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Abstract

Abductive reasoning (or explanation) is basically a backward-chaining
process on a collection of causal rules. When given an observed event, we
attempt to determine the set of causes which brought about this event.
Cost-based abduction is a model for abductive reasoning which provides a
concrete formulation of the explanation process. However, it restricts it-
self to acyclic causal knowledge bases. The existence of cyclicity results in
anamolous behavior by the model. For example, assume in our knowledge
base that A can cause B and B can cause A. When faced with having to
explain the occurrence of A, we could postulate B. Now, since A already
exists, we can use it the explain B. Our backward-chaining process to find
an explanation can certainly fall into this trap. In this paper, we present a
new model called generalized cost-based abduction for general causal knowl-
edge bases. Furthermore, we provide an approach for solving this model by
using linear constraint satisfaction.

1This work has been supported by the National Science Foundation under grant IRI-8911122
and by the Office of Naval Research, under contract N00014-88-K-0589. Special thanks to
Eugene Charniak for important pointers and critical review of this paper.



1 Introduction

Explaining events such as the failure of our television set to turn on involves
reasoning out the causes from the effects (the effects being the events we encoun-
tered). We can see this more clearly if we consider our causal knowledge base
to consist of propositional rules of the form A = B where A is a cause and B
is an effect. Given an event B, a possible explanation for B would be the cause
A. Thus, explanation is performed through a backward-chaining process on the
causal knowledge base.

Explanation (abduction) violates the logical rule of modus ponens since A —>
B and B does not necessarily imply A which certainly creates various problems.
1,4, 15, 16, 17, 5, 2, 9, 8]. Abduction has been formally defined as the process
of searching for a set of hypotheses which can “best” prove the given observa-
tion/events. Obviously, an enormous number of such hypotheses sets may be
available as proofs. We choose only one such set which we “conclude” to be our
“best” explanation. Thus, some ordering must have been imposed on these sets to
make such a selection. Various models of abduction provide different approaches
to the ordering problem.

In particular, we consider the cost-based abduction model [1], a minor variant of
weighted abduction [4, 17]. We are given a causal knowledge base of propositional
rules. A proposition which does not occur as the antecedent of any rule is called
a hypothesis. Costs are then attached to these hypotheses to reflect the likelihood
of assuming them true. A hypotheses set which can prove a given observation
(evidence)is called an ezplanation for the observation. The cost of each hypotheses
set is simply the sum of the costs of the hypotheses used. The best explanation
is then taken to be the hypotheses set with least cost.

Cost-based abduction is restricted to those knowledge bases which are acyclic
in nature. That is, there cannot be two propositions A and B in the knowledge
base where both A can be used in a proof for B and B can be used in a proof
for A. In the most degenerate case where A =—> B and B =—> A are both in the
knowledge base, if we had as evidence that B is true, then A can be assigned true
to prove B. Furthermore, since B is already true, we can use it now to prove A.
Thus, no other propositions need to be assigned true to explain B! Clearly, this
explanation is counter-intuitive and provides little information. Also, since none
of the hypotheses are used, no cost is incurred which can make this explanation,
the best explanation.

A more sophisticated example involving cyclicity arises when we are modeling
faulty electrical outlets. Suppose that our television set and radio are both plugged
into such an outlet. Being faulty, when the fuse is blown in one of the components,



the accompanying surge causes the other fuse to also blow.
Yet another source which leads to cyclicity occurs when you include the logical
rules:

(fooa) A (= a b )= (food)
(foob) A (= a b )= (fooa)

Thus for the most part, knowledge bases for various domains are highly cyclic
necessitating the need to correct the limitation in cost-based abduction.

Since abduction is a backward chaining process on the causal rules, the search
for the best explanation in cost-based abduction can be performed as a graph
searching problem. Starting from the evidence, we proceed backwards to the hy-
potheses through the causal implications. In this way, we build many partial
proofs to use as guides for determining the least cost proof. Obviously, the con-
struction of partial proofs serve as a heuristic in our search. However, it was
shown that the search for a best explanation is NP-hard [1]. Introducing cyclicity
further exacerbates the problem.

Recently, Santos [11, 13, 12] showed that cost-based abduction can be reduced
to linear constraint satisfaction. The search for the best explanation could now be
done with the highly efficient tools and techniques long developed and understood
in Operations Research. Methods such as the Simplez method and Karmarkar’s
projective scaling algorithm could be used in our search [6, 7, 14]. Experimental
results indicated that the linear constraint satisfaction approach was superior to
existing graph search techniques [11, 13, 12] and actually exhibited an expected-
case polynomial run-time.

In this paper, we present an approach to the problem of cyclicity in cost-based
abduction. We arrived at our solution by studying cyclicity under linear constraint
satisfaction. The solution itself represents a natural extension of our constrained
optimization approach and remains a linear constraint satisfaction formulation.

The next section provides a brief overview of cost-based abduction and its
reduction to linear constraint satisfaction. Complete details can be found in [11,
13, 12]. Next, Section 3 discusses the problems of cyclicity and presents a new
model we call generalized cost-based abduction. In Section 4, we present our linear
constraint satisfaction formulation of the new abduction model completing our
constrained optimization solution to cyclicity.

2 Constraint Systems

The keystone of cost-based abduction [1] is the weighted AND/ OR directed acyclic
graph (WAODAG) which models the causal relationships between objects and/or
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Fig. 2.1. A simpler wAODAG. The AND-node house-quiet is the observa-
tion. The nodes no-shows, blackout and bad-songs are the hypotheses with
associated costs 6, 7 and 3, respectively.

concepts in the world. Each node in the dag alone embodies some object or concept
while each edge represents direct causal relationships between nodes incident to
the edge.

Since we are reasoning via abduction as opposed to deduction, our goal is to
attempt to find the best set of hypotheses which can prove the given observation.
A proof simply consists of a set of hypotheses plus some set of rules. In cost-based
abduction, the cost of a proof is a measure on the set of hypotheses it uses. Each
hypothesis is assigned a cost and the cost of a proof is the sum of the costs of all
the hypotheses used. The best proof is then the one with minimal attached cost.

We now formalize the minimum cost-based abduction problem:

NoTaTion. R denotes the set of real numbers.

DEFINITION 2.1. A WAODAG 1s a 4-tuple (G, c,r,S), where:
1. G is a directed acyclic graph, G = (V, E).
2. ¢ is a function from V x {true, false} to R, called the cost function.
3. r1s a function from V to {AND, OR}, called the label. A node labeled AND
15 called an AND-node, etc.
4. S is a subset of nodes in V called the evidence nodes.?

Clearly, an explanation is the same as a proof for cost-based abduction. We
formally define a proof for a set of observations as an assignment of truth values to
the different objects in the knowledge base such that the observations are true and

%S represents the set of observations to be explained. Without loss of generality, we only
consider positive evidence.



the assignments are consistent with respect to the rule-based causal relationships
between the objects.

In Figure 2.1, assume that house-quiet = true is the observation to be explained.
One possible proof would be the following assignment of truth values: {house-quiet,
radio-off, bad-songs, tv-off, no-shows} are assigned true and {no-one-home} is as-
signed false. A second possibility is to assign all of them to true. And as a third
possibility, we can assign {house-quiet, radio-off, tv-off, no-one-home} to true and
{bad-songs, no-shows} to false. As we can easily see, all three assignments are
internally consistent with the associated relationships and assign house-quiet to
true.

More formally, we define this as follows:

DEeFINITION 2.2. A truth assignment for a waoDAG W = (G, ¢,7,S) where G =
(V, E) is a function e from V to {true,false}. We say that such a function is valid
iff (if and only if) the following conditions hold:
1. For all AND-nodes q, e(q) = true tff for all nodes p such that (p,q) is an
edge in E, e(p) = true.
2. For all OR-nodes q, e(q) = true iff there ezists a node p such that (p,q) is
an edge in E and e(p) = true.
Furthermore, we say that e is an explanation iff e is valid and for each node ¢ in
S, e(q) = true.

As we mentioned earlier, the cost of a proof is simply the sum of the individual
costs of the hypotheses assumed.?

DErFINITION 2.3. We define the cost of an explanation e for W = (G, ¢,r, S) where

G=(V,E) as
Cle)=>_ c(a,¢(q)) (1)

g€V
An ezplanation e which minimizes C 1s called a best explanation for W.

From (1), we find that our three proofs above have costs 9, 16 and 7, respec-
tively. Of the three our best proof is the third one with the cost of 7. This proof
also turns out to be the best explanation (minimal-cost proof) for Figure 2.1.

As we mentioned earlier, finding the minimal-cost proof can be a difficult task.
Using brute force enumeration techniques is fine for small problems but grows
exponentially in complexity (Charniak and Shimony [1] have proven that this
problem is NP-complete.) This problem can be straightforwardly transformed into

3Although we have only discussed having costs associated with hypotheses, our approach
permits costs to be associated with any node.



a graph search problem on AND/OR dags. However, efficient admissible heuristics
seem to be difficult to find.

Basically, cost-based abduction is ultimately an optimization problem. So, in-
stead of treating it as a traditional graph search problem, we consider the problem
in terms of constraint satisfaction. In what follows, we will show how cost-based
abduction can be directly transformed into a minimization problem on a collec-
tion of linear constraints. Central to this transformation is the formulation of
constraint systems which can be shown to correctly solve the minimum cost-based
abduction by determining the minimal-cost proof.

DEFINITION 2.4. A constraint system is a S-tuple (I, I,%) where I' is a finite set
of variables, I is a finite set of linear inequalities based on T', and ¢ is a function

from T’ x {true, false} to R.

NortatioN. For each node ¢ in V, let D, = {p|(p, q) is an edge in E}, the parents
of q. |D,| is the cardinality of D,.

From Definition 2.2, for a truth assignment to be a possible explanation, we
must guarantee the internal consistency of the assignments required in the defini-
tion.

We formalize our construction as follows:

DEeFINITION 2.5. Given a WAODAG W = (G, ¢,r,S) where G = (V, E), we can
construct a constraint system L(W) = (', I,4) where:

1. T is a set of variables indezed by V, i.e., I' = {z4|q € V},

2. Y(zq, X) =c(q,X) for all g € V and X € {true,false},

3. I 1s the collection of all inequalities of the forms given below:

zq <z, € I for each p € D, if r(q) = AND (2)
> @p— |Dg| +1<z€I1fr(q) = AND (3)
PGDq

3wy > @y € I ifr(g) = OR @
PGDq
zq > xp € I for each p € Dy if r(q) = OR (5)

We say that L(W) is induced by W. Furthermore, by including the additional
constraints:

z,=1ifqg€S (6)
we say that the resulting constraint system is induced evidentially by W and is

denoted by Lg(W).

DEFINITION 2.6. A variable assignment for a constraint system L = (T',1,%) is a
function s from I' to R. Furthermore,



1. If the range of s 1s {0,1}, then s is a 0-1 assignment.
2. If s satisfies all the constraints in I, then s is a solution for L.
3. If s is a solution for L and is a 0-1 assignment, then s is a 0-1 solution for

L.

With our formulation of constraint systems and variable assignments, we can
now prove that 0-1 solutions are equivalent to explanations. Given a 0-1 assign-
ment s for L(W), we can construct a truth assignment e for W as follows:

1. For all g in V, s(zy) = 1 iff e(q) = true.

2. For all ¢in V, s(z,) = 0 iff e(q) = false.

Conversely, given a truth assignment e for W, we can construct a 0-1 assignment
s for L(W).

NoTaTION. €[s] and s[e] denote, respectively, a truth assignment e constructed
from a 0-1 assignment s, and a 0-1 assignment s constructed from a truth assign-
ment e.

THEOREM 2.1. e is an ezplanation for W iff s[e] is a 0-1 solution for Lg(W).

To complete the formulation, we must also be able to compute the costs asso-
ciated with each proof. We can do this as follows:

DEFINITION 2.7. Given a constraint system L(W) = (T, 1,%) induced (eviden-
trally) by a WAODAG W, we construct a function Or from variable assignments
to R as follows:

Ou(s) = 3 {s(eq)blas, true) + (1 — s(w,))h(wy, false)}. (7)

zq€l
Op is called the objective function of L(W).

DEFINITION 2.8. An optimal 0-1 solution for a constraint system L(W) = (T, 1,%)
induced (evidentially) by a WAODAG W is a 0-1 solution which minimizes Op,.

As we can clearly see, (7) is identical to (1). From Theorem 2.1 and the
relationship between node assignments and variable assignments, an optimal 0-1
solution in Lg(W) is a best explanation for W and vice versa.

Taking the set of linear inequalities I and the objective function O, we observe
that we have the elements known in operations research as a linear program [14,
7, 6]. Highly efficient methods such as the simplez method* and Karmarkar’s
projective scaling algorithm are used to solve linear programs [14, 7, 6].

Experiments performed in [11, 13, 12] comparing our approach against existing
heuristic search techniques has shown ours to be the superior technique. Also, the

“For a quick overview of the simplex method, see [3].



studies strongly suggested that our constraint satisfaction approach is practical
and efficient for solving cost-based abduction problems.

3 Generalized Cost-Based Abduction

We now return to address the issue of cyclicity and present a generalization to
cost-based abduction. Consider the following set of rules:

tv-off A radio-off => house-quiet
tv-fuse-blown = tv-off

radio-fuse-blown = radio-off

tv-fuse-blown A Socket-4 = radio-fuse-blown
radio-fuse-blown A Socket-4 = tv-fuse-blown
tube-blown — tv-fuse-blown

wire-short = radio-fuse-blown

where tv-fuse-blown, radio-fuse-blown represents the fuses inside them, tube-blown
represents the picture tube being blown, wire-short represents a shorted connection
in the radio, and Socket-4 represents that both the television and radio are plugged
into the same electrical outlet. Basically, this rule set is suppose to model the case
where we have a faulty outlet and that when one of the components attached fails,
it also causes the other to fail. We can easily see that this set of rules is cyclic.

Again, observe that if Socket-4 is true, then tv-fuse-blown could be explained by
radio-fuse-blown and vice versa. Invariably, this is an explanation under cost-based
abduction and will most likely be the best one.

Intuitively, to avoid this type of “self-supporting” anomaly, a proper expla-
nation must guarantee that some “outside” agent be present, such as either
tube-blown to explain tv-fuse-blown or wire-short to explain radio-fuse-blown, when
tv-fuse-blown, radio-fuse-blown and Socket-4 are all true. For this fairly simple case,
we can easily enumerate the desired behavior as follows:

e When tv-fuse-blown, radio-fuse-blown and Socket-4 are all true, then either

tube-blown or wire-short must be true.

e When tv-fuse-blown = true and Socket-4 = false, then tube-blown must be

true.

e When radio-fuse-blown = true and Socket-4 = false, then wire-short must be

true.

e When tv-fuse-blown = radio-fuse-blown = false and Socket-4 is either true or

false, then nothing special needs to be done.

e The remaining states are inconsistent and must be prevented from occurring.



From the above behavior list, we can make the following very important obser-
vation: Causal reasoning is an inherently time-dependent process since obviously
causes must temporally precede effects. Thus, when attempting to explain the
occurrence of some given event, we are temporally ordering all the other events
which lead up to it. Acyclicity simply gives us a single unique partial ordering of
the events where as cyclicity actually provides multiple partial orderings. In our
above example, consider the first behavioral item and pick wire-short to be true.
What we have effectively done is choose the following sequence of events:

1. A short circuit occurred inside the radio.

2. The short circuit caused the fuse to blow.

3. Since television is plugged into the same socket as the radio which is a very

old electrical outlet, the television fuse blew also.

When we consider the problem in terms of our cost-based abduction graphs,
we find that our WAODAGSs clearly reflect unique partial orderings. Any explana-
tions constructed under cost-based abduction properly determined the sequence of
causal events. By adding cyclicity, these new more general graphs can be viewed
as collections of WAODAGs. Our goal now is to be able to form explanations which
properly determine the sequence of causal events.

We now present our new model of cost-based abduction called generalized
cost-based abduction.

DEeFINITION 3.1. A cost-based graph is a 4-tuple (G, c,7,S), where
1. G is a directed graph, G = (V, E).
2. ¢ 1s a function from V x {true,false} to &, called the cost function.
3. r is a function from V to {AND, OR}, called the label.
4. S 1s a subset of V x {true,false} called the evidence.

Clearly, a cost-based graph is a generalization of our original WAODAGS.

DEeFINITION 3.2. Given a cost-based graph Z = (G,c,r,S) where G = (V,E), a
solution graph G, = (V;, E,) for Z is a subgraph of G which satisfies the following
conditions:

G, is acyclic.

If g € V; and r(q) = AND, then D, C V, and (p,q) € E; for all p € D,.
If D, CV; and r(q) = AND, then g € V, and (p,q) € E, for all p € D,.

If g € V; and r(q) = OR, then there exists a node p in D, such that p € V
and (p,q) € E;.

5. If DNV, # ¢ and r(q) = OR, then g € V, and there ezists a node p € D,NV,
such that (p,q) € E,.

If (q,true) € S, then q € V.

7. If (q,false) € S, then q is not in V.

T oo~

B



tubeblown=10

Fic. 3.1. A cost-based graph for our fuses example.

Basically, solution graphs correspond to explanations in that they represent all
the nodes which are to be assigned true. Nodes not included in a solution graph
are assumed to be set to false. The condition of acyclicity will guarantee that we
have a proper sequencing of causal events.

DerINITION 3.3. We define the cost of a solution graph G, = (V;, Eg) for Z =
(G,c,r,S) where G = (V,E) as

C(Gs) = Y c(g,true) + > c(g,false). (8)

qus qu-Vs

A solution graph G, which minimizes C 1s called a best explanation for Z.

We have now completely defined our generalized cost-based abduction model.
We can also easily see that our original cost-based abduction model is a special
case of our new model.

Let’s return to our fuse example above and consider the associated cost-based
graph (see Figure 3.1). Our “self-supporting” anomaly arises when we have the fol-
lowing truth assignment to our nodes: house-quiet = true, tv-off = radio-off = true,
radio-fuse-blown = tv-fuse-blown = true, no-shows = bad-songs = false, Socket-4 =
true and wire-short = tube-blown = false. We can easily see that no subgraph of our
cost-based graph containing the nodes which are assigned true in our anomaly is
a solution graph. They all end up violating either the edge inclusion requirements
or the acyclicity constraint.

10



4 Constraints Formulation

We now consider how we might reduce generalized cost-based abduction to linear
constraint satisfaction. As we mentioned at the beginning of this paper, our work
on cyclicity was motivated by our constrained optimization view on cost-based
abduction. We were trying to see how we might manipulate linear constraints in
order to achieve our desired behaviors. We found that we could properly satisfy
the behavior list in the previous section by modifying the original set of constraints
generated by Definition 2.5.

We first eliminate any constraints involving tv-fuse-blown and radio-fuse-blown.
We then introduce the following new constraints:

tv-fuse-blown + Socket-4 —1 < radio-fuse-blown
radio-fuse-blown + Socket-4 —1 < tv-fuse-blown
tv-fuse-blown -+ radio-fuse-blown + Socket-4 —2 < tube-blown + wire-short
tv-fuse-blown — Socket-4 < tube-blown
radio-fuse-blown — Socket-4 < wire-short
tv-fuse-blown > tube-blown
radio-fuse-blown > wire-short

Clearly, we can associate these constraints directly to the items in the list. We
can readily show that this new set of constraints will result in the behaviors we
dictated. Thus, our solution demonstrates that our linear constraint satisfaction
approach can be extended to handle at least the cyclicity problem in the previous
section. However, when we proceed to more general cyclicity problems which may
involve interactions between large numbers of propositions, using this sort of brute
force enumeration of relationships is certainly infeasible. Even with moderate
problems, this approach grows exponentially in the number of constraints we
would need to introduce. Just consider the introduction of a fish bowl on top of
the television set: If the tube blows, the explosion knocks the fish bowl over. If
the fish bowl falls over, then the water pours into the set causing the tube to blow.

Obviously, we need a general solution to cyclicity in linear constraint satisfac-
tion which could compactly capture the essence of our problem. We now present
our solution.

We begin by first taking a cost-based graph Z = (G, ¢,r, S) where G = (V, E)
and generating all the constraints according to Definition 2.5 with appropriate
modifications for the evidence information. Designate this set of constraints by
L(Z). Now, we identify all the directed cycles in G. Let’s call this collection
of directed cycles, X. Next, for each cycle y in X, we perform the following

11



cumulative modifications to L(Z): Assume y = {a1, as,...,an} which represents
all the nodes in the directed path and a, will also point to a; to complete the
cycle. For each pair of nodes (a;, a;41),
1. If r(@;41) = OR, then construct a new 0-1 integer variable z; and
o Mark z;.
e Take the equation generated by (4) for a,;1 and replace the real variable
associated with a; with the new variable z;.
o Add the new constraint z; < z,, where z,, is the real variable associated

with a,.
2. If r(a;41) = AND, then mark the real variable associated with a;;1.
Now, let by, bs, ..., b, be the real variables marked for y. We introduce the new

constraint 7, b; <n — 1.
DEFINITION 4.1. L(Z) constructed above is the constraint system induced by Z.

Disallowing the presence of causal cycles in our solution graphs is analogous to
removing the associated 0-1 assignments from our 0-1 solution space. Intuitively,
the new variables introduced in our above construction serve to indicate whether
or not the nodes are causally linked, that is, whether one node is directly used
to prove the other. For an AND-node, when it is true, then all its parents must
be used. However, for an OR-node, only some of its parents need be used. A
situation can arise where although a parent is true, it is not used as a proof for
the child. This must certainly occur in the presence of cycles. By taking these
new variables plus the AND-nodes of a cycle, we can determine whether a causal
chain is legitimate using the last constraint constructed above.

We now go about and prove that our induced constraint system will indeed de-
termine the best explanation in our cost-based graph. By making the appropriate
translations of 0-1 solutions to explanations and solution graphs to explanations,
we can prove the following.

TrEOREM 4.1. G, = (V;, E,) is a solution graph for Z = (G,c,r,S) where G =
(V, E) iff s is a 0-1 solution for L(Z).

THEOREM 4.2. G, 15 a best explanation iff s is an optimal 0-1 solution.

The above theorems show that we can solve generalized cost-based abduction
by reducing it to linear constraint satisfaction.

Let’s return to our earlier cyclicity example in Figure 3.1. In our new set of
constraints, we have added the following to deal with the cyclicity:

radio-fuse-blown < wire-short +-m,
<

mo AND,

12



tv-fuse-blown < tube-blown +m4
ma S AND¢
mq + ANDy +m9 + AND, < 3

where AND; and AND, are the AND-nodes and my, m, are the special marker vari-
ables. We can easily see that the anomalous truth assignment causes AND; =
AND; = m; = my = 1 which will violate the last constraint above, thus demon-
strating that our linear constraints properly eliminates the “self-supporting” as-
signment.

The only requirement in our linear constraint satisfaction approach to solving
generalized cost-based abduction with cyclicity is the generation of all the cyclesin
the cost-based graph. However, we note that the problem of generating the cycles
can be done in O((|V|+ |E|)(n + 1)) where n is the number of cycles generated.
Basically, a depth-first search is used whereby through an elegant approach to
adding edges will generate each cycle. Details and analysis of the algorithm can

be found in [10].

5 Conclusions

We have considered the problem of cyclicity with regards to cost-based abduction
and presented generalized cost-based abduction to appropriately incorporate the
phenomenon. This was accomplished by studying cyclicity from the standpoint
of linear constraint satisfaction which allowed us to concretely identify the prob-
lem. Our goal was to determine whether we could manipulate the constraints
from the original cost-based abduction problem to handle cyclicity. Indeed, we
demonstrated that the problem could be solved through a natural extension of
our linear constraint satisfaction approach. Furthermore, the extensions required
seemed quite compact in size demonstrating the power inherent in our approach.

13
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A Proofs

TrEOREM 4.1. G, = (V;, E,) is a solution graph for Z = (G,c,r,S) where G =
(V, E) iff s is a 0-1 solution for L(Z).

Proof. Formally, we must first prove that given any solution graph G, =
(Vs, E) for Z = (G,¢,r,S) where G = (V, E) we can construct a 0-1 solution s
for L(Z) = (T, I,%) such that p € V; if and only if s(z,) = 1.

We begin by satisfying the condition that p € V; if and only if s(z,) = 1. Next,
consider the special marker variables used in our construction for L(Z) to deal
with cyclicity. For example, let {p1,p2,...,pn} be a cyclein G. We denote my,,.,
to be the special real variable introduced between p; and p; ;1 when r(p;41) = OR.
Although, p; and p;;; may adjacently appear in other cycles, without loss of
generality, we assume that we have only created one such m,,,,, to be repeatedly
used in all the cycles. Now, we continue our construction of s as follows:

e If (p,q) € E, and there exists a corresponding mp, € I', then s(my,) = 1.

e If (p,q)is not in E, and there exists a corresponding m,, € I, then s(my,) =

0.
s is now a 0-1 assignment for L(Z).

Assume s is not a 0-1 solution for L(Z). This implies at least one of the
following constraint forms have been violated by s:

1. £ = b where z € I and b € {0,1}.

z <y where z,y € T.

z<yi+vyY2+...+ Y, where z,y1,...,y, € .

z>y1+y2+...+yn —n+1 where z,y1,...,yn € T.

1+ a2+ ...+ 2, <n—1 where zy,...,z, € I'.

o CASE 1: z = b has been violated. Without loss of generality, assume that
b = 1. This implies that s(z) = 0. Since this constraint is only generated
the evidence in S, this implies that there is some node p in V such that

O w0 D

T = z, where z, is the real variable associated with p in L(Z). Now,
{z, =1} € I = {p,true} € S = p € V;, = s(zp) = 1. However, z = z,.
Contradiction.

e CASE 2: z <y has been violated. This implies that s(z) =1 and s(y) = 0.
This constraint can be generated from one of the following sources:

— From equation (2), we see that z and y are the real variables associated
with some nodes g and p in V, respectively. Furthermore, r(¢) = AND
and (p,q) € E. Now, s(z) = 1 and s(y) = 0 imply ¢ = true and
p = false which further implies that g € V; but p is not in V,. However,
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this violates Definition 3.2 thus implying that G, is not a solution
graph. Contradiction.

— From equation (5), we see that z and y are the real variables associated
with some nodes p and g in V, respectively. Furthermore, r(q) = OR
and (p,q) € E. Now, s(z) = 1 and s(y) = 0 imply p = true and
g = false which further implies that p € V; but ¢ is not in V,. However,
this violates Definition 3.2 thus implying that G, is not a solution
graph. Contradiction.

— From our construction for dealing with cyclicity, we find that y is the
real variable associated with some node p; in V and z is a special
marker variable created between node p; and some node p;;; in V and
T = Mpp,,,. Now, s(z) =1 and s(y) = 0 imply that (p;, piy1) € E, and
p; = false. However, (p;, pit1) € E;s implies that p; € V,. Contradiction.

e CASE 3: z < y; + ...+ yn has been violated. This implies that s(z) =1
and s(y;) =0forz=1,...,n. We can easily see that this type of constraint
is generated either by the equation (4) or the modification(s) introduced in
our cyclicity construction. Regardless of either techniques, we know that
z is a real variable associated with some node p in V' and the r(p) = OR.
Furthermore, s(z) =1 = p € V.

If this constraint had been generated directly from (4), we know that each y;
is a real variable associated with some node ¢; in V. Furthermore, s(y;) =0
implies that ¢; is not in V, which violates Definition 3.2. Thus, G, is not a
solution graph. Contradiction.

If generated by our cyclicity constraints, then some of the y;’s is associated
to some special marker variable mg,. Now, s(y;) = 0 = s(mg,) = 0 which
further implies that (g;,p) is not in E,. For the remaining y,’s which are
associated to some node ¢; in V, s(y;) = 0 implies that g¢; is not in V,. This
also implies that (g¢;,p) is not in E,. However, this violates Definition 3.2.
Thus, G, is not a solution graph. Contradiction.

e CASE 4: z > y;1 + ...+ yn — n + 1 has been violated. This implies that
s(z)=0and s(y;) =1 for allz =1,...,n. Since this constraint can only be
generated by equation (3), z is the real variable associated with some node
pin V, r(p) = AND and y; is associated with some ¢, in V for all ¢. This
implies that ¢; € V; for all 2 but p is not in V, which violates Definition 3.2.
Thus, G, is not a solution graph. Contradiction.

e CASE 5: z1+...+2, <n—1 has been violated. This implies that s(z;) =1

for all 2+ = 1,...,n. Finally, this constraint is created to handle cyclicity.
It is directly associated with some cycle {p1,...,pn_1} in G. Now, for 1 =
1,...,n—1 each z; either represents the AND-node p;;; or the special marker
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variable mp,p,. . If z; is associated to the AND-node p;4, then p;; € V, and
according to Definition 3.2, (p;,p41) € E,. If z; is associated to myy,, .,
then s(z;) = 1 implies that (p;,pi+1) € Es. Finally, @, is a special case
joining pn,—1 and p; which will imply that (pn_1,p1) € E,. However, this
implies that G, has a cycle. Contradiction.

All the cases have now been covered. Thus s is a 0-1 solution for L(Z).

Now, we must finish our proof by showing that for each 0-1 solution s for L(Z),
we can construct a solution graph G, for Z such that s(z,) =11iff p € V.

We begin our construction of G, by satisfying the condition that s(z,) = 1
iff p € V,. Next, for each node ¢ € V, if r(¢q) = AND and s(z,;) = 1, then for
all p € D, such that s(z,) = 1, (p,q) € Es. For each pair of nodes p,q in V, if
r(q) = OR, s(zp) =1, s(zy) =1 and p € Dy,

o If there does not exist a special marker variable my, in T', then (p,q) € E,.

o If there exists a special marker variable m,, in I' such that mp, = 1, then

(p,q) € E..
We finish the construction by stating that any edge in £ not added to E, by one
of the above conditions will not be in E,.

Assume that G, = (V;, E;) is not a solution graph for Z. This implies that
one or more of the following conditions have been violated:

1. If (g,true) € S, then ¢ € V.

2. If (g,false) € S, then ¢ is not in V.

If g € V; and r(q) = AND, then D, C V; and (p,q) € E; for all p € D,.

If D, CV, and r(q) = AND, then q € V; and (p,q) € E; for all p € D,.

If g € V; and r(q) = OR, then there exists a node p in D, such that p € V,
and (p,q) € E,.

6. If D,NV; # ¢ and r(q) = OR, then g € V; and there exists a node p € D,NV;

such that (p,q) € E,.

7. G, is acyclic.
e CASE 1: If (q,true) € S, then ¢ € V.

g not in V; implies that s(z,) = 0. However, according to our construction

of L(Z), if (g, true) € S, then s(z,) = 1. Contradiction.
e CASE 2: If (q,false) € S, then ¢ is not in V.

g € V, implies that s(z,) = 1. However, according to our construction of

L(Z), if (g,false) € S, then s(z,) = 0. Contradiction.

e CaSE 3: If ¢ € V; and r(q) = AND, then D, C V, and (p,q) € E, for all

p€ D,

This implies that either D, — V; # ¢ or there exists some p € D, such that

(p,q) is not in E,. If D, — V, # ¢, then let p € D, — V,. Now, s(z,) =0

Ot W
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and s(z,) = 1. However, since r(q) = AND, we have the constraint z, < z,
in L(Z). Contradiction.
D, must be a subset of V,. This implies that from our construction of G,
for all p € Dy, (p,q) € Es. Contradiction.
Cask 4: If D, C V; and r(q) = AND, then q € V; and (p,q) € E, for all
p€ D,
This implies that either g is not in V, or there exists some p € D, such
that (p,q) is not in E,. If ¢ is not in Vj, then s(z,) = 0. Also, s(z,) = 1
for all p € D,. However, since r(g) = AND, we have the constraint z, >
> pep, Tp — | Dg| + 1. Contradiction.
CaAsE 5: If ¢ € V; and 7(q) = OR, then there exists a node p in D, such
that p € V, and (p,q) € E,.
This implies that for all p € D,, either p is not in V; or (p,q) is not in
E,. We know that s(z,) = 1 and 7(q) = OR. This implies that we have a
constraint of the form z, < y; + ...+ y, where each y, represents one of the
following:

— vy, 1s the real variable associated with the node p; in V.

— y; is the special marker variable associated with the nodes p; and ¢ in

V and is called myq.

Note, Dy = {p1,...,pn} where p; is related to y,.
According to our constraint, there exists some s(y;) = 1. If y; = z,,, then
p; € V, and according to our construction of Gy, (p;, q) € Es, since there is no
special marker associated to p;, and ¢g. Contradiction. If y; = my,q, then we
also have the constraint that my,, < @p, in L(Z). This implies that s(z,,) =
1 and according to our construction of Gy, (p;,q) € E,. Contradiction.
CaAsE 6: If D,NV;, # ¢ and r(q) = OR, then q € V; and there exists a node
p € D, NV, such that (p,q) € E,.
This implies that either ¢ is not in V; or for all p € D, NV, (p,q) is not
in E,. We know that for all p € D,, s(z,) = 1 and r(¢) = OR. From our
construction of L(Z), we have the constraints z, < z, for all p € D,. Since
D, NV, # ¢, s(zq) = 1 which implies that ¢ € V. Thus, this leaves us with
for all p € D,NV;, (p,q) is not in E,. Now, for each p € D, NV, if there is
N0 Mypq, then (p,q) € E,. If there is an my,, then mp, must be 0. Looking at
the constraint for OR-node ¢q, 4 < y1 + ...+ y, where y; is either associated
with a node in D, or a special marker variable, we find that all the y,;’s must
be set to 0. Contradiction since s(zq) = 1.
CASE 7: G, is acyclic.
This implies that there exists a cycle {p1,...,pn} of nodes in G,. Without
loss of generality, assume that all the nodes are OR-nodes. A cycle in G, is
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of course a cycle in G. By our cyclicity construction, we have special marker
variables mp,p,, , between the adjacent nodes in the cycle. The cycle implies
that (p;, pit1) € Es for all ¢ including the edge (pn,p1). By our construction
of G, s(mp,p,,,) =1 for all 1. However, we have the constraint

Mppy + oo+ My, _1p, + Mpp <n— 1L

Contradiction.

Contradiction. G, is a solution graph for Z. O
THEOREM 4.2. G, 15 a best explanation iff s is an optimal 0-1 solution.

Proof. Follows from Theorem 4.1 and the fact that our costs computations are
identical. 0O
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