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Abstract

In this paper, we present the first approximation algorithm for minimizing fill in solving a symmetric positive-definite
sparse linear system of equations. Moreover, the elimination ordering of variables output by the algorithm also approx-
imately minimizes two other important quantities: the total number of multiplications, and the total time taken on a
parallel machine to solve the problem using gaussian elimination. For a constant number of nonzero elements in each
row and column, the performance guarantee is polylogarithmic in the number of variables. The bound is weaker in
other cases.

The problem of minimizing fill is directly related to the problem of minimum graph chordalization for which we give
an approximation algorithm here. The algorithm is based on a method of Leighton and Rao for finding approximate
balanced node separators in undirected graphs.



1 Introduction

It has been a longstanding open problem to find an approxi-
mately minimum chordalization of a graph, i.e. to find a set
of edges whose addition to the input graph yields a chordal
graph. This problem has several applications, of which the
most well-known was discovered by Rose [12], Gaussian
elimination for sparse linear systems. When Gaussian elim-
ination is used to solve a sparse symmetric positive-definite
linear system, the order in which variables are eliminated
has a significant bearing on the complexity of the elimina-
tion process, both in terms of time and space. The reason
is that each successive variable elimination typically results
in “fill-in”, new non-zero entries in the matrix. These new
non-zero entries must be stored, and they enter into subse-
quent calculations, so in order to minimize storage and cal-
culation time, it is desirable to minimize the fill-in. Heuris-
tics such as the “minimum-degree” heuristic are commonly
used in an attempt to do just that. Other heuristics can
be found in [6].

Rose reformulated the notion of fill-in as a graph prop-
erty. He showed that if we interpret the matrix as a graph—
where a non-zero entry A;; corresponds to the existence of
an edge {%, j}—then the filled-in matrix corresponds to a
chordal graph. He thereby characterized the matrices for
which no fill-in is required—they are the matrices whose
graphs are chordal. He also demonstrated that for any
given matrix, minimizing the fill-in corresponds to adding
a minimum number of edges to a graph to make it chordal.

The issue of minimizing fill-in is especially important in
the solution of linear programs. When an interior-point
method is used, the principal cost of an iteration is due
to solving a symmetric positive-definite system of linear
equations. The particular system changes at each itera-
tion, but the graph associated with the system remains
the same. Since it is the graph that determines what fill-in
is achievable and how, it is worth spending considerable
time finding a good chordalization of the graph in order to
save time and storage at each iteration of the linear pro-
gramming algorithm.?

Unfortunately, as Rose, Tarjan, and Lueker conjec-
tured [13] and Yannakakis proved [15], finding a minimum
chordalization is NP-complete. We are thus led to consider-
ing whether minimum chordalization can be approximated
by a polynomial-time algorithm. Until now, no such ap-
proximation algorithms were known that provably achieved
better-than-trivial performance.

Our new algorithm

In this paper, we report the discovery of such an approx-
imation algorithm. The algorithm is based on a method

1Note also that the cost of a floating-point operation, which de-

pends on the precision required, typically exceeds the cost of a step
in a chordalization algorithm.

of Leighton, and Rao [8] for finding an approximate spars-
est cut in an undirected graph, on a modification of this
method due to Leighton, Makedon, and Tragoudas [9], and
on a separator theorem of Gilbert, Rose, and Edenbrandt
[6]. The algorithm performs particularly well on graphs
with small degree. Fortunately, linear systems arising in
practice (e.g. from the finite-element method) often have
graphs with small degree, because of constraints in the
physical system being modelled.

Theorem 1.1 For an input graph with n nodes and maz-
tmum degree k, the algorithm outpuls a chordal graph such
that the number of edges is within a factor of O(\/ic_ log* n)
of optimal.

‘We can also prove a performance bound when the degree
is large, but the bound is weaker and somewhat compli-
cated, and we postpone it until Section 3.

The value of fill in solving a sparse linear system equals
the sum of the number of non-zero elements in the orig-
inal matrix and the fill-in introduced by the elimination
process. Fill characterizes the total space required to solve
the sparse system of linear equations. It follows from the
work of Rose that the value of minimum fill is related to the
number of edges in the optimal chordal extension of the cor-
responding input graph. Theorem 1.1 thus implies that one
can find an order of elimination that approximately mini-
mizes the storage required for symmetric positive-definite
matrices where each row and column has a small number
of non-zero entries.

Our algorithm is similar to the generalized nested dis-
section of Lipton, Rose, and Tarjan [10]. Their algorithm
works for any class of graphs with O(f(n)) separators, and
relies on a recursive decomposition based on such separa-
tors. The performance of the algorithm is determined by
the function f(n). Since we do not assume the input graph
has any special structure, we cannot rely on the existence of
small separators. Gilbert [2] has shown that for every graph
with degree at most k, there exists a nested dissection or-
der that yields fill at most O(klogn) times optimum. We
build on his important result. Gilbert’s argument, how-
ever, is inherently non-constructive in that his choice of
separators depends crucially on the optimally filled graph.
Our analysis shows that it is sufficient to choose nearly
optimal node separators in order to achieve near-optimal
fill.

It turns out that our algorithm also approximately min-
imizes the total time required for the elimination process.
Here we use the customary measure of time for this process,
the number of multiplications.

Theorem 1.2 The algorithm outputs an elimination or-
dering such that the number of multiplications is within a
factor of O(klog®n) of optimal.



Solving linear systems in parallel

Our algorithm is particularly well-suited to use in parallel
solution of linear systems. In a typical parallel implemen-
tation of Gaussian elimination, each iteration consists of
selecting some set of variables and eliminating them from
the system. In order to eliminate all the variables in the
set simultaneously, they must not interact—no two vari-
ables can occur in the same equation. The height of an
elimination ordering is the number of iterations necessary;
thus minimizing height corresponds to minimizing the par-
allel time required by this method. Moreover, the choice of
which variables to eliminate in each step determines fill-in;
it is desirable to keep the fill-in small, both to keep the
storage small and to keep the number of processors small.
Gilbert [3] has conjectured that there is an ordering that
simultaneously minimizes height and approximately min-
imizes (to within a constant factor) the number of edges
in the filled-in graph. Our analysis represents progress to-
wards proving this conjecture.

Theorem 1.3 For degree k graphs, there ezists an order-
ing that simultaneously minimizes height to within a loga-
rithmic factor and minimizes number of edges to within a

factor of O(vklog?®n).

Theorem 1.3 follows from the analysis we use to prove
Theorem 1.1 and from the analysis of Gilbert and Haf-
steinsson [4]. They propose essentially the same algorithm
as us to find elimination orderings that simultaneously min-
imize three important measures: tree width, front size, and
elimination tree height. As part of their analysis, they
show that the elimination tree height is within a logarith-
mic factor of the size of a minimum balanced node separa-
tor. Their algorithm differs from ours only in that it finds
small node separators by first finding small edge separa-
tors. Consequently, their algorithm's performance guaran-
tee for height depends linearly on the maximum degree of
the input graph. As they observe, use of an approximation
algorithm for node separators would yield a guarantee that
was independent of degree. Since we use such an approxi-
mation algorithm, we achieve such a guarantee.

Theorem 1.4 The algorithm oulputs an elimination or-
dering whose height is within a factor of O(log? n) of opti-
mal.

2 Separators in Graphs

As a consequence of the approximate max-flow min-cut
theorem of Leighton-Rao, one can find weighted edge- and
node-separators in a graph. We list their results below.

Lemma 2.1 ([8, 9]) For a graph (directed or undirected),
there ezists a polynomial algorithm to find a %-balanced

edge-separator (node-separator) with cost within O (logn)
factor of the optimal %-balanced edge-separator (node-
separator).

We use the above lemma for the approximation algo-
rithm presented in the next section.

3 Minimum chordalization

In this section we give an approximation algorithm for min-
imum chordal graph completion of an input graph. For
bounded degree graphs, the algorithm guarantees a poly-
log factor approximation to the number of edges in the
optimal chordal graph. For unbounded degree graphs, the
bound is weaker. This is the first known polynomial-time
algorithm with a non-trivial performance guarantee.

As Rose has shown, and as discussed in the introduc-
tion, chordalization arises in solving a symmetric positive-
definite system of linear equations. The order of elimina-
tion affects the storage, sequential time, and parallel time
required to solve the system. Our algorithm outputs an
ordering that approximately minimizes all these quantities
simultaneously over all possible elimination orderings.

3.1 The Algorithm: Near-Optimal Gener-
alized Nested Dissection

Given a graph G(V, E), we define an elimination ordering
«a of its vertices. The graph G is then augmented to be the
elimination graph G* for the elimination ordering o [13].
G* is the output chordal graph produced by the algorithm.
The elimination graph is obtained as follows. At step %, the
graph G;_; is augmented to G; such that all the higher
numbered neighbors in G;_; of the node numbered ¢ (in
the ordering a) form a clique. Gy is set to the original
graph G. The elimination graph corresponds to Gjy|.

Elimination Ordering Algorithm: Given a graph
G(V, E) with n nodes to be numbered in the range [a, 5],
where b = a + n — 1, we proceed as follows. If n = 1, we
number the node. Else, we find a balanced node separator
X for G using Lemma 2.1. Let |X| = s. We number the
vertices in the separator from b — [X| + 1 to b in any or-
der. Let there be k connected subgraphs A, ..., A of sizes
ny,...,n left on removing X from G. We recursively num-
ber the graph 4; in the range [a+ E;f__ll nj,a—1435_; nj]
for each i € [1, k).

Separator Tree Representation: The elimination or-
dering of G can be related to the separator tree of the
graph. The vertices in the separator X form the root of
the tree with subtrees formed recursively for each of the
pieces Aj,..., A;. The elimination numbering of the ver-
tices is consistent with a postorder traversal of the tree
nodes, with vertices in a tree node numbered in any order.



Defn: We shall refer to a node in the separator tree
T as a separator, and to a node in the original graph G
as a vertez. The vertices forming a separator are said to
belong to the separator. Each vertex belongs to exactly one
separator and we refer to this node as the separator node of
the vertex. The depth of a separator is the distance of the
separator node from the root of the tree. The depth of a
vertex is the same as the depth of the separator it belongs
to. The subiree of a separator is the subtree rooted at the
separator in the separator tree. We say that a vertex u is
an ancestor of v if u’s separator node is either the same or
is an ancestor of v’s separator node in the separator tree.

We now state without proof a few lemmas that will be
useful in subsequent arguments. All references to elimina-
tion orders or separator trees in Section 3 refer to the ones
presented above.

Fact 3.1 FEvery node induced subgraph of a chordal graph
18 also chordal.

Theorem 3.1 ([5]) Every chordal graph has a clique sep-
arator, and hence has a node separator of size at most
O(\/IT}'), where E is the number of edges in the graph.

Lemma 3.1 For any vertez v, an edge (u,v) is in G* only
if for some edge (2,v) € G, v is an ancestor of z, and u
belongs to a separator node on the path from v’s separator
node to z’s separator node. Note that this includes the case
in which u and v belong to the same separator.

Lemma 3.2 The height of the separator tree is O (logn).

3.2 Bounds on the number of edges

In this section we analyze the total number of edges in the
resulting graph G* for the cases of bounded and unbounded
degree graphs.

Defn: We define the weight of a separator (w) to be
the number of vertices belonging to the separator, and the
weight of a iree (W) to be the sum of the weights of each of
the separators in the tree. Edges with both their endpoints
in vertices at the same depth and different depths will re-
spectively be called flat edges and jump edges. The cost
of a vertez (c) is the number of edges from the vertex to
vertices at greater depth. Thus the total number of jump
edges in G* is the sum of the costs of the vertices. The
cost of a separator is the sum of the costs of the vertices
belonging to it.

Theorem 3.2 The total number of flal edges in G* at a
given depth is O (E,,ptlogzn). Hence the total number of
flat edges in G* i O (Eo,,tlogan) .

Proof Sketch: By Lemma 3.1, the number of flat edges
at a given depth are no more than those required to turn
each separator into a clique. Let the subgraph induced by

Figure 1: Counting the jump-edges in G*- Bounded degree
case.

the subtree rooted at a separator X in the optimal chordal
graph have E,;; x edges. By Fact 3.1, Theorem 3.1, and
Lemma 2.1, |X| is \/E,p:, x O(log ). Hence the number of
flat edges within X is O(E,p¢,xlog’n). Summing over node
disjoint chordal graphs induced by the subtrees of each of
the separators at the given depth, the claim follows. O

Bounded degree graphs

Theorem 3.3 The total number of edges in G* is
o) (\/I;Eo,tlog"n) , where k is the mazimum degree of the
graph.

Proof: Theorem 3.2 shows that the total number of flat
edges is within the bound. Hence it suffices to show that

the total number of jump edges is O (\/EEaptlog‘in) .

For a vertex u, consider its neighbors in G at greater
depth. Consider the tree formed by the union of the paths
from u’s separator to separators containing such neighbors.
Call it the associated tree of u. Since G has bounded degree
k, this tree can have at most k separator leaves, and hence
at most k separators at any depth. By Lemma 3.1, the
cost of the vertex u is the weight of u’s associated subiree.

Let us estimate the sum of the costs of all vertices at
a given level £; in the tree (see Figure 2). Suppose that
level consists of separators X,,...,X,. Fori=1,...,p,
congider the highest-cost vertex of X;, and let T; be the
associated subtree for this vertex. For each level £, let
W,(T;) be the weight of T; due to vertices at level £. Then
the sum of the costs of vertices at level £; is no more than
the sum, over all levels £ greater than ¢;, of the value

Z 1X:| - Wo(T3). (1)

The weight of T; at level £ is the sum of the sizes of at most
k separators Xj 1,..., Xi . Substituting into (1), we get

r k
D)X (2)

i=1j=1

r k
DD 1K 1% 50 <

i=1j=1

zp:kl—’ﬂ'il2
i=1
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Figure 2: Counting the jump-edges in G*- unbounded de-
gree case.

where the inequality follows from the Cauchy-Schwartz in-
equality.
Since the X;’s are all disjoint, it follows from the proof

of Theorem 3.2 that /> k[X;[? = O(\/kElogn).
Similarly, \/ifﬂ E;=1 |X:,j1* = O(y/Eoptlogn). Thus
the right-hand side of (2) is O (\/EEopglngn). Sum-
ming over all levels £; and £, we conclude that there are
o (\/I?Ep,,,log'in) jump-edges. O

Unbounded degree graphs

For unbounded degree graphs, we have the the following
result.

Theorem 3.4 For an unbounded degree graph G with n
vertices and m edges, the total number of edges in G* is

o) (Eo,,, %\/r—nloga‘sn) .

Proof: As before, Theorem 3.2 bounds the total number
of flat edges. We shall show that the total number of jump

edges is no more than O (Epp,%\/ﬁloga'sn

Let us first estimate the cost of all the vertices at a given
level I;. Let this level have p separators Xi,...,Xp, and
let T; be the tree rooted at separator X;. Consider another
level ! greater than Iy (see fig. 2). We will estimate the
number of edges between the vertices in X; and the ver-
tices in T; at level I in the chordal graph G*. Consider a
separator X;; belonging to T; at level I, and let T;; be
the tree rooted at this separator. The vertices in X; ; have
edges in G* only to those vertices in X; that have an edge
in the original graph to a vertex in T; ;. The number of
such vertices in X; is the minimum of |X;| and m; j, where
m; ; is the total number of edges between vertices of X;
and vertices of T;; in the original graph. Thus the to-
tal number of edges between X; and Xj; in the chordal
graph is at most min(]|X;|, ms ;) -] X; ;], and hence at most
V1Xi|ms; - |X; ;1. Summing over all the g; separators be-
longing to T; at level I/, and again summing over all the
p separators at level [y, we get the total number of edges

between vertices at level [; and vertices at level . This
value is given by

P qs
SN 1Xe ma - 1% 5)

i=1j=1

(3)

Once again using Cauchy-Schwartz inequality, (3) is at
most

? @ P 4
DN Xm0 X,

i=1j=1 i=1j=1

(4)

Let m; denote the sum 3 3L, my;. 350, 3700 | Xilmy

then equals Y 7_, |Xi| m;. Using Cauchy-Schwartz inequal-
ity

P P
> 1Xi|my > m?

P
< Do
i=1 i=1 i=1
= O(y/E,ptlogn-m) (5)
Substituting (5) and O (/Eopt logn)

for \/Zle gD eF I into (4), we derive that the to-
tal number of jump edges between a given pair of levels is
o) (Eo,,,%\/ﬁlogl'sn). Summing over O (log? n) choices of
the pair of levels [; and I, we obtain the result. O

It should be noted that the above value is no more than
O(m*log>®n) factor of the optimal.

3.3 Bounds on the number of multiplica-
tions

For solving a symmetric sparse system of linear equations
without pivoting, we view the matrix as the adjacency ma-
trix of a graph G. We define the elimination numbering of
the nodes in G as in Section 3.1. We show that for a matrix
with the number of non-zero entries in any row (or column)
not exceeding k, the number of multiplications performed
using this elimination order is within a O (klogsn) multi-
plicative factor of that required by the optimal elimination
ordering.

Before we prove the main result of this section, we give
some lemmas that will be used later. A system of linear
equations in n variables given by Az = b is considered
dense if the matrix A has ©(n?) non-zero entries.

Fact 3.2 The number of multiplications required o solve
a dense system of equations in m variables is Q (ma).

The following lemma is a consequence of fact 3.2.

Lemma 3.3 For any chordal graph G*, if m is the size
of ils clique separator, then Q (ms) is a lower bound on
the number of multiplications required for any elimination
ordering.



Let M,p;: be the optimal multiplication count for any
elimination ordering of G. Then we have the following
results.

Theorem 3.5 Let o given level in the separator iree have
o . 3
p separators with weights wy ... wp. Then Q ( »

T
i=1 log3n
is @ lower bound on M,y .

Proof Sketch: The vertices in the subtrees of different
separators at a level are disjoint. Hence the subgraphs
induced by them in the optimal chordal graph are node
disjoint. Each induced subgraph is also chordal and hence
Lemma 3.3 provides a lower bound on the optimal multipli-
cation count for each. By summing over all the subgraphs,
we obtain the theorem. O

For any vertex with elimination number i, the vertex
along with all its neighbors with number higher than ¢ form
a clique in G*. We shall refer to this clique as the associ-
ated clique for the vertex, and denote it by C,. The num-
ber of multiplications (M, ) required to eliminate a variable
v, is the total number of edges in the clique C,. Let M
be the number of multiplications required for the elimi-
nation ordering defined by the algorithm. M is given by
2w 2eec, 1) which is the same as 3, 3", - 5. 1. We can
hence sum over the multiplication contribution for each
edge. The multiplication contribution (henceforth referred
to simply as contribution) for an edge (v,u) is the total
number of vertices with depth no less than that of u or v,
containing (v, u) in its associated clique.

Theorem 3.6 The elimination ordering defined above
yields a multiplication count of O (kMopglogsn) .

Proof Sketch: We count the contributions from edges
that go between any two levels of the tree. To count this
contribution, we count the contribution due to all vertices
at a depth no less than those of the two levels. Using
techniques similar to those for proving Theorem 3.3 we
can show that this contribution is no more than k times
the sum of the cubes of the separator sizes at the three
levels under consideration, which using Theorem 3.5 is
0 (3kMopglog3n). The claim then follows. O

3.4 Bounds on the height of the elimina-
tion ordering

Minimizing the height of the elimination ordering mini-
mizes the time required to solve the system of equations
in parallel. Let Ay, be the minimum elimination height
for any elimination ordering of a given set of linear equa-
tions. We show that the elimination ordering proposed also
minirmizes height to within a polylog factor of Aysn.

Fact 3.3 To solve a dense system of equations in m vari-
ables, hpmin it Q(m).

Lemma 3.4 For any chordal graph G*, if m is the size of
its clique separator, then hyin for G* is 2 (m).

Theorem 3.7 Ifwpmaz 8 the mazimum weight of a separa-
tor in the separator tree of G, then hpyin for G is Q) (

Wmap

logn /°
Proof: Let X be the separator in the separator tree with
the maximum weight, and let V; be the set of vertices in
the subtree of the separator X. If Gi,, corresponds to
the optimal chordal graph with minimum height over all
elimination orders, then let the graph induced by V; in

Gpt be Gi. G; has a clique separator of size Q ("’Tmﬂ-o = ) by

Theorem 3.1, and this is a lower bound on A, by Lemma
34.0

Theorem 3.8 The elimination ordering defined in Section
3.3 yields a height of O (Rminlog®n).

Proof: Consider all the separators at each level. One vari-
able from each of the separators can be eliminated simul-
taneously as there are no direct edges between the vari-
ables. Hence the height for eliminating all the variables at
a level is no more than wy,,;. Since the number of levels
is O (logn), the claim follows. O

It should be mentioned that a parallel prefix operation
may be required at each elimination step to update the
coefficients in the matrix as a result of eliminating multiple
variables simultaneously.

4 Final remarks

We presented an algorithm for approximating fill in solv-
ing a sparse linear system of equations. The algorithm
performs well for graphs with small degree. We can show
that the analysis of our algorithm is asymptotically tight.
It remains an open problem to improve our bounds.
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