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Abstract

We study the n** coefficient of a function f(z)?3(z) with real positive coefficients under
the conditions that d — +oo0 and n = o(d).

1 Introduction

Generating functions of the kind ¢(2) = f(z)d, where f is a function with positive coefficients
and d is a parameter which tends to infinity, appear in some problems of discrete probability
theory, combinatorial enumeration, coding theory, etc. These problems require to estimate the
nth coefficient of f¢, which we shall denote by [2"]{f(z)?}, for large n and d. This can frequently
be done by the saddle point method, which gives an approximate value of this coeflicient under
general conditions on f. Previous papers have concentrated on the case where n grows at least
as fast as d. In contrast, we present here results for the case where n = o(d).

The plan of the paper is as follows: In order to unify the presentation, we first introduce some
notations, then we recall former results and the basis of the technic we shall use (a saddle-
point approximation) in Section 2. Section 3 presents our main contribution: the asymptotic
approximation, for large n and d such that n = o(d), of [2"]{ f(2)¢} and of [z"]{f(2)? ¥(z)}, for
a function 1 which is either independent of d or a product of “not too large” powers of functions,
and which satisfies some further simple conditions. We give some examples of application in
Section 4, before proving our results in Section 5.

2 Notations and related results

2.1 Notations

We consider in this paper functions of one variable with a power series expansion f(z) =
k>0 fr2®, with real positive coefficients. We also assume that the radius of convergence of
f is strictly positive. We present here some notations that we shall use in the sequel. We define
two operators on a function f:

N
Af(z)_ f()’

*This work was partially performed while the author was visiting at the Computer Science Department, Brown
University, Providence R.I. 02912 (U.S.A.).



5 2 f(2) _ 2f()f"(2) - £2(2)) + £(2)f'(2)
§f(2) = —=(2) — =(2) + =
I = 7B ="p )+ 356 2F(2)
These two operators are related by: 26f(z) = (Af)'(z). As the function f has positive real
coefficients, it is not difficult to show that, for all z > 0 for which it is defined, the value of § f(2)
is strictly positive; as a consequence the function Af is increasing.
We give here a property of the operators A and § that we shall use in the sequel:

If f(0) # 0 and £'(0) # 0, then for z — 0 we have Af(2) = zf (0)/f(0)(1 + O(2))
and §f(z) = f(0)/(2£(0))(1 + O(2))-
Proof: f'(2)/(2f(2)) = f (0)/(2f(0))(1+ o(1)) and the two other terms of & f(z) are O(1). D

2.2 A general formula when n = 0(d)

The problem of finding the asymptotic value of [2™]{f(2)?}, when n,d — +oco0 and n and d are
roughly proportional, was studied for example by Daniels [2] and Greene and Knuth [10], mostly
for probability generating functions. As noted by Good [9], this result is actually valid for a
larger class of functions, such as entire functions or functions defined on an open disk; moreover
it can be improved to give further terms of an asymptotic development. We give below the main
result [2][9, p.868].

Theorem A:

Assume that n/d belongs to an interval [a,b], 0 < a < b. Define p and o2 by
Af(p) = n/d and o% = p25f(p). Then:

d
)" = L+ o).

We can simplify Theorem A further; if n = kd (i.e A = 0 below) we get an approximation
independent of » and d.

Corollary A:
Ifn = kd, then

d
A = 5 (14 o)
andif n =kd+ A

["{f(2)"} = (14 0(1)),

BA\/_

for suitable constants A = f(po)pg k and B = 0+/2x, and with po the solution (inde-
pendent of n and d) of Af(z) = k. Note that o too is a constant: 0% = p26f(po).

Proof: Corollary A is obvious if n = kd; we just have to prove it when n = kd + A. From
Theorem A, we know that

d
U = 2= o),



with p defined by Af(p) = n/d. Define po by Af(po) = k; we have pg = p(1+4¢) with € = O(1/d).
Now the term oo computed for pg is equal to o(1 + o(1)) and

F(po)pg™ = f(p)ip e ldAIo)m)+OMES),

But, from the definition of p, dAf(p) — n = 0; moreover O(de?) = O(1/d), which concludes the
proof. O

The constant A is f(po)ps*, with k = n/d. We can study its variation when the quotient n/d
is restricted to a closed interval of ]0,+oo[. Let A = A(k) with k = n/d. If we assume that
k +— po = p(k) is a differentiable function, then the derivative of A satisfies:

92 (k) = A(k)log o(#).

As p(k) is defined by Af(p(k)) = k and as Af is increasing, the function k +— p(k) is also
increasing. We conclude that on a suitable interval including Af(1), A(k) is first increasing,
then decreasing (i.e. is a unimodal function of k) with mazimum A(Af(1)) = f(1).

2.3 Function defined by an implicit equation

A recent paper by Meir and Moon [14] presents results about the coefficient of 2™ in f(z)¢,
when d,n — +o0o0 and with f defined by an implicit equation: f(z) = 2¢(f(2)) and f(0) = 0.
Rephrased into the notations of this paper, their basic result is as follows:

Theorem B:

For f(z) defined as above, and d = an + A/n + o(y/n), a a constant such that
0 < a< 1 and ) a finite (positive or negative, possibly null) constant:

U2 = — e A )1+ (1),

where p is defined by A¢(p) =1 — a and

% = p°¢"(p)/$(p) + a1 — @) = p26¢(p)-

Meir and Moon actually prove in passing the following result:

-2 /202 ¢( )d
{04 = = PPl (14 0(1
EHa = = e B (14 o)
and their range of validity is for n = (1 — @)d + AV/d+ o(v/d). For & > 0 and X # 0, this result is
basically Theorem A applied to n = kd + O(+/d) with a constant k = 1 — & €]0,1]. Theorem B
is then obtained by an application of the Lagrange inversion formula:

HAGE) = S gy,

When a = 0 but A > 0, Theorem B gives an approximation valid for d = Ay/n(1 + o(1)), i.e.
d? = X2n(1 + o(1)). If @ = X = 0, the result holds for d = o(/n) i.e. d> = o(n). Summing up,
this means that Meir and Moon have results for d ® an (a # 0) or for d2 = O(n) (e = 0). This
is the most general result currently available. However, it does not give bounds on [2"]{f(2)%}
when n = o(d): Such a relation between n and d is not possible here, because f(0) = 0.
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2.4 The underlying techniques: the saddle-point approximation and the bi-
variate Laplace’s method

The papers [2, 9, 10] use a saddle-point approximation to derive their results. Its principle relies
on Cauchy’s formula for analytic functions, which expresses the coefficient of such a function as
an integral on a curve of the complex plane, and on approximation technics for integrals which
depend on a large parameter. We refer the reader to [1, 3] for a general presentation of these
asymptotic technics, in particular of the “method of steepest descent” which is the basis of the
saddle-point approximation; a good presentation is also given by Hayman [11][17, Ch.5]. We
sum up what we need for our purpose below.

The coefficient of 2™ in an analytic function ¢(z) is given by Cauchy’s formula:

[2")¢(2) = -211—‘”_ ]{ #(2) zgil dz.

The integration contour is a closed curve around the origin of the complex plane. This is an
integral of the form (1/2ir) § eM(*)dz for h(z) = log ¢(z) — (n + 1)log(2).

The integration contour is chosen according to the function ¢, in such a way that a small
portion of it gives the major part of the integral. When the function ¢ is entire, we may
choose for integration contour a circle centered at the origin and which goes through a saddle
point. This point p is defined by an equation in h, and its interest lies in the fact that, on the
circle going through this point, the integrand eP(?) is negligible most of the time, except in the
vicinity of the saddle point. We can often prove that the integral on the curve differs from the
integral restricted to a neighbourhood of the saddle point by an exponentially small term, and
approximate this restricted integral by a gaussian integral whose value is known. This gives:

h(e)
1f]geh(’)dz N— .
2um V/2rh" (p)
It can be shown that this approximation works for extracting the coefficient of 2™ in a large
class of functions ¢(z) = f4(z), when n/d belongs to an interval [a,b] (0 < a < b) [2, 9].

The saddle-point method as exposed above is related to Laplace’s method for approximating
an integral, which is usually applied to integrals depending on one parameter. Fulks [6] and
Pederson [15] have also studied integrals depending on two parameters, which are in the same
vein as our problem, although their results cannot be directly applied.

The paper of Meir and Moon [14], on the other hand, uses a related but different technique.
It also begins by computing an approximate saddle-point p, which is the radius of the circle
chosen as integration contour (as in the classical saddle-point method), then uses an argument
of dominated convergence to get an approximate value of the desired coefficient. Note that the
saddle point p is defined by A¢(p) = 1 — a, which implies that a < 1.

3 Approximations of coefficients

3.1 Conditions on the functions

Our goal is to compute an approximate value of the integral I,4 = [2"]{¢a(2)}, when the
function ¢4 depends on at least one parameter d, and when both n and d grow large. We shall
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study functions ¢q = f¢ or ¢g = f%3; we give below the conditions that are required on f and .
We shall also require that the functions f and 9 do not have singularities inside the integration
contour going through the saddle point. As n = o(d), and as we shall see that the saddle-point
becomes o(1), this simply requires that f and 1 be analytic near the origin.

Let us write f(2z) = 3t fr2®. We shall assume in the sequel that the function f satisfy the
following property:

Assumption A;:

The function f has real positive coefficients, is not affine and is such that fo # 0
and f; # 0, and that the GCD of the integers k such that fi # 0 is 1. Moreover, f
has a strictly positive radius of convergence.

The condition on the GCD can be stated in an equivalent form: There exists no entire function
g and no integer m > 2 with f(2) = g(z™). The restriction on f; is a technical one, which
unfortunately we have not been able to remove in the most general case. Although it is possible
to extend our results to deal with the case where f; = 0, this imposes further conditions on the
relative growths of n and d, and no general form for the coefficients seems to be available, so we
omit this extension.

We shall also deal with a function 1 which may depend on d or on other parameters, as long as
the following property is satisfied:

Assumption Aj:
The function v has positive coefficients, such that ¥(0) # 0, has a strictly positive
radius of convergence, and has the general form (p is any fized integer):

P(2) = ]i[g,'(z)d" with d; = o(\—j__;), 1<i<p. (1)

Anticipating on the discussion in Section 5.7, we can justify our condition on 1 as follows: An
extra factor 1(z) moves the saddle-point away from the value po obtained for f¢; as long as the
new saddle-point p stays within o(1/4/n) of po this does not matter. The difference p — pg is
O(po(X;di/d)), hence the condition (1).

3.2 The case n constant

We treat this case for the sake of completeness, although it presents no real difficulty. If n is
constant, the saddle-point method as exposed below does not work;! however a direct analysis
gives some results. For example, if f(z) = ¥ fiz®, with fo # 0 and f; # 0, then we have
the following result, which simply means that the first coefficients of f(z)? behaves as those of

(fo+ f1z)d-

Theorem 1: If the function f satisfies the assumption A;, then

{4} = (Z) 570 (1 + 0(1/d).

!Some of the error terms in Propositions 1 and 2 of Section 5.1 are not o{1): The term h”(p) is constant.



If moreover the function i satisfies the assumption A,, then
{4 (a)} = (;f) J ()1 + 0(1/VA)).

Proof: We can assume w.l.o.g. that f is a polynomial of degree at most n (if not, we truncate
f to get f(2) = ©r, fiz*; any term 2" in f%(z) comes from f(r)?). We can also assume that
fo = 1. We expand f?(z) using the multinomial formula:

d . . . . .
fd(z) = E ( . . ) ;1 PN f:lnztl+2;2+_"+n‘n .
;2080 +11 +-+in=d 20,71, ", n
Hence:
d . .
Zﬂ d VA = o . oo ‘n.
RN =X (L)

The summation is on all sets of indices 7; > 0 such that ip+%1+- - -+%, = d and 414242+ - -+ i, =

n. If we take into account the fact that io =d — %3 — - -+ — i,,, we get the equivalent expression
> z B fin
il g (d =9 — e — i)t "

i1+ +in <djiy +282+ -+ nin=n

Each 7 for k > 1 is bounded by a constant: i, < n/k. Hence, for fixed n, the number of
possible sets of indices, i.e. the number of terms in the sum, is also bounded by a constant.
The factors _ffl .-+ fin are also O(1). Each term of the sum is a polynomial function of d, of
degree s = %1 + -+ -+ i, in d. The term of highest degree is obtained when s is maximal. Now
s=11 412+ -+ tn <11+ 2¢3 + ---ni, = n, and the upper bound is obtained for ¢; = n and
ip = - -+ = i, = 0. This gives the term (i)f{‘

If fo # 1, then the coefficient has for asymptotic value fg(i)( f/fo)™ = (i) f5 " ft. The proof
when there is an auxiliary function 9 is in the same vein. m|

If we allow n to grow, both the number of terms in the sum and the factors f{l f,‘;" are
unbounded, and the proof of Theorem 1 no longer holds.

3.3 The case n = o(d)

We study now the case where n = o(d), but n — +00. Theorem 2 is an extension of Theorem A
to the case n = o(d) and Theorem 3 deals with the extra factor 4.

Theorem 2:
Let f satisfy the assumptions A, of Section 3.1 and let n = o(d), with n,d — +oo.
Define p as the unique real positive solution of Af(z) = (n+1)/d. Then:

" z dy _ f(p)d o
e = LB (14 o),

Theorem 3:
Let f, ¢ satisfy the assumptions A; and A; of Section 3.1 and let n = o(d), with



n,d — +o0o. Define p as the unique real positive solution of Af(p) + Ay(p)/d =
(n+1)/d. Then:

n d _ f(p)d¢(p) Py
[2"1{f(2)*¥(2)} = ~namn (1+o(1))-

Theorem 4:
Theorems 2 and 8 still hold if we take p defined by Af(p) = n/d.

We can simplify further Theorems 2 and 3 when we have more information on the respective
growth orders of n and d. The following corollary, for example, deals with the case when

n = o(Vd).

Corollary 1:
If f salisfies the assumptions A; of Sectzon 3.1 and if n = o(v/d), then:

) = o (S22 o,

Moreover, with v satisfying A, but with the stronger conditions d; = o(d/n):

n efid\"
A =0 (L) 1o,

If the relationship n = o(+/d) no longer holds, but some relationship n' = o(d?) holds, it is
possible to get a result similar to Corollary 1. This requires a better approximation of the
saddle point po, and might become quite involved according to which coefficients of f are null,
but it would be possible to work it out for a given function f. For example, we can prove the
following result:

Corollary 2:
For f satisfying the assumptions A; of Section 8.1 and for n = o(d*/?), we have:

n __f§ (ehd f2_1
A = o () e ( (& )(1+ o(1)).

If in addition i satisfies the assumptions Ay and the stronger conditions d; = o(d/n):

n efid
AU = 30) S (L) ( (———)(1+ o1))-

Intuitively, Corollary 1 means that, when n = o(\/E), the first two coeflicients of f determine the
main term in the asymptotic expression of the coefficients of f%. This result can be compared
to the relevant one for an affine function (although an affine function does not satisfy our
assumptions): [z"]{(fo + f12)%} = (o ) d-n fn. Stirling’s approximation of binomial coefficients
gives an approximation equivalent to Coro]lary 1. As n increases with respect to d, the other
coefficients are progressively introduced, as in Corollary 2. However, if n = d/ log(d) for example,
we cannot find a relationship n' = o(d?) and we have to take all the coefficients of f into account.
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4 Applications

4.1 Binomial coeflicients

We first check our results for binomial coefficients. For example, Theorem 2, applied to the

function f(z) = (1+ 2)F for fixed k > 2, gives back the approximation of the binomial coefficient
(’::i) which we obtain when we assume that kd, n and kd — » all go to infinity and approximate

the factorials with Stirling’s approximation:

kd
( ) (1nf/f)—(1 +0(1),
with p = n/(kd — n), hence
kd kd)ke
(n) - n"(kd _(n)ld—n\/m(l + o(1)).

We can also apply our results to f(z) = e*: The saddle point is p = n/d and we get:

[2"|{e™} =

ed™
(14 0(1)),
warn e AL
which is simply Stirling’s formula again ([2"]{e®} = d™/n!).

4.2 Combinatorial enumeration

One of the basic constructions for obtaining combinatorial structures is to take a sequence of
simpler objects. Let f(z) be the generating function enumerating these basic objects according
to their size; the generating function enumerating the composed objects in a sequence of d basic
objects, according to their global size, is f(z)?, and the coefficient [2"]{f(2)?} enumerates the
number of objects obtained as a sequence of d basic objects and which have size n. The same

approach can also be used to analyze the abelian partitional complex, whose bivariate generating
function has the form ezp(z f(y)).

However, we have f(0) = 0 and n > d (we do not count the structures of size 0). Let us define
f(¥) = yg(y) with g(0) # 0; [2"]{f%(2)} = [z2"¢|{g%(2)}. Our results can thus be applied to get
the number of composed objects of size n = d + o(d) formed by taking a sequence of d simpler
objects.

Some examples are the Stirling numbers of first and second kind. Let Sﬂ k be a Stirling number
of second kind. Using either the ordinary bivariate function ¥, x SnxzFy™ = 1/(1 — z(e¥ - 1))
or the exponential function Y, ; snxz*y™/n! = ezp(z(e¥ — 1)), we get:

Sei= MA@ with  f(3)= (- Dy

So we can get an approximation for n — k = o(k), i.e. n = k + o(k). For n = k + o(vk) and
n ~ k — +o0, Corollary 1 applied to f(y) = (e¥ — 1)/y = Y50 ¥™/(n + 1)! gives:

n! ek n—k
Sk = A or(n— ) (2(n - k)) (1+0(1)),
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i.e., using Stirling’s approximation for (n — k)! backwards:
n n—k
Sni = 7 ) (/2741 + o(D)),

The generating function for Stirling numbers of first kind is &(z,y) = Yonk Sn gty nl =
ezp(zlog(1/1 — ¥)); hence

1
sak = GV AW with  f(y) = _1og1 —§n+1

We can thus get an asymptotic equivalent for n = k + o(k), or equivalently k = n — o(n). The
saddle point p is approximately 2(n — k)/k and Corollary 1 gives, for n = k + o(vk):

n!

ek n—k
Spk = AN CE) (2(71,— k)) (14 0(1)),

S = (:) (K/2)"(1 + o(1))

This is the same thing that we got for Stirling numbers of second kind: From Corollary 1, only
fo and f; are important if n = o(\/E). The average value of the s, ; for 0 < k < nis H, ~ logn,
so we are here very far from the average.

If the difference n—k becomes bigger, but stays small relative to k, we can still get an approximate
value. For example, if n = k + o(k?/3), we have:

S, = f—l _ ( = )"“" (kY /ok(1 1));
nk — 27r('n, — k) 2(n —_ k) € ( + O( ))1
— 1 ek ok (n—k)2/6k(1 1))
Snk = V27 (n— k) (2(71, - k)) ) +ol))-

4.3 Urn models and database profiles

A classical occupancy problem of discrete probability theory is as follows: We throw n balls
into k urns randomly and independently;, what is the number of urns with at least one ball?
Let N4 be the number of ways of assigning the m balls to exactly d urns. If the balls are
undistinguishable and if the urns have unbounded capacity, the associate generating function
is [12]:

®(z,y) = ZNndz = (14 z(e¥ — 1))"
Let f(y) = (e¥ — 1)/y; we have
! k n—d d
Nog=nt (%) ey
This can be expressed using Stirling numbers of second kind: Ny, 4 = d!(£) S, 4.
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Variations of this problem are related to the estimation of some parameters in relational data-
bases: What is the size of the projection of a relation of known size? In many instances, we
can map the k possible values of the projection attribute to the k& urns and the tuples of the
relation to the balls in such a way that the number of urns with at least one ball is the size

of the projection; different constraints on relations correspond to different assumptions on the
balls or the urns.

The probability that a relation of size » has a projection of size d is expressed in function of
[z%y"]{(1 — = + z\(y))F}, with k a parameter of the problem and A(y) a function describing the
constraints on the relations and generally well-behaved [7]. We always have d < r and A(0) = 1.
Hence

[y H(1 -z + 2A(¥))%} = (S) W) with  f(y) = (M) - 1)/y-

The average value of the projection size is linear in r; its maximal value is ». If »r — d is of
the same order as d, we can apply Theorem A. This gives the probability that the size of the
projection is roughly a constant fraction of the size of the initial relation. Our results give the
probability that the projection has a size d close to the size 7 of the initial relation (but we still
require that r —d = o(4/7) and r —d — 400). We can extend them to r —d = o(r*/'), by taking
more terms in the expansion of the saddle point.

5 Proofs of theorems

5.1 Intermediate results

We state a succession of intermediate results, from which we shall derive our theorems. We
assume in all the Lemmas and Propositions below that n,d — 400 and that n = o(d).

Lemma 1: Let f be a function satisfying the assumptions A; of Section 3.1. Then the equation
Af(z) = (n+1)/d has a real positive solution, which is equal to fo(n + 1)/(f1d)(1 + O(n/d)).

Proof of Lemma 1: It suffices to check that A f(0) = 0 and that the function A f(z)is continuous
and increasing for z € [0, +oo[; this holds as the function f has positive coefficients. As we
assume that n = o(d), Lemma 1 implies that p becomes smaller than any fixed number. O

Lemma 2: Let h(z) be a function defined and analytic in an open set including the closed disk

{|2| < p}, such that h'(p) = 0 and h"(p) is strictly positive, and such that h(pe'®) has a Taylor
ezpansion in terms of § around 0:

M(pe®) = h(p) + £ ()€ — 1)+ O(p(e® — 1" (o).

Then there ezists a constant ag independent of h and p, such that, for all a in |0, o[, we have:

- g Vo pe-Pto?h (0)/4
2im /IOISae W) = Taaiat OWWA (o) e )

+O(||R" ||p%a®) + O (e~ "R ()/4)),

We defer the proof of Lemma 2 until Section 5.3.
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Proposition 1 Under the assumptions A; of Section 3.1, define the function h by h(2) =
dlog f(2) — (n+ 1)log 2, and define p as the real positive solution of Af(p) = (n+ 1)/d. Then,
for a suitable alpha > 0 and for C, = fofrip/(4f(p)(fo+ f1p)):

d "
A = o jzif%mj(uoqw”p o) + O(/h" (p)alperao" @V

+0(e=# ' (/4) 1 0(py /" (p)e=5%")).
Proposition 1 is proved in Section 5.2.

Proposition 2 We require the assumptions A; and Ay of Section 3.1. Define the function
h by h(z) = dlog f(2) — (n + 1)logz + log¥(2) For a suitable alpha > 0, for p defined by
Af(p) + A(p)/d = (n+1)/d, and for C, = fofrp/4f(p)(fo+ fip):

d o
["H{f(2)(2)} = M)—(l + O(||R"||p%e®) + O(e#***® (p)/4y

pt1y/21R" (p)

+O(/1 (p)a®pe™@ = BV/4) 4 0(p /1" (p)e= %0 ")),

Proposition 2 is proved in Section 5.4.

Proposition 3 Propositions 1 and 2 are still valid if we choose for saddle point the approzimate
value defined by Af(z) = n/d. In fact, they are still valid if we substitute p = po(1 + o(n~1/2))
for the exact saddle point pg.

5.2 Proof of Proposition 1

The proof of Proposition 1 is very similar to that of Theorem A. However, Theorem A is valid
for n and d proportional; we want to extend this when n and d both grow large, but are not
necessarly proportional. Although the main term is the same, this requires more precision in
the error terms, which we give here in extenso.

From Cauchy’s formula, we have I, 4 = [z"]{f%(2)} = (1/2i7) § f%(2)z~""'dz, where the inte-
gration contour is a simple curve around the origin. We shall integrate on a circle, whose radius
is the saddle point defined below.

5.2.1 The saddle point

Define the function
h(2) = dlog f(2) — (n + 1)log 2.

We solve the equation h'(z) = 0, which we first rewrite as:

Af()= 222 (2)

From Lemma 1, this equation has a unique real positive solution p, with approximate value:

fo(’n+ 1) n
g Lo

11



We place here some computation that we shall need later on. As

2R (2) = 2453 _an f(z+n+1,

i(2)
and as, by definition of p, Af(p) = (n + 1)/d, we have
2p"0 N _ 2 ' (p) ntl
p°h (p)=p d_j‘(7)+(n+1)(1_ 7 )
Now p*df"(p)/ £(p) = O(p*d) = O(n?/d), and
§h"(p) = 28 f(p) = (n+ 1)(1+ O(n/d)). (3)

5.2.2 Main part of the integral

The condition on the domain where f is analytic ensures that we can integrate f on the circle
z = pe?, as soon as n and d are large enough for p to be close enough to 0.

We choose for integration contour a circle of radius p and center the origin:

1 i8 4
[oqa= h(pe )d 0y
d 2i »/GE[—'N, : 'Jr] € (‘: € )

Let a €]0,7[. We divide the integral in two parts: I, 4 = I + I, with:

1 ) .
I, = h(pe )d AW
1 % /lel o (pe™);
L, = —1— / (e 4 pe®?).
21T Jag|g|<n.

We shall compute an approximation of I; from Lemma 2, and show that I, can be neglected.

By definition of p, h'(p) = 0. We know that the value of " at the point p defined by the
equation (2) is strictly positive: h"(p) = n(1 + o(1)). Hence we can apply Lemma 2 to h(z) =
dlog f(z) — (n + 1)log z; we get:

eh

(p) " " " !
L= ————(1+ O(||k"||p%%) + O(y/h"(p)a?pe ="K (®)/4) 4 O (e~ ()/4)), (4
v/ 2mh"(p)

where the main term can also be written as f(p)¢/(p"+1y/21h"(p)).

5.2.3 Rest of the integral

We are now interested in the remaining term I = (1/2i7) [,<jo<x eM2)dz, for z = pe. We
isolate the main factor corresponding to the approximate value of I; we have just computed:

hi .
I2 _ € (e) / eh(pelﬂ)_h(p)d(peia).
aglbl<n

2iw
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Recall that h(2) = dlog f(2) — (n + 1)log 2; this gives:

h(pe*®) — h(p) = d(log f(pe*®) — log f(p)) — (n + L)i.

Hence: J
) £(pe®)
= 2 e [ a
2T P Jacioier \ £(P)
and Ap) i _9)
ene pe’) 4
o)< £ / do. 5
Il < 5e a5|o|5w| f(p) | (5)

Qur problem is now to get an upper bound of f(pe*) valid on the set {a < |6] < 7}. We use
the fact that the function f has positive coefficients and that the GCD of its coefficients is equal
to 1, to deduce that f attains its modulus on the real axis and nowhere else. More precisely,
we can show that there exists a strictly positive factor C, independent of ¢, such that we have
for all 8 satisfying o < |0] < 7: |f(pe®?)| < f(p)(1 — Ca?). However, C depends on the saddle
point p, so we shall denote it by C,.

To get an expression of C,, we use the assumption f; # 0. Let f(z) = 2k>0 fr2F, with real
positive coeflicients; we have:

1F(pe®) = IS fep®e™®| < |fo+ fipe®®| + 1Y frp®e™|.
k

£>2
The term | 3¢5, fro®e*9| is bounded by k>2 frxp®, which is f(p) —(fo+ fip). This shows that:
|f(e®) < |fo + frpe®| + f(p) = (fo+ fip)-
We next get an upper bound on |fo + fipe®d|:
|fo + f1pe“9|2 = (fo+ fir)*(1 - c,(1 — cos8)),

with ¢, = 2fofip/(fo + fip)?. The term c, has an upper bound valid for all real p, but may
become close to 0 when p itself is close to 0. Moreover, 1 — ¢,(1 — cos8) < 1 — ¢, (1 — cos a) for
a < || < v. We deduce that:

|fo + f1p€io| = (fo+ f1p)- \/1 —¢p(1 — cosa).

Using the inequalities 1 — cos @ > a?/4 for a close to 0 and /I — y < 1 — y/2 for all y, we get:

/ 2 2
\/1—c,,(1——cosa) < 1—cpaz- < 1_6"98_'

Returning to f, we have:

. 2
|F(pe®)] < £(0) = (fo + frp)eo g,

ie.
fofip 2

i0
| f(pe®)} < f(p) - ot in)

13



This yields finally: .,
f(pe®) _ fofip 2
o T Tt A

Plugging this inequality into equation (5), and using the fact that 1 — ¢ < e™*, we get

e ~ _ a . fofip
. h Cpda h = .
\I2| < Jorh ) O(py/h"(p)e ) with G, 4f(p)(fo + fip) (6)

Equations (4) and (6) can now be used to get a global evaluation of I,, 4:

)

Ing = —=—=(1+0(|h"|li*%*) + O(\/h"(p)azpe“"z"zh'(")/4)
Vv 27h" (p)

+0(e7 R (O)/4) 1 O(py/h" (p)e~CodY).
5.3 Proof of Lemma 2

The function h(pe*e), considered as a function of 6, has a Taylor expansion around 0. By
definition of p, h'(p) is null and we have for z = pe®:

m

h() = hp) + 5(= — oYK" (p) + O(IIK"lI(= — )?).

The error term depends on the value of A" at some point between z and P

The integral Iy = (1/2i7) fig<q ¢MPe)d(pe®) can be expressed as an integral on v = {z =
pe¥, 16| < a}:

I, = L/eh(’)dz
2w Jy

_ 9 / e (=Y " (O)1+O(IIR" I(z—p)*) g,
Y

2

h(P) m "
= S+ (IR ||%%) [ ede-rW O)gs,
2w ~

This last integral can then be approximated by a gaussian integral whose value is known. One

way to do it consists in substituting the path y;Uy2U7, tothearcy: 71 = {z = p(l—u)—ipsina}

and 71’ = {z = p(1 — u) + ipsina} for u € [0,1 — cos a], and y2 = {z = p + ipt} for |t| < sina.
Y

"



We then show that the integrals on 7; and 'yi give only error terms, and that the main part of
I, comes from the integral on 42. On 741, z = p(1 — u) — ipsina and dz = —pdu, which gives:

/ oK (02g, / TN g (utisinalh” () /24, (7)
" 0

The modulus of the right part of the equation (7) can be bounded by:
l-cosa

pe=P*h' (P)sin? a2 / B (O 24y,
0

Now:
/1 o (o) /2 gy, < (1 - cos Ot)e"zhu(")(l—com)zl2 < 0(029p2h"(p)(1_c°m)2/2)-
0
This gives an upper bound on the integral on 7;:

/ ==oVH" (0)/2g, — O (poPe? ((1-cosa)?=sin® )’ (6)/2
T

Now (1 — cos@)? — sin? @ = —a? + O(a*), and we have an upper bound (1 — cos@)? — sin? a <
—a?/2 for a less than some constant ag > 0. The error term becomes O(paZe=?"h (p)o*/4) 55

soon as & < ag. As the Taylor expansion of h is valid for a close to 0, we can assume in the

sequel that this condition is satisfied. The integral on 'yi is computed in a similar way and gives
the same bound.

We now compute the integral on +,:

[ e Oy = 5 K (0) El2gy,
Y2

Jt|<sina

A change of variable v = py/h"(p) t gives:

/ e(==eP K 0)/2g; = (i [h( / e 2y,

[<pv/h" (p)sma

which can be extended to a gaussian integral as soon as py/h"(p)sin @ — +00. We also use the
g g P

fact that sin?a > a?/2 for a close to 0, to simplify the error term O(e—ch (p) sin? a/2), which
comes from extending the integral to the real axis, into O(e=#"h (p)o?/4);

~*/24y — /o7 + O(e 2h” (p)o? /4
e v = vie e .
/IvISp\/h"(p)sina )

Summing up, we get:

[ e O = —h:??p;u +0(e77 R 014y 1 0(pa?y [ (p)e=r"K (111,
v .
which completes the proof of Lemma 2.
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5.4 Proof of Theorem 2

Proposition 1 now allows us to Prove Theorem 2. Recall that f; # 0 and that n = o(d). The
approximate value of p is p = fo(n + 1)/(f1d)(1 + O(n/d)). By equation (3), we also know that

H
PR (p) = n(1+ o(1)).
We use this information to simplify the error terms of Proposition 1:
¢ The term O(e_"zazhﬂ(p)/"‘) is O(e~"") for some constant @ > 0.

o The term O(y h”(P)QZPe_p2a2h”(p)/4) simplifies into O(a?y/me=%m").

o The expression C, = fip/(4f0)(1+ o(1)) is n/(4d)(1 + o(1)); the term O(py/h"(p)e~Code’)

is O(v/ne~*"*") (we can choose the constant a so that it is the same in all three error
terms).

o Ase o’ = O(\/ﬁe""“"z) and oz""\/ﬁe"‘"‘"‘2 = O(\/ﬁe“"“"z), the last three error terms of
Proposition 1 are O(y/ne°m").

We now study h” around p: h"'(2) = d(f'/f)"(2) — 2(n + 1)/2® = =2(n + 1)/23 + O(d). This

shows that p3||h"”|| = ©(n); hence O(]|R"||p3a3) = O(no3). All these simplifications give finally:
o)

4= (14 0(ned®) + O(\/ﬁe""‘“z)).
\/27h(p)

Now we choose a such that na® — 0 and na?/logn — 4o0o0. If we take for example @ =
log n/+/n, the error terms in the above formula are o(1). We then use the relations ™) =
f4(p)/p™! and p2R"(p) = n(1+ o(1)) to get the final formula:

I,

d
) = 1 o))

5.5 Proof of Proposition 2

In this section we introduce a function 1 which satisfies the assumptions A, of Section 3.1. To
compute I, g4 = [2"]{f%)}, we define

h(z) = dlog f(z) + log ¥(2) — (n + 1) log 2.

As in Section 5.2, we have I, 4 = (1/2in) § eM*)dz. The saddle point p is defined by h’(z) =0,
i.e. by the equation

Af(z) + Ad(2)/d= (m+ 1)/d. (®)
From the assumption (1) we have Ay(z) = Y&, diAgi(z) and d;/d = o(1). Hence Ay(z)/d =

o(z); as Af(z) = fiz/ fo(1+ O(2)), this is also Ay(2)/d = o(Af(2)). The saddle point p is then
close to the solution of Af(2) = (n+1)/d and is O(n/d). For large n and d such that n = o(d),
we can assume that all singularities of 9 are further than p. We then choose for integration
contour the circle z = pe*, and proceed as in Section 5.2.
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For a €]0,x[, we divide the integral in two parts: I,g = Iy + I; as in Section 5.2 I is the
integral on |f| < & and I is the integral for a < || < 7. Denote by y the part of the integration
circle for |§| < . The integral on v = {z = pe*, |0] < a} is:

L = o / Se—e)?h" () +O(IK" I(=0)*) g,
i Jy
h| n
— (p " o ))/e%(z—p)zh (p)dz.
A

This last integral can be approximated using Lemma 2. The value of h" at the point p defined
by the equation (8) is:

k' (p) = d 6£(p) + 69 (p).

The values of § f(p) and of §7(p) are strictly positive when the initial functions f and % have
rea.l positive coefficients; this shows that k' (p) also is strictly positive. More precisely, we have

B'(p) = d 8f(o)(1 + o(1) = dfi/(pfo)(1 + o(1)) and p = (n + 1)fo/(df1)(1 + o(1)), hence
ph" (p) = (n + 1)(1 + o{1).

Lemma 2 applies again and we obtain the approximation

eh(p)

m " _ 7a " _ 3a "
L = ———=(1+0(||h"||p°®) + O(y/h" (p)a?pe=T='F () 1 O(e= T (o)),
V2rh'(p)

As for I,

i0
P e
ag[Bl < f(p) ¥(p)
The function 9 has positive coefficients and satisfies |1(pe*®)| < |1(p)|. The inequality (6) was
proved without using the fact that the radius of the integration circle is a saddle point, and still
holds. The approximation of I; and the bound on I; now give an evaluation of I, 4.

5.6 Proof of Theorem 3

As in Section 5.4, the approximate value of p is p = fo(n + 1)/(f1d)(1 + O(n/d)) and we have

2h, (p) = n(1 4+ 0(1)). A s1m11ar line of reasonmg shows that the last three error terms of
Proposition 2 are O(y/ne "), Aga.m, [|"]| is of order ©(d®/n?) around the saddle point,
and p%||h"|| = @(n), hence O(||h"||p%a®) = O(na®). As before, we choose a = log n/+/n; then
no® — 0 and na?/logn — +oo; the error terms in the approximate expression of I, 4 are o(1)
and

n _ f(o)*4(p)
e e} = LD o)

5.7 Proof of Proposition 3

Define py as the (exact) solution of A'(z) = 0, and let p = po(1+17), with n = o(1). The question
is: How large can n be, for the approximations of Propositions 1 and 2 still to be valid? In other

words, what is the error when we substitute p for po in the main term f(po)?/(pg+t4/21h" (po))?

17



We have p™*! = pptlelmtntOmn’) and f(p)? = f(po)tednaf(po}+OUOTF) with € = f"/f -

£2/ f* applied at point p. Recall that Af(po) = (n+1)/d; we also have k" (p) = A" (po)(1+0(1))
and C = O(1). Then:

ot _ Sl o) + O(mr®) + o)) Q
pv+1y[ondh"(p)  pat\/2mdR" (po)

If the substitution of po for p is valid, all the error terms must be o(1): dn?? = o(1) and
nn? = o(1). We assumed that n = o(d), so po = ©(n/d) and dn?p2 = o(nn?). We finally get the
condition nn? = o(1), which is simply 1 = o(1/+/n).

So we can substitute p = po(1+ 0(1/4/n)) for the exact saddle point po in Proposition 1 and get
the same approximation of [2"]{f(2)?}. In particular, the solution p of the equation Af(z) = n/d
is related to the solution po of the equation Af(z) = (n+ 1)/d by: p = po(1 + O(1/n)) and we
can use indifferently p or pg in Proposition 1.

If there is a function 7, the saddle point pg in Proposition 2 is defined by the equation Af(z)+
AY(2)/d = (n+ 1)/d. Let again p = po(1 + n); what conditions must be satisfied by % and 7 if
we want to substitute p for pg in Proposition 2 and still get a valid approximation?

We also have 9(p) = [1; gi(p)* and gi(p)* = gi(po)*ezp(dinAgi(po) + O(din?p3)). Hence
$(o) = Ploo)eT Um0 '),

The approximation (9) still holds. By definition of po, dA f(po) + A9(po) — (n+ 1) = 0 and we
have

F(0)*(p) £(p0)*¥(po)

o) e 0T+ 0T+ O ) ol

As long as each d; is O(d), the last error term O(Y; din%p?) is o(nn?) and Proposition 2 is still
valid if np? = o(1), i.e. if 7 = o(1/y/n).

Now let p be again the solution of Af(z) = n/d. Let e = Y%, d;/d; we can show that p = po(1+
n) with n = O(1/n) + O(e). Hence requiring nn? = o(1) implies ne? = o(1), i.e. d; = o(d/+/n)
for each d;; this is the condition (1) of the assumption A,.

Theorem 4 is an obvious consequence of Proposition 3.

5.8 Proofs of Corollaries 1 and 2

We shall further simplify Theorems 2 and 3 when n = o(\/E). Recall that, for n = o(d),
Af(z) = (fi/fo)z + O(2?), and that the saddle point is p = fo(n + 1)/(f1d)(1 + O(n/d)).
Hence p” = e(fon/fid)*(1 + O(n?/d)), f(p) = fo(1 + (n + 1)/d + O(n?/d?)) and f(p)? =
f&emt1(1 + O(n?/d)). When n = o(v/d), the error terms are o(1) and we get:

d—n e n
HAEY = 2= (22) o)
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Eztension when n # o(v/d)but n = o(d*/3):
We first improve on the approximation of the saddle point: Af(z) = fiz/fo-(1+ (2f2/f1 -
fi/fo)z + O(z?)). The solution p of Af(z) = (n+1)/d is then

_ fo(n+1) fofz

i (1+(1-2

Tt 0(2),

and we have
(fO('"' + 1) )n ((1 fOfZ)'"'(n;' 1)) (1 + O(Z_z))

The approximate value of p also gives

n+1 fa fofz

n+1
R e D e

£o) = foll+ 2= 241y o),

hence

h i d
Putting all this together, and assuming that n = o(dz/ 3), we get:

n 3 d—n ef]_d
e = B (L) e (2 D) o)

If there is a factor +, we merely have to see that 1¥(p) = ¥(0)(1 + o(1)). This comes from

f(P)d fd "He:z:p(( +f _2@2 (n+ 1)2) (1+0(%;)).

H(6) = YOU1+0(p Y- ) = (1+ 0(n 3 /)

As long as each d; is o(d/n), the error term is o(1) and
P(p) = H(0)(1 + O(PH%II)) = P(0)(1 + o(1)).

6 Concluding remarks

Some possible extensions of this work are

¢ Remove the restriction f; # 0 (this seems possible, but introduces further restrictions on
n and d).

e We have studied the case n = o(d); Daniels and Good give results for n = ©(d) (Section 2.2)
and the result of Meir and Moon (Section 2.3) can sometimes be applied when d = O(n?).
The general case d = o(n) is still open.

An application area that we did not mention there is Coding Theory: See for example [8] for
some problems where powers of generating functions appear; the results of that paper could be
readily extended using the theorems we have presented here. Related problems also include local
limit theorems, evaluating trie parameters [5], the number of lattice points in a ball {13, 16] or
the analysis of a random walk on an hypercube [4].
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