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Abstract

Asymptotic estimates on coefficients of generating functions are derived by contour integration.
In particular, we obtain Lee analogues of the entropy function both for small and large alphabets.
An estimate on the central moments of the Binomial Law allows us to derive an asymptotic upper
bound on the covering radius of binary codes of given dual distance.



1 Introduction.

From a graph theoretic point of view, codes for the Hamming metric are sets of vertices in
the n-dimensional hypercube. Due to the cartesian product structure of this graph (or of the
n-dimensional torus, which is the graph adapted to the Lee metric) many statistics of interest
(surface of spheres, for instance) are additive; this leads to generating functions which are n**
powers of the generating function for the one-dimensional case.

This type of generating function has been extensively studied in statistics (4, 7], and in anal-
ysis of algorithms [6, 8]. The techniques used involve complex analysis [3, 5], and in particular
the method of steepest descent to estimate contour integrals.

The paper is organized as follows. In Section 2 we recall the analytic results that we need. In
Section 3 we rederive the classical estimate for the volume of Hamming spheres via the entropy
function. In Section 4, we give a simpler proof of an estimate of Astola {1] for the volume of the
Lee spheres for small alphabets. In Section 5, we discover a new estimate for Lee spheres over
large alphabets. Note that the function L is not éssentially more complicated than the binary
entropy function. In Section 6, we tackle a different kind of problem: the asymptotic analysis
of power moment bounds for the covering radius versus dual distance problem.

2 The Saddle Point Method

In this section our aim is to estimate the coefficient of order = of a generating function &(z),
a quantity that we shall denote henceforth by [27]®(z). More precisely, we are concerned by

generating functions of the kind ®(z) = f(z)"g(z), where f(z) and g(z) do not depend on =,
and where r ~ An for large n, with 0 < A < 1.

In order to use complex variable techniques we need to introduce the Cauchy formula |3,
p.72]. '

Lemma 1 Let D denote a simply connected domain containing the origin and where & is ana-
lytic. Let T denote a simply closed contour contained in D. Then

18(:) = 5 [ 22

Rewriting the integrand in Cauchy’s formula in the form e?(*) with h(z) = log &(2) — (r +
1)log(z), we are left to estimate a contour integral I, ,, say, of the type

L= — / orn
’ 272 Jpr

The basic idea of the saddle point method is to use a second order Taylor approximation of h(z)
about a point p where A'(p) = 0. This point is called a saddle point because in its neighborhood

the surface z — h(z) resembles a saddle. The part of I nearby the saddle point is the most
important contribution in I, and we obtain

eh( p)

Lin ™ .
y/ 27h"(p)



This holds under suitable conditions on p, e.g. k" (p) > 0. To get a condition bearing on r only,
we define two operators acting on f

afe) =43,

and

N (C)

r4

It can be shown (see for example [6, p.65]) that when f is a power series or a polynomial with
positive coefficients, then 6f(p) > 0. We shall say that f is degenerate if f(0) = 0 or if there
exists an analytic function h and an integer m such that f(z) = h(z™). We summarize the
discussion in the following statement, which is essentially due to [4].

Theorem 1 If f is non degenerate, if the modulus of any singularity of g is larger than the
saddle point p defined by Af(p) = (r + 1)/n, and if §f(p) > 0, then for large n and T ~ An

. noot - p)"9(p) o
Z1{f(2)"9(2)} = pr+1\/m(l +0(1)).

In general, this theorem is difficult to apply, because p is a function of n» and f(p)” is difficult
to estimate. So, we shall use the following corollary.

Corollary 1 Under the hypotheses of Theorem 1, and with ®(z) = f(z)"¢(=2),

L Jog([£718(2)) = log( £(2)) ~ M1 + o{1)) log(e) + 2ESOUVITILN | )

In general the third term is negligible comﬁared with the first two.

3 Hamming Spheres

As is well-known, the generating function for the volume of the Hamming spheres is &,(z) =
glf'—_zzl. Here f(z) = 1+ z and g(z) = ;2. The function f is entire, with positive coefficients,

-
and non-degenerate, and g has a simple pole in 1. The following result can be derived by more
elementary but also more tedious means.

Theorem 2 Let H(z) = —zlog(z) — (1 — z)log(l — z) be defined on (0,1). If A < 0.5, then for
r ~ An and large n

—logy(1#718a(2)) = H(X) + o{2).

Proof: The saddle point equation can be written as
n 1 r+l
l1+z2 "1-2z oz’

which can be reduced to the quadratic equation in z:

(n—'r——2)22—(n71)27'r—,1=0.
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The left-hand side is asymptotically

(1—k)z2—z+k=(1—A)(z—l)(z—Ti—X).

The second root is < 1 iff A < % The result follows by Corollary 1. -

We leave as an exercise to the reader to derive an analogous result for g-ary codes (Cf. {11
Lemma 5.1.6 p.33).

4 Lee Spheres for Small Alphabets

Let s = [1]. Then, from [2], we know that the generating function for the volume of the Lee
spheres over F7 is @, 4(2) = f(2)"g(z), with f(2) =1+233_, 7' and g(z) = 1. The function
f has positive coefficients and is not degenerate. The following result was proved by Astola [1]
using multinomial coefficients and Lagrange multipliers.

Let

L(r,)= _lm (1~ ~log(["*71%ns(2))).

n++-4+0o

Then Astola’s result can be stated as follows

Theorem 3 Let g =25+ 1. Then L(7,9) = 14 log,(af™*), where @ > 0 and B > 0 are defined
by the two equations

a(l-}—iﬂ’): 1

=1

s
g TS
aE :zﬂt =3
£ 2
1=1

and where 0 < 1 < 9% Moreover L(t,q)=10if1 > 1‘%
Our method gives the following result valid without restrictions on gq.

Theorem 4 If A < 5%:—_*;_?, then

and

108, (71 0,q(2)) = 1ogg(f(2)) ~ Mogy(p) + o(1),

where p is the unique real positive solution of
23 (4= M)zt = ), (1)
1=1

and where f(p) = F(A_:%%FT'

Proof: Let 0(2) = 1, z*. Then, we see that f(z) = 1+20(z). Tedious but straightforward
calculations show that ¢(z) satisfies to the first order ODE

2z~ 1)0 (2) + (—sz + 5+ 1)o(2) = sz.

The saddle point equation can be written as

20 (2) = Mo(z) = %



Getting rid of ¢'(z) between these two equations yields an expression for o(z), hence the above-
mentioned expression for f{p).

The condition on A comes from Af(1) > ), and ensures that the saddle point p is smaller than 1,
the pole of g. ad

The dictionary between Astola’s notations {1} and ours is the following: His 5 is our p, his
a is f_(lijf his 7 is A/s.
5 Lee Spheres for Large Alphabets

This is the limiting case of the preceding section, when s gets large, and f(z) goes to i—f—;— The
following result appears to be new or at least unpublished.

Theorem 5 Let V,, denotes the volume of the Lee sphere of radius r in Z7. When g > 2r+1
this quantity does not depend on g, and for large n and - going to A, we get

%log(VM) = L(\) + o(1),

where
L(z) = zlog(z) + log(z + V22 + 1) — z log(v/z2 + 1 — 1).
- Proof: The saddle point equation can be written as

(r+2)2* +(2n+1)z—(r+1)=0.

The only positive root is p = \/(%H)z+4g’(':;()r+2)—(2"+1). When n is large and r/n goes to A we

V1422 -1

—

It is easily checked that this quantity is always < 1. Hence the pole of g is not a problem. O
Using this result we obtain the analogues of the Hamming and Gilbert-Varshamov bound.

have

o~

Corollary 2 Let R(§) denote the largest achievable rate of a family of codes of minimum Lee
distance én for large n, and such that ¢ > 26n+ 1. Then, for 0 < § < L7(1) =~ 0.37 we have

)
1-L(§)<R(E)<1- L(§)
These bounds are tabulated in the following table and drawn in Figure 1.

Open Problem 1 Are there families of codes which are better than the lower-bound?

Open Problem 2 Study V., when n = o(r), and both n and r are iarge.



2 1-I() 1-1(3)
0.05 0.76 0.87
0.10 0.60 0.77
0.15 0.46 0.68
0.201 0.34 0.60
0.25 0.23 0.53
0.30 0.13 0.46
0.35 0.04 0.40
0.40 <0 0.33
0.45 <0 0.28
0.50 <0 0.23
0.55 <0 0.18
0.60 <0 0.13
0.65 <0 0.08
0.70 <0 0.04

1-L(x/2)

0.2

-0.2

-0.4

Figure 1: Bounds for R(§)



6 Covering Radius and Dual Distance

A current research problem in coding theory is to find upper bounds on the covering radius
as a function of the dual distance. A connection with zeroes of Krawtchouk polynomials was
discovered in [10]. A simpler power-sum approach was initiated in [9]. Here we derive an
asymptotic version of the following Theorem of [9]:

Theorem 6 Let C be a code of dual distance at least 2s + 1. Then its covering radius p 1s
bounded from above by

p< 5 = (27 — Lp(n)5,

S

where p,(n) = [(;—:5;] cosh"(%—z).
To meet this goal we need the following Lemma.

Lemma 2 Assume that the ratio 2s/n goes to a constant A € [0, 1] for both n and s large. Then
}—z,u,(n)?l? goes to 5";&‘}‘%")—&— where o 1s the positive solution of z tanh(z) = 2).
Proof: Here g(z) = 1 has no singularity; and f(2) = cosh(%g) is entire with positive co-

efficients. It is not degenerate. Letting z = Béz, the saddle point equation can be written
as

z tanh(z) = 2).

Let zo9 be the unique real positive solution of this equation. Corollary 1 applied to the saddle
point 29 = /Zo/2 gives
(,u;(n_))_z;; N costh(:z:o)
(2s)! 2z
Stirling’s approximation yields easily ’
2s

1
282 ~ —.
(26)15 ~ =

a

Theorem 7 Let C be a code of length n, and dual distance 25+ 1. Assume n large, p/n having
7 as a limit, and s ~ An. Then, we have

L
< 1 X cosh(zo)>
-2 2e To

where o 15 the unique positive solution of = tanh(z) = 2).

Proof: Dividing up the bound of Theorem 6 by n, and using Lemma 2 yields the desired

result. i
It seems that this asymptotic bound is slighty less precise than the bound obtained in [10].

For instance, for A small we obtain 7 < 0.5 — 0.35v/A(1 + o(1)) versus 7 < 0.5 — 0.7VA(1 + o(1)).
For A = 0.5 we get 7 < 0.23 versus r < 0.07.

Open Problem 3 Develop analogous results for g-ary codes.



7 Conclusion

We hope to have demonstrated in this article the wide range of applicability of the saddle
point approximation in asymptotic problems of Information Theory and Combinatorial Coding
Theory. Many other problems remain open. In particular many families of Lee codes have

distance growing faster than n, and the asymptotic problems of Sections 4 and 5 are well worth
studying for n = o(r).
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