
Optimal Prefetching via Data CompressionJe�rey Scott Vitter and P. KrishnanDepartment of Computer ScienceBrown UniversityProvidence, Rhode Island 02912CS-91-46July 1991





Optimal Prefetching via Data Compression�Je�rey Scott VitterDept. of Computer ScienceBrown UniversityProvidence, R. I. 02912{1910(401) 863{7646jsv@cs.brown.edu P. KrishnanDept. of Computer ScienceBrown UniversityProvidence, R. I. 02912{1910(401) 863{7675pk@cs.brown.eduAbstractCaching and prefetching are important mechanisms for speeding up accesstime to data on secondary storage. Recent work in competitive online algo-rithms has uncovered several promising new algorithms for caching. In thispaper, we apply a form of the competitive philosophy for the �rst time to theproblem of prefetching to develop an optimal universal prefetcher in terms offault ratio, with particular applications to large-scale databases and hypertextsystems. Our algorithms for prefetching are novel in that they are based ondata compression techniques that are both theoretically optimal and good inpractice. Intuitively, in order to compress data e�ectively, you have to be ableto predict future data well, and thus good data compressors should be able topredict well for purposes of prefetching. We show for powerful models suchas Markov sources and mth order Markov sources that the page fault ratesincurred by our prefetching algorithms are optimal in the limit for almost allsequences of page accesses.�An extended abstract appears in Proceedings of the 32nd Annual IEEE Symposium on Founda-tions of Computer Science, Puerto Rico, October 1991. Support was provided in part by an NationalScience Foundation Presidential Young Investigator Award CCR{9047466 with matching funds fromIBM, by NSF research grant CCR{9007851, by Army Research O�ce grant DAAL03{91{G{0035,and by the O�ce of Naval Research and the Defense Advanced Research Projects Agency undercontract N00014{83{K{0146 and ARPA order 6320, amendment 1.



11 IntroductionMost computer memories are divided into fast memory (or cache) and slow memory(such as disk storage). Any application requires that the pages it accesses be in cache.In the event that it is not in cache, a page fault occurs and the page is fetched fromslow memory to cache. The application has to wait until this fetch is completed.The method of fetching pages into cache only when a fault occurs is called demandfetching. The problem of caching is to decide which pages to remove from cache toaccommodate the incoming pages.In many database applications and typically hypertext systems, users spend asigni�cant amount of time processing a page, and the computer and I/O system areessentially idle during that period. If the computer can predict which page the userwill access next, it can fetch that page into cache (if it is not already in cache) beforethe user asks for it. Thus, when the user actually asks for the page, the page isavailable instantaneously, and the user perceives a faster response time. This methodof getting pages into cache before they are requested is called prefetching.An algorithm is online if it must make its decisions based only on the past history.An o�ine algorithm can use the knowledge of the future. Any implementable algo-rithm for caching or prefetching must clearly be online. The notion of competitivenessintroduced by Sleator and Tarjan [SlT] determines the goodness of an online algo-rithm by comparing its performance to that of o�ine algorithms. An online cachingor prefetching algorithm is c-competitive if there exists a constant b such that, forany sequence of page accesses, the number of page faults the online algorithm incursis at most b more than c times the number of faults of an optimal o�ine algorithm.Competitive algorithms for caching are well examined in the literature [BIR, FKL,McS, SlT].It is unreasonable to expect algorithms to be competitive in this sense for prefetch-ing. An optimal o�ine algorithm for prefetching would never fault, if it can prefetchat least one page every time. In order to be competitive, an online algorithm wouldhave to be an almost perfect predictor for any sequence, which seems intuitivelyimpossible.We resolve this matter by considering powerful probabilistic models. In our mainmodel, the sequence of page accesses is assumed to be generated by a labeled deter-ministic �nite state automaton with probabilities on the transitions (a probabilisticFSA or Markov source). In the second model, we consider the special case of mthorder Markov sources, in which the states correspond to the contexts of the previousm page accesses. We evaluate our prefetching algorithm relative to the best onlinealgorithm that has complete knowledge of the structure and transition probabilities ofthe Markov source.Prefetching is a learning problem that involves predicting the page accesses ofthe user. The UNIX prefetcher processes the user's page accesses to detect if pagesare ever accessed sequentially, in which case it prefetches the next page in sequence.



2 2 PAGE ACCESS MODELS AND MAIN RESULTSIndependently to our approach, there has been recent work by Palmer and Zdonik,who use a neural network approach to prediction [PaZ], and by Salem, who computesvarious �rst-order statistics for prediction [Sal]. Their evaluations of prefetching per-formance are empirical.In this paper, we give the �rst provable theoretical bounds on prefetching per-formance. Our novel approach is to use optimal data compression methods to dooptimal prefetching. Recent work in computational learning theory [BEHa, BEHb,BoP] has shown that prediction is synonymous with generalization and data com-pression. In order to compress data well, one has to be able to predict future datawell, and hence a good data compressor should also be a good predictor: If a datacompressor expects a certain character to be next with a very high probability, it willassign that character a relatively small code. In the end, if the net code length issmall, then the predictions of the data compressor must have been good.In this paper, we adapt an optimal data compression method to get an optimalprefetching algorithm for each of our models. Our models and results are summarizedin the next section. In Section 3, for our main Markov source model we apply acharacter-by-character version of the Ziv-Lempel data compression algorithm [ZiL].We assume that there is su�cient time to prefetch as many pages as wanted, limitedonly by the cache size k. In practice, prefetching requests would be interrupted bythe user's actual read requests. In Section 4, we compare our online algorithm tothe best algorithm that has full knowledge of the Markov source. We show that thepage fault rate of our algorithm converges for almost all page access sequences to thisbest algorithm's page fault rate. The trick is to show that good compression resultsin good prefetching. In Section 5 we show faster convergence to optimality for mthorder Markov sources.2 Page Access Models and Main ResultsIn keeping with the analogy between prefetching and text compression, we use theterms \page" and \character" interchangeably. We denote the cache size by k andthe total number of di�erent pages (or alphabet size) by �. The logarithm to the basetwo is denoted by \lg," the natural logarithm by \ln," and the empty string by �.De�nition 1 [Gal] We de�ne a probabilistic �nite state automaton (probabilisticFSA) as a quintuple (S;A; g; p; z0), where S is a �nite set of states with jSj = s, Ais a �nite alphabet of size �, g is a deterministic \next state" function that mapsS � A into S, p is a \probability assignment function" that maps S � A into [0; 1]with the restriction thatPi2A p(z; i) = 1 for all z 2 S, and z0 2 S is the start state. Aprobabilistic FSA when used to generate strings is called a Markov source. A Markovsource M is ergodic if it is irreducible and aperiodic, meaning that each state canreach every other state, and the gcd of the possible recurrence times for each stateis 1.



3Our main model assumes the source to be a Markov source. For such a source Mwe introduce the notion of minimum expected fault rate FM , a concept intuitivelysimilar to entropy in data compression. More speci�cally, FM is the best possibleexpected fault rate achievable by any online prefetching algorithm, even one withfull knowledge of the \next state" function and the transition probabilities of theMarkov source M . With a slight abuse of notation, we denote by M the best possibleprefetching algorithm (which has full knowledge of the Markov source M). Whenthe source is in state z, the optimal prefetcher M puts into cache the k pages havingthe k maximum probabilities, which minimizes the probability of page fault duringthe next page access. This minimum fault probability, weighted by the probability ofbeing in state z, summed over all states z, gives us FM . This is formalized later inDe�nition 4.We adapt a character-by-character version of the Ziv-Lempel [ZiL] data compres-sor to get our optimal prefetcher P. Theorems 1 and 2 below are our main results.Theorem 1 Let M be a Markov source. The expected page fault rate achieved by Papproaches FM , as the page access sequence length n!1. IfM is ergodic, we get notonly convergence of the mean but also the much stronger convergence almost every-where: for a �nite size dictionary data structure, P's page fault rate approaches FMarbitrarily closely for almost all page access sequences � of length n, as n!1.We can also show that P is optimal in the limit, even if we compare P to thebest probabilistic FSA prefetcher tuned individually for each page access sequence �of length n.Theorem 2 Let M be an ergodic Markov source. For any page access sequence � oflength n, let F� be the best fault rate achievable by a probabilistic FSA with at mosts states applied to �. For a �nite size dictionary data structure, P's page fault rateapproaches F� arbitrarily closely for almost all page access sequences �, as n!1.The convergences in Theorems 1 and 2 also hold when we let the number of states sand the alphabet size � get arbitrarily large, as long as n, s, and � tend to1 in thatrelative order.An interesting case is when the Markov source is stationary, and the start stateis chosen randomly according to steady state probabilities of the states. In thiscase, since the start state is random, it is unclear how a \best algorithm" M (withfull knowledge of the source M) would operate! However, since our prefetcher P isoptimal whenM knows the start state (which makesM \stronger"), P is still optimaleven when the start state is random.Corollary 1 Theorems 1 and 2 hold even when the Markov source M is stationary.Our bound on convergence rate is slow, but the Ziv-Lempel encoder works wellin practice for data compression. To get a faster provable convergence of fault rate,we consider a second model, in which the source is assumed to be mth order Markov.



4 3 A PREFETCHING ALGORITHM BASED ON ZIV-LEMPELIn such sources, the probability of the next character is dependent only on the pastm characters. We can therefore build a �nite state machine for the source, the stateslabeled by m-contexts and the transitions denoting the unique change from one m-context to the next. The state structure of the source is hence known. In thissituation, we develop a simple algorithmM that collects statistics on the transitionsthat converge exponentially fast to the actual transition probabilities.Theorem 3 If the source is an mth order Markov source, for any sequence, the pagefault rate of M converges exponentially fast to the fault rate of the source.The di�culty of the main model (Theorems 1 and 2) as opposed to the mthorder model (Theorem 3) is that the state structure of the source is unknown in themain model and the problem of prefetching is thus signi�cantly harder than simplyestimating transition probabilities.3 A Prefetching Algorithm Based on Ziv-LempelIn this section we develop our prefetching algorithm P based on a character-basedversion E of the Ziv-Lempel algorithm for data compression. The original Ziv-Lempelalgorithm [ZiL] is a word-based data compression algorithm. The Ziv-Lempel encoderbreaks the input string into blocks of relatively large length n, and it encodes theseblocks using a block-to-variable code in the following way: It parses each block ofsize n into distinct substrings x0 = �, x1, x2, . . ., xc such that for all j � 1 substring xjwithout its last character is equal to some xi, for 0 � i < j. It encodes the substring xjby the value i, using dlg je bits, followed by the ascii encoding of the last characterof xj, using dlg�e bits.Arithmetic coding [HoV, Lanb, WNC] is a coding technique that achieves a codinglength equal to the entropy of the data model. Sequences of probability p are encodedusing lg(1=p) bits. Arithmetic coding can be thought of as using \fractional" bits,as opposed to the suboptimal Hu�man coding in which all code lengths must beintegral. The Ziv-Lempel encoder can be converted from a word-based method to acharacter-based algorithm E by building a probabilistic model that feeds probabilityinformation to an arithmetic coder [BCW, Lana], as explained in the example below.It has been shown that the coding length obtained in this character-based approach isat least as good as that obtained using the word-based approach [BCW, HoV, Lana].Hence, the optimality results in [ZiL] hold without change for the character-basedapproach.Example 1 Assume for simplicity that our alphabet is fa; bg. We consider the pageaccess sequence \aaaababaabbbabaa . . .". The Ziv-Lempel encoder parses this stringas \(a)(aa)(ab)(aba)(abb)(b)(abaa) . . .". Each substring in the parse is encoded as apointer followed by an ascii character. In particular, the match \aba" of the seventhsubstring \abaa" is encoded using dlg 6e bits with a value 4, since the match \aba"
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Figure 1: The parse tree constructed by the character-based encoder E for Example 1.is the fourth substring, and the last character \a" is encoded using dlg 2e bits, sincethe alphabet size � is 2.In the character-based version E of the Ziv-Lempel encoder, a probabilistic model(or parse tree) is built for each substring when the previous substring ends. Theparse tree at the start of the seventh substring is pictured in Figure 1. There are�ve previous substrings beginning with an \a" and one beginning with a \b." Thepage \a" is therefore assigned a probability of 5/6 at the root, and \b" is assigned aprobability of 1/6 at the root. Similarly, of the 5 substrings that begin with an \a,"one begins with an \aa" and three begin with an \ab," accounting for the probabilitiesof 1/5 for \a" and 3/5 for \b" at node x, and so on. Any sequence that leadsfrom the root of the model to a leaf traverses a sequence of probabilities p1, p2,p3, . . . whose product Qi pi equals 1=6. The arithmetic coder encodes the sequencewith Pi lg(1=pi) = lg(1=Qi pi) = lg 6 bits. Note that the unnamed transition withprobability 1/5 at node x will never be traversed, and having this arc can only increasethe code length (since this probability of 1/5 could otherwise be distributed at node xbetween \a" and \b" increasing their respective probabilities and reducing their codelengths). Hence, the encoding length using the character-based approach E will be atleast as good as that obtained using the word-based Ziv-Lempel algorithm. 2Our prefetcher P is based on the character-based version E of the Ziv-Lempelencoder as follows: At the start of each substring, P's current node is set to be theroot of E's parse tree. (See Figure 1.) Before each page access, P prefetches the pageswith the top k estimated probabilities as speci�ed by the transitions out of its currentnode. On seeing the actual page requested, P resets its current node by walking downthe transition labeled by that page and gets ready to prefetch again. In addition, ifthe page is not in memory, a page fault is generated. When P reaches a leaf, it fetches



6 4 ANALYSIS OF OUR PREFETCHING ALGORITHMin k pages at random. The next page request ends the substring, and P resets itscurrent node to be the root. Updating the model can be done dynamically while Ptraverses it. At the end of n page accesses, for some appropriately large n, P throwsaway its model and starts afresh.4 Analysis of our Prefetching AlgorithmOur analysis of the fault rate achieved by our prefetcher P builds on an analysisof the compression achieved by the Ziv-Lempel character-based encoder E that P isbased on. In Section 4.1 we show that E is optimal in terms of compression for almostall strings emitted by a Markov source. In Section 4.2, we build on Section 4.1 andshow P is optimal in terms of prefetching for almost all strings emitted by a Markovsource.4.1 Bounds on CompressionWe let � denote a (possibly in�nite) sequence from the alphabet A, and we use thenotation �ji to denote the subsequence of � starting at the ith character up to andincluding the jth character; in particular �n1 denotes the �rst n characters of �. Forconvenience, we use pz;i to denote p(z; i), g(z; �n1 ) to denote the state reached by aprobabilistic FSA when processing string �n1 starting in state z, and Pr(z; `) to denotethe probability that the source M is in state z after emitting ` characters.De�nition 2 [Gal] Let M be a Markov source. The minimum average encodinglength per character of M for input sequences of length n is given byHM (n) = 1n Xz2S  n�1X̀=0 Pr(z; `)! Xi pz;i lg 1pz;i! :If we take the limit of HM (n) as n!1, we get the entropy HM of M .We now examine the performance of the Ziv-Lempel character-based encoder Eunder our probabilistic model of sources and coders. Note that an arithmetic codercan use a probabilistic FSA as a model to perform data compression, and henceprobabilistic FSAs can be considered as encoders.De�nition 3 Given an encoder C, we de�ne C's compression (or number of outputbits per character) of �n1 byCompressionC;n(�n1 ) = L(yn1 )n ; (1)where L(yn1 ) is the length of C's encoding of �n1 . Let M(s) be the set of all prob-abilistic FSAs with jAj = � and jSj � s. We de�ne CompressionM(s);n(�n1 ) to beminC2M(s)fCompressionC;n(�n1 )g.



4.1 Bounds on Compression 7In particular, if we use a Markov source M to generate the sequence �n1 and alsoto encode �n1 (via arithmetic coding), the average compression achieved is equal tothe entropy of M ; that is, E(CompressionM;n) = HM (n): (2)The compression de�nitions in De�nition 3 above are similar to those of Ziv andLempel [ZiL], except that they de�ne M(s) to be a class of \information lossless"non-probabilistic FSA encoders, use � in place of Compression, and use n lg� inplace of n in (1) to get a ratio of output length to input length.We generalize Ziv and Lempel's main result [ZiL] to our modelM(s) of probabilis-tic FSAs, using an iterative analysis based on arithmetic coding, to get the followingtheorem:Theorem 4 The compression of E on �n1 is no worse than the best probabilistic FSAin the limit as n!1. In particular,CompressionE ;n(�n1 ) � CompressionM(s);n(�n1 ) + �s(n); limn!1 �s(n) = 0:To prove Theorem 4, we �rst prove some facts about arithmetic coding and theway the character-based encoder E works. The �rst step is to show a lower bound onCompressionM(s);n(�n1 ), for which we need the following lemmas.Lemma 1 Suppose that �n1 can be parsed into c substrings, such that no substring isa pre�x of another. We haveCompressionM(s);n(�n1 ) � cn lg cs2 ;Proof : The working of an arithmetic coder using a probabilistic FSA as its model canbe explained in the following way: The arithmetic coder associates a unit interval [0; 1]with each state of the model. This interval is partitioned into distinct subintervals,one per character, the size of the subinterval associated with a character proportionalto the probability of its transition out of the state. Any string that takes the coderfrom state x to state x0 of the model de�nes implicitly a subinterval of the original[0; 1] interval at x; also, this subinterval uniquely characterizes the string. The sizeof this subinterval is clearly the product of the probabilities of the transitions takenby the arithmetic coder while processing the string and all the arithmetic coder'soutput has to do is to identify this subinterval. To identify a subinterval of length u,an arithmetic coder has to output at least lg(1=u) bits; for more details refer [HoV,Lanb, WNC]. As an example, consider the probabilistic FSA of Figure 1 being usedas a model by an arithmetic coder. Starting at node x, the string \ba" would causethe interval to shrink by a factor of 3=5 from [0; 1] to [0:2; 0:8] and then by a factorof 1=3 from [0:2; 0:8] to [0:2; 0:4]. To identify \ba," the arithmetic coder needs tooutput at least � lg(0:4 � 0:2) bits (which is the same as lg((3=5)(1=3))).



8 4 ANALYSIS OF OUR PREFETCHING ALGORITHMIt is clear that if there are c0 distinct substrings processed in which M starts fromstate x and ends in state x0, these c0 substrings de�ne c0 distinct subintervals of theoriginal [0; 1] interval at x. If these c0 substrings are such that no one is a pre�x ofanother, the subintervals corresponding to them are non-overlapping, and the sum ofthe lengths of these subintervals is at most 1. By convexity arguments, for these c0substrings, the arithmetic coder has to output an average of at least lg c0 bits persubstring, giving a total output length of at least c0 lg c0 bits for these substrings.To calculate the output length ofM on �n1 , we can trace �n1 throughM and sum upthe output lengths for each substring in the parsing of �n1 . If �n1 can be parsed into cdistinct substrings, no one being a pre�x of another, by convexity arguments the codelength is minimized when the c substrings are distributed equally over the s2 statepairs (x; x0), where x is the state of M when the substring is about to be processedand x0 is the state of M after the substring is processed. Substituting c0 = c=s2 givesus the desired bound. 2When the Ziv Lempel encoder parses a string �n1 , it breaks up this string intodistinct substrings that are closed under the pre�x operation; that is, if �0 is one ofthe substrings in the parse, then every pre�x of �0 is also one of the substrings inthe parse. The substrings in the parse can be denoted by a parse tree, like the onepictured in Figure 1. The nodes of the parse tree correspond to the substrings in theparse and node i is a child of node j via the edge labeled \a" if substring j appendedwith character \a" gives substring i. For two nodes in a parse tree, if neither is anancestor of the other, then neither can be a pre�x of the other; in particular, the setof leaves of a parse tree is a maximal set of such \pre�x-closed" substrings.The internal path length of a tree is de�ned as the sum over all nodes of the lengthof the path from the root to that node. For a parse tree, the internal path length isthe length of the original string. The branch factor of a tree is the maximum numberof children that any node of the tree can have. For a parse tree, the branch factor isthe alphabet size �. We now show a lower bound on the number of leaves in a generaltree.Lemma 2 Any tree with c nodes and internal path length n has at least c2=20n leaves.Proof : Let the branch factor of the tree be denoted by �. The case � = 1 is trivial,so let us assume that � � 2. We call the number v feasible if there exists a treewith v leaves that has at least c nodes and internal path length at most n. For anyfeasible v, if we create a tree T with at least c nodes and v leaves and with minimuminternal path length, then T 's internal path length must be at most n. This tree Tmust accommodate as many nodes as possible close to its root so as to minimize itsinternal path length. Hence T must consist of a \full tree part" T 0 sitting above a\strand part" S 0.The full tree part T 0 has c0 nodes and v leaves, where every internal node, exceptpossibly one, has � children. It follows that T 0 has at most c0 � v�=(� � 1) � 2vnodes. The strand part S0 has the remaining c � c0 nodes distributed as v strands,



4.1 Bounds on Compression 9each strand of length u or u + 1 and hanging from a leaf of T 0. The number c ofnodes in T is the sum of the number of nodes in T 0 and S0, which is bounded by2v + v(u+ 1) � vu+ 3v. Hence, we havevu+ 3v � c: (3)The contribution of S 0 to the internal path length of T is at least vu2=2, so we havevu2=2 � n, which implies that vu � p2nv. Since v � n, we have 3v � 3pnv.Substituting these bounds into (3), we get pnv(p2 + 3) � c, from which it followsthat v � c2=20n. 2We now use Lemmas 1 and 2 to get a lower bound on the compression of �n1 byany �nite state encoder.Lemma 3 For any string �n1 , we haveCompressionM(s);n(�n1 ) � 1n �2c(�n1 ) lg c(�n1 )� c(�n1 ) lg n� c(�n1 ) lg s2 � c(�n1 ) lg (20(2� + 2)4)� ;where c(�n1 ) is the maximum number of nodes in any parse tree for �n1 .Proof : Consider a parse of �n1 into c distinct pre�x-closed substrings. The corre-sponding parse tree for �n1 has c nodes. Recall that the v leaves of this tree (whichare substrings of �n1 ) are such that no one substring is a pre�x of another, and byLemma 1, any encoder requires at least v lg(v=s2) bits to encode these leaves (sub-strings). We can strip o� this layer of leaves from the tree and recursively lowerboundthe encoding length for the remaining nodes of the tree.To analyze this recursive process, we consider the stripping procedure to work inphases. Each phase involves the stripping of one or more complete layers of leaves.For 1 � i � r, the ith phase ends when the number of nodes remaining in the tree isci � ci�1=2. By de�nition, we have c0 = c and cr = 0. Let the number of leaves atthe end of the ith phase be vi. If we denote by vi;j the number of leaves removed inthe jth layer of stripping within phase i, then by Lemma 1 the encoding length byany �nite state encoder of the nodes stripped o� in the ith phase is at leastXj vi;j lg vi;js2 �Xj vi;j lg vis2 = (ci�1 � ci) lg vis2 :By Lemma 2, we have vi � c2i =20n. Hence,CompressionM(s);n(�n1 ) � 1n rXi=1(ci�1 � ci) lg vis2� 1n rXi=1(ci�1 � ci) lg c2i � lg 20ns2n rXi=1(ci�1 � ci): (4)



10 4 ANALYSIS OF OUR PREFETCHING ALGORITHMBy the de�nition of when a phase ends, we have ci�1�ci � ci�1=2. Since the branchfactor of the parse tree is the alphabet size �, we get the upper bound ci�1 � ci �ci�1=2 + ci�. This gives us ci � c0(2� + 2)i :Hence, we haverXi=1(ci�1 � ci) lg c2i � 2 rXi=1(ci�1 � ci) lg c0 � 2 lg(2� + 2) rXi=1 i(ci�1 � ci): (5)Applying simple telescoping to (5) and substituting the result in (4) we getCompressionM(s);n(�n1 ) � 1n �2c lg c� c lg n � c lg s2 � c lg (20(2� + 2)4)� : (6)Since (6) is true for any c, it is true when c = c(�n1 ), the maximum number of nodesin any parse tree for �n1 . 2We are now ready to present the proof of Theorem 4.Proof of Theorem 4: It has been shown in [ZiL] thatCompressionE ;n(�n1 ) � c(�n1 ) + 1n lg(2�(c(�n1 ) + 1)); (7)where c(�n1 ) is the maximum number of nodes in any parse tree1 for �n1 . It is shownin [LeZ] that 0 � c(�n1 ) < n lg�(1 � �n) lg n; limn!1 �n = 0: (8)Theorem 4 is clearly true when c(�n1 ) = o(n= lg n) since CompressionE ;n(�n1 ) � 0 asn!1. When c(�n1 ) = O(n= lg n), using the lower bound for CompressionM(s);n(�n1 )from Lemma 3 and the upper bound for CompressionE(�n1 ) from (7), we get by simplearithmetic thatlimn!1 �CompressionE ;n(�n1 )� CompressionM(s);n(�n1 )� = 0:By (8), no more possibilities exist for c(�n1 ) and the theorem stands proved. 2If our Markov source M has � states, it clearly belongs to the set M(� ), and Mcompresses no better than the best automaton in M(s), s � � , for all sequences �n1produced by it. Using this fact in Theorem 4, taking the expected value of both sidesof the inequality, and using expression (2) we get the following corollary that theencoder E compresses as well as possible, achieving the entropy of the source M inthe limit.Corollary 2 Let M be a Markov source with s states. Then we haveE �CompressionE ;n� � HM (n) + �0s(n); limn!1 �0s(n) = 0:1This is not the de�nition of c(�n1 ) in [ZiL] but it is easy to verify that the proofs in [ZiL] alsohold under this de�nition of c(�n1 ).



4.2 Bounds on Fault Rate 114.2 Bounds on Fault RateAlong the lines of entropy in De�nition 2, we introduce the corresponding notion ofthe minimum expected fault rate FM of a Markov source M . It is the expected faultrate achieved in prefetching by the best algorithm that fully knows the source. Asmentioned before, with a slight abuse of notation, we denote this best algorithm alsoby M . When the source is in some state z, M puts into the cache those k pageshaving the maximum probabilities for state z.De�nition 4 Let M be a Markov source. Let Kz(M) be a set of pages with themaximum k probabilities at state z. Then the minimum expected fault rate of M oninputs of length n is de�ned byFM (n) = 1n Xz2S 0@n�1Xv=0 Pr(z; v)1A0@ Xi=2Kz(M)pz;i1A :If we take the limit of FM(n) as n!1, we get the minimum expected fault rate FMof M .We now come to our goal: to show optimality of our prefetcher P. The challengeis to show the correspondence between converging to the entropy and converging tothe page fault rate.De�nition 5 Given a Markov sourceM and a sequence � generated byM , we de�nethe fault rate FaultP;n(�n1 ) of prefetcher P to be the number of page faults incurredby P on �n1 , divided by n.It is easy to prove the following lemma that M (considered as a prefetcher) hasthe best expected fault rate (namely, FM) among all prefetchers when the source isM(considered as a Markov source).Lemma 4 Let M be a Markov source. The expected fault rate of any (deterministicor randomized) online algorithm P on sequences of length n satis�esE(FaultP;n) � FM(n):Our �rst task is to show the following important theorem that the expected faultrate of P is no worse than the best possible expected fault rate FM on sequences oflength n, as n ! 1. This restates in detail the �rst part of our �rst main theorem(Theorem 1).Theorem 5 Let M be a Markov source with s states. We haveE (FaultP;n) � FM(n) + �s(n); limn!1 �s(n) = 0:To prove the above theorem, we use the following lemmas. The �rst gives a boundon the probability of page fault by P that is independent of the cache size k.



12 4 ANALYSIS OF OUR PREFETCHING ALGORITHMLemma 5 Suppose that at time instant � the Markov source M is at state z andthe next page access is i with probability pi. We can think of M as a prefetchingalgorithm with access to the probabilities pi. Suppose that our prefetcher P thinksthat the next page access will be i with probability ri. Let us denote the probability ofpage fault by M and P on the next page access by fM and fP respectively. We have,independently of the cache size k,fP � fM � �Xi=1 jpi � rij:Proof : Let A be the set of k pages that M chooses to put in cache, let B be theset of k pages that P chooses to put in cache, and let C = ATB. For any set X ofpages, let pX = Pi2X pi and let rX =Pi2X ri. Then fP � fM = (1� pB)� (1� pA) =pA � pB = pA�C � pB�C . Let P�i=1 jpi � rij = �: Then pA�C = rA�C + �1 andpB�C = rB�C + �2, where j�1j + j�2j � �. Since P chooses those k pages that havethe top k probabilities amongst the ri, 1 � i � �, we have rB�C � rA�C . HencefP � fM = pA�C � pB�C � �1 + �2 � j�1j+ j�2j � �: 2The summation on the right-hand side of the next lemma is the Kullback-Leiblerdivergence of (r1; . . . ; r�) with respect to (p1; . . . ; p�).Lemma 6 Given two probability vectors (p1; . . . ; p�) and (r1; . . . ; r�), we have �Xi=1 jpi � rij!2 � 2 �Xi=1 pi ln piri :Proof : The above lemma is well known; however, we reproduce the proof from [AmM]here for the sake of completeness. From the fact that x lnx � x + 1 � 0 and that3(x � 1)2 � (4x + 2)(x lnx � x + 1), we get jx � 1j � p(4x+ 2)=3px lnx� x+ 1.Using this inequality at each term of the the left hand side of the inequality to beproved, and applying the Cauchy Schwartz inequality, we obtain �Xi=1 jpi � rij!2 =  �Xi=1 ri ����piri � 1����!2� 13  �Xi=1 �4piri + 2� ri! �  �Xi=1�p1ri lg piri � piri + 1� ri!= 2 �Xi=1 pi ln piri :The last step above follows from the fact that P�i=1 pi = P�i=1 ri = 1: 2Lemma 7 Let Pui=1 
ixi be a convex linear combination of the nonnegative quanti-ties xi; that is, 
i � 0 and Pui=1 
i = 1. Then uXi=1 
ipxi!2 � uXi=1 
ixi:



4.2 Bounds on Fault Rate 13Proof : The lemma follows from the square root function being concave. 2We are now ready to prove Theorem 5.Proof of Theorem 5: The basic idea of the proof is to examine the behavior of theprefetcher P whenever the Markov source M is in a particular state z. One bigdi�culty is coping with the fact that the optimal prefetcher M always prefetchesthe same k pages at state z, whereas our prefetcher P's probabilities may di�ersigni�cantly each time M is in state z, since it is context-dependent. To get overthis problem, we map the di�erences over contexts to the state z and weight by theprobability of being in state z.Let z0 be the start state and S be the set of states of the sourceM . In the de�nitionof HM (n) (De�nition 2), note that Pr(z; `) is just the sum of the probabilities of alllength ` strings that bring M from z0 to z. Hence2HM (n) = 1n Xz2S n�1X̀=0 Xall �1̀ Pr(�1̀) � [g(z0; �1̀) = z] �HM (z)= 1n Xz2S n�1X̀=0 Xall �1̀ Pr(�1̀) � [g(z0; �1̀) = z] � �Xi=1 pz;i lg 1pz;i ; (9)where Pr(�01) = 1, g(z0; �01) = z0, and HM (z) is the minimumaverage encoding lengthof the source at state z and is equal to P�i=1 pz;i lg(1=pz;i).Let Compression`+1E (�1̀; z; �`+1`+1) be E's encoding length for the (` + 1)st charac-ter �`+1`+1, given that M is in state z after emitting the �rst ` characters �1̀. Wehave CompressionE ;n(�n1 ) = (1=n)Pn�1`=0 Compression`+1E (�1̀; z; �`+1`+1). We would liketo express E(CompressionE ;n) in a form similar to (9). If we specify the �rst ` char-acters and leave the (`+ 1)st character �`+1`+1 unspeci�ed, we get the random variableCompression`+1E (�1̀; z) with mean P�i=1 pz;i lg(1=r�1̀;i), where r�1̀;i > 0 is the probabil-ity with which E expects to see character i next after having processed �1̀ in whichM ends up in state z. We haveE(Compression`+1E ) = Xz2S Xall �1̀ Pr(�1̀) � [g(z0; �1̀) = z] � E(Compression`+1E (�1̀; z))= Xz2S Xall �1̀ Pr(�1̀) � [g(z0; �1̀) = z] � �Xi=1 pz;i lg 1r�1̀ ;i : (10)Summing on ` in (10), we getE(CompressionE ;n) = 1n n�1X̀=0 E(Compression`+1E )= 1n Xz2S n�1X̀=0 Xall �1̀ Pr(�1̀) � [g(z0; �1̀) = z] � �Xi=1 pz;i lg 1r�1̀;i : (11)2We use the notation [relation] to denote 1 if relation is true and 0 if relation is false.



14 4 ANALYSIS OF OUR PREFETCHING ALGORITHMCombining (11) and (9), we getE(CompressionE ;n)�HM (n) =1n Xz2S n�1X̀=0 Xall �1̀ Pr(�1̀) � [g(z0; �1̀) = z] � �Xi=1 pz;i lg pz;ir�1̀;i : (12)Our goal is to express the quantity E(FaultP;n)�FM(n) in a way similar to (12).By analogy to the expression (9) for HM (n), we haveFM(n) = 1n Xz2S n�1X̀=0 Xall �1̀ Pr(�1̀) � [g(z0; �1̀) = z] � FM(z)= 1n Xz2S n�1X̀=0 Xall �1̀ Pr(�1̀) � [g(z0; �1̀) = z] � Xi 62Kz(M)pz;i; (13)where FM(z) is the expected page fault rate at state z of M , and Kz(M) is a set ofpages with the maximum k probabilities at state z.By further analogy, we de�ne Fault `+1P (�1̀; z; �`+1`+1) be the 0{1 quantity denot-ing whether P faults on the (` + 1)st page access �`+1`+1, given that M is instate z after emitting the �rst ` page accesses �1̀. We have FaultP;n(�n1 ) =(1=n)Pn�1`=0 Fault `+1P (�1̀; z; �`+1`+1). If we specify the �rst ` page accesses and leave the(`+1)st page access �`+1`+1 unspeci�ed, we get the random variable Fault `+1P (�1̀; z) withmean Pi 62Kz(P;�1̀) pz;i, where Kz(P; �1̀) is the set of k pages that P puts into its cacheafter processing �1̀ in which M ends up in state z. We haveE(Fault `+1P ) = Xz2S Xall �1̀ Pr(�1̀) � [g(z0; �1̀) = z] � E(Fault `+1P (�1̀; z))= Xz2S Xall �1̀ Pr(�1̀) � [g(z0; �1̀) = z] � Xi 62Kz(P;�1̀) pz;i: (14)Summing on ` in (14), we getE(FaultP;n) = 1n n�1X̀=0 E(Fault `+1P )= 1nXz2S n�1X̀=0 Xall �1̀ Pr(�1̀) � [g(z0; �1̀) = z] � Xi 62Kz(P;�1̀) pz;i: (15)Combining (13) and (15), we getE(FaultP;n)� FM(n) =1nXz2S n�1X̀=0 Xall �1̀ Pr(�1̀) � [g(z0; �1̀) = z] �0B@ Xi 62Kz(P;�1̀) pz;i � Xi 62Kz(M)pz;i1CA : (16)



4.2 Bounds on Fault Rate 15From Lemma 5 and (16) we getE(FaultP;n)� FM(n) �1n Xz2S n�1X̀=0 Xall �1̀ Pr(�1̀) � [g(z0; �1̀) = z] � �Xi=1 jpz;i � r�1̀;ij: (17)Let us denote the term P�i=1 jpz;i � r�1̀;ij in (17) by �(z; `; �1̀), and let us denotethe term P�i=1 pz;i lg(pz;i=r�1̀;i) in (12) by �(z; `; �1̀), . Lemma 6 bounds �(z; `; �1̀)by p(ln 4)�(z; `; �1̀). By three applications of Lemma 7 to (12) and (17) and bythe bound on E(CompressionE ;n)�HM (n) from Corollary 2, we get our result. Thequantity �s(n) is bounded from above by p(ln 4)�0s(n). 2The following theorem is the detailed version of the second part of our �rst maintheorem (Theorem 1):Theorem 6 Let the page access sequence � of length bn be generated by an ergodicMarkov source M . We haveFaultP;nb ! E (FaultP;n) for almost all sequences �, as b!1where by Theorem 5 limn!1E (FaultP;n) = FM :Proof : Given a sequence �bn1 , we divide it into b blocks each of length n. The netfault rate FaultP;nb(�) is Pbi=1 FaultP;n(�in(i�1)n+1)=b. Since we throw away our datastructures at the end of each block, each of the b random variables FaultP;n, for1 � i � b, depends only on the start state for each block, and our result follows bythe ergodic theorem [Gal]. 2The proof of Theorem 2 essentially deals with showing that F� converges to FMfor almost all � as n!1. We call two prefetchersM1 and M2 distinct if there existssome time instant � and some page access sequence � such that M1 and M2 prefetchdi�erent sets of pages at time � on �. Let Mopt(s) be a maximal set of probabilisticFSAs with s states that are distinct when considered as prefetchers and that are eachoptimal for some page access sequence. We now see that jMopt(s)j is �nite.Lemma 8 The cardinality of set Mopt(s) is dependent only on s, �; and k, and isindependent of n.Proof : LetM 0 2Mopt(s) be the best prefetcher for some page access sequence �n1 . Letus trace �n1 through M 0, counting the number of times each transition is traversed.It is clear that the strategy of M 0 would be to prefetch at each state those k pagescorresponding to the k maximum count transitions out of that state. HenceM 0 couldbe considered as a �nite state predictor with at most s states and k transitions outof each state corresponding to the k pages it prefetches at that state. The numberof distinct FSAs with at most s states and k transitions out of each state is clearlydependent only on s, �, and k. 2



16 5 THE MTH ORDER MARKOV SOURCE MODELTo prove Theorem 2, we �rst show that F� approaches FM for almost all pageaccess sequences �. By Theorem 1, we know that the fault rate by P approaches FMfor almost all page access sequences. Theorem 2 then follows by transitivity.Proof of Theorem 2: Let M = (Sm; A; gm; pm; zm) be the Markov source, and letM 0 = (Sm0; A; gm0; pm0 ; zm0) 2Mopt(s). Let us de�ne prefetcher X = (Sx; A; gx; px; zx)to be a type of \cross product" of M and M 0, where Sx = Sm � Sm0, gx((zi; zj); a) =(gm(zi; a); gm0(zj; a)), and px((zi; zj); a) = pm(zi; a). At state (zi; zj) 2 Sx, Xprefetches those k pages that M prefetches at zi 2 Sm, that is, the pages with thetop k probabilities at (zi; zj).Let us consider a state z 2 Sx. Given a sequence � of length n, let fz be thenumber of times � reaches state z, divided by n, and let fz;i be the number of times �takes transition i out of state z, divided by the total number of transitions taken by �out of state z. The probability of sequences of length n for whichXz2Sx;i2A fz fz;i ln fz;ipz;i � �is exponentially small in n [Nat, Theorem 2], for � > 0. By Lemmas 5 and 6, we haveE(FaultX;n)� F� � p2�with exponentially small probability. By the de�nition of fault rate and Lemma 4,it follows that E(FaultX;n) = FM(n) � E(FaultM 0;n). Since by Lemma 8 jMopt(s)j is�nite, it follows that for any � > 0,FM(n)� F� � �with exponentially small probability. Thus, F� converges to FM for almost all pageaccess sequences �.From Theorem 1, P's fault rate converges to FM for almost all page access se-quences �. By transitivity, P's fault rate converges to F� for almost all page accesssequences �. 25 The mth order Markov Source ModelIt is easier to prefetch optimally under the second model (when M is an mth orderMarkov source) because we implicitly know the transitions between the states of M .The only problem that remains is to estimate the probabilities on the transitions. Theprobability of the next character is dependent only on the past m characters. Ouronline algorithm for prefetchingM builds the �nite state machine of the source, thestates labeled with m-contexts and the transitions denoting the unique transitionsfrom one m-context to the next. The prefetcher estimates the probability of each



17transition to be the frequency that it is taken. These frequencies converge to theactual probabilities exponentially fast [Nat].Since the state structure of the source is known, M is always in the same statethat the source M is in. Let the algorithm M prefetch the pages with the top kestimated probabilities. The convergence of the fault rate of M to the fault rate ofthe source is related to the convergence of the estimated probabilities on all transitionsto the actual probabilities, as given in Lemma 5. Hence the fault rate convergencealso takes place exponentially fast. Theorem 3 follows. Knowing the structure of thesource thus allows us to prove a faster rate of convergence.6 ConclusionsOur starting point in this research was the intuition that prediction is data compres-sion, and that a good data compressor should be able to predict well for prefetchingpurposes. We have constructed a universal prefetcher P, based on the Ziv-Lempeldata compression algorithm, that prefetches optimally in the limit for almost all se-quences emitted by a Markov source. Our approach of getting a good prefetcher byusing a good data compressor is novel, and we expect this approach and its re�ne-ments to have several practical applications. One open problem is to extend thisresult to arbitrary sources.The prefetcher P as stated uses much storage space for its data structures, someof which may have to be stored on disk. We are currently investigating more storagee�cient versions of P. We have assumed for simplicity in this paper that at eachinstant there is su�cient time to prefetch k pages, as in typical hypertext applications.If the user's page request arrives sooner, we need to preempt the prefetching in favor ofthe page requested. Such limitations on I/O would introduce the problem of cachinginto the system, since for each prefetch we would have to decide which page to displacein the cache. We are currently investigating models incorporating these limitations.Our prefetching algorithms are adaptive and based only on the page access se-quence. They do not attempt to take advantage of possible knowledge of the appli-cation that is issuing the requests. In practice, when such knowledge is available,we could combine our prefetcher with a logical prefetcher based on the semantics ofthe application, so as to get the best of both worlds. Similar techniques for cachingappear in [FKL].We expect that PPM-based algorithms (prediction by partial match) [ClW], whichare among the best text compressors in practice, will also perform well in practice forprefetching. PPM-based algorithms are practical implementations of mth order cod-ing methods, and Theorem 3 indicates that performance should be good. Empiricalwork is progressing to compare PPM-based methods with the Ziv-Lempel methods.The framework of Abe and Warmuth [AbW], who investigated a quite di�er-ent learning problem related to FSAs, has led us to propose a static PAC-learningframework for prefetching, in which the prefetcher is trained on several independently



18 6 CONCLUSIONSgenerated sequences of a particular length generated by a source, and the prefetchershould converge su�ciently fast. A harder model is to assume that the prefetcher istrained on one su�ciently long sequence generated by a source. For certain specialcases of sources, likemth order Markov sources, we expect that the optimal prefetcheris PAC-learnable. An interesting related model is that of probabilistic concepts [KeS].We can modify the model so that page accesses are labeled by whether or not theoptimal machine M faulted. (In real life, though, we wouldn't have this feedback.)The accesses are generated by a Markov source rather than independently; the dis-tance measure corresponds to the di�erence in expected fault rate with the optimalfault rate.Finally, it is important to note that the type of analysis presented here is similar to,but not exactly the same as, competitive analysis. Such a type of analysis as has beenpresented here should prove useful in establishing the goodness of online algorithmsfor problems that intuitively cannot admit a competitive online algorithm.Acknowledgments We thank Yali Amit and Paul Howard for several helpful dis-cussions and comments.References[AbW] N. Abe and M. Warmuth, \On the Computational Complexity of Approxi-mating Distributions by Probabilistic Automata," UCSC, UCSC-CRL-90-63,December 1990.[AmM] Y. Amit and M. Miller, \Large Deviations for Coding Markov Chains andGibbs Random Fields," Washington University, Technical Report, 1990.[BCW] T. C. Bell, J. C. Cleary, and I. H. Witten, \Text Compression," 1990.[BEHa] A. Blumer, A. Ehrenfeucht, D. Haussler, and M. K. Warmuth, \Occam'sRazor," Information Processing Letters 24 (1987).[BEHb] A. Blumer, A. Ehrenfeucht, D. Haussler, and M. K. Warmuth, \Learnabilityand the Vapnik Chervonenkis Dimension," Journal of the ACM (October1989).[BoP] R. Board and L. Pitt, \On the Necessity of Occam Algorithms," Proceedingsof the 22nd Annual ACM Symposium on Theory of Computation (May 1990),54{63.[BIR] A. Borodin, S. Irani, P. Raghavan, and B. Schieber, \Competitive Pagingwith Locality of Reference," Proceedings of the 23rd Annual ACM Symposiumon Theory of Computation (May 1991).
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