-sets d; and dy for B such that
span(d;) N span(dy) = span(d; N dy), we define the join of d; and dy to be the
instantiation-set d constructed as follows:

1. For all r.v.s A in span(dy), (A,a) € d iff (4,a) € d;.

2. For all r.v.s A inspan(dy), (4,a) € d iff (A,a) € ds.
We denote this by J(d1,ds).

ProrosiTioN 4.15. Ifd; and dy are complementary instantiation-sets for BB, then

the join of di and dy, J(d1,ds), is a complete instantiation-set for 3.
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ProprosITION 4.16. Given an instantiation-set d for B,

P(d)= Y P(J(d,d)).
d'eX(d)
In circumscribing explanations, r.v.s which do not causally affect the evidence
remain uninstantiated so as to prevent the undesirable affect of decreasing the
probabilities. In what follows, we present our formulation of circumscribing ex-

planations by introducing the concept of well-founded instantiation-sets.

DEFINITION 4.12. An instantiation-set w is said to be well-founded for B = (V, P)
iff for all r.v.s A € span(w), cond(A) C span(w).

Basically, an instantiation-set is well-founded when the instantiation of a r.v.

A implies that the r.v.s which causally affect A are also instantiated.
ProrosiTioN 4.17. All complete instantiation-sets for B are well-founded for B.

The following theorems will be very important to our computation of proba-

bilities for well-founded instantiation-sets.

ProposITION 4.18. Let w be a well-founded instantiation-set for B and let w' be

complimentary to w. The probability of the join of w and w' is

P(J(w,w')) = ]I ( )P(w(A)Iw(cond(A)))
Aespan(w
x H( )P(w’(A)|J(w,w’)(cond(A))).
Aespan(w’

NotaTioN. Let v be a subset of V. k(v) is the set of all instantiation-sets for

B = (V, P) whose span is v.

THEOREM 4.19. Given a Bayesian network B = (V, P), let v be a subset of V and

q be an instantiation-set for B whose span is V — v, then

> I Pw(A)J(w,q)(cond(4)) = 1.

wer(v) AeSpan(w)

THEOREM 4.20. If w 15 a well-founded instantiation-set for B, then

Pw)= JI  Pw(A)ko(cond(4))).

Aespan(w)
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From Theorem 4.20, the probability of a well-founded instantiation-set for B
can be computed in a straightforward manner like complete instantiation-sets for
B. We will now proceed to show that 0-1 solutions for weakly induced constraint
systems are equivalent to well-founded instantiation-sets.

Given a 0-1 solution s for j)(B), we can construct a well-founded instantiation-
set w, for B as follows: s(Aa) = 1iff (A,a) € ws. To convert from a well-founded
instantiation-set to a 0-1 solution again is slightly trickier. Given a well-founded
instantiation-set w for BB, construct a 0-1 solution s,, for j)(B) as follows: (1) For
all A in span(w), (4,a) € w iff s,(Aa) = 1, and (2) For all A in V' — span(w),
for all Az in A(A), su(Aa) = 0. For each conditional variable g in Tp_, set the

appropriate value according Theorem 4.14.

THEOREM 4.21. If s is a 0-1 solution for j)(B), then w, 1s a well-founded

instantiation-set for .

THEOREM 4.22. If w s a well-founded instantiation-set for B, then s, is a 0-1
solution for j)(B)

From Theorems 4.21 and 4.22, there is a 1-1 and onto mapping between 0-1
solution for the weakly induced constraint system and well-founded instantiation-
sets for the Bayesian network.

From this point on, let w be a well-founded instantiation-set for B.

THEOREM 4.23.
Or(sw) = — log(P(w)).

DEFINITION 4.13. Let e be some evidence for B = (V,P). We construct j)e(B) =
(T, I, %) from j)(B) = (I, I,%) as follows: Let I, = I U I' where the constraint
Aa =1 1sin I' iff (A,a) € e. We say that j)e(B) 1s weakly induced by B with

evidence e.

DEFINITION 4.14. Given some evidence e for B and some instantiation-set w, we

say that w is a hypothesis for e iff w is consistent with e.

THEOREM 4.24. If s 1s a 0-1 solution for j)e(B), then w, is a hypothesis for e.
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THEOREM 4.25. If w is a hypothesis for e, then s, is a 0-1 solution for j)e(B).

Similarly to our earlier work involving complete instantiation-sets, when there
is some set of evidence given to be explained, we only want to consider those
instantiation-sets which are hypotheses for the evidence. Theorems 4.24 and 4.25
above guarantee that the evidence also properly restricts the set of possible 0-1
solutions we wish to consider.

Now, we must show that the costs associated to each 0-1 solution are directly
related to the probability of the corresponding instantiation-sets.

For the following theorems, assume that Lis weakly induced by a Bayesian

network B, w is a well-founded instantiation-set for B, and s is a 0-1 solution for
L(B).
THEOREM 4.26. There exists a constant a. such that for all well-founded instant-

iation-sets w consistent to e, O, (sy) = a. — log(P(wle)).

THEOREM 4.27. w is a mazimal well-founded instantiation-set for B with evidence

e iff s 18 an optimal 0-1 solution for j)e(B).

Theorem 4.26 guarantees that the ordering imposed on the well-founded
instantiation-sets according to decreasing probabilities is exactly identical to the
ordering imposed on 0-1 solution according to ascending costs. Furthermore,
computing the cost for a 0-1 solution immediately determines the probability of
its associated well-founded instantiation-set.

In general, “realistically” designed Bayesian networks should work well under
the well-foundedness formulation. However, there still exists networks which
cause problems for well-foundedness. Our daydream problem is one such network.
There is no instantiated evidence to be explained. Thus, by enlarging our set of
possible explanations to well-founded instantiation-sets, we find that the best one
for our daydreaming problem is to simply not make any instantiations.

While there is no evidence in our daydream problem, there is an idea that
the person, Glenn, is concerned about dying and thus wishes to know the value
of the node Dead. We will formalize this idea by saying that some nodes are the
“focus” of the problem. Here, the focus is Dead. We then want to find the values
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of the focus nodes by constructing the most likely scenario.

DEerFINITION 4.15. A focus f in a given Bayesian network B = (V, P) is a subset
of 2V. An instantiation-set w for B is said to be f-focused iff span(w) € f.

Simply put, a focus is the collection of r.v. sets whose instantiations we may
be particularly interested in. In our daydreaming problem, if we wished to know
the status of our being alive, each set in the focus would contain the r.v. Dead.
On the other hand, if we are in the context of speaking with our travel agent,
then our focus would have vacation spots for Location.

We now define our focused explanation problem as follows: Given a Bayesian
network B = (V, P), some evidence e and some focus f, find a hypothesis w* for

e which satisfies

P(w*|e) = {Une%{P(wk)

where W is the set of all hypotheses for e such that w € W iff w is f-focused.
NotaTION. Let A be ar.v.in B = (V, P). We define the cond(cond(A)) to be

U  cond(B).
Becond(4)
Let cond*(A) to be the transitive closure of this operation.
With this focusing approach, we can easily see that well-foundedness is a

special case. The focus for well-foundedness is simply the single set

U cond*(4).
Aespan(e)
The best explanation generated will be precisely the hypothesis which maximizes
this focus.

A similar notion of focusing in circumscribing explanations has previously
been discussed in [65]. However, the main difference between our approach and
the approach presented in [65] lies in the treatment of focusing. In [65], focusing
is considered a special type of evidence called the (null) evidence. This type
of evidence simply requires that the r.v.s specified must be instantiated. The
approach then uses these (null) evidences and combines it with circumscribing

explanation in the hopes of solving problems like the daydream above. Basically,
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any r.v. which causally affects the special (null) evidence r.v. must be instantiated.
However, as [65] points out, certain Bayesian networks do exist which results in
counterintuitive solutions using their approach. For example, suppose we are
interested in whether we will live or not which involves making the r.v. Dead into
a (null) evidence. Also, suppose that our network was modified such that Dead
also depended on Location. Our new Bayesian network can be represented by the
following conditional probabilities:

P(Healthy = true) = .8

P(Location = at home| Healthy = true) =0

P(Location = at home| Healthy = false) = 1

P(Location = Barbados| Healthy = true) = .1
P(Location = Barbados| Healthy = false) = 0

P(Location = Caracas| Healthy = true) = .1

P(Location = Caracas| Healthy = false) = 0

... plus 8 more vacation spots with .1/0 conditional probabilities ...

P(Dead = true | Healthy = true, Location = at home) =0

P(Dead = true | Healthy = true, Location = <vacation-spot>) = 0

P(Dead = true | Healthy = false, Location = at home) =1

P(Dead = true | Healthy = false, Location = <vacation-spot>) =1
According to the MPE criterion, the most-probable explanations for this network
is

{Healthy = false, Dead = true, Location = at home}

again with a probability of .2. Since we must include the r.v. Dead, we must also
instantiate the r.v. Location thus returning us to our original problem of having
to instantiate everything.

From our above discussion, our approach is different in that it considers
focusing as the mechanism for determining which r.v.s to instantiate. It is a
general approach which precisely defines the problem of computing incomplete
instantiation-sets. As we also saw above, well-foundedness is a special type of
focusing under our approach. Similarly, the approaches found in [65, 67, 66] can

also be classified within our model.
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4.2 Belief Updating

In the previous sections, we have demonstrated how belief revision can be modeled
using our linear constraint satisfaction approach. We now show that we can also
model belief updating based on our constraints formulation of belief revision.
The goal of belief updating is to determine the belief of an event given some
evidence. Basically, given evidence e, we are attempting to find for each r.v. A

and instantiation a € R(A),

Bel(A =a) = P(A = ale).

4.2.1 Formulation

We begin our formulation by making a simple observation found in basic proba-
bility theory. Let B = (V, P) be a Bayesian network and let ) be a subset of r.v.s

from V. Furthermore, let w be an instantiation-set for 5 such that span(w) = Q.

ProposiTION 4.28. For any subset of r.v.s @)’ such that Q@ N Q' = ¢,

P(w) = > PlwUw").
span(w’)=Q’
From Proposition 4.28, we can see that it is possible to compute Bel(A = a)
given evidence e in terms of
P(A=a,e)
Pe)
where P(A = a,e) and P(e) can be computed by

> PlwU{A=a}Ue)

span(w)=V-{A}uspan(e)

Bel(A=a)=

and

Z P(wUe)

span(w)=v-span(e)
respectively.
As we can easily see, the joint probabilities involved in the summations are
complete instantiation-sets for 3. Thus, the probabilities can be computed in a

straightforward manner in Bayesian networks.
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Obviously, the difficulty involved in directly applying this approach is the
immense number of complete instantiation-sets involved. The best we could hope
for is an estimate to the actual value.

Basically, our approach is as follows: We are given evidence e and would like
to determine Bel(A = a). We generate a sequence of complete instantiation-sets
I, I,,.... As each instantiation-set is generated, we will update our estimate to
Bel(A = a) which we denote by BAel(A = a). We continue this updating using
each I, generated until some criterion (such as a time limit) is met.

We now have a very general outline of what our system should do. In order
to fill in the gaps, we must be able guarantee that the estimates will converge
to the actual value and that the process of selecting and generating the com-
plete instantiation-sets can be done in an efficient and somewhat “goal-directed”
manner.

We compute our estimates as follows: Let I3, I, . .. be a sequence of complete
instantiation-sets. Define a function ¢ : W x W — {0, 1} where W is the set of
all instantiation-sets for B such that g(w,w) = 1 iff & C w. We define the jth
estimate of Bel(A = a) as

Belj(A = a) = L ———— (17)

Pi(A=a,e)=P;_1(A=a,e)+q(I;,{A=a}Ue)P(I;) and Py(A =a,e) =0

Pi(e) = Pj_1(e) + q(Ij,€)P(I;) and Py(e) = 0.
The following proposition follows straightforwardly:

ProposiTioN 4.29. If I; # Ii for all j # k, then the sequence must be of finite
length, that is, Iy, I, ..., I,.

It is necessary to make the assumption that the sequence of instantiation-
sets is unique. Otherwise, we would be incorrectly re-using information that had

already been incorporated into our computations.
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THEOREM 4.30. If I; # I} for all 7 # k, then there exists some integer N such
that EelN(A =a) = Bel(A=a).

The above theorem guarantees that our computations will converge to the
correct value. Now having shown that the computations will work for any se-
quence of distinct instantiation-sets, we must now consider which sequence may
best suit our needs.

The simplest method for generating sequences would be to arbitrarily make
instantiations for each r.v. Basically, each possible instantiation of a r.v. would
have an equal chance of being realized in any instantiation-set created. The
main difficulty with this simple approach is that an inordinate amount of time
may be wasted in generating instantiation-sets with “insignificant” probabilities.
For example, there may only be a small number of complete instantiation-sets
whose probabilities summed together constitute the “mass” of the probability
distribution. For example, of a million possible complete instantiation-sets, only
a thousand of them together constitute .75 of the distribution.

An improved approach would be to first start at root nodes, that is, nodes
with no incoming arcs, and make instantiations which are weighted according
to the prior probabilities. For example, let A be a r.v. with prior probabilities
P(A = true) = 0.8 and P(A = false) = 0.2. Thus, there is an 80% chance of
assign A to true and only 20% to false. After the root node instantiations have
been made, we proceed in a top-down manner and consider instantiations for
those nodes which are dependent only on root nodes. The possible instantiations
are then weighted against the appropriate conditional probability entries. For
example, let B be a r.v. dependent on A with conditional probabilities P(B =
true|A = true) = 0.6 and P(B = true|A = false) = 0.3. Assuming that A has
been instantiated to true, we would consider the instantiation to be with weights
of 0.6 for true and 0.4 for false. As we can clearly see, a r.v.s instantiation cannot
be determined until all the r.v.s it depends on have already been instantiated,
thus forcing a top-down construction paralleling the causality information built
into the topology of the network. This sort of approach was introduced in [24]

called logic sampling.
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P(C=T | A=T, B=T) = pl1
P(C=T | A=T, B=F) = p2
P(C=T | A=F, B=T) = p3
P(C=T | A=F, B=F) = p4

Fic. 4.3. Simple Bayesian network.

Still, eventhough logic sampling takes into account a fair amount of informa-
tion inside the Bayesian network, its approach can also miss those “significant”
instantiation-sets. For example, consider our simple Bayesian network in Fig-

ure 4.3 with actual probabilities:

C = true|A = false, B = true) = 0
C = true|A = true, B = false) = 1
C = true|A = false, B = false) = 0

Assume our evidence is that €' = true. If we choose according to the most likely
instantiations, we initially get false for A and true for B. Since C must be true,
our first complete instantiation-set would be { A = false, B = true, C = true}. But
it has a probability of 0! The best and only significant complete instantiation-set
is in fact {A = true, B = false, C' = true} with probability 0.02 and it is the least
likely instantiation-set of the four to be chosen.

The above discussion strongly suggests that avoiding processing very low
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probability complete instantiation-sets is very desirable. Thus, we would wish
to somehow only generate those instantiation-sets which are deemed significant.
We could say that a complete instantiation-set is “most-significant” when it has
the highest probability of those consistent with the evidence. Furthermore, if we
could start with the most-significant and continue down the list in order of “next
most-significant”, then we could begin to accumulate the “mass” of the proba-

bilities in the fastest manner. Indeed, we can prove this statement as follows.

DEFINITION 4.16. Given a Bayesian network B = (V, P) and evidence e, a se-
quence of complete instantiation-sets Iy, I, . .., I, for B 1s said to be an I-sequence
of e if and only if e C I for g =1,...,n and I; # I for all j # k. Furthermore,
an I-sequence 1s said to be complete if any complete instantiation-set consistent

with e can be found in the I-sequence.

DEFINITION 4.17. Given a Bayesian network B = (V, P), evidence e and a com-

plete I-sequence of e, I = I,...,I,, we define the mass of e with respect to
Iy, ... I,

M(e,I) =3 P(I;).
7=1
ProposiTION 4.31. Given a Bayesian network B = (V, P), evidence e and any
two complete I-sequences of e, I and I', M(e,I) = M(e,I').

From Proposition 4.31, the mass of evidence e is independent of whichever

complete I-sequence of e we choose. We will simply denote the mass of e by M(e).

DEFINITION 4.18. Given a Bayesian network B = (V, P), evidence e and two
complete I-sequences of e, I and I', I is said to mass-faster than I' if and only if
for all 3 = 1,...,n where n is the number of complete instantiation-sets in I or

II

}
J J
S P(1) > 3 P(L)
Furthermore, we say that I 1s mass-fastest if it is mass-faster than any other

I-sequence for e.

This now leads to our following theorem:

82



THEOREM 4.32. Given a Bayesian network B = (V,P) and evidence e, an I-
sequence of e which instantiation-sets are sorted in order of decreasing probabili-

ties is mass-fastest.

With the above theorem showing us which I-sequence we wish to generate,
we must now consider how to go about doing it. So, we must somehow generate
complete instantiation-sets which are consistent with e and in order of decreas-
ing probability. As it turns out, the complete instantiation-set with the highest
probability and is consistent to e is exactly the best explanation for e. And
as we well know from above, we can solve for the best explanation using our
linear constraint satisfaction approach. Furthermore, the remaining complete
instantiation-sets that needs to be generated correspond to the alternative expla-
nations which we can also generate. Therefore, we will perform belief updating
by actually performing belief revision.

Combining (17) and our linear constraint satisfaction system for belief revision

will provide us with estimates on the actual belief values.

4.2.2 Selective Updating

So far, we have assumed that we are interested in updating the beliefs of all the
r.v.s. We now proceed to present a more specialized algorithm to handle the case
where we are only interested in the updated beliefs of a single variable. Consider
the following scenario: Suppose for a r.v. A, there exists an a € R(A) such
that P(A = ale) = o and o > P(A = ble) for all b € R(A) and b # a. We also
assume that P(e) > 0. So, for the purpose of our discussion, assume that a = .95.
Since, P(A = ale) is such a dominating value, we know P({A = a},e) to be a
significant portion of P(e). Furthermore, P({A = a}, e) will generally be formed
from a collection of explanations for e which constitutes almost all the mass for
e and thus usually be one of the best explanations for e around. In terms of the
mass-fastest I-sequence for e, the top I-sequence explanations will be those also
consistent with {A = a}. Obviously, the estimates for P(A = ble) when a # b
will basically stay near zero. In general, we are interested in rough estimates of

what our updated beliefs are. We tend to be just interested in which is the most
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likely instantiation and how dominating the estimate seems to be compared to
the remaining instantiations. However, to allow for cases where better numerical
estimations are desired, our approach can be naturally modified as follows:

Let A be the r.v. we are interested in finding the belief of given evidence e and
R(A) ={a1,...,an}. Intuitively, if we find the best explanations for e U{A = a;}
for each 2 = 1,...,n, this should give us a good approximation to for Bel(A).

Basically, we compute

Belo(A = a;) = z;i(T{o?{jl a:}aj}) &) (18)

where

To({A = a;},e) = max P(w)

weW({A=a;}Ue)Cw

and W is the set of all complete instantiation-sets. Obviously, the sum in the
denominator is an approximation of P(e). We can easily compute To({A = a;},€)
by treating {A = a;} U e as new evidence ¢’ and running our belief revision
technique to find the best explanation for e’.2°

After finding all the best explanations, we can further refine our initial esti-
mates by considering the alternative explanations in a somewhat directed manner
as follows: Of the best explanations, choose 7 such that To({A = a;,€)} is maxi-
mal. Now, find the next best explanation for {4 = a;} Ue. Let T1({A4 = a;},¢€)
be the probability of the next best explanation. We can take this new expla-
nation and incorporate it into our estimation. The basic process continues by
determining among which of the unselected explanations including this new one
has the highest probability. We then proceed to find the next best explanation
for it. Thus, we are again generating a complete I-sequence for e which is also

made up of distinct elements. According to Theorem 4.30, our I-sequence will

guarantee that our estimations will converge to the proper probabilities.

20When we have a probability of 0, which can certainly occur, in one of the To({A = a;} Ue),
we know that the negative log is infinity. So, to deal with this problem, we simply change the
0 to some arbitrarily small yet positive value.
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4.2.3 Quick Sampling

In large knowledge-bases, we often run into the phenomena where given an expla-
nation, changing the state of a r.v. hardly affects the final joint probability, that
is, the probability of the new explanation barely differs from that of the original.
Return to our story about Mary: Mary walks outside and finds that the street
and lawn are wet. She concludes that it has just rained recently. Furthermore,
she decides that she does not need to water her climbing roses. We have the
Bayesian network in Figure 4.1. Now, assume that we also included information
about the color of Mary’s blouse in a new r.v. Marys-blouse-color. Obviously,
this information should have very small impact on the rest of our network and
consequently is not attached to any other r.v. in the network. Furthermore, the
color of her blouse is almost equally likely to be any color.

Since any explanation must be a complete instantiation-set, the addition of
the new r.v. has increased the number of possible explanations by a factor of the
number of r.v. states. Also, since the blouse color can be anything, there will be
a multiple number of explanations with maximal probability.

Obviously, this can be solved by using the focusing methods found in Sec-
tion 4.1.3. However, consider the domain of fault detection in circuit diagnosis
where the r.v.s tend to be very deterministic in nature, that is, made up of logic
gates such as OR-nodes. The phenomena arises when given an OR-node, we have
multiple inputs (or, r.v.s) with which to activate a gate. These inputs each could
have the same probability of being realized.

Observe that this phenomena often just involves some state changes. Also,
calculating the new probability of such state changes can be done in a very local
manner. We would simply divide out the original conditional probabilities and
multiply in the new ones. So, given an explanation, we can go and generate a
new set of explanations by taking the given one and “flipping” some of its states
in different combinations. Of course, there is a limit on how many you generate
since we could have conceivably gone through and tried all different combinations
from the original which although may give us the exact solution to the updating,

however, this becomes an exercise in combinatorics.
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Basically, our goal is to use the current best explanation as a template and flip
r.v.s in order to catch our somewhat “redundant” ones. The process is certainly

inexpensive up to a certain point.

4.2.4 Hill-Climbing

By using the Simplex method in our search for the best-explanation, we are en-
gaging in a hill-climbing process. We proceed towards our answer by continually
looking for better solutions. With this in mind, it seems that our search for the
best explanation is proceeding through explanations which are increasingly bet-
ter. Up to this point, we have been interested only in the best explanation. Since
these intermediate solutions might provide other “good” explanations, we should
consider using this free information.

Although Simplex is performing a hill-climbing search, the solution space it
uses is continuous and hence non-integral. (Recall our discussion in Section 3.2
concerning non-integral solutions.) Thus, the intermediate solutions our Simplex
method generates may not be integral. This implies that we cannot directly
construct an explanation.

Given a r.v. A with R(A) = {a1,...,an}, unless there exists an ¢ such that
Aa; = 1 and Aa; = 0 for all j # 1, we cannot determine an instantiation for A
according to our strict definitions. Yet, consider the following: Each assignment
of values to the real variable is governed by the constraints and the objective
function in Definition 4.7. The objective function itself is an embodiment of the
joint probability distribution of the given Bayesian network. Thus, these partial
solutions provide strong indicators as to what instantiations should be made.

Recall earlier our discussion of the logic sampling approach and its difficulty
with evidence in the non-root r.v.s. Some global scheme is desirable to direct the
instantiations. It seems that our partial solutions should provide us with such a
mechanism.

Assume we have a non-integral solution ) for our Bayesian induced constraint
system. Let Aa,,...,Aa, be the real variables associated with r.v. A such that

there exists some 7 where Aa; is non-integral. In our transformation to constraint
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systems, we know that Az, > 0 and
ZAaJ. =1. (19)

Thus, Aa,, ..., Aa, directly provides us with a weighting scheme on how to choose
the proper instantiations in order to create an explanation. From here, there are
a variety of methods to construct the explanations. We could either simply
choose the instantiation with the largest associated weight or use the weights as

likelihoods and perform some limited stochastic simulations.

4.3 Other Models

In the above subsections, we demonstrated that Bayesian networks can be mod-
eled through linear constraint satisfaction. Bayesian networks are by far one of
the most commonly used models for probabilistic reasoning. This is mainly due
to the model’s success at formulating various tasks and actually solving the more
simpler ones in a reasonable amount of time. Almost all alternative uncertainty
models have failed to provide working implementations.

Models which are closely related to Bayesian networks can also be formulated

using linear constraints as well. For example, Markov random fields [27, 33].

4.4 Discussion

We have just demonstrated that our linear constraint satisfaction approach can
completely model Bayesian networks. In particular, the reasoning task of be-
lief revision and belief updating can be solved using our tools and techniques.
Furthermore, we have demonstrated that our approach can avoid the limitations
currently suffered by existing methods. Generating alternative explanations are
available through our formulation. This should provide us with some idea as to
the representational capabilities of our linear constraint satisfaction approach.
Although our experiments in cost-based abduction were rather successful,
our approach to belief revision may easily suffer the exponential explosions in the
size of the conditional probability tables. For example, consider image processing

where each pixel is represented by a r.v. [19].
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Yet, of the other existing algorithms for performing belief revision, namely
Pearl’s message-passing scheme [41] and Shimony and Charniak’s cost-based ap-
proach [68], message-passing is incapable of generating alternative explanations
while the cost-based method suffers from the heuristic problems outlined in Sec-
tion 3. Given this dearth of algorithms, we believe ours to be a plausible alterna-
tive. Through various tests, we have noticed that our method performs best on
highly deterministic networks, that is, networks whose conditional probabilities
are near 0 or 1.

For belief updating, we compared our approach against stochastic simulation
methods [72, 34, 28, 10, 24, 62]. We found that our approach performed much
better than stochastic simulation on highly deterministic networks. Basically, as
we discussed earlier, simulation approaches could very rarely come up with an
answer on these types of networks. On the other hand, our approach (without
our suggested optimizations) is much slower on networks which have very flat
distributions. We incur a higher overhead than the simulation techniques. Still,
our formulation can easily solve a class of networks which have proven to be
stumbling blocks for the simulation methods.

In the remainder of this section, we present some preliminary results on an
alternative constraints formulation for Bayesian networks which seems quite in-
teresting. This new formulation attempts to address some of the limitations
found in the current one. New tools and techniques are also provided for solving

this new system.

4.5 Near-Continuous Random Variables

The allure of Bayesian networks stems from its robust yet simple modeling of
the world. As we have seen, it is capable of modeling abduction as well as belief
updating. Furthermore, its graphical representation provides a firm foundation
for modeling causality and causal inferencing.

Unfortunately, inherent in Bayesian networks is the potential for exponential
explosions in the size of its conditional probability tables. Obviously, the main

factor is the number of parents a node has plus the number of instantiations
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each parent has. Even having a small number of parents but a large number of
instantiation sets for each can become quite prohibitive.

This implicit restriction has been the crux of Bayesian network’s crudity at
modeling quantitative information. Common information such as time and dis-
tance are often poorly modeled with discrete coarse approximations to avoid the
combinatorial explosion.

We now present a method which may provide a finer grained discretization of
quantized data without the exponential explosion. Although we are still dealing
with discrete r.v.s, the level of discretization we wish to consider prompts us to

call these near-continuous r.v.s.

4.5.1 Formulation

Basically, our current formulation for belief revision is firmly tied to the sizes
of the conditional probability tables. Each entry in the table will be associated
with some unique real variable in the constraint system. To avoid the possible
exponential explosion, our approach is to compress the information found in the
tables. Through the use of functions we call splining functions, we could reduce
the entire table and store it as a simple function. Ideally, we would like to have a
table reduced to a single splining function, but multiple functions are still more
desirable than having the explicit table as we shall see. These splining functions
map sets of real numbers to a single real number. The set of real numbers will
be used as indices to fetch the appropriate conditional probabilities. But first,
we must map the different possible instantiations for a r.v. to real values.
NoTaTiON. Q is the set of rational numbers. Q7 is the set of positive rational
numbers.

Let B =(V, P) be a Bayesian network.

DEFINITION 4.19. Giwen a r.v. A in V, a one-to-one and onto mapping E4 from
R(A) to {q1,92,-..,qn} where g; € QT 1s called an encoder for A.

Let Eg be a collection of encoders for the r.v.s in V such that there is exactly
one encoder for each r.v. Intuitively, encoders provide a total ordering on the

possible instantiations for a r.v. Furthermore, it provides a mechanism for flexibly
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transforming/reorganizing our instantiations to a possibly more useful form or
interpretation as we shall see.

NoOTATION.
V(A)={P(A=1qa|[Ci=c1,...,Cn =cy) € Pla € R(A)}

If we have multiple splining functions, then we must have a way of determining
which one to use given an instantiation. By restricting which entries in a table
may be grouped with other entries, we can provide such a mechanism.
NotatioN. Let p(A) be a partition on V(A) and | to be a cell in p(A). We define
extent(A,1) to be be all the different instantiations of A which appear in .

DEFINITION 4.20. Given a r.v. AinV and V(A), assume cond(A) = {C1,...,Cr}.

Let p(A) be a partition on V(A). We say the p(A) is contiguous with respect to
Ey if and only if for each cell | in p(A), the following condition holds:

e For all rv. B in {A}Ucond(A), there does not ezist a b € R(B) such that b

is not in | and Ep(b) is in the interval from min,; Ep(b;;) to max;; Ep(b;;).

J 25

o Let V(A) consists of conditional probabilities of the form
P(A=aqa|C;=c1,...,Cn =cp).
For all collections {a’,c},ch,...,cl.} such that o’ € extent(A) and ¢ €
extent(C;) fori=1,...,n,

P(A=d|Ci=c,...,Cn=0c,) €

Intuitively, we can view a contiguous partition as follows: For each r.v. B
involved in V(A), somehow uniquely number the instantiations R(B). We now
construct a hypercube whose axes correspond to each r.v. B in V(A) bounded
by the minimum and maximum values of the numbering on R(B). A contiguous
partition of V(A) will cut up the hypercube into a set of smaller hypercubes

based on the instantiation numbering.

DEFINITION 4.21. Let p(A) be a contiguous partition with respect to Eg. For each

cell 1 in p(A), we associate a function S,z from R to R such that
SI,E—B(EA(G,), Ec,(c1),..., Ec,(cn))=P(A=¢a|lCi=c1,...,Cn = cy) (20)
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where By, Ec,, ..., Ec

are the encoders found in

E_B and a € R(A),Cl € R(Cl), ...n € R(Cn)

We call S, 7 a spline for . Let Sp(A),E_zs be a collection of splines associated with

partition p(A). We call S,(a)E5 @ spline-set for A.

Let Sz be a set of spline-sets such that each r.v. A in B is associated with
exactly one spline-set.
NorarioN. Given S, 7, since p(A) is a partition, for any @ € R(A),c1 €
R(C1),...cn € R(Cy),

SLE—B(EA(G,), Ec,(a1),...,Ec,(cn))

will unambiguously refer to the appropriate spline function defined in Sp(A) jope

Similarly, given Sg, since all our conditional probability tables are unique,

for any a € R(A),c1 € R(Cy),...cn € R(Ch),

Sﬁ(EA(a’)a ECl(cl)7 R ECn(cﬂ))
will unambiguously refer to the appropriate spline function defined in Sg .

We now redefine our notion of a Bayesian network.

DEFINITION 4.22. Given a Bayesian network B = (V, P), let Egz be a collection
of encoders and Sz be a collection of spline-sets. We define a splined Bayesian

network to be a S-tuple B = (V, Ep, Sz3)-

We now define the analogue of instantiation-sets for the splined Bayesian

networks.

DEFINITION 4.23. Given a well-founded instantiation set w for B, we define the

spline probability, P, for B as

Pw)= TI  Sz{w(A)w(cond(4))) (21)

Aespan(w)

where w(cond(A)) ezpands appropriately to {w(C1),...,w(Cyn)}.
THEOREM 4.33. Given a well founded instantiation set w, P(w) = Ps(w).
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The above theorem shows that our splining probability is equivalent to our
normal probability function. Thus, we can substitute splining probability func-

tions into our computations for belief revision.

THEOREM 4.34. Any Bayesian network can be modeled as a splined Bayesian

network.

We now proceed to show how we can transform splined Bayesian networks
into linear constraint satisfaction problems.

Clearly, a splined Bayesian network B = (V, Ej, Sgz;) induces a partition on
the original conditional probabilities P. Let [Pz denote this induced partitioning.
Furthermore, a splining function from Sz is uniquely associated with each cell in
the partition. If d is a cell in [P]g, then Sy will uniquely denote the appropriate
splining function.

We say that a r.v. instantiation {A = a} appearsin a cell in [P|5 if there exists
a conditional probability in the cell of the form P(Cy = ¢o|C1 = ¢1,...,Crn = ¢n)

where for some 2 =1,...,n, (; = A and ¢; = a.

DEFINITION 4.24. Given a r.v. A and a splined Bayesian network B, we define
the partition on R(A) induced by B as follows: a1,as € R(A) both belong in the
same partition if and only if for all cells, d in [Plg, {A = a1} appears in d if and
only if {A = ay} appears in d. We call this partitioning the capsulation of A by
B and denote it by [Alg.

THEOREM 4.35. Gven any celld = {a1, ..., ar} in [A]lz where Ex(a;) < Ea(ait1),
there does not exist b € R(A) such that Ex(a1) < Ea(b) < Ea(ar) and b # a; for
1=1,...,k.

DErFINITION 4.25. Given a splining function S € Sg, we say that S is e-

continuous if and only if
SI,E_B(EA(G’)a ECl(cl)7 sy ECn(cn)) = ekOEA(a)+klEcl (e1) o Ahn By (cn) Tk

for some constants k, ko, ki1, ..., k.. We say that S 1s e-continuous if and only

if all splining functions in it are also e-continuous.

Without going into detail, we must generalize our notion of constraint systems.
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Previously in cost-based abduction and belief revision, we restricted our variables
to values of 0 and 1. We generalize this by allowing variables to to be restricted
to sets of real values. In doing so, we also generalize our notion of a 0-1 solution
to the notion of a permaissible solution as a solution which satisfies all the value
restrictions as well as constraints.

We begin our construction as follows: Let B = (V, Ep, Sﬁ) be a splined
Bayesian network and Sz, be e-continuous. For each r.v. A in V, construct a
real variable z, whose values are restricted to {E4(a)|Es € Eg and a € R(A)}
and a 0-1 restricted variable y4. Next, arbitrarily label each cell in [A]z by
{da1,d4a2,.-..,dan}. For each cell in {da1,da2,...,dan}, construct a new 0-1

restricted variable z4, ;. Construct the following constraints:

ya+ Y i, =1 (22)
=1
For each d4,,

za— min Ey(a) > —M(1 —zq4,,) (23)

a€da,; '
T4 — max Ei(a) < M(1 —z4,,) (24)

acdy ; '
za < M(1—ya) (25)

where M is some arbitrarily large positive constant. Intuitively, zq, , is used to
“detect” whether x4 falls within a particular interval defined by the partitioning,
y4 indicates whether A is instantiated or not, and x4 represents the instantiated
value if any.

We now must guarantee that when a r.v. A is instantiated, then all the r.v.s
in cond(A) must also be instantiated. We can guarantee this by simply adding

the following constraint for each r.v. A:

e IR (26)

Becond(4)

From our definitions above, we can unambiguously associate a splining func-

tion S in Sz with some r.v.s {A} U cond(A). Furthermore, using our encoder
B

mappings, we describe the domain of S as a cross product of intervals on real vari-

ables associated with the r.v.s. For example, let p(A) be the partition on V(A)
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associated with S. According to Definition 4.21, for each r.v. B in {A}Ucond(A),
there exists a set of instantiations of B, {B = b,,,..., B = b;, } in the cell associ-
ated with S in p(A) such that there does not exist an instantiation { B = ¢} where
c # b;; for all 7; and Ep(c) is in the interval from min;; Ep(b;;) to max;, Ep(b;;).
Thus, we only need the min and the max values to describe the’ domain for S.
Also, remember that we want to incorporate S into our probabilistic computa-
tions only when the r.v.s are instantiated within its restricted domain. Let us
denote the interval for a r.v. A for splining function S by [min(4, S), max(4, S)].
We now proceed with our construction. For each splining function S involving the
r.v.s {C1,...,Cn}, we construct the new variables z¢, s which are virtual copies
of z¢, constructed above. For each [min(C;, S), max(C;, S)], if there does not

yet exist a 0-1 variable which detects whether z¢, is in [min(C;, S), max(C;, S)],

create a new 0-1 variable d¢, ¢ with the following constraints: For each d4,

zc, — min(C;, S) > —M(1 — dg, 5) (27)
z¢; — max(C;, §) < M(1 — de, s) (28)
Now, continue and construct a new 0-1 real variable dg adding the following
constraints: .
ds Z’)’L—chj,s—l-l (29)
7=1
1 n
ds S _ Z de,S (30)
n =
For each 1,
zc;,s > zo; — M(1 — ds) (31)
zc;,s S Zo; + M(l - ds) (32)
zc, s < Mdg (33)

ds is used to indicate whether S will be used. If so, copy the values into the
virtual copies and make the computations necessary based on the virtual copies.
We complete our transformation by defining an appropriate objective func-

tion. For each splining function S in Sz, introduce the following terms into the
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objective function: Assume that
Sz,E_B(EA(a)7 Ec,(c1),...,Ec,(cn)) = groBa(a)tkiEe, (c1)+ - thnEcy(cn)thk
The terms to be added are
— kds — z": kizc, s (34)
i=1

We now must show that the solution space defined by our induced constraint
system is equivalent to the space of all well-founded instantiation-sets for the
Bayesian network. We begin by providing a transformation from permissible
assignments in our constraint systems to instantiation-sets. Let s be a permissible
solution. We can construct an instantiation-set w]s| as follows: For each r.v. A in
V, A is instantiated if and only if s(z4) > 0. Since our encoders our one-to-one
and onto, then the inverse (or, called decoder) exists and we denote them by E;*.
If s(z4) > 0, then w[s](A) = E;'(za).

Conversely, given a well-founded instantiation-set w, we can construct a per-
missible assignment s[w] as follows: For each r.v. A in V, if A is instantiated
in w, then s[w|(ya) = 0 and s[w](z4) = Ea(w(A)). If A is not instantiated in
w, then s[w](ds) = 1 and s[w](z4) = 0. Furthermore, if A is instantiated, we
properly activate the appropriate interval detectors. Finally, according to the
instantiation-set w, we can easily determine which splining functions are active.
slw](ds) = 1 if and only if S is an active splining function according to w. And, if
S is active, then copy s|w](z¢, s) = s[w](z¢;) for all 7 involved with S. Otherwise,
slw](zc, s) = 0.

THEOREM 4.36. w 1s a well-founded instantiation-set for B if and only s[w] is a

permissible solution for the induced constraint system.

Having shown the equivalence, we can prove the following theorem on the

probabilities being calculated.

THEOREM 4.37.
P(w) = e~ OCslwl)

Therefore, the optimal permissible solution for our induced constraint system

will be the best well-founded instantiation set.
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One final note to our formulation is that we must also incorporate the notion
of evidence. Evidence, we recall, can either be the requirement that a r.v. be
instantiated with a certain value or that the r.v. simply be instantiated. For
the first case where a r.v. A must be instantiated to a, we simply include the
constraint z4 = E4(a). When it just needs to be instantiated to some value, we
include the constraint z4 >= minycr(a) E4(a). Thus, we can proceed with our
belief revision computations like we did earlier in this section.

What we have attempted to do in this formulation is to avoid the combi-
natorial explosion of O(|R(A)| x |R(C1)| x ... x |R(Cy)|) by compressing it to
O(|R(A)| + |R(C1)| + ...+ |R(Cy)|). Our goal is to find such an optimal com-

pression by manipulating encoders and splining functions.

4.5.2 Branch and Bound For Permissible Solutions

Since we have generalized our restrictions on what values a real variable may
attain from simple 0 and 1, we must modify our branch and bound algorithm
appropriately to guarantee that we generate permissible solutions.

NoTaTiON. Let z be a real variable and {ki, ks, . . ., k. } be its permissible values

such that k; < k;11. We define the following functions:

|k|e = %gi{ k;

Similar to our original branch and bound algorithm, the basic idea is as fol-
lows: To find an optimal permissible solution, we solve a sequence of linear
programs. This sequence can be represented by a tree where each node in the
tree is identified with a linear program that is derived from the linear programs
on the path leading to the root of the tree. The root of the tree is identified with
the linear program induced by our constraint system. The linear programs along
the nodes of the tree are generated using the following schema: Consider sq, the
optimal solution to our initial linear program denoted lp,. If so is a permissible
solution, then we are finished. Otherwise, we choose some non-permissible vari-

able assignment z in sg and define two new problems lp; and lp, as descendants
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of Ipy. lp; is identical to lp, except for the additional constraint z > [s°(z)].,

and lp, is identical to Ipy except for the additional constraint z < |s°(z)],. Note

that the two new problems do not have sy as their optimal solutions. Since we

are looking for a permissible assignment, the optimal permissible solution must

satisfy one of the additional constraints.

As we can clearly see, we now proceed in a similar fashion to our branch and

bound method for 0-1 problems.

ALGORITHEM 4.2. Given a constraint system L = (T',1,%), find its optimal per-

missible solution.

1.
2.

S Sv o Lo

=

(Initialization) Set CurrentBest:= ¢ and ActiveNodes := {(I,0)}.

If ActiveNodes = ¢ then go to step 15. Otherwise, let lp be some lLinear
program in ActiveNodes.

ActiveNodes := ActiveNodes — {Ip}.

Compute the optimal solution s°P* for lp using Simplez, etc.

If s°Pt is a permissible solution, then go to step 12.

(Bound) If CurrentBest # ¢ and Or(s®) > Or(CurrentBest), then go to
Step 2.

(Branch) Choose some variable = € 1p whose value in s°%* is non-permissible.

8. Set Iy := T U {z < |sz)]|.} and I := T U {z > [s(z)].}

9. Create two new linear programs:

10.
11.
12.

15.

14.
15.

Ip; := (11, OL(s%")) and lp, := (I, OL(s)).

ActiveNodes := ActiveNodes U {lp,,1p,}.

Go to step 2.

(Permissible solution )

If CurrentBest = ¢ or Or(s%") < Op(CurrentBest), then CurrentBest :=
5Pt

(Pruning) Remove from ActiveNodes all linear programs whose lower bounds
are greater than ©r( CurrentBest).

Go to step 2.

(Solution ) Print CurrentBest.
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5 Cyclicity and Generalized Cost-Based Ab-

duction

Cost-based abduction is restricted to those knowledge bases which are acyclic
in nature. It requires that there cannot be two propositions A and B in the
knowledge base where the following conditions occur:

e A can be used in a proof for B.

e B can be used in a proof for A.
In the most degenerate case where A =— B and B =—> A are both in the
knowledge base, if we had as evidence that B is true, then A can be assigned true
to prove B. Furthermore, since B is already true, we can use it now to prove A.
Thus, no other propositions need to be assigned true to explain B! Clearly, this
explanation is counter-intuitive and provides little information. Also, since none
of the hypotheses are used, no cost is incurred which can make this explanation,
the best explanation.

A more sophisticated example involving cyclicity often occurs in the rule bases
of the WIMP story understanding system [3, 23, 22]. In its knowledge base, you

can find the logical rules:
(fooa) A (= a b ) = (food)
(foob) A (= a b )= (fooa)
A method is available in WIMP to eliminate this logical cyclicity. However, it is

rather ad hoc.

A similar situation arises in Hobbs et al. [26] where we find the rules:

(dog z) = (mammal z)
(mammal z) A (dog-features ) =—> (dog z)
The second rule is needed by [26] (and probably by most cost-based schemes) to
allow us to use the fact that “something is a mammal” as (weak) evidence that
it is a dog. Our (dog-features z) corresponds to the etcetera attribute, (etc z),
found in [26].
Finally, cyclicity can also occur in modeling causal information. Suppose we

are modeling faulty electrical outlets. Furthermore, suppose that our television
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set and radio are both plugged into such an outlet. Being faulty, when the fuse
is blown in one of the components, the accompanying surge causes the other fuse
to also blow. In this case, it is possible that a better axiomatization could solve
the problem. However, there is no such solution for the logical case above. Thus,
cyclicity must somehow be faced.

Since abduction is a backward chaining process on the logical rules, the search
for the best explanation in cost-based abduction can be performed as a graph
searching problem. Starting from the evidence, we proceed backwards to the hy-
potheses through the implications. In this way, we build many partial proofs to
use as guides for determining the least cost proof. Introducing cyclicity compli-
cates the problem because explicitly chaining backwards though the implications
can end up in an infinite loop.

In this section, we present an approach to the problem of cyclicity in cost-
based abduction. We arrived at our solution by studying cyclicity under linear
constraint satisfaction. The solution itself represents a natural extension of our
constrained optimization approach and remains a linear constraint satisfaction

formulation.

5.1 Generalized Cost-Based Abduction

We now address the issue of cyclicity and present a generalization to cost-based

abduction. Consider the following set of rules:

(foo a) A (= a b ) = (foo b)

(oo ))A(= a8 ) => (foo a)

a-stuff = (foo a)

b-stuff = (foo b)
We can easily see that this set of rules is cyclic.

Again, we observe the following: If (= a b ) is true, then (foo a) could be

explained by (foo b) and vice versa. Invariably, this is an explanation under
cost-based abduction and will most likely be the best one.

Intuitively, to avoid this type of “self-supporting” anomaly, a proper explana-

tion must guarantee that some “outside” agent be present, such as either a-stuff
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to explain (foo a) or b-stuff to explain (foo b), when (foo ), (foo a) and (= a b )
are all true. For this fairly simple case, we can easily enumerate the desired
behavior as follows:

e When (foo a), (foo b) and (= a b ) are all true, then either b-stuff or a-stuff

must be true.

e When (foo a) = true and (= a b ) = false, then a-stuff must be true.

e When (foo b) = true and (= a b ) = false, then b-stuff must be true.

e When (foo a) = (foo b) = false and (= a b ) is either true or false, then

nothing special needs to be done.

e The remaining states are inconsistent and must be prevented from occur-

ring.

From the above behavior list, we can make the following observation: Proper
logical reasoning requires that propositions never support themselves. Acyclicity
simply gives us a single unique partial ordering on the propositions. On the other
hand, cyclicity can actually be viewed as providing multiple partial orderings. In
our above example, consider the first behavioral item and pick a-stuff to be false.
What we have effectively done is choose the following proof sequence:

1. b-stuff and (= a b ) are both true.

2. (foo b) is implied by b-stuff.

3. Since (= a b ) is also true, this implies that (foo a) is true.

In terms of causality, we can see this as: Causal reasoning is an inherently
time-dependent process since obviously causes must temporally precede effects.
Thus, when attempting to explain the occurrence of some given event, we are
temporally ordering all the other events which lead up to it.

When we consider the problem in terms of our cost-based abduction graphs,
we find that our WAODAGs clearly reflect unique partial orderings. Any expla-
nations constructed under cost-based abduction properly determined the proof
sequence. By adding cyclicity, these new more general graphs can be viewed as
collections of WAODAGs. Our goal now is to be able to form proper explanations.

We now present our new model of cost-based abduction called generalized

cost-based abduction.
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DEFINITION 5.1. A cost-based graph is a 4-tuple (G, c,7,S), where
1. G is a directed graph, G = (V, E).
2. ¢ 1s a function from V x {true,false} to &, called the cost function.
3. r is a function from V to {AND, OR}, called the label.
4. S 1s a subset of V x {true,false} called the evidence.

Clearly, a cost-based graph is a generalization of our original WAODAGS.

DEFINITION 5.2. Given a cost-based graph Z = (G,c,r,S) where G = (V,E), a
solution graph G, = (V;, E;) for Z is a subgraph of G which satisfies the following
conditions:
1. G, 1s acyclic.
2. If g € V; and r(q) = AND, then Dy, C V, and (p,q) € E; for all p € D,.
3. If D, C V, and v(q) = AND, then g € V; and (p,q) € E, for allp € D,.
4. If ¢ € V; and r(q) = OR, then there ezists a node p in Dy such that p € V,
and (p,q) € E;.
5. If DNV, # ¢ and r(q) = OR, then q € V; and there ezists a node p € D,NV,
such that (p,q) € E,.
6. If (q,true) € S, then g € V.
7. If (q,false) € S, then q is not in V.

Basically, solution graphs correspond to explanations in that they represent
all the nodes which are to be assigned true. Nodes not included in a solution
graph are assumed to be set to false. The condition of acyclicity will guarantee

that we have a proper proof sequence.

DErFINITION 5.3. We define the cost of a solution graph G, = (V,, Eg) for Z =
(G,c,r,S) where G = (V,E) as

C(Gs) =) c(g,true) + > c(q,false). (35)

q€Vs qeV -V,
A solution graph G, which minimizes C 1s called a best explanation for Z.

We have now completely defined our generalized cost-based abduction model.
We can also easily see that our original cost-based abduction model is a special

case of our new model.
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Fic. 5.1. A cost-based graph for our wiMP example.

Let’s return to our example above and consider the associated cost-based
graph (see Figure 5.1). Our “self-supporting” anomaly arises when we have the
following truth assignment to our nodes: (foo a) = (foo b) = true, (= ab ) =
true and a-stuff = b-stuff = false. We can easily see that there is no solution graph
of our cost-based graph which has this assignment. They all end up violating

either the edge inclusion requirements or the acyclicity constraint.
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5.2 Constraints Formulation - Cycles

We now consider how we might reduce generalized cost-based abduction to lin-

ear constraint satisfaction?!.

As we mentioned at the beginning of this thesis,
our work on cyclicity was motivated by our constrained optimization view on
cost-based abduction. We were trying to see how we might manipulate linear
constraints in order to achieve our desired behaviors. We first found that we
could properly satisfy the behavior list in the previous section by modifying the
original set of constraints generated by Definition 3.5.

We first eliminate any constraints involving (foo a) and (foo b). We then

introduce the following new constraints:

(fooa)+ (= abd)—1 < (foo bd)
(foo b)+(= abd)—1 < (foo a)
(foo a)+ (foo b)+ (= ab)—2 < a-stuff+ b-stuff
(fooa)—(= ab) < a-stuff
(foo b)—(= ab) < b-stuff
(foo a) > a-stuff
(foo b) > b-stuff

Clearly, we can associate these constraints directly to the items in the behavior
list. We can readily show that this new set of constraints will result in the
behaviors we dictated. Thus, our solution demonstrates that our linear constraint
satisfaction approach can be extended to handle at least the cyclicity problem
in the previous section. However, when we proceed to more general cyclicity
problems which may involve interactions between large numbers of propositions,
using this sort of brute force enumeration of relationships is certainly infeasible.
Even with moderate problems, this brute force approach grows exponentially in
the number of constraints we would need to introduce. Just consider introducing
(foo ¢) and other appropriate accoutrements.

Obviously, we need a general solution to cyclicity in linear constraint satis-

faction which could compactly capture the essence of our problem.

21 An earlier cycles formulation for generalized cost-based abduction can be found in [58]
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Disallowing the presence of logical cycles in our solution graphs is tantamount
to removing the associated 0-1 assignments from our 0-1 solution space. Intu-
itively, we introduce new variables in our construction to serve as indicators of
whether or not the nodes are logically linked, that is, whether one node is directly
used to prove the other. For an AND-node, when it is true, then all its parents
must be used. However, for an OR-node, only some of its parents need be used.
A situation can arise where although a parent is true, it is not used as a proof for
the child. This must certainly occur in the presence of cycles. The new variables
will detect this case. By taking these new variables plus the AND-nodes of a cycle,
we can determine whether a causal chain is legitimate.

We now present our solution.

Let Z = (G,¢,r,S) where G = (V, E) be a cost-based graph. Our goal is to
construct an equivalent constraint system L(Z) = (T, I, ).

NotaTioN. Given a node ¢ in V, we define the in-degree of ¢ to be

{(p,q)lp € V and (p,q) € E}|.

We denote this by IN(q). We define the out-degree of ¢ to be

{(g,p)lp € V and (p,q) € E}|
and denote it by OUT(q).

DerFINITION 5.4. A subgraph J = (V, E;) of G is called a cycle if and only iof J
18 strongly connected and for all p € Vj,

IN(p) = OUT(p) = 1.

Furthermore, we denote the set of all cycles for G by £(G). An edge (p,q) € E is

said to be encycled if and only if there exists a cycle in £(G) which also contains
(p,q)-

We begin by first constructing all the real variables for L(Z). For each p € V,
associate a real variable z, € I'. Next, for each encycled edge (p,q) € E such
that r(q) = OR, associate the real variable m,, € I'. These are the new detection
variables we mentioned above.

Now we construct the constraints I. For each node ¢ € V,
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1. If r(q) = AND, then construct the following constraints:

zq < z, for each p € D, (36)
Z Tp — |Dg| +1 < zq. (37)
PGDq

These two constraints are the same AND-node constraints found in our
original formulation.

2. If r(q) = OR, then construct the variable set t(q) as follows: For each p € Dy,
if there exists a cycle J = (V;, E;) in €(G) such that (p,q) € Ej, then
Mypq € t(q). Otherwise z, € t(q). Next, construct the following constraints:

Y o>, (38)

z€t(q)
Ty > xp for each p € D, (39)
Mypg < T, for each mp, € ¢(q). (40)

Equations (38) and (39) are modified OR-node constraints to take into ac-
count encycled edges. Equation (40) is necessary to properly tie in these
new variables.
For each (p,b) € S, if b = true, then construct the constraint z, = 1, otherwise,
zp, = 0. Finally, for each cycle J = (V;, E;) in é(G), construct the variable set
t(J) as follows: For each (p,q) € Ej;, if r(q) = AND, then z, € ¢(J). Otherwise,

Myg € t(J). Construct the constraint,
> o< (D)1 (1)
zet(J)

This last constraint will be used to guarantee that we have no cycles in our
solution graph. Consider the case where we only have encycled edge variables,

Mg, in t(J). Clearly, if all the my,’s are 1, we have a cycle in the graph.

Lastly, we define ¢ as follows: (z4, X) = ¢(q,X) for all ¢ € V and X €
{true, false}.

DEFINITION 5.5. L(Z) constructed above is the constraint system induced by Z.

105



We now prove that our induced constraint system will indeed determine the
best explanation in our cost-based graph. Given a solution graph G, = (V;, E;)
for Z, we can construct a 0-1 assignment s[G,] for L(Z) as follows (for notational
convenience, s|G,|(z) = s(z)): We begin by satisfying the condition that p € V,
if and only s(z,) = 1. Next, for each (p,q) € E,, if (p,q) is encycled, then
s(mpy) = 1. Otherwise s(my,) = 0.

Conversely, given a 0-1 solution s, we can construct a subgraph G,[s] =
(Vi[s], Es[s]) for Z as follows (for notational convenience, G,[s] = G;): Again, we
begin by satisfying the condition that s(z,) = 1 if and only if p € V;. Next, for
each node ¢ € V, if r(q) = AND and s(z,) = 1, then for all p € Dy, (p,q) € E,.
For each encycled edge (p,q) € E, (p,q) € E, if and only if s(mp,) = 1.

We can now prove the following:

TraeorREM 5.1. G, = (V,, E,) is a solution graph for Z = (G,c,r,S) where
G = (V,E) iff s[Gs] is a 0-1 solution for L(Z).

THEOREM 5.2. G, is a best ezplanation iff s|G,] is an optimal 0-1 solution.

The above theorems show that we can solve generalized cost-based abduction
by reducing it to linear constraint satisfaction.
Let’s return to our earlier cyclicity example in Figure 5.1. In our new set of

constraints, we have the following to deal with the cyclicity:

(foo a) < a-stuff4+my
m; < AND;
AND; < (foo a)
(foo b) < b-stuff+my,
my < AND,
AND; < (foo b)
my + AND; +my + AND; < 3

where AND; and AND, are the AND-nodes and m;,m, are the special marker
variables. We can easily see that the anomalous truth assignment AND; = AND, =

my; = my = 1 will violate the last constraint above, thus demonstrating that our
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linear constraints properly eliminates the “self-supporting” assignment,.

The only additional requirement needed by our new linear constraint satis-
faction formulation is generating all the cycles in the cost-based graph. How-
ever, we note that the problem of generating the cycles can be easily done in
O((|V] + |E|)(n + 1)) where n is the number of cycles generated. Basically, a
depth-first search is used whereby through an elegant approach to adding edges
will generate each cycle. Details and analysis of the algorithm can be found in

[50].

5.3 Constraints Formulation - Topological

The cycles formulation of the previous section was simple and computationally
efficient. It only required the additional process of identifying the cycles in the
cost-based graph. This could be easily done in time linear to the size of the
graph for each cycle. However, in the unlikely event that our graph is completely
connected or approaches it, the number of cycles may be large with respect to
the number of nodes.

In this section, we present an alternative constraints formulation for gener-
alized cost-based abduction which does not need to identify the cycles in the
graph.

A subgraph of a digraph is acyclic if and only if it provides a topological
ordering of its nodes. Our basic approach, like the previous one, is to eliminate
cyclic digraphs as possible solution graphs. Instead of working explicitly with
cycles, we generalized our approach by requiring that there must be a topological
ordering on nodes.

Intuitively, we determined whether there is a topological ordering for a given
digraph by finding an assignment of real values to each node such that if a node
p is an ancestor of a node ¢, then p’s value must be less than ¢’s. Recall, p is a
parent of ¢ if p is one of the causes of g.

In our formulation, we will associate with each node p a real variable ¢, to

hold p’s topological number.?? For a topological ordering to occur between two

?2¢, does not need to be restricted to integer values.
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nodes, we must have used a sequence of rules tying to two nodes together. Since
implication is transitive, we could locally restrict ourselves to nodes which are
adjacent to each other. For example, py = p; and p» = p3 implies the ordering
tp, < tp, and t,, < t,,. From transitivity, p; = p3 which must imply ¢,, < t,,
and is already the case from “<”’s transitivity.

We formed solution graphs from a given cost-based graph by essentially deter-
mining which rules to use. We consider a rule to be “conjunctive” if the precedent

is a conjunction of one or more nodes and the antecedent is a single node,
I ANRAY S

Obviously, we can take any set of rules and create an equivalent set composing
only of conjunctive rules. In terms of our cost-based graph, an AND-node with
all of its parents would constitute a single conjunctive rule whereas an OR-node
with represent one rule for each of its children.

Basically, if we used the conjunctive rule,
A Ap, = q,
then we must have the following topological constraints:
tp <tgfori=1,...,n.

Now, we can easily determine whether a collection of rules is acyclic. If the
collection is cyclic, then there must exist some nodes p and ¢ such that p is a
descendant of ¢ and vice versa. According to the transitivity property above,
we have both ¢, < ¢, and t, < t, which is clearly a contradiction rendering our
constraints infeasible.

We begin by first constructing all the real variables for L(Z). For each p € V,
associate a real variable z, € I'. Next, for each edge (p,q) € E such that
r(q) = OR, associate the real variable m,, € I'. Intuitively, the variable my,
determines whether the logical rule p = ¢ has been used or not. Furthermore,
Mp, is directly related to the edge between p and ¢. Finally, for each p € V,
associate the topological variable ¢,.

Now we construct the constraints I. For each node ¢ € V,
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1. If r(q) = AND, then construct the following constraints:

zq < z, for each p € D, (42)
Z Zp — |Dg| +1 < 24 (43)
PGDq
2|V|(1 —z4) 4ty > t, + 1 for each p € D,. (44)

Again, equations (42) and (43) are our original AND-node constraints. On
the other hand, equation (44) is used to model the following event: If
AND-node gq is true, then all the parents of ¢ are true and must topological
dominate ¢q. Otherwise, no action is taken.

2. If r(q) = OR, then construct the following constraints:

Z Mpq 2> Tg (45)

PGDq

Ty > xp for each p € D, 46

Mpg < &, for each p € Dy, 47

2|V(1 — mpq) + tq > tp + 1 for each p € D,. 48

(46)
(47)
(48)
Equations (45) to (47) are similar to equations (38) to (40). Equation (48)

is used to guarantee the appropriate topological ordering if necessary.
Finally, for each (p,b) € S, if b = true, then construct the constraint z, = 1,
otherwise, z, = 0.

Lastly, we define ¢ as follows: (z4, X) = ¢(q,X) for all ¢ € V and X €
{true, false}.

We now go about and prove that our induced constraint system will indeed
determine the best explanation in our cost-based graph. Given a solution graph
Gs = (Vi, E,) for Z, we can construct a 0-1 assignment s[G,] for L(Z) as follows
(for notational convenience, s[G;](z) = s(z)): We begin by satisfying the condi-
tion that p € V; if and only s(z,) = 1. Next, (p,q) € E, and r(q) = OR if and
only if s(mpe) = 1. Now, since G, is acyclic, assign a topological ordering to V;
and set the appropriate values for s(t,) where p € V,. (A labeling of integers
from 1 to |V is suggested.) For all p € V -V, s(t,) = 0.
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Conversely, given a 0-1 solution s, we can construct a subgraph G,[s] =
(Vi[s], Es[s]) for Z as follows (for notational convenience, G,[s] = G;): Again, we
begin by satisfying the condition that s(z,) = 1 if and only if p € V;. Next, for
each node ¢ € V, if r(q) = AND and s(z,) = 1, then for all p € Dy, (p,q) € E,.
For each edge (p,q) € E, (p,q) € Es and r(q) = OR if and only if s(mp,) = 1.

We can now prove the following:

TreorEM 5.3. G, = (V,, E,) is a solution graph for Z = (G,c,r,S) where
G = (V,E) iff s[Gs] is a 0-1 solution for L(Z).

THEOREM 5.4. G, is a best ezplanation iff s|G,] is an optimal 0-1 solution.

In the cycles formulation, we identified cycles in order to explicitly “break”
them. This achieved the effect of properly ordering the propositions. We observed
that this ordering actually corresponds to a topological ordering of all the nodes.

As we can easily see, our topological formulation is not dependent on the
cycles in the digraph. The size of the constraint system is once again dependent
only on the original size of the given digraph. Obviously, there are cases where
the cycles formulation results in a smaller system of constraints, especially when

we have a large number of nodes but a relatively small number of cycles.

5.4 Discussion

We have considered the problem of cyclicity with regards to cost-based abduction
and presented generalized cost-based abduction to appropriately incorporate the
phenomenon. This was accomplished by studying cyclicity from the standpoint
of linear constraint satisfaction which allowed us to concretely identify the prob-
lem. Our goal was to determine whether we could manipulate the constraints
from the original cost-based abduction problem to handle cyclicity. Indeed, we
demonstrated that the problem could be solved through a natural extension of
our linear constraint satisfaction approach. Furthermore, the extensions required

seemed quite compact in size.

110



6 Conclusion

In this thesis, we presented a new approach to modeling abduction which may
alleviate the computational difficulty in finding a best explanation.

First, we transformed cost-based abduction into linear constraint satisfaction.
This allowed us to solve for minimal-cost proofs by using highly efficient tools and
techniques developed in Operations Research. So far, experiments show that our
technique outperforms the existing best-first heuristics by exhibiting an expected
polynomial run-time growth rate as opposed to their expected exponential growth
rate. Our tests were performed both on randomly generated problems and on
ones generated by the WIMP story understanding system. Furthermore, we found
that various optimizations such as incorporating an initial solution significantly
improved our performance without increasing the complexity of our formulation.
As a result, this now provided WIMP a practical means of performing abductive
reasoning, a facility it was lacking earlier [6].

We further demonstrated that our approach could naturally generate the al-
ternative explanations. This can be important in domains like medical diagnosis
where the availability of alternatives is critical.

Next, we extended our approach and modelled Bayesian networks. In partic-
ular, we show that MPE problems for belief revision could also be transformed
into linear constraints. Our formulation overcomes a limitation of the existing
message-passing scheme. We are capable of readily generating all the alternative
explanations in order of probability. Furthermore, our approach could address
the additional issues of circumscribing explanations and focusing.

We also found that belief updating could be modelled based on our belief
revision formulation. From our various studies, we found that our approach could
solve the class of deterministic Bayesian networks which have been stumbling
blocks for existing simulation techniques.

Preliminary work was presented which addressed the issue of combinatorial
explosions of conditional probability table sizes in Bayesian networks. Through
linear constraint satisfaction, we demonstrated that certain compressions may

be achieved. This new class of constraint systems was also shown to properly
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subsume the formulations for belief revision. Thus, we can now hopefully solve
Bayesian networks with near-continuous r.v.s.

Finally, we considered the problem of cyclicity. We provided a new framework
called generalized cost-based abduction which permits cyclicity. Through our
linear constraint satisfaction approach, we were able to naturally formulate and
solve problems in this new framework.

Putting all this together, we believe our linear constraint satisfaction approach
to be quite promising. Furthermore, our approach opens up some new and inter-
esting lines of research for abduction and constraint satisfaction. Some are of a
theoretical nature while others are more practical:

e From our cost-based abduction experiments, we found that a significant

portion of the minimal-cost proofs had optimal solutions which were also
0-1 solutions. A question naturally arises as to whether there is something
special about our domain which causes this. Can we predict when a 0-1
solution will be the optimal solution?

o There exists domain dependent methods for solving linear programming
problems other than the general ones like Simplex [44, 30, 32, 48, 76]. These
methods have been shown to outperform the general ones for their specific
domains. For example, there are approximation methods for solving integer
linear programming problems which have theoretically proven error bounds.
Can we also find such a technique tailored to our abductive models?

o Parallel algorithms exist for solving linear programming problems [21, 25].
Can we get the expected sub-linear run-times from these algorithms?

e In systems like WIMP and TACITUS [26], the reasoning mechanisms are
essentially broken down into two components. The first component in-
volves constructing a network of propositional rules from a first-order logic
knowledge-base. The second component then takes this network as the basis
for its abductive computations. For example, WIMP constructs a network
and then uses cost-based abduction. So far, we have only concentrated
on the second component in our formulation since it has been the major
stumbling block for systems like wiMP [23]. Obviously, we should now con-

sider how we might model the first component with our approach with the
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eventual goal of merging both within one constraint systems formulation.
Splined Bayesian networks introduce a new flexibility in transforming and
manipulating our data. We hope to continue to study them and attempt
to determine the limits of this model.

Finally, again, from our cost-based experiments, we found that our system
worked very well on moderate size WIMP generated networks. Since linear
programming methods were tailored for problems in the tens of thousands
of variables, we would like to construct very large and hopefully realistic

domains and attempt to apply our approach.
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A Proofs

TrEOREM 3.1. If e is an ezplanation for W, then s. is a 0-1 solution for L(W).

Proof. Assume that s, is not a solution of L(W) = (T', I, ). This implies that
there exists a constraint € in I which is violated. (For notational convenience,
we will denote s.(z,) = a by z, = a.)

Case 1. @ is of the form z, < z,.
Since s, is a 0-1 assignment, z, = 1 and z, = 0. From (2) and (5), we get
can conclude that either 7(p) = AND or 7(q) = OR. If 7(p) = AND, then ¢ is
a parent of p and z, must equal 1 in s.. If r(p) = OR, then p is a child of ¢
and z, must equal 0 in s.. Since neither is the case, ) cannot be violated.

Case 2. @ is of the form
qu_|D|+1§mp

qeD
where D is some set of nodes.

For @ to be violated,
> zg—zp > |D| -1

q€D
This implies that z, = 0 and for all ¢ € D, z, = 1. From (3), we can
conclude that 7(p) = AND and D = D,. Since r(p) is an AND node, if z,
equals 0, then all the parents of p must also equal zero. Thus, ) cannot be
violated.

Case 3. @ is of the form

quzmp

g€D
where D is some set of nodes.
This implies that z, = 1 and for all ¢ € D, z, = 0. From (4), we conclude
that r(p) = OR and D = D,. Since r(p) is an OR node, z, equals 1 implies
that there exists an g € D, such that z, = 1. Thus, ) cannot be violated.
Cases 1 to 3 cover every type of violations of the constraint system possible.

Therefore, e cannot be an explanation for W. 0O

THEOREM 3.3. If s is a 0-1 solution for Ly(W), then e, is an explanation for W.
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Proof. Assume e, is not an explanation for W. This implies that one or more
of the following conditions hold: (For notational convenience, we will denote
s(zp) = a by z, = a and e, by e.)
1. There exists an AND node p in W such that e(p) = true and there exists a
g € D, such that e(q) = false.

2. There exists an AND node p in W such that e(p) = false and for all ¢ € D,,
e(q) = true.

3. There exists an OR node p in W such that e(p) = true and for all ¢ € D,,
e(q) = false.

4. There exists an OR node p in W such that e(p) = false and there exists a
g € D, such that e(q) = true.

5. There exists an evidence node p in S such that e(p) = false.

Case 1. From (2), r(p) = AND implies that the constraint z, < z, is in I. Since,
z, = 1 and z, = 0, condition 1 does not hold.

Case 2. From (3), 7(p) = AND implies that z, > 1. Thus, condition 2 does not

hold.

Case 3. From (4), r(p) = OR implies that z, < 0. Thus, condition 3 does not
hold.

Case 4. From (5), r(p) = OR implies that z, > 1. Thus, condition 4 does not
hold.

Case 5. From (6), p € S implies that z, = 1. Thus, condition 5 does not hold.
Therefore, s is not a 0-1 solution in Lg(W). O

THEOREM 3.6. Let W = (G, c,7,S) be a WAODAG where G = (V, E). An optimal
0-1 solution for j)E(W) can be transformed into a best explanation for W in

O(|E|) steps if and only if c(p, false) < c(p, true) for all nodes p in V.

Proof. Let s be any optimal 0-1 solution for f)E(W) Assume e, is not an
explanation for W. This implies that one or more of the following conditions
hold: (For notational convenience, let e denote e,.)

1. There exists an AND node p in W such that e(p) = true and there exists a

g € D, such that e(q) = false.
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2. There exists an AND node p in W such that e(p) = false and for all ¢ € D,,
e(q) = true.

3. There exists an OR node p in W such that e(p) = true and for all ¢ € D,,
e(q) = false.

4. There exists an OR node p in W such that e(p) = false and there exists a
g € D, such that e(q) = true.

5. There exists an evidence node p in S such that e(p) = false.

From Definition 3.9, conditions 1, 3, and 5 cannot hold. We now only consider
conditions 2 and 4.

We can view the process of finding a suitable 0-1 solution as the propaga-
tion of information from evidence nodes through AND / OR nodes to hypothesis
nodes. The remaining conditions, 2 and 4, indicate that zero assignments do not
propagate. Let M be the set of nodes p in W such that e(p) = false and whose
childrens’ assignment permits either condition 2 or 4 to hold. Let M’ be the
subset of M such that each node in M’ does not have a descendant also in M.

Let p be any node in M’ and D;l be the immediate children of node p. For
each g in D;l, one of the following holds:

1. e(q) = false and r(q) = AND.

2. e(q) = false and r(q) = OR.

3. e(q) = true and r(q) = OR.

e(g) = true and r(g) = AND cannot both be true since it would violate the
definition of M’. For the third combination, there exists some node p’ # p in D,
such that e(p") = true.

Let Wy be the resulting WAODAG obtained by first removing all nodes and
associated edges from W in M and then removing those which are not reachable
from any evidence node in S. We can easily see that any AND-DAG obtained from
Wir 1s an AND-DAG for W.

Since s is an optimal 0-1 solution for j)E(W) and c(q, false) < ¢(q, true) for any
node g, for each hypothesis node p in W but not in Wiy, e(p) can be set to false.
(It can be easily shown that if e(p) = true, then ¢(p,false) = ¢(p,true).) Now,
by propagating the truth values from the hypothesis nodes, another optimal 0-1

solution will be generated. This new solution will be a best explanation for W.
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We can easily determine M and the final 0-1 solution in O(|E|) steps. O

THEOREM 3.9. Let s be the optimal solution of some WAODAG semi-induced linear
program. Construct a variable assignment s' from s by changing all non-zero

values in s to 1. s' is a 0-1 solution for the constraint system.

Proof. Assume that s’ is not a 0-1 solution for the constraint system. This
implies that there exists a nonzero variable z, such that by setting z, to 1, this
violates some constraint ¢ in the constraint system.

Case 1. z4 < z, is violated. Since z, is nonzero, this implies that z, was also
nonzero to begin with. Thus z, would have also been set to 1. Thus, this
constraint is not violated.

Case 2. 3 cp, Tp > Tp is violated. Since z4 is nonzero, this implies that some
z, where p € D, is also nonzero. Thus, z, would have also been set to 1.
Thus, this constraint is not violated.

All the cases for constraint violations have been considered. No constraint is

violated. Contradiction. O
THEOREM 3.10. s’ constructed from s above is a 0-1 solution for L.
Proof. Follows from Theorems 3.1 and 3.3. 0O

THEOREM 3.11. Constraint system L, in Algorithm 8.2 determines the n-th best
0-1 solution for L.

Proof. We can show that the additional constraint eliminates exactly one
additional 0-1 solution from the set of 0-1 solutions in L. Also, the 0-1 solution

eliminated will be the optimal 0-1 solution determined by L, ;. O

THEOREM 3.15. Let e; and ey be explanations for W.

1. H(e1) C H(ey) iff K(e1) C K(ea).

2. H(e1) C H(es) iff K(e1) C K(e3).

Proof. We observe that setting any node in W to true never results in some
other node assignment in W to change from true to false. Combining this with

Propositions 3.12 and 3.13, our theorem follows. 0O

THEOREM 3.16. There exists a 1-1 and onto mapping between 2V¥ and the set of
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all possible truth assignments for W.
Proof. Follows from Proposition 3.13. 0O

THEEOREM 3.17. If e is an explanation for W, then there exists at least 2/VeE—H()l

ezplanations for W which are consistent with H(e).

Proof. Let e be an explanation for W and let H be a subset of Vg such that
H(e) C H. By Proposition 3.14 and Theorem 3.16, there exists an explanation
e’ for W such that H(e') = H. O

THEOREM 3.19. A WAODAG W 1s monotonic iff for every explanations e; and e,
for W, H(e;1) C H(ey) implies C(e1) < C(ez). W s strictly monotonic iff W is
monotonic, and for every ezplanations e; and ey for W, H(e;) C H(ey) implies

C(e1) < C(es).
Proof. Follows from Theorem 3.15. O

THEOREM 3.20. If W 1s strictly monotonic, then any best ezplanation for W is

cardinal.

Proof. Let e be a best explanation for W. Assume e is not cardinal. Then
there exists an explanation e’ for W such that H(e') C H(e). Since W is strictly
monotonic, C(e') < C(e). However, e is a best explanation for W which implies

that C(e) > C(e'). Contradiction. O

LeEmumA 3.21. Let W be strictly monotonic. If s, is the optimal 0-1 solution for

the comstraint system L, in Algorithm 3.3, then s, is a cardinal solution for L.

Proof. Suppose s, is not a cardinal solution for L. Since W is strictly
monotonic, there exists a 0-1 solution s for L such that H(s) C H(s,) and
Or(s) < Or(s,). Since s has a lower cost than s, and s # s,, we must assume
that s does not satisfy one or more of the new constraints in L,,. However, since
every new constraint satisfied by s, is also satisfied by s, it follows that s,, is not

a solution for L,. A contradiction. O

THEOREM 3.22. Let W be strictly monotonic. The constraint system L, in Algo-

rithm 3.8 determines the n-th best cardinal solution.

Proof. Let s, be the optimal 0-1 solution for the constraint system L,.
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Suppose s is a cardinal solution for L and n is the smallest integer such that
Or(s) < Or(sy,) and s # sg for k =1,2,...,n. Then s must violate at least one

of the new constraints of the form

> @, < |H(s)| - L.

xq€H(sy)

Thus, H(sx) C H(s). If H(sk) is a proper subset of H(s), then since W is strictly
monotonic, Or(s) < Or(sg). Therefore, s is not cardinal. If H(sg) = H(s),
then from Proposition 3.13, s = s. Contradiction. Hence, s = s; for some
E=1,2,...,n—1.

Finally, since the generation of cardinal solutions is ordered by cost, L, will

generate the n-th best cardinal solution. 0O

THEOREM 3.25. Let C be the set of variables that appear in O with non-zero
coefficient.
1. If C 1s a subset of Q and all the coefficients in ©f are positive, then L is
()-monotonic.
2. If C = Q and all the coefficients in O are positive, then L is strictly

()-monotonic.
Proof. Follows from the fact that if C' is a subset of @, then (K(s1)N Q) C
(K(s3)N Q) implies (K(s1)NC) C(K(s;)NC). O
THEOREM 3.26. Let L be strictly Q-monotonic. Every optimal 0-1 solution for L

18 @-cardinal.

Proof. Let s be the optimal 0-1 solution for L. Assume s is not ¢)-cardinal.
There exists a 0-1 solution s’ for L such that (K(s')NQ) C (K(s)N Q). Since L
is strictly @-monotonic, OL(s") < ©r(s). Thus s is not optimal. Contradiction.
0

LemMA 3.27. Let L be strictly Q-monotonic. If s, s the solution of the constraint

system L, in the Algorithm 8.4, then s, s a Q-cardinal solution for L.
Proof. Similar to Lemma 3.21. O

THEOREM 3.28. Let @) be a dominant set and let L be strictly QQ-monotonic. The
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constraint system L, in the Algorithm 3.4 determines the m-th best @)-cardinal

solution for L.

Proof. Let s, be the solution of the constraint system L,. Suppose s is a
@-cardinal solution for L and n is the smallest integer such that ©r(s) < Or(sn)
and s # s for k = 1,2,...,n. Then s must violate at least one of the new

constraints of the form

Z zq < |K(se) N Q| — 1.
zq€(K(sx)NQ)
Thus, (K(s:)NQ) C (K(s)NQ). Since @ is a dominant set and s # s, K(sx)NEQ
is a proper subset of K(s)NQ. But L is strictly @Q-monotonic, therefore, s cannot
be @-cardinal. Contradiction. 0O

THEOREM 3.29. Let W be a strictly monotonic WAODAG and L(W) be the con-
straint system induced by W. Let @) be the set of variables corresponding to the
hypothesis nodes of W in L(W). We have the following:

1. @ s strictly dominant.

2. L(W) 1s strictly Q-monotonic.

Proof. (1) Follows from Definition 3.16. (2) Since W is strictly monotonic,
by Definition 3.13, for every two explanations e; and e; for W, K(e;) C K(es)
implies C(e;) < C(ey). Let s; and s3 be any two 0-1 solutions for L(W) such that
(K(s1)NQ) C (K(s2)N Q). Since Q is strictly dominant from (1), this implies
that K(s;) C K(sz2). Furthermore, since there is a 1-1 and onto mapping between
explanations for W and 0-1 solutions for L(W), Or(s1) < ©Or(sy). Therefore,
L(W) is strictly @-monotonic. O

THEOREM 4.1. Let B = (V, P) be a Bayesian network and L(B) = (I, I,1) be the
constraint system induced by B. Then

1 I0] = 1P| + Saey |R(A)] and

2. |1] = 2V| + Spep N(p) < 2IV| + VIIP| = (2 + |PIV| where N(p) is the

number of r.v.s which appear as conditionals in the probability.

Proof. Follows from the above construction. 0O
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THEOREM 4.2. Given a 0-1 solution s for L(B), for each set of variables A(A),
there ezists some Ag in A(A) such that A = 1 and Agr = 0 for all Agr # Aa in
A(A).

Proof. Let s be a 0-1 solution for L(B). Assume there exists a set of variables

A(A) such that Ay =0 for all Az in A(A). This implies that
Z Aa - 0
Ajzen(a)

which violates the constraint formed by (12) for r.v. A. Contradiction.
Instead, assume there exists a set of variables A(A) such that Az = Agr =1

for some a — a’. This implies that

> A3 >2
Azea(a)

which also violates the constraint formed by (12) for r.v. A. Contradiction. [

THEOREM 4.3. Given a 0-1 solution s for L(B), for all variables q[Aa |C; =

c1y. - Cn = cnl,
q[Aa |C1 :Cl,...,Cn:Cn] =1 ’Lﬁ Aa :Clcl = "':C”Cn =1.
Proof. Let s be a 0-1 solution for L(B).
(if) Assume q[Aa | Clcl ey C"cn] = 1. From (13), this implies CjCj = 1. From

(14),

Z :IJZAZ'::[

:EETAi
since g[Aa | Clcl v Cae ] € T,
(only if) Assume Ay = Clcl =...= C"cn = 1. From (14),
Z z=1.
EGTAl

Let z be the variable q[Aj | Cld ye ’C"d |. Assume z = 1 and for some [, d; # ¢.

From (13), this implies Cld = 1. Since Clcl =1,
i

Z CljZZ
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which violates (12). Contradiction. Therefore, for z to be 1, d; = ¢ for [ =
1,...,n. 0O

THEOREM 4.4. If s is a 0-1 solution for L(B), then w, is an instantiation-set for

B.
Proof. Follows from above construction and Theorems 4.2 and 4.3. ( O

THEOREM 4.5. Ifw 1s a complete instantiation-set for B, then s, 1s a 0-1 solution
for L(B).

Proof. Let w be a complete instantiation-set for B. Assume s, is not a 0-1
solution for L(B) = (T, I,%). This implies that there exists some constraint @ in
I which is violated by s,.

Case 1. @ is of the form

> Aa=1

Ajzen(a)
Since sy, is a 0-1 assignment, then from Theorem 4.2, either Az = 0 for all
Aa in A(A) or there exists A = Aazr = 1 for some a # a’. This implies that
either the r.v. A has no instantiation or more that one instantiation which
contradicts the fact that w is a complete instantiation-set for 8. Thus, @
cannot be violated.

Case 2. @ is of the form

Z :IJZAa.

:EETAa

From our construction of s,, above and Theorem 4.3, ) cannot be violated.
Case 3. @) is of the form z < Ckc . From our construction of s, above and
k
Theorem 4.3, () cannot be violated.

Cases 1 to 3 cover every type of constraint in L(B). Contradiction. 0O
THEOREM 4.7. If s is a 0-1 solution for L.(B), then ws is an ezplanation for e.

Proof. Assume there exists an instantiation (A, a) in e but not in w,. Since w,
is a complete instantiation-set, there exists the instantiation (A, a’) in w, where
a # a/. From our construction of w, and Theorems 4.4 and 4.5, A3 = 1. From

Theorem 4.2. Az = 0. However, Definition 4.8, A3 = 1. Contradiction. 0O
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THEOREM 4.8. If w is an ezplanation for e, then s, is a 0-1 solution for L.(B).

Proof. Assume s,, is not a 0-1 solution for L.(B). The only difference between
Le(B) and L(B) is in the addition of the constraints of the form Az = 1 where
(A,a) € e. If 5, is not a 0-1 solution for L.(B), then s, must violate one of these
constraints. Let Ay = 1 be the constraint violated. This implies that Ag = 0.

However, this contradicts the construction of s,,. 0O

THEOREM 4.9. O(s,) = —log(P(w)).

Proof.
—log(P(w)) = —log{[laev P(A = w(a)|w(cond(a)))}
= Yaev —log(PA = w(A))lw(cond(4)))
Or(sy) = > >z, true).
A, €A S
sw(Aa) =1
From Theorem 4.3, for each Az = 1, only one conditional variable in Tp_
has value 1 and ¢[Aa |C1cl e C”cn] is one such conditional variable iff Ay =
Clcl =...= C"cn = 1. From our construction of L(B), cost is incurred only
by conditional variables with values assigned 1. Since g[Aa |C1cl e C"cn] has

cost —log(P(A = a|C1 = ¢1,...,Cn = ¢n)), we can easily see that Op(s,) =
—log(P(w)). O

THEOREM 4.10. There exists a constant o, such that for all explanations w for
e, Or.(5w) = a. — log(P(wle)).

Proof.
P(w)P(elw)
P(e)

If w is consistent to e, then P(e|lw) = 1, otherwise, P(elw) = 0. Thus, all we

P(w|r) =

need to consider is P(e) which is constant.




—log(P(w)) = —log(P(e)) — log(P(wle))
Since O (sy) = OL(syw), from Theorem 4.9, we get O (s,) = —log(P(w)).
Thus, ae = —log(P(e)). O
THEOREM 4.11. w s a most-probable ezplanation for e iff s, is an optimal 0-1
solution for L¢(B).
Proof. Follows from Theorem 4.10. ( O

THEOREM 4.12. Constraint system L, in Algorithm 4.1 determines the n-th best
0-1 solution for L.

Proof. We can show that the additional constraint eliminates exactly one
additional 0-1 solution from the set of 0-1 solutions in L. Also, the 0-1 solution

eliminated will be the optimal 0-1 solution determined by L, ;. O

THEOREM 4.13. Given a 0-1 solution s for j)(B), for each set of variables A(A),
there ezists at most one variable Ag in A(A) such that Ag = 1 and Az = 0 for
all Agr # A in A(A).

Proof. Assume there exists a set of variables A(A) such that Ag = Asper = 1

for some a # a/. This implies that
> A3 >2
Ajea(a)
which violates the constraint formed by (16) for r.v. A. Contradiction. O

THEOREM 4.14. Given a 0-1 solution s for j)(B), for all variables
q[Aa | Clcl P Cncﬂ];

q[Aa|C1C17C ]:1’LﬁAa:C1Cl::C =1.

rene, nCn,

Proof. Let s be a 0-1 solution for j)(B) (if) Assume q[Aa | Clcl vy G =1
From (13), this implies C;. = 1. From (14),

since ¢[[Aa |C1cl o, Gue I =1 € Ta,.



(only if) Assume Ay = Clcl =...=Cy. =1. From ( 14),
> =1
:EETA
Let z be the conditional variable g[Aa |C1d b C"d | = 1. Assume z = 1 and

for some I, d; # ¢;. From (13), this implies Cld = 1. Since Clc =1, r.v. C; has
two distinct instantiations which violates (16). Contradiction. Therefore, for =

tobel,di=c¢forli=1,...,n. O

THEOREM 4.19. Given a Bayesian network B = (V, P), let v be a subset of V and
q be an instantiation-set for B whose span is V — v, then
. U I P(w(A)lJ(w, Jg)(cond(A))) = 1.
wer(v) AeSpan(w)
Proof. First, arbitrarily order the r.v.s in v resulting in the sequence of r.v.s,

Ay, Ay, ..., Ap|. We can now rewrite the sum as

> HP i)l (w, Jg)(cond(A;)))

werk(v) =1

|v]

=e » P(w(A1))|J(w,Jq)(cond(4r)) [ P(w(4:))|J(w, Jq)(cond(4;))).

wer(v) 1=2
We partition x(v) with respect to A; as follows: instantiation-sets w,w’ in k(v)
belong in the same partition iff (w Uw') — (wNw') = {(A1,a1), (A1, a})} where
a; # a}. Let v; = v — {A;}. For each d in k(v1), ¥1(v, d) denotes the partition

where each instantiation-set in k(v) is consistent with d. We can now rewrite our

|v]
> X Pl Ja)eond(4) ] P(A (o a)eond(4))

Since all the instantiation-sets w in the product term are identical. This is con-

stant and can be factored out of the inner sum.

ey {np DIT(d, Tg)(cond(A))) »

dex(vr)

> P(w(Ao)u(w,Jq)(conduh»}.

wedy (v,Jd)
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Note that the assignments to the conditionals of the probability in the innermost

sum are all identical. Thus, the innermost sum is equal to 1. This leaves us with
|
=e > I P(d(A)|J(d, Tg)(cond(4:))).
der(vy) =2

We can continue and process A, in the same fashion. Eventually, we will reduce

our sum to 1. [
THEOREM 4.20. If w 15 a well-founded instantiation-set for B, then

Pw)=U T[] P(w(A)w(cond(A))).

Aespan(w)
Proof. By Proposition 4.15,

Pw)= > P(J(w,Juw").
w/eX (w)
From Proposition 4.18, we get

Plw)= 3} { II  P(w(A))w(cond(4))) =

w'eX(w) \ Aespan(w)

II P(w'(A))|J(w,Jw')(cond(A)))} .
Aespan(w')
By factoring out the common terms, we get

P(w) = H P(w(A))|w(cond(A))) =

Aespan(w)

> II P'(A))J(w, Juw')(cond(A))).

w'eX(w) Aespan(w’)
By Theorem 4.19, the sum is equal to 1. O

THEOREM 4.21. If s is a 0-1 solution for j)(B), then w, 1s a well-founded

instantiation-set for .

Proof. From the above construction and Theorems 4.13 and 4.14, w, is an
instantiation-set for 3. Assume w, is not well-founded. This implies that there

exists a r.v. A € span(w;) such that r.v. C' is not in span(w,) for some C €
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cond(A). From the above construction, Az = 1 corresponding to some A = a in
w, and Cc = 0 for all C¢ € A(C) since C is not in span(w,). Furthermore, from

the construction of weakly induced constraint systems, we have the following

constraints:
g[Aal...,Cc,...] < Cc for all Cc € A(C) and (49)
:EETAa

Since Aa = 1, (50) implies that there exists some Cc € A(C) such that
q[Aa |...,Cc,...] =1.

(49) further implies that Cc = 1. Contradiction. [

THEOREM 4.22. If w s a well-founded instantiation-set for B, then s, is a 0-1

solution for j)(B)

Proof. Let w be a well-founded instantiation-set for 3. Assume s, is not a
0-1 solution for j)(B) = (I',I,%). This implies that there exists some constraint
() in I which is violated by s,,.

Case 1. @ is of the form

> Aa<lL

Ajzen(a)
Since s, is a 0-1 assignment, then from Theorem 4.13, there exists Ay =
Ag: = 1 for some a # a’. This implies that the r.v. A has more that one
instantiation which contradicts the fact that w is an instantiation-set for
B. Thus, @) cannot be violated.
Case 2. @ is of the form

Z :IJZAa.

:EETAa

From our construction of s,, above and Theorem 4.14, () cannot be violated.
Case 3. @) is of the form z < Ckc . From our construction of s, above and
k
Theorem 4.14, ) cannot be violated.

Cases 1 to 3 cover every type of constraint in j)(B) Contradiction. 0O
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THEOREM 4.23.
Or(sw) = — log(P(w)).
Proof. Similar to Theorem 4.9. [
THEOREM 4.24. If s 1s a 0-1 solution for j)e(B), then w, is a hypothesis for e.

Proof. Assume there exists a r.v. A such that (A,a) € e and (4, a’) € w, and
a # o'. From our construction of w, and Theorems 4.21 and 4.22, Az: = 1. From

Theorem 4.13, Ag = 0. However, from Definition 4.13, Az = 1. Contradiction. 0O
THEOREM 4.25. If w is a hypothesis for e, then s, is a 0-1 solution for j)e(B).
Proof. Similar to Theorem 4.8. [

THEOREM 4.26. There exists a constant a. such that for all well-founded instant-

iation-sets w consistent to e, O, (sy) = a. — log(P(wle)).

Proof.
P(rle) = P(r)P(e|r)P(e).

If w is a hypothesis for e, then P(elw) = 1. Otherwise, P(elw) = 0. Thus, all we
need to consider is P(e) which in constant.
P(wle) = P(w)P(e)
P(w) = P(e)P(wle)
—log(P(w)) = —log(P(e)) — log(P(wle))

Since Or,(sy) = OL(Sw), from Theorem 4.23, we get

OL.(sw) = —log(P(w))

Thus, ae = —log(P(e)). O

THEOREM 4.27. w is a mazimal well-founded instantiation-set for B with evidence

e iff s 18 an optimal 0-1 solution for j)e(B).

Proof. Follows from Theorem 4.26. 0
THEOREM 4.30. If I; # I} for all 7 # k, then there exists some integer N such
that EelN(A =a) = Bel(A=a).
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Proof. Follows from Propositions 4.28 and 4.29. 0O

THEOREM 4.32. Given a Bayesian network B = (V,P) and evidence e, an I-
sequence of e which instantiation-sets are sorted in order of decreasing probabili-

ties is mass-fastest.
Proof. Follows from Definitions 4.16, 4.17, 4.18 and Proposition 4.31. 0O
THEOREM 4.33. Given a well founded instantiation set w, P(w) = Ps(w).

Proof. Follows from Theorem 4.20 and Definition 4.23. O

THEOREM 4.34. Any Bayesian network can be modeled as a splined Bayesian

network.

Proof. In brief, we simply partition each V(A) into single element cells. The
rest of the construction of a splined Bayesian network should follow straightfor-

wardly. O

THEOREM 4.35. Gven any celld = {a1, ..., ar} in [A]lz where Ex(a;) < Ea(ait1),
there does not exist b € R(A) such that Ex(a1) < Ea(b) < Ea(ar) and b # a; for
1=1,...,k.

Proof. This follows from the fact that the partitioning induced on A results
from a contiguous partitioning of the conditional probabilities P and from Defi-

nition 4.20. O

THEOREM 4.36. w 1s a well-founded instantiation-set for B if and only s[w] is a

permissible solution for the induced constraint system.

Proof. Given a well-founded instantiation-set w for B, assume that s[w] is a
permissible assignment for the induced constraint system but not a permissible
solution. This implies that one of the following constraints have been violated:
(For simplicity, we denote s[w] by s.)

Loya+ it Ta,, =1

. T4 —Mmingeq, ; Ea(a) > —M(1 — zq, ;)

2 >
3. T4 — MaXaed, ; Fa(a) <
4. LA S M(l —yA)
5

. Ya > |cond(4)[ +1 — 2 pecond(4) YB
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© © 3o

10.
11.
12.

zg, — min(C;, §) > —M(1 — dg, 5)
zc; — max(C;, S) < M(1 —dg; s)
ds >n—37" 1de;s+1

ds < 237 de;s

zc;s > o, — M(1 — ds)

zc;s < zo; + M(1 —ds)

zc;,s S Mds

CASE 1. ya + 37 z4,,; = 1 is violated. This implies that

S(yA) = S(mdA,l) == S(mdA,'n.) = 0.

From our construction, if s(y4) = 1, then A has not been instantiated in
w. If s(ya) = 0, then A has been instantiated and for some 1, s(zq,,) = 1.
Contradiction.

CASE 2. 24 — mingeay,; Fa(a) > —M(1 — z4,,) has been violated. This
implies that s(z4) is in the designated interval but s(zq,;) = 0. This is a
contradiction according to our construction.

CASES 3, 4, 6 AND 7. The reasoning is similar to CASE 2.

CASE 5. ya < ICOf‘lW > Becond(a) ¥
s(ya) = 1 and there exists a B in cond(A4) such that s(yg) = 0. This

B 1s violated. This implies that

says that A is instantiated but B is not instantiated which violates the
definition of well-foundedness for w. Contradiction.

CASE 8. ds > n — 37_,dg; s + 1 is violated. This implies that s(ds) = 0
and s(dg;,s) = 1 for all 7. However, this violates our notion of an active
splining function from our construction. Contradiction.

CASE 9. dg < %E?:l dc;,s is violated. This implies that s(ds) = 1 and
5(dg;,s) = 0 for all j. However, this violates our notion of an active splining
function from our construction. Contradiction.

CASE 10. z¢, s > z¢, — M(1 —dg) is violated. This implies that s(ds) =1
and s(z¢, s) < s(zc;). But from our construction, when a splining function
is active, s(z¢, s) = s(z¢;). Contradiction.

CASES 11 AND 12. Similar to CASE 10.
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Contradiction. There s{w]| is a permissible solution.

Now, given a permissible solution s. Assume that w[s] is not a well-founded
instantiation-set. This implies that there exists a r.v. A in V such that A is
instantiated in w[s] and for some B in cond(A), B is not instantiated in w[s].
Let A be such a r.v.. From our construction, this implies that s(z4) > 0 and
s(zg) = 0. Furthermore, from constraints (22), (23), (24) and (25), s(ya) =0

and s(yg) = 1. However, this violates constraint (26). Contradiction. 0O

THEOREM 4.37.
P(w) = e~ OCslwl)

Proof. Follows from our construction and Theorems 4.20 and 4.36. O

TraeorREM 5.1. G, = (V,, E,) is a solution graph for Z = (G,c,r,S) where
G = (V,E) iff s is a 0-1 solution for L(Z).

Proof. Formally, we must first prove that given any solution graph G, =
(Vs, Ey) for Z = (G, ¢,r,S) where G = (V, E) we can construct a 0-1 solution s
for L(Z) = (T, I,%) such that p € V; if and only if s(z,) = 1.
Assume s is not a 0-1 solution for L(Z). This implies at least one of the
following constraint forms have been violated by s:
1. z = b where z € T and b € {0,1}.
2. x <y where z,y € T.
3. z<yi+y2+...+ Yy, where z,y1,...,yn € .
4. x> y14+y2+...+yn—n+1 where z,y1,...,y, € .
5. z1+ 22+ ...+ 2, <n—1 where z1,...,z, € I'.
o CASE 1: z = b has been violated. Without loss of generality, assume that
b = 1. This implies that s(z) = 0. Since this constraint is only generated
by evidence in S, this implies that there is some node p in V such that
r = z, where z, is the real variable associated with p in L(Z). Now,
{zp =1} € I = (p,true) € S = p € V, = s(zp) = 1. However, z = z,.
Contradiction.

e CASE 2: z <y has been violated. This implies that s(z) = 1 and s(y) = 0.

This constraint can be generated from one of the following sources:
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— From equation (36), we see that z and y are the real variables as-
sociated with some nodes ¢ and p in V, respectively. Furthermore,
r(q) = AND and (p,q) € E. Now, s(z) = 1 and s(y) = 0 imply
g = true and p = false which further implies that ¢ € V, but p is not
in V,. However, this violates Definition 5.2 thus implying that G, is
not a solution graph. Contradiction.

— From equation (39), we see that z and y are the real variables as-
sociated with some nodes p and g in V, respectively. Furthermore,
r(q) = OR and (p,q) € E. Now, s(z) =1 and s(y) = 0 imply p = true
and g = false which further implies that p € V, but g is not in Vj.
However, this violates Definition 5.2 thus implying that G, is not a
solution graph. Contradiction.

— From equation (40), we find that y is the real variable associated with
some node p; in V and z is a special marker variable created between
node p; and some node p;1; in V and z = myy,.,. Now, s(z) = 1
and s(y) = 0 imply that (p;,piy1) € Es and p; = false. However,
(pi, pit1) € E, implies that p; € V;. Contradiction.

e CASE 3: ¢ < y;+...+yn has been violated. This implies that s(z) = 1 and
s(y;) =0forz =1,...,n. We can easily see that this type of constraint is
generated by the equation (38). We know that  is a real variable associated
with some node pin V and the 7(p) = OR. Furthermore, s(z) =1 =p € V,.
Some of the y,’s are each associated to some special marker variable mg,,.
Now, s(y;) = 0 = s(mg,) = 0 which further implies that (g;,p) is not
in E,. For the remaining y,’s which are associated to some node g; in V,
s(y;) = 0 implies that g; is not in V5. This also implies that (g;,p) is not in
E,. However, this violates Definition 5.2. Thus, G, is not a solution graph.
Contradiction.

e CASE 4: z > y1 + ...+ yn — n + 1 has been violated. This implies that
s(z) =0and s(y;) = 1 foralls = 1,...,n. Since this constraint can only be
generated by equation (37), z is the real variable associated with some node
pin V, r(p) = AND and y; is associated with some ¢, in V for all z. This
implies that g; € V, for all = but p is not in V, which violates Definition 5.2.
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Thus, G, is not a solution graph. Contradiction.

CASE 5: z1 + ...+ z, < n — 1 has been violated. This implies that
s(z;) = 1foralli=1,...,n. Finally, this constraint is created by equation
(41). It is directly associated with some cycle {p1,...,pn-1} in G. Now,
for . = 1,...,n — 1 each z; either represents the AND-node p;;; or the
special marker variable mp,p,.,. If z; is associated to the AND-node p;i1,
then p,+1 € V, and according to Definition 5.2, (p;,pit1) € Es. If z; is
associated to myp,p,,,, then s(z;) = 1 implies that (p;,p;11) € E,. Finally,
Zn, is a special case joining p,—; and p; which will imply that (pn_1,p1) € E,.

However, this implies that G, has a cycle. Contradiction.

All the cases have now been covered. Thus s is a 0-1 solution for L(Z).

Now, we must finish our proof by showing that for each 0-1 solution s for

L(Z), we can construct a solution graph G, for Z such that s(z,) =1iff p € V.
Assume that G, = (V;, E;) is not a solution graph for Z. This implies that

one or more of the following conditions have been violated:

1.

If (q,true) € S, then g € V.

2. If (g,false) € S, then ¢ is not in V.

3. If g € V, and r(q) = AND, then D, C V, and (p,q) € E, for all p € D,.

4.

5. If ¢ € V; and r(q) = OR, then there exists a node p in D, such that p € V;

If D, CV, and r(q) = AND, then q € V; and (p,q) € E; for all p € D,.

and (p,q) € E,.

If DNV, # ¢ and r(q) = OR, then g € V, and there exists anode p € D,NV;
such that (p,q) € E,.

G, is acyclic.

CASE 1: If (g,true) € S, then g € V.

g not in V, implies that s(z,) = 0. However, according to our construction
of L(Z), if (g, true) € S, then s(z,) = 1. Contradiction.

CASE 2: If (g,false) € S, then ¢ is not in V.

q € V, implies that s(z,) = 1. However, according to our construction of

L(Z), if (g,false) € S, then s(z,) = 0. Contradiction.
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e CaSE 3: If ¢ € V; and r(q) = AND, then D, C V, and (p,q) € E, for all
p€ D,
This implies that either D, — V, # ¢ or there exists some p € D, such that
(p,q) is not in E,. If D, — V, # ¢, then let p € D, — V,. Now, s(z,) =0
and s(z,) = 1. However, since r(q) = AND, we have the constraint z, < z,
in L(Z). Contradiction.
D, must be a subset of V,. This implies that from our construction of G,
for all p € Dy, (p,q) € Es. Contradiction.

e CASE 4: If D, C V, and r(q) = AND, then ¢ € V, and (p,q) € E, for all
p€ D,
This implies that either g is not in V, or there exists some p € D, such
that (p,q) is not in E,. If q is not in Vj, then s(z,) = 0. Also, s(zp,) = 1
for all p € D,. However, since r(q) = AND, we have the constraint z, >
> pep, Tp — | Dg| + 1. Contradiction.

e CASE 5: If ¢ € V; and r(q) = OR, then there exists a node p in D, such
that p € V, and (p,q) € E,.
This implies that for all p € D, either p is not in V, or (p,q) is not in
E,. We know that s(z,) = 1 and r(q) = OR. This implies that we have a
constraint of the form z, < y; + ... + y, where each y, represents one of
the following:

— vy, 1s the real variable associated with the node p; in V.
— y; is the special marker variable associated with the nodes p; and ¢ in
V and is called myq.

Note, Dy = {p1,...,pn} where p; is related to y,.
According to our constraint, there exists some s(y;) = 1. If y; = z,,, then
p; € V; and according to our construction of G, (ps,q) € E,, since there
is no special marker associated to p; and ¢q. Contradiction. If y, = my,,,
then we also have the constraint that my,, < z,, in L(Z). This implies
that s(zp,) = 1 and according to our construction of Gy, (p;,q) € E,.
Contradiction.

e CASE 6: If D,NV, # ¢ and r(q) = OR, then g € V; and there exists a node
p € D, NV, such that (p,q) € E,.
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This implies that either ¢ is not in V, or for all p € D, NV}, (p,q) is not
in E,. We know that for all p € Dy, s(z,) = 1 and r(q) = OR. From our
construction of L(Z), we have the constraints z, < z, for all p € D,. Since
D,NV, # ¢, s(zq) = 1 which implies that ¢ € V,. Thus, this leaves us
with for all p € D, NV;, (p,q) is not in E,. Now, for each p € D, NV,
if there is no my,, then (p,q) € E,. If there is an my,, then m,, must be
0. Looking at the constraint for OR-node ¢, z, <y + ... + y, where y; is
either associated with a node in D, or a special marker variable, we find
that all the y,’s must be set to 0. Contradiction since s(z,) = 1.
o CASE 7: G, is acyclic.

This implies that there exists a cycle {p1,...,pn} of nodes in G,. Without
loss of generality, assume that all the nodes are OR-nodes. A cycle in G, is
of course a cyclein G. By our cyclicity construction, we have special marker
variables my,,, ., between the adjacent nodes in the cycle. The cycle implies
that (ps, pit1) € Es for all ¢ including the edge (pn, p1). By our construction

of G, s(mp,p,,,) =1 for all 1. However, we have the constraint
mP1P2 —I_ ce —I_ mp'n.—lp'n. —I_ mp’n.pl S n — ]_

Contradiction.

Contradiction. G, is a solution graph for Z. O
THEOREM 5.2. G, 15 a best explanation iff s is an optimal 0-1 solution.

Proof. Follows from Theorem 5.1 and the fact that our costs computations

are identical. O

TreorEM 5.3. G, = (V,, E,) is a solution graph for Z = (G,c,r,S) where
G = (V,E) iff s is a 0-1 solution for L(Z).

Proof. Formally, we must first prove that given any solution graph G, =
(Vs, Ey) for Z = (G, ¢,r,S) where G = (V, E) we can construct a 0-1 solution s
for L(Z) = (T, I,%) such that p € V; if and only if s(z,) = 1.

Assume s is not a 0-1 solution for L(Z). This implies at least one of the
following constraint forms have been violated by s:

1. z = b where z € T and b € {0,1}.
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2. x <y where z,y € T.

3. z <my;+ms—+...+m, where z,my,...,m, €I

4. x> y14+y2+...+yn—n+1 where z,y1,...,y, € .

5. 2|V |(1 —mypg) +tg > t, + 1.

o CASE 1: z = b has been violated. Without loss of generality, assume that
b = 1. This implies that s(z) = 0. Since this constraint is only generated
by evidence in S, this implies that there is some node p in V such that
r = z, where z, is the real variable associated with p in L(Z). Now,
{zp =1} € I = (p,true) € S = p € V, = s(zp) = 1. However, z = z,.
Contradiction.

e CASE 2: z <y has been violated. This implies that s(z) = 1 and s(y) = 0.
This constraint can be generated from one of the following sources:

— From equation (42), we see that z and y are the real variables as-
sociated with some nodes ¢ and p in V, respectively. Furthermore,
r(q) = AND and (p,q) € E. Now, s(z) = 1 and s(y) = 0 imply
g = true and p = false which further implies that ¢ € V, but p is not
in V,. However, this violates Definition 5.2 thus implying that G, is
not a solution graph. Contradiction.

— From equation (46), we see that z and y are the real variables as-
sociated with some nodes p and g in V, respectively. Furthermore,
r(q) = OR and (p,q) € E. Now, s(z) =1 and s(y) = 0 imply p = true
and g = false which further implies that p € V, but g is not in Vj.
However, this violates Definition 5.2 thus implying that G, is not a
solution graph. Contradiction.

— From equation (47), we find that y is the real variable associated with
some node p; in V and z is a special marker variable created between
node p; and some node p;1; in V and z = myy,.,. Now, s(z) = 1
and s(y) = 0 imply that (p;,piy1) € Es and p; = false. However,
(pi, pit1) € E, implies that p; € V;. Contradiction.

e CASE 3: ¢ <my + ...+ m, has been violated. This implies that s(z) =1
and s(m;) = 0forz =1,...,n. We can easily see that this type of constraint

is generated by equation (45). We know that z is a real variable associated
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with some node pin V and the 7(p) = OR. Furthermore, s(z) =1 =p € V,.
Now, s(m;) = 0 = s(my,,) = 0 which further implies that (g;,p) is not in
E,. However, this violates Definition 5.2. Thus, G, is not a solution graph.
Contradiction.

CASE 4: z > y1 + ...+ Yyn — n + 1 has been violated. This implies that
s(z) =0and s(y;) = 1 foralls = 1,...,n. Since this constraint can only be
generated by equation (43), z is the real variable associated with some node
pin V, r(p) = AND and y; is associated with some ¢, in V for all z. This
implies that g; € V, for all = but p is not in V, which violates Definition 5.2.
Thus, G, is not a solution graph. Contradiction.

CASE 5: 2|V|(1 —mpq) +t4 > tp,+ 1 has been violated. If s(myq) = 0, then
the constraint has not been violated since s(t,) and s(t,) are restricted to
{1,...,|V]}. Thus, s(ty) < s(tp) + 1 and s(mp,) = 1. However, s(my,) =1
implies that (p,q) € E, which further implies that s(t,) > s(¢,). Contra-

diction.

All the cases have now been covered. Thus s is a 0-1 solution for L(Z).

Now, we must finish our proof by showing that for each 0-1 solution s for

L(Z), we can construct a solution graph G, for Z such that s(z,) =1iff p € V.
Assume that G, = (V;, E;) is not a solution graph for Z. This implies that

one or more of the following conditions have been violated:

1.

7.

If (q,true) € S, then g € V.

2. If (g,false) € S, then ¢ is not in V.

3. If g € V, and r(q) = AND, then D, C V, and (p,q) € E, for all p € D,.

4.

5. If ¢ € V; and r(q) = OR, then there exists a node p in D, such that p € V;

If D, CV, and r(q) = AND, then q € V; and (p,q) € E; for all p € D,.

and (p,q) € E,.
If DNV, # ¢ and r(q) = OR, then g € V, and there exists anode p € D,NV;
such that (p,q) € E,.

G, is acyclic.

e CASE 1: If (q,true) € S, then ¢ € V.
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g not in V, implies that s(z,) = 0. However, according to our construction
of L(Z), if (g, true) € S, then s(z,) = 1. Contradiction.

CASE 2: If (g,false) € S, then ¢ is not in V.

q € V, implies that s(z,) = 1. However, according to our construction of
L(Z), if (g,false) € S, then s(z,) = 0. Contradiction.

CaSE 3: If ¢ € V; and r(q) = AND, then D, C V, and (p,q) € E, for all
p€ D,

This implies that either D, — V, # ¢ or there exists some p € D, such that
(p,q) is not in E,. If D, — V, # ¢, then let p € D, — V,. Now, s(z,) =0
and s(z,) = 1. However, since r(q) = AND, we have the constraint z, < z,
in L(Z). Contradiction.

D, must be a subset of V,. This implies that from our construction of G,
for all p € Dy, (p,q) € Es. Contradiction.

CasE 4: If D, C V; and r(q) = AND, then q € V; and (p,q) € E, for all
p€ D,

This implies that either g is not in V, or there exists some p € D, such
that (p,q) is not in E,. If q is not in Vj, then s(z,) = 0. Also, s(zp,) = 1
for all p € D,. However, since r(q) = AND, we have the constraint z, >
>pep, Tp — | Dg| + 1. Contradiction.

CAsE 5: If ¢ € V; and r(q) = OR, then there exists a node p in D, such
that p € V, and (p,q) € E,.

This implies that for all p € Dy, either pisnot in V; or (p, q) is not in E,. We
know that s(z,) = 1 and r(q) = OR. This implies that we have a constraint
of the form z, < my +...+my, 4. According to our constraint, there exists
some s(my,q) = 1. Now, p; € V; and according to our construction of G,
(pi,q) € E,. Contradiction.

CaAsE 6: If D,NV, # ¢ and r(q) = OR, then ¢ € V; and there exists a node
p € D, NV, such that (p,q) € E,.

This implies that either ¢ is not in V, or for all p € D, NV}, (p,q) is not
in E,. We know that for all p € Dy, s(z,) = 1 and r(q) = OR. From our
construction of L(Z), we have the constraints z, < z, for all p € D,. Since

D,NV, # ¢, s(zq) = 1 which implies that ¢ € V,. Thus, this leaves us
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with for all p € Dy N V;, mp, must be 0. Looking at the constraint for
OR-node ¢, z, < my + ...+ my,, we find that all the m;’s must be set to 0.
Contradiction since s(z4) = 1.
o CASE 7: G, is acyclic.

This implies that there exists a cycle {p1,...,pn} of nodes in G,. Without
loss of generality, assume that all the nodes are OR-nodes. A cyclein G, is of
course a cycle in G. By our cyclicity construction, we have special variables
Mp;p;,, between the adjacent nodes in the cycle. The cycle implies that
(pi,piv1) € E; for all 7 including the edge (pn,p1). By our construction of

Gs, s(Mpp;,, ) = 1 for all 2. This further implies the following constraints:
2|V|(1 - mpipi+1) + tpi+1 Z tpi + 1

for all 2. From transitivity, ¢, < t,,. However, we also have t, > t, .

Contradiction.

Contradiction. G, is a solution graph for Z. O
THEOREM 5.4. G, is a best explanation iff s is an optimal 0-1 solution.

Proof. Follows from Theorem 5.3 and the fact that our costs computations

are identical. O
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