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1 IntroductionWhat is the \best" algorithm for a given problem? There is obviously more than oneanswer, depending on what we mean by \best." If we consider worst-case time behavior,traditionally an algorithm is considered the best possible if it meets the information theoreticlower bound. There is another way of looking at the situation, wherein we are not worriedabout the time taken to evaluate every instance from scratch. We ask that once the algorithmhas preprocessed an instance of the problem, it should handle any changes to the instance(up to a certain limit) very fast.In the next section we formalize these notions in terms of the classes incr -POLYLOGTIME,the class of problems whose dynamic versions are solvable in poly-logarithmic time, andincr -POLYLOGSPACE, the class whose dynamic versions can be solved with poly-logarithmicwork space. We also give a restricted notion of nondeterministic incremental computation.We then introduce the concept of an incremental reduction between problems, and we presentproblems that are incrementally complete for other existing complexity classes under such areduction.In Section 3 we show that commonly known P-complete problems (under LOGSPACEreductions) are incr -POLYLOGTIME-complete for the class P. We further prove that allnon-redundant P-complete problems are incr -POLYLOGTIME-complete for P. This suggeststhat problems that are hard to parallelize are hard to dynamize. We also show that a vari-ant of transitive closure is incr -CONSTANTTIME-complete for NLOGSPACE and give similarproblems which are incr -CONSTANTTIME-complete for LOGSPACE and NC1. In Section 4we demonstrate that under certain restrictions problems which have e�cient dynamic solu-tions also have e�cient parallel solutions.In Section 5 we look at incr -LOGSPACE; the class of problems that can be \updated"using only logarithmic work space. This is an interesting class because problems in thisclass are amenable to fast parallel updates (since LOGSPACE � NC2). We show that thecircuit value problem for comparator gates, discussed in Mayr and Subramanian [9] is inincr -LOGSPACE while the network stability problem is in relativized incr -LOGSPACE withrespect to an NLOGSPACE oracle. Since these problems have no known e�cient parallelsolutions, we get a new class of problems which seem to be somewhat more sequential innature than the problems in NC but nonetheless exhibit a degree of parallelism absent inP-complete problems. In Section 6 we present the conclusions and some open problems.2 PreliminariesInformally, we want a decision problem � to belong to the class incr -TIME[f(n)] if we can\react" to the changes in a given instance of the problem in time proportional to f(n). Firstwe take some time to build a data structure for an initial instance of the problem. After thatpoint we are required to react to any one-bit change in the current instance in timeO(f(n));that is, we should calculate the solution for the new instance and update the current datastructure all in time O(f(n)).De�nition 1 A decision problem � belongs to the class incr -TIME[f(n)] if there are RAMprograms P1 and P2 such that for all n 2 N we have1



1. Given any initial instance I0 of � (jI0j � n), P1 e�ciently precomputes some auxiliarydata structure DI0 associated with instance I0.2. Given the current input instance I, the incremental change 4 to I (where4 changes Ito another instance I 0 of �, for which jI 0j � n) and the current data structure DI inthe random access memory, P2 determines �(I 0), and modi�es DI into the new datastructure DI 0 in O(j4jf(n)) time.Our notion of \e�cient" in condition 1 is somewhat 
exible; we could require that theprecomputation be doable in polynomial time or logarithmic space, for example. The RAMprograms are allowed to operate on O(log n) length words in constant time, where n is thesize of the problem instance. They are therefore allowed to read, write, add and subtractO(log n) length words. The program counter is also allowed to transfer control to an arbitraryaddress (e.g., to execute a jump).We denote by incr -POLYLOGTIME the class[k�0 incr -TIME[logk n]:It is easy to see that such a de�nition captures the intuitive notion of incremental compu-tation; for example the problem of maintaining an ordered set through a set of updates andqueries is in incr -TIME[log n].We can de�ne the class incr -SPACE[f(n)] as above, except that P2 is required instead touse O(j4jf(n)) space. We denote by incr -LOGSPACE the class incr -SPACE[log n], and wede�ne incr -POLYLOGSPACE to be the class[k�0 incr -SPACE[logk n]:To extend these notions to nondeterminism seems to be hard since we can then havemultiple copies of the data structure. We side step that issue by allowing nondetermin-ism only in the form of decision oracles and give the following restrictive de�nition torincr -LOGSPACE(NLOGSPACE)De�nition 2 A decision problem � belongs to the class rincr -LOGSPACE(NLOGSPACE)(read as � is in incr -LOGSPACE relative to the class NLOGSPACE) if there are RAM pro-grams P1 and P2 and a nondeterministic decision procedure S such that for all n 2 N1. Given any initial instance I0 of � (jI0j � n), P1 e�ciently precomputes some auxiliarydata structure DI0 associated with instance I0.2. Given the current input instance I, the incremental change 4 to I (where4 changes Ito another instance I 0 of �, for which jI 0j � n) and the current data structure DI inthe random access memory, P2 determines �(I 0), and modi�es DI into the new datastructure DI 0 in O(j4j log(n)) space. P2 is allowed to make a polynomial number ofcalls to the procedure S which works in space O(j4j log(n)).To compare the \hardness" of solving two problems in this incremental sense, we needthe notion of incremental reduction. It is clear that the program doing the reduction from2



problem �1 to problem �2 has to be incremental in the same sense as the RAM program P2 inthe previous de�nition. In the same way as before we allow some computation to constructa data structure to an initial instance of �1 and to �nd the corresponding instance of �2. Wethen require that any change to the current instance of �1 be re
ected as a change to thecorresponding instance of �2, within a stated time limit. There's however a small di�erence,because now we are dealing with functions (in the previous case the solution was alwaysa \yes" or a \no") which map instances of �1 to instances of �2. We take care of this byquantifying the change to the solution given a change to the input.De�nition 3 A decision problem �1 is incrementally reducible to another decision prob-lem �2 in time and size bounds [f(n); g(n)], denoted �1 �incr [f(n);g(n)] �2, if1. There is a transformation T : �1 ! �2 that maps instances of �1 to instances of �2such that I is a positive instance of �1 if and only if T (I) is a positive instance of �2.2. There are RAM programs P and Q such that for all n � 0 we have(a) Given any initial instance I0 of �1 (jI0j � n), P e�ciently computes T (I0) andsome auxiliary data structure SI0 associated with I0.(b) Given the current instance I, the incremental change 41 to I (where 41 changesI to another instance I 0 of �1, and jI 0j � n) and the current data-structure SIin the random access memory, Q constructs the incremental change 42 to T (I)(where 42 changes T (I) to T (I 0)), such that j42j � g(n)j41j, and modi�es SIinto the new data-structure SI 0 in O(j41jf(n)) time.Note that g(n) is always O(f(n)). We say that �1 �incr [f(n)] �2 if �1 �incr[f(n);f(n)] �2.Theorem 1 If �1 is incrementally reducible to �2 in time and size bounds [f(n); g(n)], andif �2 is in incr -TIME[h(n)], then �1 is in incr -TIME[f(n) + h(n)g(n)]. 23 Incrementally-Complete ProblemsWe now turn to the notion of incremental completeness. The idea is to �nd a problem whichis as hard to solve incrementally as any other problem in a given class. In this section we useincremental reductions to get natural problems incrementally complete for P, NLOGSPACELOGSPACE, and NC1.De�nition 4 A problem � is said to be incr [f(n); g(n)]-complete for a class C if1. � is in the class C.2. For all �1 in C, �1 is incrementally reducible to � in time and size bounds [f(n); g(n)].We say that � is incr [f(n)]-complete for a class C if it is incr [f(n); f(n)]-complete for aclass C. We call a problem � incr -POLYLOGTIME-complete for a class C if � is incr [f(n)]-complete for C, where f(n) is O(logk n) for some k. We de�ne incr -CONSTANTTIME-completeness in an analogous fashion. 3



The obvious question to explore is how the complexity classes incr -POLYLOGTIME,incr -POLYLOGSPACE, and incr -LOGSPACE are related to the well known sequential com-plexity classes? Our �rst intriguing result is that the commonly known P-complete problemslisted in [11] and [5] are incr -POLYLOGTIME-complete for the class P. These problemsinclude the Circuit-Value problem (CV), the Solvable Path System problem (SPS), Propo-sitional Horn Satis�ability, and a host of other well known P-complete problems. Theseproblems are therefore as hard to solve incrementally as any other problem in P.Theorem 2 All P-complete problems in [11] and [5] are incr -POLYLOGTIME-complete forthe class P.Proof Sketch: We present the proof for the case of circuit value problem. Given any problem �in P and an initial instance I0 with jI0j � n, we use the standard LOGSPACE reduction tocreate a circuit of size t(n) by t(n) (where t(n) is a time bound for some polynomial timeturing machineM to solve instances of � of size at most n) that simulates the turing machineM used to solve the problem �. The inputs to this circuit are the bits of the initial instanceI0. This gives us the initial transformation of I0. A one bit change to I0 results in aone bit change to the corresponding instance of the CV (the input variable in the circuitcorresponding to the changed bit is changed to re
ect the new input). All this can be donein constant time, and thus the Circuit-Value problem is incr -POLYLOGTIME-complete for P.We can provide similar proofs for the other problems listed in [11] and [5]. The reductionsneeded to show this are sometimes di�erent from those given in the literature. We require forexample that when a general problem � in P is changed by one bit, input to the incrementallycomplete problem under consideration changes only by a polylog number of bits. The useof preprocessing plays a signi�cant role, since the size of the instance of the incrementallycomplete problem may be a polynomial factor larger than the problem � in P. 2Corollary 1 If the P-complete problems in [11] and [5], like circuit value problem, are inincr -POLYLOGTIME then all of P is in incr -POLYLOGTIME.Corollary 2 If there are NC algorithms to dynamically update the P-complete problemsin [11] and [5], then we automatically get NC algorithms to dynamically update all of P.These corollaries suggest that it is highly unlikely that problems like the circuit value problemcan be dynamized.Kasif and Delcher [3] propose other notions of completeness. They de�ne the incrementalversion of a function f as follows: Let f be a function that maps input X of length jXj tooutput f(X). Then Inc-f is the function that given inputs of form (X; f(X);X 0), com-putes f(X 0), where X and X 0 di�er in at most log jXj bits. A function f is Inc-P-completei� for every function g in P, Inc-g is LOGSPACE-reducible to Inc-f . With this de�nitionthey argue that the \All-Outputs Monotone Circuit Value Problem" is Inc-P-complete. Thedrawback in this approach is that it disallows the use of dynamic data structures. In otherwords their incremental reductions are not strong enough to conclude that it is unlikely thatone will get good algorithms (meaning NC algorithms) for the incremental versions of Inc-P-complete problems irrespective of the size of the auxiliary storage. They try to overcome thisdrawback by proving that the incremental versions of many P-complete problems are alsoP-complete. Here they completely ignore the issue of preprocessing. Though their results are4



interesting, they are somewhat weak in that the issues of data structures and preprocessingare overlooked. They conjecture that the incremental versions of all P-complete problemsare P-complete.Interesting notions of completeness are sketched by Reif [14]. He shows that some prob-lems are unlikely to have e�cient incremental solutions, but he does not develop a compre-hensive theory or consider the necessary details of preprocessing. Some interesting techniquesare explored in [2], [4] and [13] to derive lower bounds for incremental algorithms. Theirmain idea is to construct an algorithm for the batch version of the problem with input I bycomputing a dynamic data structure for some easily-computed instance I 0, whose Hammingdistance from I is small, and then applying the incremental algorithm repeatedly while I 0 issuccessively modi�ed to I. This gives lower bounds for the incremental problem in terms ofthat for the batch problem. The drawbacks of this approach are that it limits the amountof preprocessing available and is problem speci�c.Theorem 2 would seem to suggest that all P-complete problems are incr -POLYLOGTIME-complete for P. Unfortunately that is not the case, since one can take anyincr -POLYLOGTIME-complete problem � and create another problem �0 by duplicatingthe input, so that �0 is no longer incr -POLYLOGTIME-complete even though it is stillP-complete. In fact we prove that some P-complete problems can be solved e�ectively incre-mentally.Theorem 3 There are P-complete problems that are in incr -POLYLOGTIME.Proof Sketch: Let L be some P-complete language over the alphabet P = f0; 1g such thatit takes linear sequential time to determine whether a given word w is in L or not. Let usconsider the language L0 = fwjwjjw 2 Lg. Obviously L0 is also P-complete. We claim thatmembership queries for L0 can be performed dynamically. We will abuse notation slightly byusing the symbol L0 both for the language and the associated membership problem. Consideran initial nn-bit instance I0 of the problem L0 (instances which are not of the form nn forsome n 2 N can be handled without too much trouble). We spend polynomial time to see ifit is of the form wjwj for some w 2 L. This, we can do by running a subroutine SL to checkmembership in L and some associated linear time work to see if I0 is of the form wjwj. Atany point in time let the current instance I be a concatenation of n bit strings a1; a2; . . . ; an.The dynamic algorithm works as follows:1. As long as less than n=2 of the ai's are equal (that is, less than n=2 of the strings arethe copy of the same string w) answer \no" for every instance.2. If at some point more than n=2 of the ai's are all equal to the samew, start a backgroundprocess which executes the subroutine SL on the string w; and for every update fromthen on, spend constant amount of time (the constant depends on the sequential timecomplexity of L) on the background computation.3. We now claim that whenever the current instance I of L0 is = wjwj for some w 2 P�the background process already has the answer for whether w is in L or not! To provethat let us consider the sequence of instances starting at I0, going through I1; I2; . . . ;all the way up to the current instance I = Ik for some k, where every instance I lis derived from the previous instance I l�1 by updating the bit that was changed at5



time l � 1. Let Ij be the instance closest to I such that it is a concatenation of thestrings b1; b2; . . . bn and n=2 of the bi's are equal. It is easy to see that k � j � n=2,therefore starting at time j the background computation Sl ran for at least O(n) stepsbefore the time k. This implies that by the time we reached instance I = wjwj thebackground computation SL had already executed the number of steps necessary todetermine whether w is an element of L or not. The membership query for I is thesame as the one for w. If w is in L we answer \yes" for the instance I otherwise weanswer \no."A more careful look shows us that we had the time to execute the procedure SL in thebackground due to the sparseness of L0 which was a result of concatenating strings of L tothemselves \many" times. 2The above construction works by taking an incr -POLYLOGTIME-complete problem and in-troducing redundancy by copying, and in fact all the ways to generate incrementally tractableproblems from P-complete problems seem to involve redundancy in some form or the other.We restrict ourselves therefore to P-complete problems that are in some sense non-redundant.To do that we look at a much stricter de�nition of P-completeness; one in terms of projec-tions, introduced by Skyum and Valiant [15].De�nition 5 A decision problem �1 is projection reducible to another decision prob-lem �2 (�1�proj�2) if there is a function p(n) bounded above by a polynomial in n, anda family of polynomial time computable mappings � = f�ngn�1 where�n : fy1; . . . ; yp(n)g ! fx1; x1; . . . ; xn; xn; 0; 1g;and for any n-bit instance I of �1 we can derive a p(n)-bit instance I 0 of �2 using themapping �n such that I is a positive instance of �1 if and only if I 0 is a positive instanceof �2. To derive I 0 we give xi the same value as the ith bit of I and use �n(yi) as the ith bitof I 0. We say that � is bounded above by p and �1 is �-reducible to �2.De�nition 6 A problem � is said to be <proj-complete for a class C if � is in C and thereis a function p(n) bounded above by a polynomial in n, such that every problem �1 2 C is�-reducible to � by a projection � = f�ngn�1 bounded above by p.Problems like the circuit value problem are �proj-complete for P. Even under this re-stricted setting it is possible to create problems which are �proj-complete for P but are inincr -POLYLOGTIME. To remedy that we de�ne the following notion of non-redundancy:De�nition 7 Let �1 be a decision problem and � be another problem such that �1�proj�.We say that � is non-redundant with respect to �1 if there exists a polynomial time computablefamily � = f�ngn�1 of mappings and a number k 2 N such that �1 is �-reducible to �(where �n is a mapping from the set fy1; . . . ; yp(n)g to fx1; x1; . . . ; xn; xn; 0; 1g), and for allsymbols xi; j��1n fxi; xigj = O(logk n).We now de�ne the notion of non-redundancy with respect to a class C.De�nition 8 Let � be a problem which is �proj-complete for C. We say that � is non-redundant with respect to C if it is non-redundant with respect to every problem in C. Wethen call � a non-redundant projection complete problem (or a NRP-complete problem) forthe class C. 6



Lemma 1 Let C be a class of decision problems and let �1 be a NRP-complete problem for C.If � is another decision problem in C such that �1�proj� and � is non-redundant with respectto �1 then � is NRP-complete for CProof : The proof follows from the de�nitions in a straightforward manner. 2The P-complete problems listed in [11] and [5] are all NRP-complete for P. The followingtheorem shows that this large class of P-complete problems are di�cult to make e�cientincrementally.Theorem 4 Let C be a class of decision problems and � be a NRP-complete problem for C,then � is incr -POLYLOGTIME-complete for C.Proof Sketch: The proof follows from noting the fact that given any problem �1 2 C, thereis projection mapping from � to �1 such that a one bit change in an input instance of �1causes at most polylog number of bits to change in the corresponding instance of �. 2We now look at the classes NLOGSPACE, LOGSPACE and NC1.Theorem 5 The following variant of transitive closure is incr -CONSTANTTIME-completefor NLOGSPACE:Input: A directed graph G = (V;E) such that each e 2 E is colored with 0 or 1; a pair ofvertices v1 and v2; a partitioning of V into sets V1, V2, . . ., Vk; and a color vector Cof length k.Output: Is there is a path p from v1 to v2 such that all edges in p emanating from verticesin Vi have color C[i]?Proof : The reduction from any problem in NLOGSPACE to this variant is straightforward.The trick that makes the reduction go in constant time and constant storage is the use ofthe sets V1, V2, . . ., Vk and the color vector. We group all intermediate states that read theinput bit i into the class Vi; C[i] is assigned the same value as input bit i. Now a change insome input bit i changes C[i]. 2A restriction of the above problem is incr -CONSTANTTIME-complete for LOGSPACEwhile a similar variant of bounded width polynomial size branching programs [1] gives us anincr -CONSTANTTIME-complete problem for non-uniform NC1.Surprisingly however there are problems which are NC1-complete for LOGSPACE, butare nevertheless in incr -POLYLOGTIME, as demonstrated by the following theorem:Theorem 6 The problem of Undirected Forest accessibility (UFA) is in incr -TIME[logn],under additions, deletions, linking and cutting of trees.Proof Sketch: The dynamic maintenance is done by using balanced trees such as red-blacktrees to maintain ordered sets with insert, delete, split, and join [6].� Preprocessing: An Euler tour of each tree in the forest is maintained in a red-blacktree. Each edge of the tree occurs twice in its Euler tour.7



� Query(n1; n2): Let e be an edge in the adjacency list of n1 and f an edge in the listof n2. We follow pointers in the red-black tree to determine if they both have the sameroot.� Linking and cutting are implemented using the split and join operations of red-blacktrees, with O(log n) time per operation. 2The interesting thing to note here is that even though UFA is not known to be in NC1 itis in incr -TIME[log n]. At the same time, all of NC1 is not known to be in incr -TIME[log n].4 Incremental Computation in Restricted RealmsThe class of Z-strati�ed trees was introduced by Overmars [12] in an e�ort to form a generaltheory of balancing in search trees. It subsumes a large portion of the search structuresused to design dynamic algorithms. In this section we show that under reasonable assump-tions problems which have incremental solutions based on these structures also have parallelsolutions.Theorem 7 Let � be a problem in incr -TIME[logk n], for some k � 1. Then � is in NCk+2,if the following constraints hold:1. The data structure used is an augmented Z-strati�ed search tree. Each internal nodemay contain information relevant not only to enable search but may contain the resultof some function f applied to its children. The only restriction is that f be computablein time O(logk n).2. There is a special instance I0 such that the tree corresponding to I0 can be built inLOGSPACE.3. Any `-bit change to the current input I, where 1 � ` � n, involves modifying the treeby inserting or removing some number of elements. The elements to be inserted ordeleted are functions of the current input, the current data structure, and the change,and they can be computed in LOGSPACE.4. After all the insertions and deletions some sort of search is conducted in the tree intime O(logk n) to get the answer to the updated instance.Proof : Given instance I we proceed as follows: First we create the tree corresponding to I0in LOGSPACE and calculate all the deletions and additions needed to get the tree for I, alsoin LOGSPACE. Now we determine the order in which they are to be present in the �naltree in NCk+2. This can be done because the function f which is used in determining theorder between two elements is computable in O(logk n). Therefore the set of elements in thetree for I can be sorted in EREWk+1; and hence in NCk+2 [8]. We then construct the treein time NCk+2 in a bottom-to-top sweep. This can be done because Z-Strati�ed trees havelogarithmic depth, and the value of the function f at a node depends only on the contentsof the nodes of its children. All we have to do now is to let one processor walk down thetree and get the answer to I in time O(logk n). 28



This deceptively simple theorem demonstrates why most known problems with e�cientdynamic solutions have optimal parallel solutions. For example we can use this theoremto parallelize dynamic algorithms using degree-balanced trees, height-balanced trees, path-balanced trees etc. We can derive similar results for other classes of trees as well.One important technique in getting dynamic solutions for problems is the divide and con-quer approach. To exploit this technique Mehlhorn and Overmars [10] consider an importantclass of problems called order-decomposable problems.De�nition 9 A set problem � is called C(n)-order-decomposable if and only if there existsan ordering ORD and a function 2 such that for each set of n � 1 points V = fp1, p2,. . ., png, ordered according to ORD, and for each 1 � i � n, we have�(fp1; p2; . . . ; png) = 2(�(fp1; p2; . . . ; pig); �(fpi+1; pi+2; . . . ; png));where 2 takes at most C(n) time to compute when V contains n points. In other wordsa problem is order decomposable if after arranging it according to a speci�c ordering, theproblem can be split at any point to give two smaller subproblems whose solutions can beglued together \e�ciently" to get the solution for the original problem.Mehlhorn and Overmars essentially prove that if � is an O(logk n)-order-decomposableset problem and it takes less than O(logk n) time to compare two elements to determine theirordering with respect to ORD, then � 2 incr -TIME[logk+1 n]. We make the following rathersimple extension.Theorem 8 If � is an O(logk n)-order-decomposable set problem and the ordering of twoelements with respect to ORD takes time O(logk n), then � 2 incr -TIME[logk+1 n] and � 2NCk+2:Proof : The parallel algorithm uses a divide and conquer approach to split the problemrecursively into roughly equal parts. The solutions are later glued together using 2. We�rst sort the input according to ORD. This takes time O(logk+1 n) in a EREW PRAM and istherefore in NCk+2 then we solve the problem for n singleton sets. We now use a bottom-upapproach to glue the solutions back together. This takes log n phases and hence can be donein O(logk+1 n) by an EREW PRAM, which in turn implies that it can be done in NCk+2. 2This theorem gives automatically generated parallel algorithms for problems such as� Calculating the Convex hull of a set of points.� Finding the maximal element in two dimension; and� Calculating the Voronoi diagram of a set of points in two dimension.5 Problems on Comparator GatesIn this section we consider the circuit value and network stability problems over comparatorgates, introduced in [9]. We show that these two problems are in incr -LOGSPACE and in9



rincr -LOGSPACE(NLOGSPACE) respectively, and thus their dynamic versions can be solvedquickly in parallel, even though the batch versions have no known NC solutions.The de�nitions of circuits and gates are taken from [9] and are given here for the sake ofcompleteness.De�nition 10 A circuit is a directed acyclic graph, where each node represents a gate. Theincoming edges are inputs while the outgoing ones are the outputs of the gate. A networkis a circuit with feedback, in other words the underlying graph need not be acyclic. A gatepreserves adjacency (is adjacency preserving) if it maps adjacent input words (binary wordsof the same length that di�er in at most one bit) into adjacent output words. A gate ismonotone if it cannot simulate the NOT gate. A comparator gate, takes as input a and band gives as output a^ b and a_ b. The circuit value problem over comparator gates (C-CV)is the circuit value problem where all the gates are comparator gates.Theorem 9 The circuit value problem over comparator gates (C-CV) is in incr -LOGSPACE.Proof : Comparator circuits are adjacency preserving; a one bit change at any place transmitsonly a one bit change to succeeding levels. The desired algorithm follows by using a variantof list ranking to do the incremental computation.� Preprocessing: The circuit is evaluated in polynomial time for the initial instance andthe values at each edge are maintained.� Change in one input bit: This change is propagated in LOGSPACE, by walking throughthe circuit, since a one bit change in one level implies a one bit change in the succeedinglevel. The space required is obviously logarithmic.� Introduction of a gate: Let i1 and i2 be inputs to gates g1 and g2, such that the newgate g to be introduced takes as input i1 and i2 and feeds its outputs o1 and o2 to g1and g2 respectively. To e�ect this change, we just walk down the circuit twice, startingat gates g1 and g2, taking into account the new inputs to these gates caused by theintroduction of the new gate.� Deletion of a gate: The process here is similar to insertion and we again walk downthe circuit twice from the point where the deletion took place, updating edge values inthe process.All these steps can be done in logspace therefore C-CV is in incr -LOGSPACE. 2A similar argument holds for any circuit that is adjacency preserving. This result isinteresting because C-CV is not known to be in NC. Therefore C-CV has the distinction ofbeing a problem that can be updated fast in parallel, though it is not known whether itcan be solved fast from scratch in parallel. This also means that problems like the \Lex-First Maximal Matching," problem which can be parsimoniously reduced to C-CV are inincr -LOGSPACE.We now turn our attention to the network stability problem on comparator gates. Anetwork is stable for a given input assignment if we can assign values to the edges whichare consistent with the gate equations and the given input assignment. Given a network N10



consisting of only monotone gates and an input assignment Sin, it can be easily seen thatthere exists a stable con�guration. Therefore the answer to the network stability problem oncomparator gates is always a yes. The interesting question therefore is the value of an edge inparticular types of stable con�gurations. Given a network N and an input assignment Sin weare interested in knowing the value of an edge in the \most-zero" stable con�guration Smin.This con�guration has the property that if an edge e is 0 in any stable con�guration S ofthe network, it is 0 in Smin.Theorem 10 The problem of �nding whether an edge e is 0 in the \most-zero" con�gurationof a comparator network N is in rincr -LOGSPACE(NLOGSPACE).We provide a description of the algorithm used in updating the network and then prove thatit is correct.The approach is similar to the one taken in the case of the comparator circuitvalue problem, except that we now need the use of nondeterminism to recognize and traversecycles in the network.Proof :� Preprocessing: The most zero con�guration of the network is evaluated in polynomialtime for the initial instance and the values at each edge are maintained. The initialedge values are evaluated by forcing the inputs one by one in some predetermined orderuntil no more edges can be forced. For any input i the edges forced form a path (notnecessarily simple) from i to some out put o. We will call this path the snake i andlabel every edge in the snake with i. Let � be the order in which the inputs are forced.We say that snake i is less than snake j, if input i was forced before input j. We call i azero-snake (a one-snake) if the input i is zero (one). All the edges which are not forcedby any inputs are given the value 0 and are given a special cycle label C. C is placedat the end of the ordering �. It can be shown that C is a collection of zero-cycles.
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A one−snakeFigure 2: When a zero snake meets with a one-snakewe are following. Initially both Sn and Fl have the value i (the changed input). Wewalk down the circuit following label Fl changing edge values and replacing edge labelswith Sn. All the changes are recorded in a write only copy of the network which in thebeginning of the update corresponds to the current state of the network. Any changesmade cannot be read again. This restriction is to constrain the algorithm to work inLOGSPACE. At each step we decide whether to continue along the same path, or todo certain intermediate computations. Let X be the current gate along the path, withinput edges a1 and a2 and output edges o1 and o2. Let o1 be the AND output and o2the OR output. Suppose that a1 was changed from 0 to 1 in the last step then we makethe decision on what to do next based on the following criteria.1. { a1 is on the snake f and a2 is on snake g.{ Both f and g are zero-snakes.{ f is less than g in the ordering.We are now in a situation where o1 was on f and o2 was on g (see Figure 1).We therefore need to do some label changing since the OR output should be onsnake f (this is so because f is less than g in the ordering and hence should forcethe OR output). Snake f should therefore get label g beyond X (or put anotherway the snakes are changing pieces). However we can't just change the label off to g, all the zero-snakes in between f and g will be a�ected as well. We dothis by the subroutine ZERO-LABEL(f; g) (to be described later), which relabelsedges in all zero-snakes f � h < g with labels greater than h. It is clear thatthese will be the only snakes that will be a�ected. We then assign the follow Flto be g change o2 to have value 1 and label Sn and continue.2. { a1 is on the snake f and a2 is on snake g.{ Both f and g are zero-snakes.{ f is greater than g in the ordering.We are now in a situation where the AND output o1 was on snake g and the ORoutput o2 on snake f (see Figure 1), o2 should now become 1, we therefore makeno changes to either Sn or Fl. We change the edge o2 to have label Sn and value1 and continue forcing (changing labels and values as warranted) the input changein the network. 12
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2Figure 3: When the forcing path meets a zero-cycle3. { a1 is on the snake f (or on C) and a2 is on snake g.{ f is a zero-snake while g is a one-snake.{ Sn is less than g in the ordering.We are in a situation similar to Case 1 (see Figure 2). The OR output is onsnake g (since g is a one-snake), but now that f (C) has become part of theone-snake Sn the OR output should be on Sn . The edges on snake g thereforehave to get the label Sn (and maybe others in between Sn and g). We nowuse a similar routine ONE-LABEL(Sn, g) to (this routine is symmetric to theZERO-LABEL(f; g) subroutine) relabel the edges of all one-snakes Sn < h � g.Then we assign the value g to Sn; change the edge o1 to have value 1 and labelSn and continue (note: assigning Sn the value g is equivalent to changing ourperception of the input that changed to g).4. { a1 is on the snake f (or on C) and a2 is on snake g.{ f is a zero-snake while g is a one-snake.{ Sn is greater than g in the ordering.We are now in a situation similar to Case 2 (see Figure 2); since Sn is greaterthan g the OR output o2 should be on g. Now that a1 changes to 1, so should o1.Sn and Fl remain the same, and we continue forcing the input change in thenetwork.5. { a1 is on the snake f and a2 is on C.{ f is a zero-snake.We are now in a situation wherein one or more zero-cycles of C will become partof the new one-snake Sn (see Figure 3). We perform the following steps{ Find out if the edges of this cycle C1 of C have already had their valueschanged. This is done by a call to an oracle FORCED(a2, X) which looks tosee whether the edge a2 can be forced to a 1 before reaching a1. The oracleFORCED works in NLOGSPACE and will be described later.{ If the cycle has already been forced we don't enter it but force the ANDoutput o1 to 1 instead and change its label to Sn before continuing.13



X

Y

Z

f

f

f

f

f

f

f

f

f

f

f

h

h

Will get label "h"
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if "f" < "k" < "h"Figure 5: How label interchanges a�ect the new labelingcan reach some node Y in L with some label h (where h is a zero-snake), thensome of the edges in L beyond Y would get the label h (since C is greaterthan all the snakes in the ordering �). We therefore �nd the earliest such Yby calling the routine REACHED(X, Y , h) (to be described later) for all theY 's one by one. Some of the ways a label h can reach the node Y are shownin Figures 4 and 5. In Figure 4 we see the case wherein a subcycle of L getsthe label h, and in Figure 5 we see how to reach Y with a label h after acomplicated interchange of labels. In this case all of L gets the label h.{ Label the edges in the smallest subcycle of L containing Y with label h.The Loop L has now been divided amongst the other snakes and C, note since wedid all the writes in the reverse order as in � we are guaranteed that the variousorderings will be obeyed at all nodes in the loop.We now give brief descriptions of the subroutines FORCED, REACHED, andZERO-LABEL. The procedure ONE-LABEL is similar to the ZERO-LABEL procedure and isomitted. The procedure FORCED(a2, Y ) works as follows:1. Start at the input which has been changed, and follow the path of forcing until a nodewith a zero-cycle is reached. At this point we know that if we take the OR output wewill come back; therefore we have a non deterministic choice to make as to whether weshould take the OR or the AND output to reach the edge a2 of gate Y .2. If we reach a2 within n steps without reaching a1 we answer \yes" otherwise \no".The procedure REACHED(X, Y , h) works as follows:1. We can reach Y with h if h is a zero snake which meets the loop at Y and one of thefollowing holds 15



� The label on the edges of h is not changed by the change in the value of a1 (seeFigure 4) of X.� We can reach Y with the label h on edge a1 (for instance) not in the loop L, suchthe label interchanges happen either when a forcing path meets a zero-snake ksuch that k < Fl, or if a zero-snake x whose label has been changed to z meetsanother zero-snake y, such that x < y < z. See Figure 5 in which f < k < h.Therefore node Y is reachable with label h.� If either of the cases outlined above, hold we answer \yes" otherwise we answer\no".2. Fortunately we can do all this in NLOGSPACE with calls to FORCED.The procedure ZERO-LABEL(f; g) works as follows:1. For all zero-snakes h, such that f � h < g consider all the zero-snakes k 6= h betweenh and g in the reverse order, and do the following:2. Find the earliest node Y on h with inputs a1, a2 and outputs o1, o2 such that, the ANDoutput o1 is on snake h, and Y can be reached with label k. This is done using thesubroutine REACHED.3. If such a Y exists relabel all the edges in h beyond Y with the label k.An inductive proof can be used to show that ZERO-LABEL(f; g) labels the snakes f � h < gcorrectly. Note all the changes are made in the output tape.The proof of correctness depends upon one crucial fact. When we reach a node X suchthat a1 is on the snake f and a2 is on snake g, both f and g are zero-snakes, and f isgreater than g in the ordering, then g has not been changed in any previous labeling. Theproof follows from the fact that after every labeling the value of Fl becomes greater thanall the snakes whose edges have changed. This implies that even though we are allowed tolook only at the input tape, we have su�cient information to make correct decisions. Asimilar statement can be made about the situation when we meet a one-snake. In all ourcalls to NLOGSPACE oracles we have taken the liberty of assuming that the oracle givesboth \yes" and \no" answers correctly, which is not entirely correct. Every call to any of thesubroutines should be interpreted as a dual call to the routine and its complement (executedin an interleaved fashion). When one of them answers we stop the other routine, the wholecomputation is still in NLOGSPACE because NLOGSPACE and CO-NLOGSPACE are thesame [7]. Since the algorithm above works in LOGSPACE and uses NLOGSPACE oracles,the network stability problem in in rincr -LOGSPACE(NLOGSPACE). 2Subramanian [16] has shown that a number of problems concerning stable mar-riage are equivalent to the problem of network stability in comparator gates. Deci-sion problems based on the \man-optimal stable marriage problem " and other problemsparsimoniously reducible to the comparator network stability problem are therefore inrincr -LOGSPACE(NLOGSPACE). Like the Comparator Circuit Value problem, these toohave no known NC algorithms to solve them from scratch.16



6 Conclusions and Open ProblemsWe have provided a �rm theoretical base to conduct the study of incremental computa-tion. We have demonstrated the existence of problems that are incrementally completefor various natural complexity classes and shown some important special cases whereindynamic solutions imply parallel ones. We have also shown that the comparator circuit-value problem is in incr -LOGSPACE and the comparator network stability problem is inrincr -LOGSPACE(NLOGSPACE). We would like canonical problems for the classes we havede�ned, and would like to answer some of the following questions.1. How is incr -POLYLOGTIME related to the class LOGSPACE?� Is there some restriction to LOGSPACE that will automatically give us incrementalalgorithms for languages in this restricted class? The problem here seems tobe in de�ning a meaningful restriction of LOGSPACE for which Directed forestaccessibility is incr -POLYLOGTIME-complete.� Is there some restriction of incr -POLYLOGTIME which is a subset of LOGSPACE?2. What is the relation between incr -POLYLOGTIME and NC, the class of problemssolvable by bounded fan-in circuits of polynomial size and polylog depth?� Are restrictions of either class comparable to the other?3. What is the relation between incr -POLYLOGTIME and problems which have optimalparallel algorithms?� Are there general reductions from one to the other? Do problems like st-numbering that have optimal parallel algorithms also have incremental algorithms.� It seems hard to convert any parallel algorithm that uses reachability in someform into a corresponding dynamic algorithm for the same problem. We feel thatrestricting ourselves to parallel algorithms which avoid using transitive closure asa subroutine may help us in getting dynamic algorithms. This is the case with anumber of recent parallel algorithms for planar graphs. It would be interesting tosee if any generic reductions are possible in this restricted realm.4. A particularly interesting class of problems in computational geometry deals with themanipulation of generalized trees. In this restricted class there seems to be an evenstronger relation between incr -POLYLOGTIME and NC, as is demonstrated by Theo-rem 7 and Theorem 8. We would like to explore this relation further.5. How are incr -POLYLOGTIME incr -LOGSPACE and rincr -LOGSPACE(NLOGSPACE)related to the class CC of problems reducible to C-CV? Does the fact thatcomparator gates preserve adjacency make these problems incrementally tractable?We have partially solved this problem by showing that the circuit value prob-lem on comparator gates is in incr -LOGSPACE and the network stability prob-lem is in rincr -LOGSPACE(NLOGSPACE). However we are unable to show thatCC is in rincr -LOGSPACE(NLOGSPACE); this is because the many-one reduc-tion used by Subramanian [16] may not be parsimonious. In particular we don't17



know whether the network stability problem on non-bipartitionable X-gates is inrincr -LOGSPACE(NLOGSPACE).We believe that the classes incr -TIME and incr -SPACE are an important means forgetting a better understanding of the relationship between incremental and parallel compu-tation.
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