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Abstract

This paper is a version of a chapter to be included in The Synthesis
of Parallel Algorithms, edited by John H. Reif. We describe algorithms,
both sequential and parallel, for chordal graphs, a class of graphs in-
cluding interval graphs. We start by defining the notions of an interval
graph, a chordal graph, a perfect elimination ordering, and an elimina-
tion tree. We illustrate these notions by showing how the elimination
ordering can be used to solve optimization problems sequentially on
chordal graphs. Then we show how the sequential solutions may be
efficiently carried out in parallel. The sequential algorithms are due to
Gavril. The parallel algorithms are due to Naor, Naor, and Schaffer,
and to Klein.

The key to these efficient sequential and parallel solutions is finding
a perfect elimination ordering. In the latter part of this chapter, we
define a framework for finding an elimination ordering by successive
refinement. Working within this framework, we explain the sequential
algorithm due to Rose, Tarjan, and Lueker. Then we describe the
parallel algorithm due to Klein.
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1 Preface

The algorithmic study of special kinds of graphs has yielded insights both combinatorial and
algorithmic. In this article, we consider two classes of graphs, chordal graphs and interval
graphs, that have been the subject of algorithmic study since the work of Lekkerkerker and
Boland in 1962. These classes of graphs are rich enough to find application in diverse areas,
from biology to VLSI, but are structured enough that efficient algorithms exist to analyze
them. Problems such as maximum-weight clique and minimum coloring, which are NP-
complete for arbitrary graphs, can be solved in linear time for chordal and interval graphs.

As motivation for studying chordal graphs, we start in Section 2 by considering the
problem of recognizing interval graphs. The best algorithms for interval graph recognition
involve finding the maximal cliques of the input graph. To do so, they make use of the
fact that every interval graph is chordal. In Section 3, we show how to identify all the
maximal cliques of a chordal graph, by using a node-ordering called a perfect elimination
ordering, or peo. Next we show that the perfect elimination ordering can also be used to
solve combinatorial-optimization problems on chordal graphs. In Section 4, we sketch the

sequential algorithms for some of these problems and in Section 5 we describe some parallel
algorithms.

Finally, we consider the problem of efficiently finding a perfect elimination ordering. In
section 6, we describe a framework for solving this problem. In Section 7, we show how the
classic sequential algorithm of Rose, Tarjan, and Lueker can be cast within this framework.
In Section 8, we give an efficient parallel algorithm for the problem. The reader is referred
to the appendix for some elementary definitions.

2 Interval Graphs

In this section, we introduce interval graphs and one method for determining whether a
given graph is an interval graph. A key component of this method is the identification of the
maximal cliques of the given graph. In the next section, we show how the maximal cliques
can be identified. We only touch on the other component of the recognition method; the
reader is directed to other references for more details.

Interval graphs arise in modelling overlapping intervals of a line; each interval is repre-
sented by a node, and two nodes are adjacent if the represented intervals overlap. Figure 1
illustrates an example. The biologist Seymour Benzer proposed an examination of the struc-
ture of the gene to determine whether its subelements are arranged linearly; the analysis
entailed determining whether an experimentally determined graph of correlations between
mutations was in fact an interval graph (it was). Motivated by the biological application,
Fulkerson and Gross took up the problem of determining whether a graph is an interval
graph.



Figure 1: An example of an interval graph. For clarity, the intervals are drawn one above
another. Two nodes are adjacent if the corresponding intervals share a point of the real line.

Maximal Maximal Maximal Maximal
Clique Clique  Clique Clique

Figure 2: Each maximal clique corresponds to a point on the real line. The ordering of
these points corresponds to an ordering of the maximal cliques such that for each node, the
maximal cliques containing the node are consecutive.

The intuitive basis for their interval graph recognition algorithm was the following obser-
vation. If a graph G corresponds to a collection of overlapping intervals of the real line R,
distinct maximal cliques of G correspond to disjoint nonempty intervals of R. Hence the set
of maximal cliques of G inherit a natural order from the interval representation of G. Based
on this observation, it is not hard to prove the following theorem, illustrated in Figure 2.

Theorem 2.1 (Fulkerson and Gross) A graph is an interval graph if and only if there
is an ordering of its mazimal cliques so that for any node of the graph, the mazimal cliques
containing that node are consecutive.

Observe that such an ordering of maximal cliques of a graph actually yields an interval
representation of the graph. Identify the maximal cliques with distinct points on the real
line, and associate with each node v the interval spanning the maximal cliques that contain
v. Then the intervals associated with two nodes overlap if and only if there is a maximal
clique containing the two nodes, which holds if and only if the two nodes are adjacent.

In using this theorem as the basis for an algorithm, we come up against two problems:
finding the maximal cliques, and finding a good ordering for them. The key to finding the
maximal cliques is the following property, possessed by all interval graphs:
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Figure 3: Three intervals are laid down to form a path. A fourth interval can be laid down
to join the endpoints of the path only if it intersects all three intervals.

Chordality: Every cycle of length greater than three has a chord, an edge connecting two
non-consecutive nodes of the cycle.

It is easy to see that every interval graph has this property. First, lay down three (or more)
intervals to form a path, as shown in Figure 3. There is no way to lay down a fourth interval
overlapping the end-intervals but not the middle one. We shall see in the next subsection
how to find the maximal cliques of any graph possessing the chordality property. Of course, if
the input graph did not have this property, Fulkerson and Gross could immediately conclude
that the input graph was not an interval graph.

Once we have in hand the maximal cliques of the input graph, it remains to determine
whether there existed a good ordering of the cliques. The abstract problem is to order some
items C,...,C} subject to consecutivity constraints, represented by subsets Si,...,S; of
the set {C1,...,Ck} of items to be ordered. For each subset S;, we require that the elements
of S; form a consecutive subsequence of the ordered sequence of items. For example, suppose
we wish to order the items A, B,C, D, E, F subject to the constraints S; = {A4,C,E}, S; =
{A,C,F}, and S; = {B, F, D}. Two consistent orderings are BDFACE and DBFCAE;

there are six others.

Fulkerson and Gross gave an algorithm based on linear algebra for solving the ordering
problem. Their algorithm required O(k?) time. Years later, Booth and Lueker [6] developed
a data structure, called the PQ-tree, for more efficiently solving this problem. The PQ-
tree is a tree of size O(k) for implicitly representing all orderings of Cj,...,Ck subject to
consecutivity constraints. Given a PQ-tree T and a new constraint S;, Booth and Lueker
showed how to incorporate the new constraint into T, further restricting the set of orderings
represented by T, in time proportional to |S;|. Thus, starting from a PQ-tree representing



Figure 4: The first graph is nonchordal, and a chordless cycle is highlighted. The second
graph is chordal, and a perfect elimination ordering is given. Note that the first graph has no
simplicial nodes; in the second graph, nodes 1,2, and 3 are all simplicial. The clique associated
with node 1is C(1) = {1, 5,6, 7}. The clique associated with node 5 is C(5) = {5,6,7}. The

first clique is maximal; the second is not—it is contained in the first.

all possible orderings, one can introduce the constraints Si,...,S: one by one, and obtain
after O(k + 3% |5;|) time a PQ-tree representing the set of orderings consistent with all the
constraints (possibly an empty set). (Klein [28] gave a parallel algorithm for introducing all
these constraints at once into a PQ-tree.)

We can apply the PQ-tree to the ordering problem arising in recognizing interval graphs.
If the input graph satisfies the chordality property, then, as we shall see, the number k of
maximal cliques is at most the number n of nodes of the graph, and the sum of the sizes of
the contraints S; is at most n + m. Consequently, use of the PQ-tree yields a linear-time
sequential algorithm (and a linear-processor parallel algorithm) for finding a good ordering,
if one exists. In the next section, we examine more closely the chordality property, and show
how it leads to efficient identification of the maximal cliques.

3 Chordal graphs

The property of chordality seems quite innocent but in fact characterizes a rich and impor-
tant class of graphs, chordal graphs. These graphs are also called triangulated graphs [41],
because each minimal cycle is a triangle, and mgitd circuit graphs, because every cycle is
(fancifully) made “rigid” by its chords. They are called perfect elimination graphs, because
they represent the nonzero structure of symmetric matrices for which Gaussian elimination
need not introduce a nonzero entry.! Figure 4 illustrates a nonchordal and a chordal graph.

Based on a theorem of Dirac on chordal graphs [15], Fulkerson and Gross (and also Rose
[40]) gave a characterization of chordal graphs that remains today the most algorithmically
useful characterization. Dirac showed that every chordal graph has a simplicial node, a

1Given an n x n symmetric matrix 4, the corresponding graph has nodes 1,...,n, and an edge {i, j} for
each nonzero entry A;;.



node all of whose neighbors form a clique. It follows easily from the chordality property
that deleting nodes of a chordal graph yields another chordal graph. That is, any node-
induced subgraph of a chordal graph is chordal. In particular, deleting a single node yields
a chordal graph. This observation leads to the following algorithm: find a simplicial node,
delete it, and recurse on the resulting graph, until no nodes remain. By Dirac’s theorem,
this procedure successfully terminates on chordal graphs. Conversely, if the graph contains
an unchorded k-cycle with k > 4 (e.g., the first graph of Figure 4), no node in that cycle
will ever become simplicial. (For any node in the cycle, its neighbors in the cycle are not
adjacent.) Thus the procedure succeeds for chordal graphs, and chordal graphs alone.

But the procedure provides more than a test for chordality; it unfolds the structure of
the chordal graph. For example, it provides us with all the maximal cliques. For each node
v;, let C(v;) be the set consisting of v; together with v;’s higher-numbered neighbors—those
neighbors that are still in the graph when v; is deleted by the procedure. The procedure
ensures that C(v;) is a clique. It is easy to see that the set of cliques C(v;) for 1 < i< n
include all the maximal cliques. Let C be any maximal clique, and let v; be the first node of
C to be deleted. Then every other node of C is one of the neighbors of v; remaining in the
graph, so C is contained in C(v;). Since C is maximal, it must be that C = C(v;). We have
proved that every maximal clique occurs as C(v;) for some v;. (The reader is encouraged to
try applying this argument to any maximal clique in a chordal graph, e.g. the second graph
in Figure 4.) Note that some cliques C(v;) are not maximal. However, it is easy to determine
the set of v; for which C(v;) is a maximal clique, and we discuss this step in Subsection 5.2.

The above argument shows also that there are at most n maximal cliques in a chordal
graph. Moreover, we can infer that if S; is the set of maximal cliques containing the node v;,
then the sum Y 7 |S;| is at most n + m. First, v; is the minimum-numbered node in at most
one maximal clique. Second, the number of maximal cliques of which v; is a non-minimum
member is bounded by the number of edges connecting v; to a lower-numbered neighbor.
The sum of these numbers over all nodes v; is n + m.

The node-ordering provided by the procedure has many other uses as well. For example,
Rose used it to establish a connection between chordal graphs and symmetric linear systems.
For any nxn symmetric matrix, there is a corresponding n-node undirected graph—the graph
contains the edge {z,7} if and only if the ij entry of the matrix is nonzero. Rose showed that
if the graph is chordal, a linear system associated with the matrix can be solved via Gaussian
elimination without introducing new nonzero entries.? One simply eliminates variables in in
the order in which corresponding nodes are deleted by the procedure. For this reason, such
an ordering is called a perfect elimination ordering (peo) or perfect elimination scheme.

The original peo algorithm seems to require Q(nm) work; at each of n stages, a simplicial
node must be located. Rose, Tarjan, and Lueker, however, came up with a linear-time
algorithm [41] for constructing a peo. It follows that we can recognize interval graphs in

2Rose also required that the matrix be positive semidefinite, so that the elimination process is numerically
stable regardless of the order of elimination.



linear time. We use Rose, Tarjan, and Lueker’s linear time peo algorithm to help identify
the maximal cliques of the input graph, and then use Booth and Lueker’s PQ-tree to find a
good ordering of the maximal cliques.

We discuss Rose, Tarjan, and Lueker’s sequential peo algorithm and a parallel peo algo-
rithm in Sections 7 and 8.

4 Sequential optimization algorithms for chordal graphs

With the maximal cliques provided by the perfect elimination ordering, Fulkerson and Gross
were able to carry out interval graph recognition. Gavril [19] carried it a step further. He saw
that the perfect elimination ordering was the basis for solving certain optimization problems
on chordal graphs. First, observe that included among the maximal cliques is certainly the
mazimum clique. In fact, for any non-negative node-weights, a maximum-weight clique is
also among the maximal cliques. Thus having a peo enables one to easily find the maximum-
weight clique.

Gavril also gave algorithms, all based on the peo, for finding a maximum independent
set, a minimum coloring (i.e. a minimum covering of the the graph by independent sets),
and a minimum covering by cliques. If one is given a perfect elimination ordering v, ... vy,
the algorithms are easy to carry out. For the remainder of this section, we assume a perfect
elimination ordering has been computed. We call a node low or high according to its position
in the ordering. For example, the first node in the ordering, v1, is said to be the lowest node,
and the other nodes are all higher than v,.

To find a maximum independent set, use a greedy approach to build up an independent
set I node by node. Start by placing the lowest node v, in I, and at each subsequent step
add to I the lowest remaining node that is not adjacent to any node in I. This procedure
always yields a mazimal independent set; in fact, Gavril proved that it yields a maximum
independent set. For whenever a node v; is added to I, the nodes it rules out—the neighbors
of v; not already ruled out—are higher neighbors, and hence form a clique C(v;) with v;.
When the procedure terminates, every node has either been placed in I or been ruled out by
such a node; thus, we have covered the graph with cliques C(v;), one for each node v; added
to I. If there were a larger independent set than I, the pigeonhole principle would imply
that two of its nodes would land in one of the cliques of our clique cover, a contradiction
since no two nodes of an independent set are adjacent. Thus I is a mazimum clique. By the
same token, if there were a smaller clique cover, two of the nodes of I would fall in one of
the cliques, so the clique cover we have found is minimum.

This last bit of argument relies on a min-maz inequality, one of the many that pervade
combinatorics:

maximum independent set < minimum clique cover (1)

Gavril’s algorithm shows that for any chordal graph, (1) is satisfied with equality. In fact,
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Figure 5: The independent set algorithm applied to the graph shown first places node 1 in
I, and deletes 2 and 8. Then it places 3 in I, and deletes 4 and 6. Finally, it places 5 in
I, and deletes 7. Thus the final independent set is I = {1,3,5}. The corresponding clique
cover is C(1) = {1,2,8}, C(3) = {3,4, 6,8}, and C(5) = {5,6,7,8}.

if G is a chordal graph, then every node-induced subgraph of G is also chordal, so (1 holds
with equality for every node-induced subgraph of G.

A graph all of whose node-induced subgraphs satisfy (1) with equality is called a perfect
graph. Perfect graphs have long been a focus of combinatorial and algorithmic study. Al-
though we know of no algorithmically useful characterization of perfect graphs, they contain
as subclasses a variety of well-studied classes of graphs, including comparability graphs, line
graphs, and, of course, chordal and interval graphs. Lovisz’s celebrated Perfect Graph The-
orem states that the node-induced subgraphs of a graph all satisfy (1) with equality if and
only if they satisfy the following inequality with equality.

maximum clique < minimum covering by independent sets (coloring) (2)

Since a clique is the complement of an independent set, the Perfect Graph Theorem states
that a graph is perfect if and only if its complement is perfect.

Returning to the subclass of interest, chordal graphs, we might be tempted by (2) to
conjecture that there is a minimum coloring algorithm for chordal graphs. In fact, Gavril
gives such an algorithm, again based on a greedy approach. We use the positive integers as
colors. Starting at the last node v,, of the peo, and working backwards, assign to each v; in
turn the minimum color not assigned to its higher neighbors. Suppose the node receiving
the highest color k is v;. Then colors 1 through k — 1 were already assigned to the higher
neighbors of v;. But then v; and its higher neighbors form a clique C(v;) of size k. Since
we have found a coloring using only k colors, the inequality (2) implies that our coloring is
minimum (and k is the size of the largest clique).



Figure 6: Illustrated are a chordal graph, and a tree whose subtrees represent the chordal
graph. Each highlighted subtree represents a node of the chordal graph; two nodes of the
chordal graph are adjacent if and only if the corresponding subtrees share nodes of the tree.

Gavril’s algorithms for maximum-weight clique, maximum independent set, minimum
coloring, and minimum-clique cover can all be implemented in linear time, if a perfect elim-
ination ordering is provided.

5 Parallel optimization algorithms

Naor, Naor, and Schéffer [35] first gave parallel algorithms for these optimization problems.
They relied, largely, not on the peo, but on another characterization of chordal graphs. It
turns out that chordal graphs are exactly the intersection graphs of subtrees of trees. That
is, for a tree T and subtrees Ti,...,T, of T there is a graph whose nodes correspond to
subtrees T;, and where two nodes are adjacent if the corresponding subtrees share a node of
T. Such a representation is depicted in Figure 6.

The graphs arising in this way are exactly the chordal graphs, and interval graphs arise
when the tree T happens to be a simple path. The clique tree of a chordal graph G is a
special tree-and-subtrees representation of G, in which there is a node in T for each maximal
clique, and, for each node v; of G, the corresponding subtree T; in the representation contains
the nodes corresponding to the maximal cliques containing v;.

Naor, Naor, and Schéffer’s parallel approach was to first find all the maximal cliques of G,
using a simple but expensive divide-and-conquer strategy, and then construct the clique tree
representation using the fact that every tree has a good separator. Their algorithm for finding
all maximal cliques used n* processors to achieve O(log®n) time or n® processors to achieve
O(log®n) time. Given the maximal cliques, their algorithm for constructing the clique tree
used n® processors to achieve O(log?n) time on a CREW PRAM. The disadvantage of this



Figure 7: The rooted tree illustrated has three terminal branches, one per leaf, each consisting
of the path from the leaf up to but not including the first ancestor with two or more children.

approach is that the number of processors required is quite large.

Naor, Naor, and Shéffer then showed how to use the clique tree as the basis for parallel
algorithms to find a perfect elimination ordering, a maximum-weight clique, a minimum
coloring, a minimum clique cover, a maximum independent set, and a maximum-weight
independent set. The processor bounds range from n? for the first problem to n* for the
fourth.

A key technique they developed was that of processing a tree by pruning terminal
branches. A terminal branch of a tree is a maximal path in the tree consisting of degree-two
nodes and a leaf; an example is illustrated in Figure 7. Naor, Naor, and Schaffer observe that
removal of all terminal branches from a tree yields a tree with at most half the number of
leaves. Thus |logn|+1 stages of terminal branch pruning reduces an n-node tree to nothing.
The methodology of Naor, Naor, and Schiffer for solving a particular chordal graph problem
was to develop a parallel subroutine for solving the subproblem in the case where the clique
tree is a path (i.e. the graph is an interval graph), and repeatedly apply this subroutine to
each of the terminal branches in parallel. The number of iterations is O(logn). The idea of
pruning terminal branches is simple yet powerful, and will probably find its way into other
parallel algorithms that operate on trees.

Klein {29] took a different approach to solving the optimization problems in parallel.
The basis for these parallel algorithms, was, as for the sequential algorithms, the perfect
elimination ordering. In Section 8, we describe an efficient parallel algorithm for finding a
peo—the algorithm uses only (n+m)/ log n processors to achieve O(log? n) time on a CRCW
PRAM. Thus the total work done by this algorithm is within a logarithmic factor of linear.
In this light, the result can be viewed as a parallel analogue to Rose, Tarjan, and Lueker’s
result on finding a peo in linear time.



In the remainder of this section, we show that, if a peo is provided, the problems of
maximum-weight clique, minimum coloring, maximum independent set, and minimum clique
cover can all be solved efficiently in parallel, again in O(log?n) time using (n + m)/logn
processors of a CRCW PRAM.? Thus Gavril’s results also have analogues in the parallel
realm.

There is also a parallel analogue of Booth and Lueker’s PQ-tree data structure: given
a PQ-tree T and some constraints S,...,S;, the constraints can be incorporated into T
quickly and efficiently in parallel. Combining this algorithm with the parallel peo algorithm
yields an interval graph algorithm: given a graph G, the algorithm constructs an interval
representation (if one exists) in O(log® n) time using O((n + m)/ log n) processors.

5.1 The elimination tree

The algorithms we describe in this section, like those of Naor, Naor, and Schaffer, tend to rely
on a tree to guide the algorithm. In the former case, however, the tree was the eliminaiion
tree determined by the peo. Given connected graph G and a peo o = v;...v, for G, the
elimination tree T(G,) is defined by choosing a parent p(v;) for each node v; of G except the
last, v,,. The choice of parent is given by

p(v;) = lowest neighbor v; such that j > ¢ (3)

The parent has a higher number than the child, so the resulting directed graph is acyclic.
Since each node but one has a parent, the directed acyclic graph is indeed a tree.

It turns out that the elimination tree determined by a peo of a graph G was in fact a
depth-first search tree for the graph G. For any rooted spanning tree T of G, a cross-edge
of T is an edge of G — T whose endpoints are not ancestors of each other in T'. Figure 9
illustrates this definition. If T has no cross-edges, we call T' a depth-first search tree for G.

Theorem 5.1 Let G be a chordal graph. The elimination tree T(G,) determined by a peo
o of G has no cross-edges.

To prove the theorem, we introduce the notion of an end-high path. For a graph G with
a total ordering on its nodes, an end-high path is a path in G whose endpoints are higher in
the total ordering than all internal nodes.

Lemma 5.2 (Rose, Tarjan, and Lueker) For a chordal graph G with the nodes ordered
by a peo, every end-high path has adjacent endpoints.

3In fact, the first problem is nearly trivial to solve, once the peo is obtained; the time bound is only
O(logn).
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Figure 8: Given a graph G with a peo o, we construct the elimination tree T'(G, ) by choosing
a parent for each node according to the rule (3): the parent of v is the lowest neighbor higher
than v.

11



Figure 9: The edge {z,y} is not a cross-edge because y is an ancestor of z. The edge {u,v}
is a cross-edge because neither u nor v is an ancestor of the other.

12



Proof: Suppose there is an end-high path with endpoints ¢ and y. We must show that z
and y are adjacent. Let P be the shortest end-high path with these endpoints. If P consists
of a single edge between z and y, we are done. Therefore, assume for a contradiction that P
contains internal nodes. Let v be the lowest internal node in P. The node that precedes v in
P and the node that follows v in P are clearly neighbors of v, since P is a path. By choice
of v, they are higher than v in the peo. Hence by definition of a peo, they are adjacent. The
edge between them is a “short-cut” that allows us to skip v. That is, removing v from the
path P yields a shorter end-high path. This contradicts the minimality of P. |

The proof of Theorem 5.1 follows easily from Lemma 5.2.

Proof of Theorem: Suppose for a contradiction that {v,y} is a cross-edge. Let z be the
highest ancestor of v that is less than y in the peo. There is an end-high path starting at y,
going to v and then up through the tree to z. Hence by Lemma 5.2, £ and y are adjacent.
Since {v,y} is a cross-edge, y is not an ancestor of v. In particular, z’s parent p(z) is not
y. By choice of z, therefore, p(z) is higher in the peo than y. But p(z) is defined to be the
lowest neighbor of = that is higher than z, and hence p(z) must be lower than y. We have
a contradiction. 1

Another important structural property of the elimination tree is stated by the following
simple corollary to Lemma 5.2.

Corollary 5.3 Suppose u is a descendent of v in the elimination tree determined by a peo.
Then every neighbor of u that is a proper ancestor of v is also a neighbor of v.

Proof: There is an end-high path starting each such neighbor of u, proceeding through u
and up the tree to v. Hence by Lemma 5.2, each such neighbor is adjacent to v. |

The fact that an elimination tree is a depth-first search tree makes it a useful tool for
choosing a chordal graph separator. In particular, we shall show that a node-separator for the
elimination tree corresponds to a clique-separator for the chordal graph. A clique-separator
for a graph G is a clique K in G such that every component of G — K has no more than half
the nodes of G. The fact that every chordal graph has a clique-separator was first shown by
Gilbert, Rose, and Edenbrandt [23]; they gave a linear-time sequential algorithm for finding
such a separator. Using the elimination tree, Klein showed how to find a clique-separator
efficiently in parallel.

The key lemma states that removing a node v and its higher neighbors separates each
subtree rooted at a child of v from the rest of the graph. For a rooted tree T' containing a
node v, let T, denote the subtree of T rooted at v.

Lemma 5.4 Let G be a chordal graph. Let T = T(G,) be the elimination tree determined
by a peo o of G. Let U be a node of G, with children vy,...,vg in T. Let K be the clique of
G consisting of ¥ and its higher neighbors. Then G[T,,] is a connected component of G — K,
fori=1,...,k.

13
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Figure 10: The existence of a cross-edge e connecting u and v implies the existence of a
cross-edge e’ connecting w and v.
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Figure 11: When the node v and its higher neighbors are removed, the subtrees rooted at
children of v become separated from each other and from the remainder of the graph.

Proof : : To see that G[T,,] is connected in G — K, note that edges in T,,, are edges in G, and
hence Ty, is a spanning tree of G[Ty,]. None of the nodes in T, are in K, so G[T,,] remains
connected when K is removed from G.

Suppose there is an edge between a node v in T, and a node w not in K UT,,,. The edge
cannot be a cross-edge in T', so w must be an ancestor of v; since w is not in T, it must be

an ancestor of ¥ as well. Hence by Corollary 5.3, w must be adjacent to ¥, so w belongs to
K, a contradiction. |

As a corollary to Lemma 5.4, we can show that a chordal graph has a clique whose
removal breaks the graph into pieces of at most half the size. Let the node ¥ of Lemma 5.4
be the lowest node in the elimination tree having more than n/2 descendents. Then every
component G[T,;] has at most n/2 nodes, but together these components comprise at least
n/2 nodes. Hence the clique consisting of ¥ together with its higher neighbors is a separating
clique.

5.2 Parallel recognition of chordal graphs, and identification of
maximal cliques

As in the sequential case, the most efficient parallel algorithm for determining whether a
graph G is chordal is to apply the parallel peo algorithm to G, and then determine whether
the resulting node-ordering is in fact a peo. We carry out the second step using a parallel
version of a technique from [41].

15



To determine whether a given node-ordering o is a peo of G, we start by constructing the
elimination tree T(G,). Then each node v sends to its parent p(v) in the elimination tree a
list of v’s higher neighbors (excluding p(v)). Finally, each node w sorts the elements of all
the lists it received, together with w’s own adjacency list, and verifies that it is a neighbor
of every node on every list it received.

Claim 5.5 The node-ordering is a peo if and only if no verification step fails.

Proof: Suppose the node-ordering is a peo. Then for every node v, the higher neighbors of
v form a clique. In particular, the parent of v is adjacent to all v’s other higher neighbors.
Thus every verification step succeeds.

Suppose no verification step fails. We claim that for each node v, the higher neighbors
of v form a clique. The proof is by reverse induction on the depth d of v in the tree T'(G,).
The claim is trivial for d = 0, because the root has no higher neighbors. Suppose the claim
holds for d, and let v be a node at depth d + 1. By the inductive hypothesis, p(v) and its
higher neighbors form a clique K. By the success of p(v)’s verification step, every higher
neighbor of v is a neighbor of p(v), and hence lies in K. This proves the induction step. 1

The claim shows that we can determine whether a given ordering is a peo of G. The total
number of items in all lists is }°,(d(v) — 1), where d(v) is the number of higher neighbors of v.
 Equivalently, , d(v) is the number of edges from v to higher neighbors; hence ¥, d(v) < m.
We can therefore allocate to each node w a number of processors equal to the number of
items w must sort. All the sorts can then be carried out in O(log n) time. Thus the time for
carrying out verification is O(logn) using n + m processors using a CREW PRAM.

Assuming the node-ordering is in fact a peo, we can use a similar algorithm to find the
set of nodes v such that C(v), the set of nodes consisting of v and its higher neighbors, is
a maximal clique. Each node v computes the number d(v) of higher neighbors it has, and
sends the value d(v) to its parent. Then each node w compares the values it received to
d(w), and concludes that C(w) is a maximal clique only if none of the values it received
exceeds d(w).

The correctness of this procedure relies on the fact, immediate from Corollary 5.3, that
every higher neighbor of a node v is either v’s parent p(v) or a higher neighbor of p(v). If
the number of higher neighbors of v exceeds the number of higher neighbors of p(v), then

the clique C(p(v)) is strictly contained in the clique C(v) = {v} U C(p(v)), and is therefore
not maximal.

Conversely, suppose some clique C strictly contains C(w); We shall show that w received
a value exceeding d(w). Let u be the lowest node in C. If u was higher than w, then C
would not include w, and if u equaled w, C would be contained in C(w), as we showed in
Section 3. Hence u must be lower than w. Since u and w are together in a clique, there is an
edge between them, and so by Lemma 5.1, u is a descendent of w. Let v be the child of w
that is an ancestor of u. By Corollary 5.3, the neighbors of u that are proper ancestors of v
(which include the nodes of C'(w)) are also neighbors of v. Hence d(v) > |C(w)| = 1 + d(w).
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Figure 12: Each node v sends to its parent p(v) a list of v’s higher neighbors (excluding
p(v)). Each node w verifies that it is a neighbor of every node on every list it received. For
example, in the graph depicted, 1 sends to its parent 3 the list {4,5}, and 2 sends to its
parent 3 the list {5,6}. The node 3 verifies that 4, 5, and 6 are among its neighbors.
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Figure 13: Identification of maximal cliques. For the graph depicted, v;3 has two higher
neighbors, vs4 and vs, so d(v3) = 2. Similarly, d(v1) is 2, d(v;) and d(vs) are 1, and d(vs) is
0. The node v3 receives the numbers 2 and 1 from its children v; and vs; neither of these
numbers exceeds d(v3), so we conclude that C(v3) = {v3,vs,v5} is a maximal clique. The
nodes v; and v; have no children, so the condition is trivially satisfied, and we conclude that
the cliques C(v1) = {v1,v3,v4} and C(vy) = {v1,v3} are maximal.
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Figure 14: Proof of correctness of the procedure for identifying maximal cliques. If C(w) is
not a maximal clique, then w has a descendent u such that C(u) contains C(w). Let v be
the child of w that has u as a descendent. Then C(v) contains {v} U C(w), so d(v) > d(w).
We conclude that w receives from one of its children (namely v) a number exceeding d(w).

5.3 Maximum-weight clique

Suppose each node is assigned a non-negative weight. As Gavril observed, any maximum-
weight clique is maximal, so finding all the maximal cliques is tantamount to finding a
maximum-weight clique. For each clique C(v), compute the total weight of its nodes, and
compare the total weights to find the maximum. This procedure takes O(logn) time using

(3, |C(v)])/ logn < (n + m)/logn processors of a CREW PRAM.

5.4 Breadth-first search trees

To obtain a breadth-first search tree of G, we construct a tree similar to the elimination tree,
by choosing the parent of each node v (except the highest node) to be the highest neighbor
of v. Let T be the resulting tree, rooted at the highest node, which we shall denote by r. It
is easy to see that T can be computed in O(logn) time using n + m processors of a CREW
PRAM. Our proof that T is a breadth-first search tree relies on two claims.

Claim 5.6 For each node v the shortest path from v to r is monotonically increasing with
respect to the peo.

‘Proof: Any subpath whose internal nodes are lower than its endpoints can be replaced by
a direct edge between the endpoints, by Lemma 5.2. 1

For the second claim, let s(v) denote the length of the shortest path in G from v to r.
Claim 5.7 If w is a descendent of v in the elimination tree, then s(w) > s(v).

Proof: The proof is by reverse induction on the position of w in the peo. The basis, in which
w = r, is trivial. Otherwise, let w' be the second node on a shortest path from w to r, so
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s(w) =1+ s(w'). By Claim 5.6, w' is higher than w, hence an ancestor of w by Lemma 5.1.
If w' is a descendent of v, then s(w’) > s(v) by the inductive hypothesis. If w' is an ancestor
of v, then there is an end-high path from v back along tree edges to w, and then forward to
w', proving by Lemma 5.2 that v is adjacent to w’, and hence that s(v) <1+ s(w'). 1

For each node v # 7, let g(v) be the highest neighbor of v. Any other neighbor w of v is
a descendent of g¢(v) in the elimination tree, so s(w) > s(q(v)) by Claim 5.7. It follows that
g(v) is the second node in a shortest path from v to the highest node of G. Thus the tree
defined by q(-) is a breadth-first search tree.

5.5 Maximum independent set

As we discussed in Section 4, Gavril showed that a maximum independent set Z of the
chordal graph G is obtained by the greedy maximal-independent-set algorithm when applied
to nodes in order of the peo o = v;...v,. We review his algorithm. First put v; into Z, and
delete v; and its neighbors. Next, put the lowest remaining node in Z, and delete it and its
neighbors, and so forth. Since in each iteration the lowest possible node v; is placed in Z, all
v;’s neighbors at that time are higher neighbors. Every deleted node, therefore, is either in 7
or is a higher neighbor of a node in Z. Recall that for each node z, C(z) is a clique consisting
of z together with its higher neighbors. Consequently, when the algorithm terminates, the
family of cliques {C(z) : = € I} is a clique cover (a set of cliques whose union contains all
the nodes). Because any independent set has size at most that of any clique cover, it follows
that the above procedure has identified a mazimum independent set and a minimum clique
cover.

We want to simulate Gavril’s sequential greedy algorithm in parallel. First suppose that
the elimination tree T'(G,) determined by the peo o is a path with leaf z. In this case, we
give a simple algorithm PMIS for simulating Gavril’s algorithm. For each node v, let b[v]
be the lowest ancestor of v in T(G,) that is not adjacent to v in G (or v, if no such ancestor
exists).

Claim 5.8 The greedy independent set consists of z, b{z], b[b[z]], and so on.

This set can be determined quickly in parallel using standard pointer-jumping techniques.
The implementation shown in Figure 15 requires O(log n) time, m processors, and O(m logn)
space using a CREW PRAM,; use of more sophisticated techniques (e.g. {3}, [11]) achieve
the same time bound using only m/logn processors and O(m) space on a EREW PRAM.

Proof of Claim: Suppose we put z into Z and delete the neighbors of z. The node b[z] is
by definition the lowest undeleted node. Moreover, we assert that for each undeleted node
v, b[v] is undeleted. If b[v] were a neighbor of z, then by Corollary 5.3, b[v] would be a
neighbor of v, contradicting the definition of b[v]. This argument proves the assertion; the
claim follows by induction on the length of the elimination path. |
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PMIS

P1  For each node v, let bo[v] denote the lowest ancestor of v that is not adjacent to v (or
else v).

P2  For stages k= 0,..., [logn] — 1, for each node v, let bey1[v] := br[br[v]].
P3  Mark the leaf z as being in the independent set.

P4  For stages k = [logn] — 1, [logn] — 2,...,0, for each marked node v, mark bi[v].

Figure 15: A simple implementation of the algorithm PMIS for finding a maximum inde-
pendent set when the elimination tree is a path.

=

Figure 16: To splice a node out of a tree, remove the node and reattach the node’s children
to its parent.

To generalize this procedure to the case in which T(G,) is a tree, we use an idea of Naor,
Naor, and Schiffer discussed at the beginning of Section 5: pruning terminal branches. A
terminal branch of a tree is a maximal path of degree-two nodes ending in a leaf. Naor, Naor,
and Schiffer observe that deletion of all terminal branches of a tree yields a new tree with
half as many leaves. Therefore, O(log n) iterations of terminal branch elimination suffice to
eliminate the entire tree. By applying this idea to the elimination tree, we obtain a parallel
maximum independent set algorithm requiring only m/logn processors.

Before giving the algorithm, we introduce a bit of tree-surgery, called splicing. To splice
a node v out of a tree T is to remove the node and reattach any children of v to v’s parent
in T, as illustrated in Figure 16. If a set of nodes are to be spliced from a tree, the resulting
tree does not depend on the order in which the nodes are spliced out. In fact, they can all
be spliced out at once; for each node v to be spliced out, the children of v are reattached to
the lowest ancestor of v that is not to be spliced out.

We now describe the algorithm MIS, shown in Figure 17, for constructing a maximum
independent set in a chordal graph G. Let T(G,) be the elimination tree for G determined
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MIS

M1 To initialize, let T = @ and let T be the elimination tree T(G,) for G determined by a
peo 0.

M2 While T is not empty,

M3 Use the algorithm PMIS to find the greedy maximum independent set Zg of the sub-
graph induced on each terminal branch B of T'.

M4 Add the nodes (Jg Zp to T.

M5 Splice out of T’ the nodes
Ugs(Zs U {neighbors of Zg}).

Figure 17: The algorithm MIS to construct a maximum independent set Z in the chordal
graph G.

by a peo o. The algorithm maintains a set Z, the independent set under construction, and
a tree T, obtained from the elimination tree T'(G,) by splicing out nodes. We prove by
induction that the following invariant holds before and after each iteration of the algorithm.

Invariant

(1) 7 is an independent set.
(2) Every neighbor of a node of T is in fact a higher neighbor of some node of 7.

(3) T is obtained from T(G,) by splicing out the nodes of 7 and their neighbors.

The algorithm terminates when T is empty, at which point 7 is an independent set such
that every node of G is either in 7 or is a higher neighbor of some node in Z. Thus, as in
Gavril’s algorithm, the family of cliques C(z) = {z} U {higher neighbors of z} for z € T is
a minimum clique cover, and 7 is a maximum independent set.

Initially, T = @ and T is T(G,), the elimination tree, so the invariant holds trivially.
Suppose the invariant holds through the first k iterations of the algorithm, and consider the
k + 1° iteration. For each terminal branch B, the algorithm finds a maximum independent
set g of the subgraph induced on B, using PMIS as a subroutine. If two nodes of T lie in
different terminal branches, neither is an ancestor of the other in T(G, ), and hence the two
nodes are not adjacent, by Lemma 5.1. Thus |JgZp is an independent set in G, where the
union is over all terminal branches of T'. Moreover, T' contains no neighbors of Z (by part
(3) of the invariant), so TU(UgIg) is an independent set of G. Thus when the nodes Ug Zg
are added to 7 in step M4, part (1) of the invariant remains true.

To show that part (2) remains true, we must prove that every node w that is newly a
neighbor of a node in 7 is in fact a higher neighbor of a node in Z. Our simulation PMIS
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of Gavril’s algorithm on terminal branches B guarantees this property when w lies on a
terminal branch. Suppose therefore that w does not lie on a terminal branch, and let v € 7
be a neighbor of w. Since there are no cross-edges by Lemma 5.1, v is either a descendent
or an ancestor of w in T(G,). The set I consists only of nodes in terminal branches of T
and descendents of such nodes. Hence v must be a descendent of w, and a lower neighbor.

In the last step of an iteration of the algorithm, we splice out of T' all nodes newly added
to 7 and their neighbors. This step ensures that part (3) holds at the end of the iteration.

Having proved that the invariant continues to hold, we now consider the implementation
of the algorithm MIS. In step M3, the algorithm must identify the nodes lying in terminal
branches of T'. An application of the Euler tree technique [45] suffices to determine, for each
node v of T, the number of leaf descendents of v. The nodes for which this number is 1 are
the nodes in terminal branches. Next, the algorithm must find a maximum independent set
in each terminal branch. For each node v in T, by[v] is assigned the lowest ancestor w of v in
T that is not a neighbor of v, if w lies in a terminal branch. Otherwise, bo[v] is assigned v.
As in PMIS, a pointer-jumping technique is then used to mark the nodes z, bo[z], bo[bo[z]],
and so on, for all leaves ¢ of T'. The marked nodes are added to Z in step M4.

To implement the splicing in step M5, we again use a pointer-jumping technique; for
each node v, we compute the lowest ancestor of v in T' that is not to be spliced out. Each
step can be implemented in O(logn) time using m/ log n processors and O(m) space. Each
iteration removes all nodes in terminal branches and hence reduces the number of leaves in
T by a factor of two; consequently, [logn] + 1 iterations suffice, for a total of O(log?®n) time.

5.6 Minimum coloring

Gavril showed that applying the greedy coloring algorithm to the nodes of G in reverse order
of $ yields a minimum coloring. In this section, we give a parallel algorithm for minimum
coloring. The algorithm is efficient in its use of parallelism—it requires only (n + m)/logn
processors—but takes O(log®n) time on a CRCW PRAM. It requires as input a chordal
graph and a perfect elimination ordering.

5.6.1 The color-mapping strategy

To gain intuition, let us consider the problem of coloring a graph G consisting of two overlap-
ping subgraphs Hp and H,. We assume that each edge of G occurs in either Hy or Hy—that
is, no edge goes between T—I-; — E and E - 7{-;. We would like to obtain a minimum coloring
of G from minimum colorings of Hy and H;. The difficulty is ensuring that the separate
colorings are consistent on the nodes EHE common to the two subgraphs; if this were the
case, merging the two colorings would be easy. We would take the color of a node of G to
be the color assigned to that node in one of the two separate colorings. The resulting color
assignment would not assign the same color to two adjacent nodes, because the nodes are
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also adjacent in either T—I\o or T—I\l

To make things easier, let us assume that the common nodes form a clique. The advantage
is that there is only one way to color the nodes of a clique, up to renaming of colors—each
node of the clique must receive a different color.

Our strategy for making the separate colorings consistent, which we call the color-mapping
strategy, relies on the fact that colors are interchangeable. We start by independently choos-
ing a coloring ¢; for each subgraph H; (: = 0,1), ignoring the fact that they overlap. We
must then carry out a repair step, in which the coloring of one subgraph, say Hj, is modified
to be consistent with the coloring of the other subgraph Hp on the common nodes. The

repair step consists in finding a one-to-one mapping of the colors used by ¢; satisfying the
following condition:

Consistency condition: the color assigned by ¢; to a common node v € H,nH,
is mapped to the color assigned to the same node by co.

Once we have found such a mapping, we can use it to transform the coloring ¢; of H;; each
color is replaced by its image under the mapping. By the consistency condition, the resulting
coloring ¢} assigns the same color to each common node as cp does. We can therefore combine
the colorings ¢ and ¢ to obtain a coloring ¢ of the entire graph G.

What properties must the one-to-one mapping satisfy in order that the coloring of G
be a minimum coloring? We must ensure that the transformed coloring ¢; re-uses colors
used by ¢y as much as possible. Let z; be the number of colors used by ¢;, for 2 = 0, 1.
If z; < zy, we can map every color used by ¢; to a color used by co (while satisfying the
consistency condition). In this case, a total of zo colors are used by the merged coloring
cof G. If z; > xp, we must map z; — zg of the colors used by ¢; to colors not used by
Zo. In this case, a total of z; colors are used. Let us assume inductively that ¢y and ¢; are
minimum colorings of Ho and T—I:, respectively. Then since these graphs are subgraphs of G,
the minimum number of colors required for G is at least max(zo,z,). The merged coloring
¢ of G achieves this lower bound; hence it is minimum.

5.6.2 A divide-and-conquer approach to coloring

To apply the color-permuting strategy to minimally coloring a chordal graph G, we use
divide-and-conquer. For now, we outline the basic approach; we will later consider each
step in more detail. Divide the graph G into node-disjoint subgraphs Ho, Hy, ... , Hy such
that the neighborhood of each H; for 1 = 1,...,s is a clique K; contained in Ho,. Next, for
i=1,...,s let H; = G[H; U K;]. The resulting subgraphs Ho,Hy,. .., H,, illustrated in
Figure 18, satisfy the conditions that make possible the color-mapping strategy.

1. The intersection of each H; (i > 0) with Hy is a clique.
2. The union of H, ..., H, is the whole graph G.
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Figure 18: Divide G into disjoint subgraphs Ho, Hi, H,, ..., H (here k = 2) such that the
neighborhood of each H; (i > 0) is a clique contained in Hp.

In parallel, recursively find minimum colorings co, ¢1, . . - , ¢k for the subgraphs T—I-;, E, ceey H,.
For 2 = 1,...,s in parallel, find a transformed coloring ¢} of H;. Derive the coloring of G
from the colorings ¢, c},...,c.

The questions that we need to address in order to turn this outline into an algorithm are:

1. How do we choose the decomposition of G into disjoint subgraphs?

2. Given that the subgraphs on which we recurse are not disjoint, how can we achieve a
linear processor bound?

3. How do we guarantee small recursion depth?

4. How do we carry out the repair step, in which the colors are mapped?

We first address question 2. It seems that since the subgraphs T—I\o, E, ey II on which the
algorithm recurses are not disjoint—H; shares with H, the edges and nodes in the cliques

K;—we cannot hope to make do with only one processor per edge and one processor per
node.

To cope with this difficulty, we use a simple idea called cliqgue management. Given the
knowledge that K; is a clique, the algorithm need not inspect the edges between nodes of K;
during the recursive call on H; = G[H;U K]; it “knows” without checking that every pair of
nodes in K; are adjacent. Hence for this recursive call, we do not need to assign processors
to the edges of K;, only to the “relevant edges”—those within H; and those between H; and
K;. For distinct subgraphs H; and Hj, the relevant edge-sets are disjoint. Hence we can

carry out the recursive calls while holding to our rule of assigning one processor per edge of
the original graph.

The above idea helps us deal with edge duplications—how do we handle node duplica-
tions? Because every node of K; is a neighbor of a node of H;, every node of K; is the
endpoint of an edge relevant to H;. We can have each processor assigned to a relevant edge
do double-duty—it handles the edge and also handles the endpoint in the clique.
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CoLoR(G, Ko):

Input: Connected graph G containing a clique Ko, such that every node of K¢ has a neighbor
in G - Ko.

Output: Optimal coloring of G.

Cl If G — Ko consists of a single node v, then G is a clique; assign the first |V (G)| colors to
its nodes, and end.

C2 Otherwise, Break G — K into subgraphs Hy, ..., H, such that

e cach subgraph has size at most half that of G — Kp;
e Hy,...,H, are distinct components of G — Ko — Hyp; and
e for 1 < i < s, the neighborhood of H; in G — H; is a clique K;.
C3 For:=0,...,s in parallel,
call CoLor(H;, K;), where H; = G[H; U K}, to get an optimal coloring ¢; of H;.

C4 For:=1,...,s in parallel, modify the coloring ¢; to be consistent with ¢y on the nodes
V(K;) they have in common.

C5 Merge the colorings to obtain a coloring of G.

Figure 19: The recursive algorithm COLOR for finding an optimal coloring of a chordal graph
G.

According to the idea of clique management, the recursive coloring procedure takes two
inputs, the graph G to be colored and a clique K contained in G. A sketch of the procedure
CoLOR(G, K,) is given in Figure 19. Step C1 handles the base case of the recursion, where
the graph G is-a clique. In this case, it is easy to minimally color G—each node must receive
a different color. Otherwise, step C2 finds a decomposition of G — K into some number
of subgraphs Hy,..., H, such that for ¢ = 1,..., s, the neighborhood of H; is a clique K;.
(Note that this clique K; may share nodes with the clique K,.) Step C3 recursively colors
each of the subgraphs H;; during the coloring of Hj, the clique K; is managed.

In order to ensure that the recursion depth is small (question 4), the decomposition of
G — K, is such that each subgraph H; is at most half the size of G — K. Thus we measure
progress not in terms of the size of the graph G being colored, but in terms of the number of
nodes of the graph that are not in the clique being managed. On input G, Ky, the number
of levels of recursion is 1 + log |G — Ko|. We shall show that each level can be implemented
in O(log t) time using ¢ processors, where % is the number of edges with at least one endpoint
in G — K. To find a coloring in the original graph G, call COLOR(G, 0).

At last we address question 1: how is the decomposition chosen? This is where we use the
special properties of the eliminination tree; in fact, this is the only place we use chordality.
Inductively we assume we have an elimination tree T for G in which the nodes of K are the
highest nodes. Using the Euler-tour technique {45], choose the lowest node % in T that has
more than p/2 descendents, where p = |G- Ky|. Let vy, ..., v, be the children of 4 in T'; then
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each subtree T, has at most p/2 nodes. We let K be the clique {#}U{higher neighbors of 3},
and let H; = GQ[T,,]. By Lemma 5.4, the subgraphs Hy,..., H, are connected components of
G — K. The neighborhood of each H; in G — H; is contained in the clique K, and is therefore
itself a clique K;. Let Hy = G — Ko — Ui, H;. By choice of 9, Hy has at most p/2 nodes.

Step C4, in which we modify the colorings to be consistent, can be implemented using
parallel prefix computation. We shall next describe this step in greater detail.

5.6.3 The repair step

It is convenient to use the positive integers as our colors. The repair step consists of finding
a mapping ¢; from the colors used by ¢ (for i = 1,...,3) into the set of all colors, and

computing the transformed coloring c{(v) = ¢i(ci(v)), such that the following two conditions
are satisfied:

Consistency condition: For each 1 <4 < s, the color assigned by ¢; to a common
node v € H; N Hy is mapped to the color assigned to the same node by co.

Parsimony condition: The maximum color used by the transformed colorings
¢j,...,c) is no more than the maximum color used by the original recursive

colorings cog, €1, .. ., Cs.

The consistency condition ensures that each transformed coloring ¢} can be merged with
¢o. The parsimony condition ensures that the resulting merged coloring is minimum (if the
recursive colorings were minimum.)

To make the repair step easier, we inductively require that for 2 = 0, ..., s, the coloring
¢; assigns colors 1 through |K;| to the nodes of the associated clique K;. This requirement is
easy to satisfy at the base of the recursion, step Cl. It is automatically preserved in going
from one level of recursion to the next higher level: the colors assigned by ¢ to the nodes of
K, are exactly those assigned by .

Given the above requirement is satisfied, we now show how to transform a coloring ¢;

(1 <2< s) so that the consistency condition and the parsimony condition are satisfied. Let

z; be the number of colors used by ¢;. By the requirement, the colors 1 through |Kj;| are

assigned by ¢; to the nodes of K;; these are the colors that must be mapped to corresponding

colors used by ¢o in order that the consistency condition be satisfied. We therefore partially
define the mapping ¢; by

Vv € K; 1 ci(v) — co(v) (4)

The other colors used by c;, colors |K;| + 1 through z;, are assigned to the nodes of H;. We
must map these to other available colors used by ¢, (and use additional colors only when
necessary). In order to help us identify the other available colors, we perform a preliminary
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computation. For each color ¢ between |K;| + 1 and z;, we count the colors less than q that
o uses in coloring K;: let

Adq) == Heov) < ¢ : v € V(K.

(The values A;[-] can be computed using a parallel prefix computation.) A color g between
|K;i| +1 and z; is the ¢ — |K;|# color used by ¢; on H;. We want to map it to the ¢ — | K;|t2
color not already assigned by c¢o to a node of K;. We therefore extend the definition (4) of
the mapping ¢; as follows:

Vo(|Ki| +1<g<z): g+ q—|Ki| + Ailq] (5)

Thus the colors of nodes of H; are mapped to colors starting at 1, with gaps only for colors

already assigned to nodes of K;. We use this mapping to transform the coloring ¢; to obtain
ci: for each node v € H;, define

C’-(‘U) o { CO('U) ifve K;
ness ci(v) — | Ki| + Ailei(v)] ifv € H;

This assignment ensures that, for any node v € H;, colors 1 through c!(v) all appear in the
coloring ¢! of H;. As a consequence, we claim, the parsimony condition is satisfied. If the
maximum color g used by the transformed coloring ¢! is used for a node of K;, then q is at
most the maximum color used by ¢o. Otherwise, colors 1 through q all appear in ¢;. Since

c; uses the same number of colors as ¢;, it follows that ¢; uses at least g colors. The claim is
proved.

5.6.4 Resource requirements

The only nontrivial computation in implementing step C4 is computing the A;[q] values. For
each 1 < i < s, construct an array of length z; < |H;|, and initialize all entries to 1. Then
set to zero the g entry for each color ¢ that ¢, assigns to a node of K;. Finally, perform a
parallel prefix sum computation on the array to compute the values A;[g]. The total work is
proportional to Y>; | K;| + | H.

Let t; be the number of edges that either lie in H; or connect H; to K;. Since H; is
connected, the number of nodes in H; is at most one more than the number of edges in H;.
Since every node in K; is a neighbor of some node in H;, the number of nodes in K; is at
most the number of edges connecting H; to K;. Thus |H; U K;| < t; + 1. so the total work

is proportional to }>;¢;, which is just the number ¢ of edges that either lie within G — K or
connect G — K, to G.

Assume inductively that O(log t;log |H;|) time and O(t;/logt;) processors are sufficient
to recursively color G[H; U K;]. Then O(t/ logt) processors are sufficient to recursively color
all the subgraphs G[H; U K;] in O(log t(log(|G — Kp|) — 1)) time and to combine the colorings
in O(log t) time, for a total of O(logtlog |G — Kj|) time.
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6 The Framework for finding a Perfect Elimination
Ordering

6.1 Preliminaries

In this section, we develop two efficient parallel algorithms for finding a perfect elimination
ordering, one sequential and one parallel algorithm. The optimization algorithms of the
previous section all assume that a perfect elimination ordering (or peo) is part of the input;
hence the peo algorithms are crucial for finding a minimum coloring, a maximum independent
set, etc., efficiently.

Recall the historically first peo algorithm, that of Fulkerson and Gross: repeatedly find
a simplicial node (one whose neighbors form a clique), and delete it. This algorithm clearly
consists of only n stages for an n-node graph; the disadvantage is that each stage seems
fairly expensive. Indeed, even checking whether a given node is simplicial seems to require
Q(m) time in the worst case.

The theorem of Dirac guaranteeing the existence of a simplicial node in every chordal
graph gives us a clue as to how to proceed in order to get an improved sequential algorithm.
Dirac’s theorem in fact ensures that every graph with at least two nodes has at least two
simplicial nodes. For any node v, therefore, there is a simplicial node other than v; once it
is eliminated, there is remaining another simplicial node other than v, and so on, until there
is only v remaining. We see that we can initially set aside v to be eliminated last. This idea
suggests we might be able to build a peo backwards, first choosing the last node of the peo,
then choosing the second-to-last, and so on. The linear-time peo algorithm of Rose, Tarjan,
and Lueker does exactly this.

Dirac’s theorem ensures that the choice of last node is arbitrary. Once the last node
of a peo is chosen, however, the choice of the second-to-last node is far from arbitrary, the
subsequent choice of the third-to-last node is even more restricted, and so on. We need a
condition that guides us in making these choices so that we never make a choice that rules
out all peo’s.

We shall give a characterization of those partial solutions that can be extended to com-
plete solutions. In order that our characterization yields not only a sequential algorithm but
also a parallel algorithm, we use a general model of what constitutes a partial solution. A
semiorderis a partition of a nodeset into an ordered sequence of classes: ¥ = (C1,Cy, ..., Cy).
For example, a total ordering is a semiorder ({v1},{v2},...,{vn}) in which each class con-
tains only one node. The partial solution in which we have chosen the last node v but have
made no other decisions is represented by a semiorder (C, {v}) consisting of two classes: the
second class contains v and the first class contains all other nodes. Figure 20 illustrates some
examples of semiorders.

We make progress towards a complete solution by refining the semiorder, i.e. further
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Figure 20: Example semiorders are depicted. The first is a semiorder in which every node
is in a separate class, i.e. a total order. The second consists of only a single class; it is
effectively a completely unordered set. The third is a semiorder in which the last node has
been chosen but no other ordering decisions have been made.

Figure 21: This figure illustrates the process of refining a semiorder. ‘We start with a
semiorder with three classes. Each class is divided into subclasses. Finally, these subclasses
become the classes of the new semiorder.

dividing its classes into subclasses. Let ¥ = (Cy,...,Ck) be a semiorder on the nodeset V,
and let ® = (Ciy,Cia,...,Ci) be a semiorder on a class C; of U. To refine ¥ by & is to
replace the class C; in ¥ by the subclasses Cjy,Cia, ..., Cir in order, yielding a new, refined
semiorder. More generally, to refine a semiorder is refine some of its classes, as illustrated in
Figure 21.

We say one semiorder is consistent with a second if the second can be obtained by refining
the first. For example, the semiorder with only one class is consistent with every semiorder,

while a total order—a semiorder in which each class contains one node—is consistent only
with itself.

For a graph G and a semiorder ¥, we write Gy for the graph G with each node labelled
by the class containing it. For two nodes v and w, we write ¥(v) > U(w) if v is higher
than w. For example, a semiorder ¥ is consistent with another semiorder ® if ¥(v) > ¥(w)
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Figure 22: The first semiorder is not valid for the graph shown; the highlighted end-high
path, for example, does not have adjacent endpoints. The second semiorder is valid, and the
nodes are numbered in perfect elimination order.

implies ®(v) > ®(w) for all pairs of nodes v, w.

Our notion of an end-high path, defined in Subsection 5.1 for graphs whose nodes are
totally ordered, is equally applicable to graphs Gy whose nodes are semiordered: an end-high
path is a path in the graph whose endpoints are strictly higher than its internal nodes. We
say a semiorder ¥ is walid for a graph G if every end-high path in Gy has adjacent endpoints.
The reason for this definition is made clear by the following theorem.

Theorem 6.1 (End-high Theorem) A semiorder on the nodes of a chordal graph is con-
sistent with some peo if and only if the semiorder is valid for the graph.

Figure 22 gives examples of how this theorem is applied. We postpone the proof of the
theorem until the end of this section; for now, we consider the special case in which the
semiorder is restricted to be a total order.

Lemma 6.2 A total ordering of the nodes of a chordal graph is a peo if and only if it is
valid.

Proof: It follows from Lemma 5.2 of Section 5.1 that a peo is valid. Suppose conversely that
the total ordering ¥ is valid, and let v be a node. We must show that the higher neighbors
of v form a clique. Let z and y be any two higher neighbors of v. Then zwvy is an end-high
path, so by validity, its endpoints z and y are adjacent. |

Terminology begets terminology. In order to prove that every end-high path has adjacent
endpoints, it is easier to focus on a special kind of path, the chordless path. A chord of a
path P = v;...v, in a graph G is an edge {v;,v;} in G, where ¢ < j — 1. We say a path
is chordless if it has no chord. The following simple observation shows why we can focus
exclusively on chordless paths.

Lemma 6.3 (Shortcutting Lemma) For any path P in a graph G, there is a chordless
path P' with the same endpoints, such that V(P') C V(P).
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ITERATED REFINEMENT

R1 To initialize, let ¥ be the trivial semiorder consisting of one class.
R2 While ¥ is not a total ordering.

R3 Refine ¥, maintaining validity

R4 Output the total ordering V.

Figure 23: The ITERATED REFINEMENT algorithm for finding a peo.

Proof: If P = v;...v has a chord {v;,v;}, replace P with the path v;...v;... vk, which
has fewer chords; by iterating, we obtain the desired chordless path. |

For a graph G with a semiorder on its nodes, we say a path is weakly end-high if its
endpoints are at least as high as all internal nodes. Contrast this notion with that of a
(strictly) end-high path, whose endpoints must be strictly higher than the internal nodes.

We say a path is uniform if all its nodes except possibly one endpoint belong to the same
class.

Lemma 6.4 (Uniformity Lemma) If ¥ is valid for G, each chordless weakly end-high
path P in Gy is uniform.

Proof: Suppose P = vy ... is not uniform, and let v; . . . v; be a maximal subpath consisting
of nodes lower than the endpoints of P. Then v;_; ...v;11 is an end-high path, so by validity
of ¥, {v;_1,v;_1} is an edge, contradicting the chordlessness of P. 1

6.2 Iterated Refinement

We shall next lay out our basic framework for peo algorithms. In the following section, we
describe the sequential algorithm of Rose, Tarjan, and Lueker, and show how it can be cast
within the framework. In Section 8, we give the parallel algorithm of [29].

Our general framework for finding a peo, which we call iterated refinement, is illustrated
in Figure 23. We assume at the outset that the input graph is chordal, and show how to
construct a total ordering that is a peo if the assumption holds; once the total ordering has
been constructed, the method of Subsection 5.2 can be used to verify that it is indeed a peo
and hence that the input graph is indeed chordal.

The iterated refinement approach starts with the trivial semiorder, in which all nodes are
in the same class, and iteratively refines the semiorder, maintaining validity throughout the
process, until the semiorder becomes a total order. The initial, trivial semiorder is trivially
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valid. Since we maintain validity throughout, the final, total ordering is valid. But by
Lemma 6.2, a valid total ordering is a peo.

The iterated refinement approach is the basis for proving the End-high Theorem.

Proof of the End-high Theorem: The “only if” direction is easy to prove; the proof resembles
that of Lemma 5.2. Suppose V¥ is a semiorder on G that is consistent with the peo 0. We need
to show that every chordless end-high path P in Gy has adjacent endpoints. If P consists of
a single edge {z,y}, we are done, so assume for a contradiction that P has internal nodes.
Let u be the internal node with the minimum o-number. Then the neighbors of u in P have
higher o-number, so they are adjacent by definition of a perfect ordering, contradicting the
chordlessness of P. '

To prove the “if” direction, suppose G is chordal. In Subsection 8, we give a procedure
REFINE to validly refine any valid semiorder on G that is not a total order. By repeated
refinements, we eventually obtain a valid total order, i.e. a peo. " 1

Even aside from the fact that we have not yet given the procedure REFINE or proved
its correctness, the proof of the “if” direction may seem to be a cheat. How can we use
an algorithm to prove a theorem “about” the algorithm? The answer is that the End-high
theorem is not used in proving the correctness of either the iterated refinement approach or
the REFINE procedure; only the special case of Lemma 6.2 is needed.

The use of an algorithm to prove a combinatorial result is by no means new; illustrious
examples include use of a maximum flow algorithm to prove the Max-flow Min-cut Theorem,
and use of Edmonds’ blossom-shrinking nonbipartite matching algorithm to prove the Gallai-
Edmonds Structure Theorem. (For those readers still not satisfied, reference [28] contains a
more direct proof of the End-high Theorem.)

A word about implementation is in order. For conceptual simplicity, we use the notion of
semiorder refinement. For purposes of implementation, a semiorder must be represented in a
way that can be efficiently updated when refinement takes place. In sequential computation,
one can use doubly-linked lists, one for each class listing the elements of the class. This
representation makes it easy to remove nodes from a class, one at a time, and form new
subclasses. This is the representation used in implementing Rose, Tarjan, and Lueker’s
linear-time sequential algorithm for finding a peo, described in the next section.

In parallel computation, the same representation can be used, but removing nodes from
a class is somewhat more involved, because a large collection of nodes may need to be
removed all at the same time. This can be accomplished by use of list-ranking techniques.
An alternative representation assigns distinct positive integers to each of the classes, in
ascending order. Instead of assigning, say, 1 to the first class, 2 to the second, and so on, we
can assign 1n to the first class, 2n to the second, and so on. This gives us enough room for
refinement: we can split each class into subclasses and assign each subclass its own integer.
After each class has been refined, we can use sorting to bring together all nodes in the same
class, and then use a parallel prefix computation to renumber the classes in preparation for
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Figure 24: Both u and v are adjacent to 9, but only v is adjacent to 8. Therefore, the
neighborhood of node v among the numbered nodes is lexicographically higher than that of
u.

the next refinement. For brevity, we will not address these issues of representation when we
discuss the parallel algorithm for finding a peo.

7 Rose, Tarjan, and Lueker’s sequential algorithm for
finding a perfect elimination ordering

The sequential peo algorithm of Rose, Tarjan, and Lueker used a method they called lezico-
graphic breadth-first search. The idea is to construct the peo backwards, selecting each node
in turn in an order dependent on the node’s neighbors among previously selected nodes. The
algorithm consists of n stages, one for each node, numbered from n down to 1. In stage 1,
a node is selected and assigned position number 7 in the peo being built. The selection is
made from the set of as-yet-unnumbered nodes, based on the neighborhoods of these nodes
among the numbered nodes. The node selected is one which has the lezicographically highest
neighborhood. That is, given two distinct subsets S; and S, of the numbered nodes, let v
be the highest-numbered node that is in one subset but not in the other; then the subset
containing vy is lezicographically higher than the subset not containing vi. Figure 24 gives
an example of this rule being applied.

7.0.1 Linear-time implementation

Rose, Tarjan, and Lueker show that this version of lexicographic breadth-first search can be
implemented in linear time. The key is to keep all the unnumbered nodes partitioned into
classes according to their neighborhoods among the numbered nodes. That is, each class
contains all the unnumbered nodes having a particular neighborhood, and the classes are
ordered lexicographically by neighborhood. Each class is represented by a doubly-linked list.

Stage 1 consists of two phases. First, the algorithm selects an unnumbered node v belong-
ing to the highest class, removes it from the linked list representing that class, and assigns it
number 7. Second, each class C is partitioned into two subclasses, a higher subclass C* and
a lower subclass C~. The higher subclass consists of the nodes in the class that are adjacent

34



[ ] ® [ ]
[ ] d [ ]
® ® 7 §8 9
Py [ ] ojloje
¢ °
not adjacent adjscent to 17 adjacent to 17, 19 afjscentto 18, 19
to any numbered
nodes
Unnumbered Nodes Numbered Nodes

Figure 25: The semiorder consists of a sequence of classes of unnumbered nodes, followed
by singleton classes, one for each numbered node. Each of the former classes contains
all nodes with a specific neighborhood among the numbered nodes, and these classes are
ordered according to the lexicographic ordering of the neighborhoods. The classes containing
numbered nodes are ordered according to number.

to the newly numbered node v, and the lower subclass consists of the remaining nodes in the
class. The ordered sequence of subclasses is the sequence of classes used for the next stage.
That is, if at the beginning of stage ¢, the sequence of classes was Cy,Cs,..., Ck, then at the
end the new sequence of classes is C1,Cf,C;,Cf,...,Cr,C{. (In general, some of these
new classes may be empty; the empty classes are omitted from the sequence.)

In order to carry out the partitioning of the classes, the algorithm examines the adjacency
list of the newly numbered node v to determine the set of unnumbered nodes having v as
a neighbor. For each such unnumbered node w, the algorithm determines which class C
currently contains w, removes w from the linked list representing C, and adds w to a new
list representing the higher subclass C*. Subsequently the elements not removed from C
form the lower subclass C~. Thus, work is only performed for the neighbors of w.

Consequently, the stage in which v is assigned number 2 requires constant time to remove
v from its class, plus time proportional to the number of edges connecting v to unnumbered
nodes. Over all n stages, each node is examined once and each edge is examined once, so
the total time required is O(n + m).

7.0.2 Correctness

In order to prove that lexicographic breadth-first search yields a peo when the input graph is
chordal, we cast the algorithm in the framework of Iterated Refinement, and show that each
refinement maintains validity. At each stage in the algorithm, the semiorder consists of a
sequence of classes containing the unnumbered nodes, followed by a sequence of single-node
classes, one for each numbered node, in increasing order of number.

Stage 7 consists of two refinements, one for each phase. We must verify that these two
refinements maintain validity. We inductively assume at the beginning of the stage that the
current semiorder ¥; divides the unnumbered nodes into classes according to their neighbor-
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Figure 26: This figure shows the highest class C and the numbered nodes. The end-high
path P has endpoints v, the node currently being numbered, and 8, a previously numbered
node. Since all nodes of C have the same neighborhood among the previously numbered
nodes, v must be adjacent to 8.

hoods among the numbered nodes. Thus all nodes in a class have the same neighborhood.
We also assume that the current semiorder ¥ is valid. In the first refinement, we refine only
the highest class C containing unnumbered nodes. We select a node v in C, and we partition
C into a higher class containing only the node v—this corresponds to assigning the number

t to v—and a lower class containing all the other nodes of C. Let ¥’ be the resulting refined
semiorder.

Claim 7.1 The first refinement ¥ — U’ maintains validity.

Proof: Suppose ¥ is valid, and let P be a chordless end-high path in Gy with endpoints z
and y; we must show that = and y are adjacent. If neither of the endpoints is v, then P was
an end-high path even before the refinement, in Gy, so z and y are adjacent by the validity
of U. Assume therefore that the lower of the endpoints, say z, is v; the other endpoint y
must be a previously numbered node.

By the uniformity lemma, the path P is uniform with respect to the old semiorder W.
Hence every node of P, except for the higher endpoint y, belonged to the same class C of ¥
as v. We assumed that all the nodes in each class of ¥ have the same numbered neighbors.
In particular, the node of P adjacent to y has the same numbered neighbors as v. We have
proved that v is adjacent to y. |1

In the second refinement, we consider each class C containing unnumbered nodes, and
we partition its nodes into a higher class C* and a lower class C~, where the higher class
contains the nodes of C adjacent to v. Let ¥” be the resulting refined semiorder.

Claim 7.2 The refinement ¥/ — ¥” maintains validity.

Proof: Suppose V' is valid, and let P be a chordless end-high path in Gg~ that was not
end-high with respect to the previous semiorder ¥'. By the uniformity lemma, all nodes of
P except possibly the higher endpoint y, belonged to a single class C of ¥'. There are four
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possibilities for y: it may be a node numbered in a previous iteration, the newly numbered
node v, a node of C*, or a node that belonged to a higher class C’ than C in U.

First suppose y is a previously numbered node. We assumed that all the nodes in each
class of ¥’ have the same previously numbered neighbors; since the node of P adjacent to y
belongs to the class C of ¥, every node of C, including z, is adjacent to y.

Next suppose y is the newly numbered node v. The other endpoint x belonged to the
class C of ¥, along with the internal nodes of P. Since P is end-high with respect to ¥”,
the endpoint  must belong to the higher subclass C*. Hence z is adjacent to y.4

Now suppose y is adjacent to v; this includes the case in which y is in C*. By adding the
edges {z,v} and {y,v} to the path P, we obtain a cycle 6. If § has three edges then {z,y}
is the third, and we are done; otherwise by chordality 6 has a chord. Since P is chordless,
@’s chord cannot consist only of nodes of P; it must contain the node v. But the internal
nodes of P belong to the lower subclass C~, and hence are not adjacent to v, so we have a
contradiction.

Suppose finally that y belongs to a higher class C’ of ¥/ than C, and y is not adjacent to
v. Then y has a numbered neighbor v; that is not a neighbor of any node of C. By adding
the edges {y,v;} and {z,v} to P, we get a path P’ that is end-high with respect to ¥'. By
Claim 7.1, its endpoints v and v; are adjacent. By adding the edge {v,v;} to P’, we obtain
a cycle 8, which must have a chord. But v is not adjacent to any node of P except z, and
v; is not adjacent to any node of P except y, so the only possible chord is {z,y}. 1

We have proved that the two refinements of stage 7z, ¥ — ¥’ and ¥’ — ¥”) maintain
validity. The algorithm uses the semiorder ¥” for the next stage; hence the algorithm
maintains validity throughout, and is therefore correct.

8 A parallel algorithm for finding a perfect elimina-
tion ordering

In this section, we show how to find a peo in O(log?n) time using n + m processors.

8.1 The REFINE procedure

In order for an iterated refinement algorithm to be a fast parallel algorithm, the number of
iterations required must be small, much smaller than the 2n — 1 iterations required by the
sequential algorithm of the previous section. We give an algorithm requiring only O(logn)
iterations. The core of the algorithm is a subroutine REFINE which takes as input a graph G

“In fact, this case cannot happen; the node of P adjacent to y would be in CF, which would mean P was
not an end-high path after all.

37



.b

Figure 27: In the first semiorder, y is a previously numbered node; all the nodes in C have
the same numbered neighbors, so z is adjacent to y. In the second semiorder, y is the
newly numbered node v; since z is in C*, = is adjacent to v. In the third semiorder, both
endpoints are adjacent to v, but none of the internal nodes of the path is. In this case,
chordality implies that z and y are adjacent. In the fourth semiorder, z is adjacent to v,
and y is not. The node y is adjacent to a numbered node that is adjacent to v but not to
z or any internal nodes of the path. Moreover, none of the internal nodes is adjacent to v.
Chordality again implies that z and y are adjacent.
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and a valid semiorder ¥ and returns a refined valid semiorder ¥’ whose largest nonsingleton
class is four-fifths the size of that of ¥. After ¢t iterations, the largest nonsingleton class
has size at most (4/5)'n. Hence only O(logn) iterations are required before every class is
singleton.

To achieve the refinement, the REFINE subroutine operates independently on each of the
nonsingleton classes of the input semiorder ¥, and refines each. A priori, we have no reason to
believe that such a strategy could work—that we could refine each class independently and
expect to thereby obtain a valid semiorder; perhaps some coordination between different
classes is necessary. The key to proving that the strategy can be made to work is the
Refinement Lemma, which we give presently. It states, intuitively, that a refinement of
a class C preserves validity for the entire graph if it preserves validity for the subgraph
consisting of C and its higher neighbors. To state the lemma formally, we need to introduce
some notation.

Fix a graph G and a valid semiorder ¥. For a class C, let I'(C) denote the set of higher
neighbors of C, let C' denote the subgraph of G induced by C'U I'(C), and let ¥¢ denote the
semiorder (C,I'(C)) for C.

Lemma 8.1 (Refinement Lemma) Suppose ¥ is a valid semiorder for G. Let ® be a
semiorder for a class C of Gy. Then the following two conditions are equivalent

(1) the refinement of Gy by ® is valid
(2) the refinement of Cy, by ® is valid.

Proof: Let ¥’ be the refinement of Gy by ®, and let A be the refinement of C’% by ®. We
need to show that ¥’ is valid for G if and only if X is valid for C. It suffices to show that
the chordless end-high paths in G¢ that are not end-high with respect to ¥ are exactly the
chordless end-high paths in Cj that are not end-high with respect to ¥¢.

One direction is easy. Since € is a subgraph of @, a path P in € is also a path in G.
Moreover, A is consistent with the restriction of ¥’ to C, so if P is end-high with respect to
A, it is certainly end-high with respect to ¥’.

Conversely, let P be a chordless end-high path in G/ that was not end-high with respect
to ¥. By the uniformity lemma, P is uniform with respect to ¥, so its lower endpoint z lies
in the same class of ¥ as its internal nodes. Since P is end-high with respect to ¥/, z lies in
a higher class of ¥’ than the internal nodes. Since ¥’ is the refinement of ¥ by &, it must
be that z lies in a higher class of & that the internal nodes. Since @ is only defined for the
class C of ¥, this class must contain z and all the internal nodes.

The other endpoint y of P is a neighbor of a node of C, and hence is either in C itself,
or is a higher neighbor of C. In the first case, y is in a higher class of ® than the internal
nodes because P’ is strictly end-high. In the second case, y is in a higher class of U¢ than
the internal nodes. In either case, we conclude that P’ is an end-high path in Cy. 1l
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The Refinement Lemma implies that to validly refine a class C in Gy, we need only
validly refine it in éwc. In fact, we observe next that all the classes of Gy may be thus
refined simultaneously and independently, as far as validity is concerned. The reason is
that for any class C, Cy, remains unchanged when classes other than C are refined. More

formally, fix a semiorder ® on C. By applying the lemma to ¥, we see that the following
two conditions are equivalent:

(1) the refinement of G¢ by ® maintains validity

(2) the refinement of Cy, by ® maintains validity.

Now suppose ¥’ is obtained from ¥ by refining classes other than C. By applying the lemma
to ¥, we see that condition (2) is equivalent to the following condition:

(3) the refinement of G¢ by ® maintains validity.

We conclude that conditions (1) and (3) are equivalent, and hence that the refinement of C
is independent of the refinement of other classes. Thus the REFINE subroutine can refine
each class independently and still be assured of maintaining validity for the entire graph.

We make one more useful observation before giving the REFINE procedure. We shall see
at the end of this subsection that it is easier to work with connected classes, i.e. classes C
whose induced subgraphs G[C] are connected. The following corollary shows that we can
assume without loss of generality that this condition holds.

Corollary 8.2 Refining a class by dividing it into its connected components always main-
tains validity. '

Proof: No end-high path can be created by such a refinement, because an end-high path
would have to cross components. More formally, let ¥ be a valid semiorder for G, and let
C be a class of ¥. Let & be a semiorder on C consisting of the connected components of
Q[C] in any order. Suppose we refine Cy, by ®, obtaining C). If we can prove that no
new end-high paths result, the corollary will follow via the Refinement Lemma. Assume for
contradiction that there is an end-high path P in C, that was not end-high in Cg,. Then all
the internal nodes and at least one endpoint z must be in C. Since they are connected by a
path, these nodes all lie in the same connected component of G[C]. In ® and J, therefore, =
is no higher than the internal nodes, contradicting our assumption that P was end-high. |

The procedure REFINE is given in Figure 28. The first step refines ¥ to ensure that
each of its classes is connected. The validity of this refinement follows from Corollary 8.2.
The main work of REFINE is carried out in the subroutine STRATIFY(Gy, C), which validly
refines a connected class C into subclasses such that each nonsingleton connected component
of each subclass has size at most four-fifths the size of C. These connected components
themselves become classes during the first step of the next iteration. Thus in successive calls
to STRATIFY, the maximum class size goes down by a factor of four-fifths.
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Procedure REFINE(Gy):

For each nonsingleton class C, call STRATIFY(Gy,C) to refine C.

(Follow-up step) For each resulting class C, refine C' by dividing it into its connected com-
ponents.

Figure 28: The procedure REFINE for refining a semiorder; it reduces the size of each class
by a factor of four-fifths.

8.2 Resource Requirements: the return of clique management

There is an apparent obstacle to achieving an efficient algorithm. The second step of REFINE
operates independently on each class. To validly refine a class C, one must examine the
structure of C , the subgraph consisting of C and its higher neighbors; these higher neighbors
belong to different classes. If we are to refine all classes simultaneously, we must operate on
mutually overlapping subgraphs; how can we do this with only a linear number of processors?

The solution is clique management, the idea we used for minimum coloring in Subsection

5.6.

Lemma 8.3 Suppose V is a valid semiorder for G, and a class C forms a connected subgraph
of G. Then the higher neighbors of C form a clique.

Proof: For every pair of higher neighbors  and y of C, there is an end-high path through
C with endpoints z and y; hence every pair of higher neighbors of C are adjacent. |

As in the minimum coloring algorithm, once we have identified a clique, we need not assign
processors to the edges between its nodes. Consequently, we can carry out STRATIFY(Gy, C)
in work proportional to the number of edges with at least one endpoint in C; we need not
do work for the edges between C’s higher neighbors. Summing over all classes C, we find
that each edge of G is charged at most twice, so the total work is O(m).

The parallel time to carry out STRATIFY(Gy¢,C) is O(logn) using t processors, where ¢
is the number of edges with at least one endpoint in C'. By applying STRATIFY to all classes
in parallel, we achieve O(log n) time using 2m processors. The preliminary step in which we
divide each class into its connected components can be carried out within the same bounds,
using a standard connectivity algorithm.

8.3 Stratification of a class

We will presently give a procedure for stratifying a class: breaking it into subclasses while
maintaining validity. Given a validly numbered graph G¢ and a nonsingleton connected
class C of Gy, our goal is to refine C into subclasses such that each nonsingleton subclass
has at most four-fifths the nodes of C.
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Figure 29: A minimal separator is a clique.

Note that because of the follow-up step of the procedure REFINE, presented in Subsection
8.1, we need only refine C into subclasses such that each connected component of each subclass
is a constant fraction smaller than C. We call such a refinement a well-stratification of C.

Theorem 8.4 Suppose ¥ is a valid numbering of a chordal graph G, and C is a class of
Gy. Valid well-stratification of C can be done in O(log k) time using O(k) processors of a
CRCW P-RAM, where k is the number of edges with at least one endpoint in C. Hence, a
peo of the chordal graph G can be found in O(log® n) time using O(m) processors.

In this subsection, we present some results used in proving the correctness of the proce-
dure. In subsequent subsections, we present parts of the procedure.

We start with a lemma of Dirac [15].

Lemma 8.5 (Dirac) If S is a minimal set of nodes whose removal separates a chordal
graph into ezactly two connected components, then S is a clique.

Corollary 8.6 In a chordal graph, the common neighbors of two nonadjacent nodes form a
(possibly empty) clique.

Proof: In the induced subgraph consisting of the two nonadjacent nodes = and y, and their
common neighbors, the common neighbors form a minimal separator between z and y.
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Figure 30: Common neighbors of nonadjacent nodes form a clique.

Figure 31: If H is connected, the semiorder & = (G — H — {neighbors of H}, H U
{neighbors of H}) is valid.
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G-D-K D K

Figure 32: If K is a clique and D contains the nodes adjacent to every node of K, then the
semiorder ® = (G — K — D, K U D) is valid.

Corollary 8.7 Let H be a connected subgraph of a chordal graph G. Then the semiorder
® = (G — H — {neighbors of H}, H U {neighbors of H}) is valid.

Proof: Let P be an end-high path in Gg, and let K be the component of the lower class
that contains the internal nodes of P. Let D be the set of higher neighbors of nodes in K.
In the subgraph induced on K U D U H, the nodes of D form a minimal separator between
C and H, so D is a clique. The endpoints of P are in D, so they are adjacent. |

Lemma 8.8 Let K be a clique in a chordal graph G. Let D = {v € G : v adjacent to every node of K}.
Then the semiorder ® = (G — K — D, K U D) is valid.

Proof: The proof is by induction on |K|. The base case, in which |K| = 1, follows from

Corollary 8.7. Suppose |K| > 1, and let v be a node of K. Let A consist of the nodes of

K — {v} and the nodes adjacent to all of K — {v}. Let a be the semiorder (G — A, A).

By the inductive hypothesis, « is valid. Because K is a clique, v is in A. Next we define

a semiorder for A, B = (A — {v} — {neighbors of v}, {v} U {neighbors of v}. By Corollary
8.7, B is a valid semiorder for G[A]. Let G, be the refinement of G, by 8. The nodes of A

bave no higher neighbors in G,, so A = A. Hence by the Refinement Lemma, v is a valid

semiorder for G. But « is a refinement of the numbering ® defined in the statement of the

lemma, so ® is also valid. This completes the inductive step. [

Lemma 8.9 Let o be any valid semiorder of a graph G, and let K be a cligue contained in
the highest class C of Go. Suppose «y is obtained from a by first refining C by (C — K, K)
and then refining K arbitrarily. Then « is valid.

Proof: The only end-higH paths introduced have endpoints in the clique K. |
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The following is a special case of the Refinement Lemma, where all nodes in the class C
have the same higher neighbors. In this special case, there is no need to consider C.

Lemma 8.10 Let U be a valid semiorder for a graph G. Suppose C is a class of Gy such
that G[C)] is connected, and all nodes in C have the same higher neighbors in Gg. Let ® be
a valid semiorder for C. Then the refinement of Gg by ® is valid.

Proof: By the Refinement Lemma, we need only show that the refinement A of C’q,,, by ®
preserves validity. Assume U is valid, so the nodes of C not in C form a clique by Lemma
8.3. Let P be an end-high path in €y with endpoints  and y. We must show that z and y
are adjacent. If both endpoints are in C, they are already adjacent by the validity of ®. If
neither is in C, they belong to a clique, and hence are adjacent. Suppose therefore that z is
in C and y is not. Since P is a weakly end-high path in C’q,c and an endpoint lies in C, all
the internal nodes of P must also lie in C'. Hence y is a higher neighbor of € in Cg. Since
all nodes in C have the same higher neighbors, it follows that y is a neighbor of z. |

8.4 The procedure STRATIFY

In this subsection, we outline the procedure STRATIFY for well-stratifying a class. The main
work of the procedure is done in subprocedures which are described in succeeding subsections.

The procedure STRATIFY(Gy, C) appears in Figure 33. If C is a connected nonsingleton
class of Gy, the procedure well-stratifies C. The procedure takes O(logn) time using ¢
processors, where t is the number of edges of G with at least one endpoint in C. To achieve
this processor bound, the procedure first identifies these edges by inspecting the adjacency
lists of nodes in C, and subsequently never examines any other edges of G.

While inspecting the adjacency lists, the procedure also identifies the set B of higher
neighbors of C in Gy. The procedure uses the fact that if ¥ is a valid numbering of G, then
the set of nodes B form a clique, by Lemma 8.3. The procedure assumes the existence of
edges between nodes in B without ever checking for their presence. Specifically, in computing
connected components of a graph involving nodes of B, the procedure uses an efficient
connectivity algorithm such as that of Shiloach and Vishkin [44] or that of Gazit [21], suitably
modified to take into account the fact that any two nodes of B are adjacent.

Namely, whenever we need to compute connectivity in a subgraph that includes nodes of
B, we start by constructing a star graph containing all such nodes. The star graph connects
up all these nodes using k — 1 artificial edges, where k is the number of such nodes of B.
Because we know that every two nodes of B are adjacent in the true graph, the artificial
edges stand for true edges. The number of processors needed for handling these artificial
edges is no more than the number of processors needed to handle the nodes of B. Hence the
total number of processors needed for computing connected components in a node-induced
subgraph of G[C U B] is proportional to the number of nodes in the subgraph, plus the
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Procedure STRATIFY(Gy,C):
S1  For each node v in C, identify those edges connecting v to other nodes in C, and those
edges connecting v to higher nodes.

S2  Let B be the set of higher neighbors of C.
S3  If B is empty, call NONE(Gy,C), and end.

S4  If every node in B has at least 2|C| neighbors in C, call HicEDEGREE(Gy, C, B), and
end.

S5  If there are nodes in B with fewer than 2|C| neighbors in C, call LowDEGREE(Gy, C, B).

Figure 33: The main procedure for finding a valid well-stratification.

number of edges with at least one endpoint being a node of C. The processor bound does
not depend on the number of edges with both endpoints in B.

Depending on the nodes in B, the procedure STRATIFY(Gy,C) calls one of three sub-
procedures, in which most of the work is done. In each procedure, we make use of parallel
prefiz computation, due to Ladner and Fischer [32]. In the next subsection, we describe the
simplest of these procedures, called NONE, which is applicable when the class has no higher
neighbors (i.e. when B is empty). This procedure illustrates the techniques used in refine-
ment, and should be sufficient for all but the most dedicated and thorough reader. For that
reader, however, we have described the other two procedures in the subsequent subsection.

8.5 The subprocedure NoONE for stratifying a class with no higher
neighbors

We now show that STRATIFY(Gy, C) succeeds in finding a valid refinement that well-stratifies
C. We shall refer to the nodes of C' as crimson nodes, and the nodes of B as blue nodes. We
consider three cases, corresponding to the three procedures. In this subsection, we consider
only the first and simplest case, case I, when there are no blue nodes.

In this case, procedure NONE(Gy, C), shown in Figure 36, is called. The procedure first
identifies the set D of high-degree nodes: D = {v € C : v has > £|C| neighbors in C}.

The procedure then branches according to the following cases:

Subcase (1): Some component H of C — D has size > £|C|. In this case, the procedure
finds a connected subgraph H' of H such that the set A = H’U {neighbors of H' in C}
includes between n/5 and 4n/5 nodes. Then C is refined by the semiorder (C' — A4, A),
resulting in a well-stratification of C. The validity of the refinement follows from Corollary

8.7.

The procedure chooses H' as follows. First, a spanning tree T of H is constructed. Next,
the nodes of H are arranged in some order consistent with their distance in T' from the
root: vy,...,Vk. This order has the property that any initial subsequence vy, ..., v; induces
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neighbors
fH

subgraph H

Figure 34: In Case I, subcase (1), we find a connected subgraph H' of H such that H' U
{neighbors of H'} has between |C|/5 and 4|C|/5 nodes. Let A be H'U {neighbors of H'}.
We refine C by the semiorder (C — A, A). This refinement is valid because the neighborhood
in A of any component of C — A is a clique, by Corollary 8.6.

a connected subgraph of H.

Next, we carry out a parallel prefix computation. The goal is to identify the maximum
m j such that the nodes vy,...,v; and their neighbors comprise at most £|C| nodes of C.

For each node v # v, in C, let earliest-nbr(v) be the minimum 4 such that v is adjacent
to v;, or undefined if v has no neighbors among v, ..., v. Let earliest-nbr(v,) = 1.

Now let us consider the inverse of the relation earliest-nbr. For each node v; in T,
earliest-nbr—'(v;) is the set of neighbors of v; in C that are not neighbors of any lower-
numbered node. Let f(v;) = |earliest-nbr~Y(v;)|, and let g(€) = S5, f(w) for £=1,... k.
Then g(£) is the number of nodes comprised by vi,...,v, and their neighbors in C. The
function g(-) can be computed from f(-) by a parallel prefix computation.

After g(-) bas been computed, it is easy to find the largest index j such that g(5) < £|C]|.
Let j denote that index. That is, j is the maximum j such that the nodes v,,...,v; and
their neighbors comprise at most £|C| nodes of C.

Finally, we let H' be the subgraph consisting of vy, ...,v; and we let A be the subgraph
consisting of H' and its neighbors. As mentioned before, the class C is then refined by
(C — A A).

We need to show that the result is a well-stratification, i.e. that each of the subclasses
is significantly smaller than the class. It is clear that A has at most §|C| nodes. We must
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Figure 35: In Case I, subcases (2) and (3), we identify a clique {vi,...,vx}. Then
we place each node of the clique in a subclass by itself: we refine C' by the semiorder
(C — {v1,..., v}, {v1}, {v2},. .., {v}). This refinement is valid because the neighborhood

in {v1,...,vx} of any component of C — {v1,...,vx} is a clique.

show that it has at least |C| nodes, for then it will follow that C' — A has at most £|C|
nodes. Observe that by choice of j, nodes vy,...,v31 and neighbors comprise more than
2]C| nodes. Not all these neighbors are neighbors of H'—some are neighbors of v311, which
is not in H'. But vj;; has at most 2|C| neighbors, since it is not in D. Hence leaving out
the neighbors of vjy1, We get at least 2|C| nodes in A.

Subcase (2): Each component of C — D has size at most £|C|, and D is a clique. Let
D = {vy,...,v}. In this case, we refine C by the semiorder (C — D, {v1},..., {vk}), placing
each node of D in its own class. The components induced by the remaining nodes of C are
small, so we have well-stratified C. The validity of the refinement follows from Lemma 8.9.

Subcase (3): D is not a clique. In this case, we choose two nonadjacent nodes z and
y in D. At most 2|C| nodes of C are not neighbors of z, and so at least 1|C| neighbors of
y are also neighbors of z. Let these common neighbors be vy,...,v;. By Lemma 8.6, the
common neighbors form a clique. We therefore proceed as in Subcase (2): we refine C' by
the semiorder (C — {v1,...,v}, {v1},.-.,{vs}), putting each of the common neighbors in
its own class. Since there are so many common neighbors, the remaining nodes form a small
subclass, and we have well-stratified C. The refinement is valid by Lemma 8.9.

8.6 The other subprocedures used in STRATIFY

In this subsection, we describe the other two subprocedures. The subprocedures and their
justification are considerably more complicated than that described in the previous subsec-
tion. It is therefore suggested that this subsection be skipped on first reading.

There are two remaining cases to consider, cases II and III, corresponding to the two
remaining subprocedures.

Case II: The set B of higher neighbors (called blue nodes) is not empty, and each blue node
is adjacent to at least 2|C| crimson nodes. In this case, the procedure HIGHDEGREE(Gy, C, B)
of Figure 37 is called. The procedure arbitrarily orders the blue nodes: B = {v,,...,v;}. For
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Procedure NONE(Gy, C):
N1 Let D ={v€C : vhas > 2|C| neighbors in C}.

N2 Find a spanning forest of C — D.
N3  If some component H of C — D has at least £|C|

nodes,
N4 Let T be the spanning tree of H.
N5 Arrange the nodes of H in some order consistent with their distance in T from the
root: vy,..., V.

Né6 For 1 £ j < k, let A; denote the set consisting of vy,...,v; and neighbors of these
nodes in C.

N7 Using parallel prefix computation,
choose j = max{j : |4;] < £|C|}.
N8 Refine C by the semiorder (C — Aj, 4;).
N9 Otherwise (if every component of C — D has fewer than £|C| nodes),
N10 If D is a clique,
N11 Let vy,...,vx be the nodes of D.
N12 Refine C by the semiorder (C — D, {v1},...,{v})-
N13 Otherwise,
N14 Let z and y be two nonadjacent nodes of D.

N15 Let v1,..., U be their common neighbors. (They form a clique.)
N16 Refine C by the semiorder (C — {v1,...,v%},{n1},..., {vk}).

Figure 36: The subprocedure used to well-stratify C' if C has no higher neighbors.

1 < 3 <k, let F; be the set of nodes v € C such that v is adjacent to all the nodes vy, ...,v;.
Then j is chosen to be the maximum j such that Fj; contains at least |C|/5 crimson nodes.
(This step is similar to a step in the procedure NONE, described in the previous subsection,
and can be implemented in essentially the same way.) The class C is then refined by the
semiorder (C — Fj, F;). The validity of the resulting numbering follows from Lemmas 8.8
and 8.9. At most £|C| nodes of C' remain in the lower subclass C — F;. However, the set Fj
may be quite large. We consider two subcases.

Subcase (1): j < k. In this case, by choice of 7, the set of crimson nodes adjacent to
all the nodes vy, ..., ;41 is less than |C|/5. Since there are at most 2|C| crimson nodes not
adjacent to vj;1, it follows that the number of nodes adjacent to all the nodes v,,...,v; is
less than $|C| + 2|C| = 2|C|. Thus C has been well-stratified in this case.

Subcase (2): j = k. In this case, every node in Fj is adjacent to every blue node. The
procedure finds the largest component C’ of G[Fj], and calls NONE(Gg, C'), which stratifies
C' asif C' had no higher neighbors. The validity of the resulting numbering of € follows from
Lemma 8.10 and the Refinement Lemma. Since €' is well-stratified and |C — C'| < £|C|, C
is well-stratified. '
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Procedure HIGEDEGREE(GYy, C, B)
( Each node of B has at least 2|C| neighbors in C.)
H1  Arbitrarily order the nodes of B: v,...,vk.

H2 for 1 < j < k,let F; denote the set of nodes of C
adjacent to all of the nodes vy,...,v;.

H3 Using parallel prefix computation,
choose j = max{j : |Fj| > |C|}.

H4 Refine C by the semiorder (C — Fj, Fj).
H5 Let C' be the largest component of G[Fj).
H6 If j =k, then call NoNE(Gyg, C’).

Figure 37: The procedure HIGHDEGREE used to stratify C in case every higher neighbor of
C has high degree in C.

Case III: The set B of higher neighbors is not empty, and Case II does not hold. In this
case, the procedure LOWDEGREE(GYy, C, B) in Figure 39 is called. The procedure defines D
to be the set of nodes in C' U B having more than 2|C| crimson neighbors. The procedure
then finds a spanning tree T of the (unique) component H of G[(CU B) — D] containing blue
nodes, and roots T at a blue node. The nodes of T' are arranged in some order consistent
with their distance from the root: vy,...,v¢. For 1 < j < k, let A; be the set consisting
of v1,...,v; and neighbors of these nodes in C. Note that since v; is blue, and the blue
nodes form a clique, every A; contains all the blue nodes. The procedure chooses j to be
the maximum j such that A; includes at most §|C| crimson nodes. (This step is similar to a
step in the procedure NONE, described in the previous subsection, and can be implemented
in essentially the same way.)

Next, C is refined by the semiorder (C — A3, A;N C), in step L7. To see that the resulting
semiorder § of € is valid, first consider the intermediate semiorder (C' — Aj, A;) of €. Since
G[{v1,...,v;}] is connected, the intermediate semiorder is valid by Corollary 8.7. To obtain
the final semiorder 8 of € produced in step L7 from the intermediate numbering, we need
only refine the class A; by the semiorder (A; — B, B); this refinement is valid by Corollary
8.9, since the blue nodes form a clique.

The higher subclass A; N C of C has size at most -;—IC | However, the lower subclass
C — Aj; may be quite large. The procedure finds the largest component C’ of C' — A;, and
proceeds according to the following two cases.

Subcase (1): |C'| < £|C|. In this case, we are done; C has been well-stratified.

Subcase (2): |C'| > £|C|. First, we observe that in this case, j = k. To see this, suppose
j < k. Then the number of crimson nodes among {vi,...,vs1} and neighbors is more than
2|C|. Since vy is adjacent to at most 2|C| crimson nodes, it follows that the number of
nodes whose numbers have increased is more than £|C|— 2|C| = }|C|, which contradicts the

fact that |C’'| > £|C|.
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Figure 38: In case II, we start by finding a subset {vy,...,v;} of blue nodes such that at
least one-fifth of the nodes of C are adjacent to all the nodes of the blue subset. For the
graph illustrated, the subset would be {vy,v,,v3,v4}.
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Procedure LOWDEGREE(Gy, C, B)
(There exists a node in B having fewer than 2|C| neighbors in C.)
L1 Let D={ve CUB:vhas > 3|C| neighbors in C}.

L2 Let H be the connected component of G[C U B — D] containing nodes of B.
L3 Find a spanning tree T of H, rooted at a node of B.

L4  Arrange the nodes of T in some order consistent with their distance in T’ from the root:
Viy- .oy Vk.

L5 For1<j<k,let A; denote the set consisting of v1,...,v; and neighbors of these nodes
in C.

L6 Using parallel prefix computation, choose j = max{j : |4; N C| < £|C|}.
L7 Refine C by the semiorder (C — A;, A;NC).

L8 Let C' be the largest component of C — Aj;.

L9 I |C'| > %|C|, then call STRATIFY(Gg,C").

Figure 39: The procedure LOWDEGREE used to stratify C in case some higher neighbor of
C has low degree in C.

Since j = k, every crimson node in T' and every crimson neighbor of T ended up in
the higher subclass. Therefore, C' contains no nodes of T' and no neighbors of T'. Every
node in D has more than £|C| crimson neighbors, and all but at most 2|C| of the crimson
nodes are in C’, so every node in D has more than §|C | crimson neighbors in C’. Thus
every higher neighbor of C’ is adjacent to at least 2|C| nodes of C’. This shows that the
recursive call to STRATIFY in step L9 results in a call to HIGHDEGREE, and not in a call
to LOWDEGREE. Thus no further recursive calls occur. The recursive call well-stratifies C”,
and hence C as well, since |C — C'| < 1|C|. The validity of the resulting numbering follows
from the Refinement Lemma.

This completes the description of the algorithm STRATIFY for valid well-stratification of
a class. At most one recursive call is made, as we have shown. The time for the algorithm
is dominated by the time to compute connected components and find spanning trees, which
is O(log |C U BY) using the algorithm of [44]; as discussed in Subsection 8.3, we need only
|C U B| + |E(C)| + |B| — 1 processors, which is bounded by at most twice the number of
edges with at least one endpoint in C. We have thus proved Theorem 8.4.

Using our algorithm for valid well-stratification in the procedure ITERATED REFINE-
MENT, we can therefore find a peo of a graph G in O(log? n) time using O(n +m) processors.
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Figure 40: In Case III, we proceed similarly to Case I, subcase (1). We find a connected
subgraph containing a blue node such that the subgraph together with its neighbors, collec-
tively denoted Aj; contains at most four-fifths of the nodes of C. We next refine C by the
semiorder (C — Aj; A; N C). |

Appehdix: Some elementary definitions

Let G be a graph. Throughout the paper, we let n and m denote the number of nodes and
edges in G, respectively.

A path or cycle is simple if each node occurs only once. A k-cycle is a cycle consising of
k nodes.

Let H be a subgraph of G or a subset of the nodes of G. We let G[H| denote the subgraph
of G consisting of nodes of H and edges both of whose endpoints are in H. We call G[H]
the subgraph of G induced by nodes of H. A node-induced subgraph of G is a subgraph of
the form G[H]. We let G — H denote the subgraph of G induced by nodes not in H. The
neighbors of a subgraph H of G are the nodes of G — H connected to H by edges of G. In

case the nodes of G have weights, the weight of a subgraph is the sum of the weights of its
nodes.

A graph H is a clique if there is an edge between every pair of nodes, and an independent
set if it has no edges. We say H is a clique of G if H is a clique and a subgraph of G. We
say H is a mazimal clique of G if H is a clique of G and no clique H' of G strictly contains
H. We say H is a mazimum clique of G if H is a largest clique of G. We call Hy,...,H; a
cliqgue-cover of G if each H; is a clique of G and every node of G is in some H;. A minimum
clique-cover is one with a minimum number of cliques. We can assume without loss of
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generality that the H;’s are node-disjoint. The above definitions also apply to independent
sets. An independent set cover of G is called a coloring of G if the independent sets are
node-disjoint. A minimum coloring is also called an optimal coloring.

Let P be a problem for which the best known sequential algorithm takes time T'(n) on
instances of size n. A parallel algorithm to solve P is called efficient if the product of its
processor requirement with its time requirement is within a polylogarithmic factor of T'(n).
For example, if the parallel algorithm requires T'(n) processors and O(log®n) time, it is
efficient.
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