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1 IntroductionComputing shortest paths in directed graphs is a fundamental optimization problem withapplications to many areas of computer science and operations research [5,14]. Given a di-graph G with nonnegative weights on its edges and two vertices s and t of G, the single-pairshortest path problem consists of determining a directed path from s to t with minimumtotal weight. Among the well known sequential algorithms for this problem is the classicalDijkstra's algorithm [8], based on a dynamic programming approach. Its time complexityis O((n + m)) log n) if elementary data structures are used, and O(n log n + m) when im-plemented with Fibonacci heaps [9]. For the important class of acyclic digraphs, a simplevariation of Dijkstra's algorithm runs in time O(n+m) . Here n and m denote the numberof vertices and edges of G, respectively.
Figure 1: An example of a grid digraph.Developing a parallel shortest path algorithm that runs in polylogarithmic time with alinear number of processors is an outstanding open problem. Indeed, all the known polylog-time parallel techniques for this problem are based on matrix multiplication [11] and aretherefore far from optimal in terms of the total work done, especially when the digraph issparse. For general digraphs, the best algorithm runs in O(log2 n) time with n3 processors(using the naive algorithm for matrix multiplication) [11]. Recently Alon and Galil [2] havegiven an algorithm which uses fast matrix multiplication techniques to solve the all-pairsshortest paths problem. The work done by their algorithm is O((Mn) 3+!2 log3 n) if the edgeshave integral weights which are bounded above by M . Here n! denotes the number ofprocessors needed to perform matrix multiplication. However, for calculating single-sourceshortest paths or for the single-pair shortest path problem even this algorithm is far fromoptimal. For planar digraphs the number of processors for the single source problem can bereduced to n1:5= log n [19] while keeping the parallel time down to O(log3 n).To our knowledge, e�cient parallel algorithms for computing shortest paths have beendevised only for two special classes of digraphs: series-parallel digraphs and grid digraphs.A series-parallel digraph [23] is an acyclic digraph with exactly one source and exactly onesink that is recursively constructed by series and parallel compositions. In a series-parallel1



Figure 2: A planar layered digraph.digraph the weight of a shortest path between the source and the sink is obtained by eval-uating an arithmetic expression with operators + (associated with series compositions) andmin (associated with parallel compositions), which can be done optimally in O(log n) timewith n= log n processors [6].A grid digraph has the vertices arranged in a rectangular grid and the edges directedfrom left to right and from bottom to top (an example is shown in Figure 1). In such adigraph the shortest path between any two vertices can be determined in O(log2 n) timewith O(n) processors [3]. The shortest path problem on grid digraphs has applications intext processing, biological research, tomography and medical diagnosis.In this work we consider a class of digraphs that extends grid digraphs, namely, planarlayered digraphs. In a planar layered digraph the vertices are arranged along parallel lines,called layers, and edges connect vertices of consecutive layers and do not intersect. Wepresent an e�cient parallel algorithm for the shortest path problem in such digraphs thatruns in O(log3 n) time with n processors. The algorithm uses a divide and conquer approachand is based on the novel idea of a one-way separator, which has the property that anydirected path can cross it only once. We are currently investigating how to extend our resultto the class of planar acyclic digraphs.The rest of this paper is organized as follows. In Section 2 we formally de�ne planarlayered digraphs and introduce the notion of one-way separators. In Section 3 we prove theexistence of a one-way separator for planar layered digraphs and show how to use such aseparator to design an e�cient divide-and-conquer shortest path algorithm. In Section 4 wediscuss how our results relate to the previous one for grid digraphs. Finally, in Section 5we present our conclusions and comment on the open problem of �nding shortest paths inplanar st-graphs.2 PreliminariesLet G = (V;E) be a directed acyclic graph with n vertices and m edges, we say that Gis a layered digraph if V is partitioned into k layers l1; . . . ; lk such that all edges of G arebetween consecutive layers. Given k parallel lines consecutively numbered in the plane, ak-line embedding of G is a drawing such that2
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sFigure 3: Adding extra edges to create a planar layered st-graph.� All vertices of layer li are drawn on line i;� Edges are drawn as straight linesA planar k-line embedding is a k-line embedding without crossings. G is a planar layereddigraph if it admits a planar k-line embedding. Figure 2 gives an example of a layered graphwith a planar 5-line embedding. Layered graphs have been studied under the name of properhierarchies in [25]. Di Battista and Nardelli [7] give e�cient algorithms to test if a layereddigraph with only one source is planar. Recently Kosaraju [13] has developed an e�cientparallel algorithm to evaluate planar layered circuits.It is easy to see that, by adding edges any planar layered digraph G can be transformedinto a planar layered digraph with exactly one source and one sink without a�ecting theplanarity and without altering any of the shortest paths in the original graph. This canbe accomplished by introducing edges of in�nite weight incident on the sources and sinks,and introducing two new nodes s and t which are respectively source and sink of the newgraph (see Figure 3). This transformation can be done in O(log n) with n processors usingtechniques in [12]. A planar layered digraph with exactly one source s (on the �rst layer)and one sink t ( on the last layer) is called a planar layered st-graph. In the rest of thepaper we solve the problem of �nding the shortest path between the source and the sink of aplanar layered st-graph. To �nd the shortest path between any two vertices u and v in G weperform a preprocessing step to remove all the vertices which are not on any path between uand v. A brief outline of the algorithm follows:1. Let Tu be the set of vertices that are on some path from u to t in G.2. Let Sv be the set of vertices that are on some path from s to v in G.3. Discard all the vertices in G that are not in Tu or Sv.3
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Figure 4: Left ordering of a planar st-graph.Theorem 1 The algorithm outlined above can be implemented in O(log n) time with n= log nprocessors in an EREW PRAM.Proof : All the steps can be done in O(log n) time using techniques in [22]. 2A planar layered st-graph is a special case of a planar st-graph which is de�ned as aplanar acyclic digraph with exactly one source, s, and exactly one sink, t, embedded in theplane so that s and t are on the boundary of the external face. These graphs were �rstintroduced in the planarity testing algorithm of Lempel et al. [15].We now de�ne the concept of a left ordering of the vertices in a planar st-graph, which willprove useful in our algorithm. This ordering was introduced by Tamassia and Preparata [21].We do this by making use of the dual graph of G (labeled G�) de�ned as follows:1. Every internal face f in G corresponds to a vertex in G�.2. The dual edge e� of an edge e is directed from the face to the left of e to the face tothe right of e.3. The external face of G is dualized to two vertices of G�, denoted s� and t�, which areincident with the duals of the edges on the leftmost and rightmost paths from s to t,respectively.De�nition 1 For every x 2 V we denote by left(x) and right(x) the two faces that separatethe incoming and outgoing edges of a vertex x 6= s; t. For x = s or x = t, we conventionallyde�ne left (x) = s� and right(x) = t�.De�nition 2 We say that x is below y, denoted x " y, if there is a path in G from x to y.Also, we say that x is to the left of y, denoted x! y, if there is a path in G� from right(x)to left(y). 4



De�nition 3 The left ordering (denoted by <l) is de�ned on the basis of the relations \left"and \below". A vertex x occurs before another vertex y in the ordering if either x ! yor x " Y .A planar st-graph with its vertices numbered according to the left ordering is shown inFigure 4. Tamassia and Vitter [22] give optimal EREW algorithms to construct the leftordering of a planar st-graph.De�nition 4 Given a graph G = (V;E) with n vertices we call a set X � V an f(n)-separator that �-splits G if jXj � f(n) and the vertices in V � X can be partitioned intosets fA1; . . .Akg such that there are no edges between any two sets Ai and Aj and for all Aiwe have jAij � �n.Lipton and Tarjan [16] proved that any planar graph with n vertices has a p8n-separatorthat 2=3-splits. This result and other extensions to it have paved the way to divide andconquer solutions for many problems in planar graphs. A parallel algorithm for �ndinga cycle separator for biconnected graphs was given by Miller [17] which uses n processorsif the breadth �rst search tree of the graph is already known, an improved version of thealgorithm was given by Gazit and Miller [10], which uses randomization to �nd a cycleseparator with n1+� processors. Randomized parallel algorithms to �nd small separators formore general undirected graphs are given in [18]. Recently Shannon and Wan [20] have giventhe �rst linear-processor deterministic algorithm to �nd O(pn) separators in planar graphs.However, these separators seem unsuitable for use in solving problems on directed planargraphs because they do not take into account the direction of edges, while separating thegraph. For example when considering the problem of determining the shortest path from sto t, the existence of a small separator which separates the underlying undirected graph doesnot guarantee an e�cient recursive solution. We get into trouble because even though wecan use the separator to divide the original problem into two roughly equal subproblems, thetime taken to patch up the two recursive solutions can be large, as the shortest path from sto t may cross the separator many times. For a clean divide and conquer approach we usethe following special kind of separator:De�nition 5 Let X be a separator of a digraph G = (V;E) that divides V � X intosets A1; . . .Ak, and let p be a simple directed path in G. We say that p crosses X r times ifthere are disjoint subpaths p1; . . . ; pr of p such that the end points of each pi are in di�erentsets Aj and Al. We call X a one-way separator if any directed path p between two verticesin G crosses X at most once.Grid digraphs for instance have one-way separators of size pn that 1=2-split the graph.In fact the shortest path algorithm in [3] uses such separators to construct a divide andconquer solution. In this paper our main result is that planar layered digraphs also admitsmall one-way separators which we use to construct a recursive solution to the shortest pathproblem.3 Shortest paths in a planar layered st-graphLet G = (V;E) be a planar layered st-graph with source s and sink t. In this section weshow how to determine the shortest path from s to t by a divide and conquer approach. The5
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Figure 5: Slicing the graph into three parts.crux of the algorithm lies in �nding a one-way separator. We �nd a one-way separator X ofsize pn that 2=3-splits G into at most four parts A, B, C, and D. We use this separator tosolve the shortest path problem for the graph G by recursively solving the subproblems inthe four pieces and patching the solutions along X. To show the existence of such a separatorwe need the following lemma, which follows directly from the arguments in [16]:Lemma 1 Let G be any n-vertex planar layered st-graph containing layers 1 through k.Let Si denote the set of vertices in the ith layer, and let ni denote the size of the set Si.Also let k +1 be an additional layer containing no vertices. Given any layer j there exists alayer i � j such that ni+2(j� i) � 2ptj, where tj denotes the number of vertices in layers 1through j. Similarly there exists a layer l � j such that nl + 2(l � j � 1) � 2pn � tj. Inparticular we let i (respectively l) be the layer which minimizes the function ni + 2(j � i) �2ptj (respectively nl + 2(l � j � 1) � 2pn � tj).Theorem 2 Given an n-vertex planar layered st-graph G containing layers 1 through k,there exists a one-way separator consisting of two layers and possibly a path that splits 2=3-splits G into at most four pieces. 6
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1Figure 6: Finding a path separator in the middle graph.Proof : Given G, let j be the smallest layer such that the layers 1 through j have at least n=2vertices. Let i and l be layers as in Lemma 1. Let A be the part of G above l, let B thepart below i, and let M be the remaining part in the middle (as shown in Figure 5). Byconstruction A and B each have less than 2n=3 vertices. If the number of vertices in M isless than 2n=3, we label M as C and we are done. Otherwise we form a new planar layeredst-graph G0 from the middle part M and two new vertices s0 and t0, adding edges from allthe vertices in layer l to t0 and from s0 to all the vertices in layer i (see Figure 6). Let m bethe middle vertex in the left ordering L1 of G0, and let p be a path constructed by taking theleftmost outgoing edge from m until reaching t0, and the rightmost incoming edge from muntil reaching s0 (see Figure 6). The path p splits G0 into two equal parts C and D.We now claim that the separator X consisting of Si, Sl, and p forms a \one-way" sep-arator, which 2=3-splits G such that ni + nl + jpj � 2q2n. It is easy to see that noneof the pieces have more than 2n=3 vertices. By construction jpj � l � j + 1, therefore,ni+nl+jpj � ni+nl+2(j�i)+2(l�j�1) � 2(qtj +qn � tj ) � 2(qn=2+qn=2 ) = 2q2n .To prove that X forms a one-way separator all we need to show is that no path crosses Xmore than once. By the de�nition of planar layered digraphs no path in G intersects withvertices in Si or Sl more than once (see Figure 5). To look at the interactions of paths in Gwith the path p, we look at the two sub paths p1 and p2 of p, where p1 is the portion belowthe middle vertex and p2 is the portion above. Let C be the subgraph to the left of p and Dthe subgraph to the right of p. By construction we can see that no path can cross from Dto C since no path can enter p1 from the right, and no path can leave p2 from the left (seeFigures 6 and 7). Therefore, X is a one-way separator. 2We now show how to obtain the separator described in Theorem 2 for a planar layeredst-graph G quickly in parallel. A brief sketch of the algorithm is outlined below.7
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DFigure 7: A schematic view of the four pieces obtained by using the separator.1. For every vertex n determine the level in which it is located.2. Determine the number of vertices in level i for all i.3. Determine the levels i; j, and l.4. Construct the middle graphM and determine its weight. If the weight is less than 2n=3we are done.5. Construct the left ordering of M , and �nd the middle vertex x.6. Construct the \left-most outgoing and right-most incoming" separator starting (asshown in Theorem 2) from x.Theorem 3 Given an n-vertex planar layered st-graph G the algorithm outlined above con-structs the one-way separator of Theorem 2 and can be implemented in time O(log n) us-ing n= log n processors on an EREW PRAM.Proof : Steps 1 through 4 can be done using standard techniques (see [12]). Steps 5 and 6can be completed in O(log n) time using techniques given in [22]. 2We now use X to construct a divide and conquer solution for the shortest path problem.The basic idea is to solve the four all-pairs subproblems (among the boundary vertices) in thepieces A;B;C, and D and patch up the solutions along the separator X e�ciently to obtainthe shortest path form s to t. We construct planar layered st-graphs from the pieces A,8



B, C, and D by introducing new source sink vertices and adding edges from the top andthe bottom layers, as shown in Figure 7. It is easy to see that we introduce only o(n) newvertices in this fashion. We still have to show that the number of all pairs subproblems atany stage is not too much to handle with just n processors since we are aiming for a linearprocessor solution. We use the following lemma which follows from the arguments in [16] toshow that the total number of source-sink pairs at any level in the recursion is O(n log n).Lemma 2 Let G be an n-vertex planar layered st-graph, and let 0 � � � 1. If the separa-tor X de�ned in Theorem 2 is used to split the graph G recursively until we have no piecewith more than �n vertices, then the number of boundary vertices (vertices which are a partof some separator in the recursive subdivision) is O(qn=� ).Before counting the number of source-sink pairs at some level in the recursion let usanalyze levels more precisely. Every split in our recursion uses a separator X to divide theparent graph P into at most four pieces, each of size at most 2k=3, where P has k vertices.Any split that divides the graph into more than two pieces can be considered as a sequence oftwo splits each dividing a parent graph into two pieces. In this manner we build a recursivedivision tree (RDT), wherein the root corresponds to the graph G, and the leaves to graphsof size at most 2. Each internal vertex has two children, which correspond to the two piecesresulting from a split by a separator (as constructed in Theorem 2). The ith level in the treeconsists of all the pieces that are at a distance i from the root. We now claim that at eachsuch level the number of new source-sink pairs introduced is linear.Lemma 3 The number of new source-sink subproblems introduced in any level of the recur-sive division tree is O(n).Proof : By induction. The base case i = 2 is certainly true, since the separator X weget from Theorem 2 is of size at most 2p2n, and therefore, the total number of source-sink subproblems introduced in the �rst level of recursion is at most 8n. Let us considersome level i in the RDT, such that the induction hypothesis holds for all levels up to i� 1.We now prove that only O(n) new source-sink pairs are introduced in constructing level i.Let � = (2=3)(i�1)=2, from the de�nition of RDT, we know that the size of any piece inlevel i�1 is at most �n. Therefore, by Lemma 2 the number of boundary vertices is O(qn=� ).Let B be the set of boundary vertices in level i�1. To construct the next level of the RDT weuse separators X1;X2; . . . ;Xl, each of size at most 2q2�n, to divide the pieces in level i� 1.Any new source-sink pair in level i will involve some separator vertex a 2 Xj ; for 1 � j � land a boundary vertex b 2 B. Hence, total number of source sink pairs introduced is atmost 2q2�nO(qn=�) = O(n). 2From Lemma 3 we know that the total number of source-sink subproblems in any levelis O(n log n), since there are O(log n) levels and only O(n) new subproblems are introducedin any level. We use the following strategy to solve the shortest path problem:1. Recursively subdivide the graph until there are only 2 vertices in any piece.2. Solve the problem in a bottom up manner, by dynamically assigning processors to eachpiece depending on the number of source-sink pairs in that piece.9
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aFigure 8: Shortest paths from a are non crossing.In the remaining part we show how to patch up the results of any two pieces P1 and P2to obtain the shortest path information of the parent graph P at all levels of recursion. Topatch up the pieces P1 and P2 we need to update the shortest path information along thecommon boundary. Let us suppose without loss of generality that the source set S is in P1and the sink set T is in P2, and the common boundary between them is X. Let ns; nt; nx bethe number vertices in S, T , and X respectively. We know from Theorem 2 that X is eithera layer of vertices or a special \right-most-edge-in, left-most-edge-out" path constructedfrom a middle vertex m. We have already solved the subproblems associated with pieces P1and P2, therefore, we know the all-pairs shortest paths from vertices in S to those in X, andfrom vertices in X to those in T . We now have to construct the all-pairs shortest paths fromvertices in S to those in T . On the face of it this seems an easy enough job, since for eachpair of vertices (a; b) for which a 2 S; b 2 T; all we have to do is check for every vertex in Xwhether it is in the shortest path from a to b or not. This can be done in constant timewith nx processors in a CRCW PRAM. However, a little thought reveals that such a naiveapproach would require too many processors. Assume without loss of generality that ns � nt.We now use an idea from [3] to show that the all-pairs shortest paths from vertices in S tovertices in T can be computed in polylogarithmic time with nsnt + nsnx processors. Laterwe reduce the processors count to ns(nt + nx)= log n). Since nsnt + nsnx is O(n log n) byLemma 3, we obtain a linear processor algorithm. We make use of the following de�nitionand lemma.De�nition 6 Let a and b be two vertices separated by a one-way separator X � V in thegraph G. We denote by l(a; b) the lowest point in the left ordering of the vertices in X inthe graph G such that a shortest path from a to b in G passes through it.Lemma 4 Let a be a vertex in S and let b1 and b2 be vertices in T . Let m1 2 X = l(a; b1)in the parent graph P . We claim that if b2 occurs after b1 in the left ordering of the parentgraph P then l(a; b2) does not occur before m1 in the left ordering.Proof : We give the proof for the case when X is a path; the proof when X is a layer issimilar. The proof is by contradiction. Let l(a; b2) = m occur before m1 in the left ordering10



of P (see Figure 8). By the construction of the separator we know that both b1 and b2 areon the boundaries of the parent graph P (either on the right boundary or on the layer justbelow the sink as in Figure 7); therefore, the paths from a to b1 and b2 must cross each otherat some point. Let the point of crossing be z. Consider the two pieces of each path; let thesubpath from a to z be p1, and the one from z to b1 be p2. Similarly let the two parts of thepath from a to b2 be q1 and q2. Without loss of generality assume that the weight of p1 isless than that of q1. We now have a contradiction because the path composed of p1 and q2has weight less than the one made up of q1 and q2. 2A similar lemma can be proved about paths from two source vertices to a single sinkvertex. We can now use Lemma 4 to do the patching up across the boundary X withnsnt + nsnx processors. For every vertex a 2 S we use nt + nx processors to determinesimultaneously all the shortest paths pab from a to each b 2 T .Let us denote the problem of patching across the separator for a given source vertex aas P (a;X; T ), where we are given the shortest paths from a to every vertex inX and betweenall pairs of vertices (x; b) where x is in X and b is in T , and we need to determine the shortestpaths from a to every vertex b 2 T . The algorithm to solve P (a;X; T ) is as follows:1. Let bm be the middle vertex in the left ordering of T .2. Determine the vertex xm such that xm = l(a; bm).3. If nx = 1 use nt processors to determine for all b 2 T the shortest path from a to b.Otherwise go to Step 4.4. Divide T into two sets T1 and T2 such that T1 = fb 2 T j b < bmg and T2 = T � T1.Similarly divide X into two corresponding sets X1 and X2 such that X1 = fx 2 X jx < xmg and X2 = X �X1.5. Recursively solve the two subproblems P (a;X1; T1) and P (a;X2; T2).6. For all vertices b 2 T1 compare the shortest path from a to b through X1, with the onethrough xm, and pick the smaller one.Theorem 4 Starting with an n-vertex planar layered st-graph, it is possible at any stage ofrecursion to obtain the shortest path results of the parent graph P from those of its children P1and P2 by running ns copies of the algorithm outlined above. Moreover this can be done intime O(log2 n) in a CREW PRAM, using (nsnt + nsnx)= log n + np processors, where np isthe number of vertices in the parent graph P .Proof : Steps 1 and 2 are obviously correct. To prove the correctness of Step 4 we makeuse of Lemma 4. We know from Lemma 4 that for any b 2 T2 the shortest path from ato b does not use any vertex in X1, and for all b 2 T1 the shortest path form a to b eitherpasses through X1 or through xm. We can therefore recursively divide the problem into twosubproblems P (a;X1; T1) and P (a;X2; T2), and do the correction in Step 6 to determinethe shortest paths to vertices in T1. To determine the processor and time complexity wenote that the left ordering of the any planar st-graph with n vertices can be determinedin O(log n) time with n processors [22]. Thus we can determine the orderings of S and Tin O(log np) time with np processors. The time complexity of the various steps are as follows:11
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Figure 9: A bad planar st-graph.1. Step 1 can be performed in O(log nt+logn) time with nt= log n processors in an EREWPRAM.2. Step 2 can be performed in timeO(log nx+log n) with nx= log n processors in an EREWPRAM.3. Step 3 takes O(log n) time with nt= log n processors.4. Step 4 can be done in O(log nt + log nx + log n) time with (nt + nx)= log n processors.5. The depth of recursion is O(log nt), since the size of the sink set T goes down by afactor of 2 every time step 4 is executed. Therefore, the total time taken for the patchup is O(log np + log2 nt + log nx + log n)) = O(log2 n).6. Step 6 can be done in constant time with nt processors in a CREW PRAM.To see the processor complexity of the recursive subproblems we note that the twosubproblems are solved in parallel by partitioning the processors between them. Sub-problem P (a;X1; T1) gets (jX1j+ jT1j)= log n processors while subproblem P (a;X2; T2)gets (jX2j + jT2j)= log n processors. The total number of processors needed isns(nx + nt)= log n + np. 2Theorem 5 Given a n-vertex planar layered st-graph G with nonnegative edge weights, wecan determine the shortest path from s to t in time O(log3 n) with n processors in a CREWPRAM.Proof : The proof immediately follows from Lemma 3 and Theorems 3 and 4. 212



4 RemarksConsider at any stage of the computation the array A, where A[i; k; j] is the value of theshortest path from vertex i 2 S to vertex j 2 T that is constrained to pass through thevertex k 2 X. Let �A(i; j) be the smallest index k that minimizes A[i; k; j]. We say that Ais totally monotone if �A satis�es the following properties:�A(i; j) � �A(i+ 1; j);�A(i; j) � �A(i; j + 1):Furthermore every submatrix A0 also satis�es these properties. It can be shown that at everystage of the computation the matrix A constructed as above is totally monotone. It is nothard to see that to patch up two subproblems P1 and P2 we only need to determine thevalue of �A(i; j) for all i; j. The problem of determining the value of � was formalized byAgarwal and Park as the Tube minima problem and has many applications in computationalgeometry [1]. Atallah [4] has recently given an e�cient parallel algorithm for determiningthe tube minima of an n� n� n totally monotone matrix using O(n2= log log n) processorswhich runs in time O(log log n) in a CRCW PRAM. In the case of grid graphs where eachintermediate array A is an pn�pn�pn array this result can be used to determine shortestpaths with n processors in time O(log n log log n) in a CRCW PRAM. However, there seemsto be no obvious generalization of Atallah's algorithm where the number of sources and sinksat any intermediate stage are not necessarily equal. One of the open problems is to developa tube minima algorithm for an n1 � n2� n3 totally monotone matrix (where n1 < n3) thatdoes O(n1n2+n1n3) work and runs in timeO(log log(n1+n2+n3)). Such an algorithm wouldalso give the fastest possible algorithm for the row minima problem (which is the same as thetube minima problem but applied to a two-dimensional array), in light of the 
(log log n)lower bound by Valiant [24] for �nding the minimum of n integers with O(n) work by usingonly comparisons.5 ConclusionsWe have given a linear processor CREW algorithm for determining the shortest paths in aplanar layered digraph which runs in time O(log2 n). Our motivation for considering layeredgraphs was to see if they can be used to solve the shortest path problem for planar st-graphshowever since they extend the class of grid digraphs they may have other applications. As faras planar st-graphs are concerned it seems unlikely that a divide and conquer approach wouldgive a linear processor solution for the shortest path problem. As evidence we present thegraph in Figure 9 that does not have a one-way separator of size O(pn). This suggests thatwe may have to look for iterative solutions when considering the class of planar st-graphs.13
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