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Abstract

In this paper, we prove the first approximate max-flow min-cut theorem for general multicommodity flow. We show that
for a feasible flow to exist in a multicommodity problem, it is sufficient that every cut’s capacity exceeds its demand by
a factor of O(log C'log D), where C is the sum of edge capacities and D is the sum of demands. Moreover, our theorem
yields an algorithm for finding a cut that is approximately minimum relative to the flow that must cross it. We use this

result to obtain approximation algorithms for minimum deletion of clauses of a 2-CNF= formula, via minimization, and
other problems.



1 Introduction

Max-flow min-cut theorems

The amount of flow one can push through a network from
a source to a sink clearly cannot exceed the capacity of a
cut separating them, and the celebrated max-flow min-cut
theorem of Ford and Fulkerson [3] and of Elias, Feinstein
and Shannon [2] showed that the capacity upper bound is
always tight. The value of the maximum flow is equal to
the capacity of the minimum cut. This result yielded as
a byproduct an algorithm for finding a minimum capacity
cut.

Ever since, researchers have sought to generalize the
max-flow min-cut theorem to apply to cases of multicom-
modity flow, in which each of several commodities has its
own source and sink. In 1963, Hu showed [6] that such a
theorem held for 2-commodity flow. In subsequent work,
various special cases have been identified for which the
max-flow min-cut theorem holds. As was demonstrated
fairly early, however, no such theorem can hold in general
for all multicommodity flow instances.

Leighton and Rao [10] recently defined the notion of an
approzimatie max-flow min-cut theorem, by showing that
the capacity upper bound is within a logarithmic factor of
being tight for a special class of multicommodity flow in-
stances, called uniform multicommodity flow. In a uniform
flow problem for a graph G, a flow of value 1 is required
between every two nodes of G. Their approximate max-
flow min-cut theorem also yields an algorithm for finding
an approximately sparsest cut, which in turn is the basis
for a variety of approximation algorithms for NP-complete
graph problems.

Our approximate max-flow min-cut theorem for ar-
bitrary multicommodity flow

In this paper, we have gone a step further. We have proved
an approximate max-flow min-cut theorem that holds for
allmulticommodity flow problems. Our theorem is the first
for arbitrary multicommodity flow.

Theorem 1.1 Consider a multicommodity flow problem
where the sum of the demands is D and the sum of the
capacities is C (and demands and capacities are integral).
In order for there to ezist a feasible flow, it is sufficient
that every cut’s capacily ezceeds its demand by a facior of
O(logClog D).

Moreover, our theorem yields an algorithm for finding a
cut that is (approximately) minimum relative to the flow
that must cross it. By appropriate choices of source-sink
pairs, one can use this algorithm to find cuts that are (ap-
proximately) minimum subject to certain criteria. Thus
we significantly enhance the generality of the cut-based ap-
proach to approximation algorithms.

New approximation algorithms: Deleting 2-
CNF= clauses to achieve satisfiability, and
applications

As a consequence, we obtain new approximation algo-
rithms. Qur first result is the following theorem:

Theorem 1.2 Given a 2-CNF= formuls with weighted
clauses of the form (P = Q), one can in polynomial time
find an approzimately minimum-weight set of clauses whose
deletion yields o satisfiable formula.! The performance ra-
tio is O(log® n). :

One of our aims in this research is to develop a framework
for approximate solution of graph problems of the form:
delete a minimum number of nodes (or edges) in order to
obtain a graph with a desired structural property. Our
algorithm for 2-CNF= clause deletion provides a good basis
for such algorithms; one can sometimes state the structural
property in the language of 2-CNF= in such a way that
deleting clauses corresponds to deleting edges or nodes of
the graph.?

The edge-deletion graph bipartization problem—deleting
a minimum number of edges to get a bipartite graph—was
studied in [16]. Using our variant of 2-CNF= in which
each clause has the form (P = Q), it is easy to state that
a given graph is bipartite: For each node v, we have a
Boolean variable P,. For each edge {v, w}, there is a clause
(P, = -P,) of weight 1. The resulting formula is satisfiable
if and only if the graph is bipartite; any satisfying truth
assignment gives a bipartition (a two-coloring). Moreover,
the minimum number of clauses that must be deleted to
achieve satisfiability equals the number of edges that must
be deleted to achieve two-colorability.

Using similar techniques, we can solve some other prob-
lems. The via minimization problem (discussed in [1]) is
a problem arising in the design of a printed circuit board,
in which there are two layers and one wants to minimize
the number of holes made in the board in order to connect
wires on different layers. The geometry of the problem is
fixed; the goal is to choose an assignment of pieces of wire
to layers.

Theorem 1.3 One can in polynomial time approzimately
solve

o the edge-deletion graph bipartization problem,

e the via minimization problem.

1 A complementary result was obtained by Johnson [7] in 1974; he
showed that the maximum size of a satisfiable subset of clauses could
be approximated to within a small constant factor; indeed, for every
formula, all but at most a constant fraction of the clauses could be
satisfied simultaneously. In view of this latter result, it makes sense
to focus on how many clauses must be deleted to achieve satisfiability.

3Cf. Papadimitriou and Yannakakis's idea [12] of expressing NP-
complete problems with quantified sentences in order to study their
approximability.



The performance guarantee is the same as that in Theorem
1.2,

2 An approximate max-flow min-
cut theorem for general undi-
rected multicommodity flow

2.1 Preliminaries

In this section we prove an approximate max-flow min-
cut theorem that forms the basis for the 2-CNF= clause
deletion algorithm of Section 4 and the applications: bi-
partization and via minimization.

Consider a multicommodity flow problem, where we have
a network G with edge-capacities cAP(vw), and commodi-
ties {(s:,%;,d(3)) : 4 = 1,...,k}, where s; and ¢; are, re-
spectively, the source and sink of commodity ¢, and d(s)
is the demand of commodity i. We assume all demands
and capacities are integral. A concurrent flow [15] of ca-
pacity utilization u is a multicommodity flow satisfying the
demands and subject to the edge-capacities u - caP(vw).
The concurrent flow problem is to find a flow f with min-
imum capacity utilisation. The concurrent flow problem
relates to feasibility of ordinary multicommodity flow: a
multicommodity flow is feasible if and only if the minimum
capacity utilization is at most 1.

It is useful to think of each pair s;,¢; of commodity end-
points as a demand edge s;t; in the graph G, with a weight
DEM(#;t;) equal to the demand associated with the com-
modity. Thus G has two kinds of edges, demand edges and
ordinary capacity edges.

Each subset V of the node set of G defines a cut, namely
the set I'(V') of edges with exactly one endpoint in V. For
a subset F of the edge set of G, let cAP(E) denote the sum
of capacities of capacity edges in E, and let DEM(E) denote
the sum of weights of demand edges in E.

The analogue of a minimum cut is a cut I'(4) that min-
imizes the ratio of capacity to demand. That is, define the
minimum cut ratio S as follows:

car(T(4))
AR SEM(T(A)) (1)

It is easy to see that the value of the capacity utilisation
is at least 1/S. In other words, if the minimum cut ratio
is less than one, then the multicommodity flow problem is
infeasible.

Let £ be any length function assigning lengths to the
capacity edges of the graph G, and let dist;(v, w) be the
resulting shortest path distance between v and w using ca-
pacity edges. The linear programming dual to the problem
of minimising the capacity utilization u is maximizing the

) (2)

demand edge st

S =

dist,(s, t)DEM(st)

subject to the constraint

>

capacity edge vw

cAP(vw)f(vw) =1

(3)

In particular, the value of (2) is always at most the value
of the capacity utilisation u, and, when £ maximizes (2)
and f minimises u, then the sum (2) equals u. That is, at
optimality, we have

D disty(si,t:)d(5) = u > 1/5 (4)

i

Our main result in this section' is to show that the leftmost
expression is not much more than the rightmost expression.

Theorem 2.1 There is a polynomiagl-time algorithm to
find o pariticular node subset A such that

DEM(T'(4))

;distz(-mti)d(i) = O(log Clog D) ey

where C is the sum of all capacities and D is the sum of
all demands.

Corollary 2.1
(Approximate Max-flow Min-cut Theorem)

We have s

O(log Clog D) Sluss
In paiticular, for a multicommodity flow to be feasible, it
is necessary that the min cut ratio S be at least 1, and it
is sufficient that it be at least O(log Clog D).

Corollary 2.2

(Approximation Algorithm for Min Cut)

The cut T'(A) found by the algorithm of Theorem 2.1 ap-
prozimately minimizes the ratio

car(T'(4))
DEM(T'(4))

to within a factor of O(log C log D).

The following theorem is useful in applications where
either the capacities or demands are exponentially large.

Theorem 2.2 If either C or D is polynomial in n, the
number of nodes of G, then the performance guaraniee can
be improved to be O(log® n).

2.2 The proof of Theorem 2.1

Our proof of the theorem follows the lines of Leighton and
Rao’s proof for their result concerning the uniform demand
case (the case where there is a demand of 1 between every
pair of nodes).



First solve the dual of the concurrent flow problem, ob-
taining an optimal length function £ satisfying the con-
straint (3). Next, assume (for now) that we know the value
of S. We now give an algorithm to assign a path P(a,,t,)
to each commodity i such that

2 length(P(s;, &)) - DEM(s:ts)

= O((1/S)logClog D) (5)

To initialize, let Dy equal the sum D of all demands, and
lett=0.

Each stage ¢ consists of the following steps. Decompose
the graph into node-disjoint trees so that each tree has
height O((1/5D;)log C). (This step is described in more
detail later.) For each commodity i whose endpoints lie in
a common tree, assign to the commodity the path in that
tree, and discard the commodity. Let D; 1 be the sum of
the demands of remaining commodities, i.e. those whose
endpoints are in different trees. Finally, increment ¢, and
loop.

In each stage t, the length of every path assigned is
O((1/SD;)logC), and the sum of demands of commodities
that were assigned paths is D;— Dy, 8o the total contribu-
tion of stage t to the left-hand side of (5) is O((1/S5) log C)).
It remains to describe a procedure for decomposing G
into trees of small height such that D;,, < D./2, for
then the number of stages is at most log D, and the to-
tal contribution of all stages to the left-hand side of (5) is
O((1/S)log Clog D).

Decomposition into trees: It is convenient to discretize
or tokenize the distance. Each token of distance will cor-
respond to distance 1/C in the original units. That is,

define .
Li(vw) := [Cl(vw)] (6)

for each edge vw. Notice that since } £(vw)caP(vw) < 1
and that rounding up adds only one extra token for each
edge, we have that the total token weight is

Y t(vw)car(vw) < 2C (7

Measured in tokens, we must decompose the graph into
trees of token height O((1/SD;)C log C).

Next, repeat the following step, forming a tree T (as
described below), and then removing the nodes of the tree
from the graph, as well as all incident capacity edges and
demand edges, until the graph no longer contains a source
or sink.

Forming a tree T: Start at any node r, and compute
the shortest-path tree consisting of all nodes reachable
from r. If every node in this tree has distance at most
[(9C1n2C)/SD:] + 1, then let T be this tree. Otherwise,

|

Figure 1: If one of the endpoints of edge vw is within
distance d—£;(vw) of 7, then all £;(vw) of the edge’s tokens
are within distance d. If neither endpoint is within distance
d, then none of the edge’s tokens is within distance d. If
one endpoint is at a distance d — z of r, and z < 4(vw),
then z of the edge’s tokens are within distance d.

we must select a distance d < [(9C1n2C)/SD;] + 1 at
which to truncate the tree.

There is a natural notion of how much of an edge’s tokens
lies within a given distance d of the root r, as illustrated
in Figure 1. Denote this value by amount(vw,d). We de-
termine the total weight of the subgraph within distance d
of r, defined as follows.

weight(d) = z amount(vw, d) - CAP(vw)

edge vw

We use binary search on the range of distances d =
1,2,3... [(9C 10 2C)/SD;] + 1, to find a d such that

(®)

The binary search to find such a d proceeds as follows.
First, we set d; to 1 and d, to [(9C In2C)/SD;] +1. Notice,
that weight(d;) is at least (1 + SD,/8C)%~! and hence at
least 1 since every edge has capacity one. Also notice that
weight(d, ) is strictly less than (1 + SD;/8C)% ! since

weight(d + 1) < (1 + %)weight(&)

(14 SD,/8C)*~1 > (1 + SD,/8C)(9C¢m3C)/5Ds 5 ¢,

and 2C is the total weight in the whole graph by equation
7. Thus, there must be a level between d; and d, where
the weight does not expand by (1 + SD;/8C). Now, we
consider the level d’ = |(di + d)/2]). If weight(d') is at
least (1 + SD,/8C)%~1 then set d; = d', otherwise set
d. = d'. Notice that a level that does not expand still
exists between d; and d. and the number of levels between
d; and d. has been halved. Thus, after O(log C) iterations

~ d, becomes a constant so d can easily be found. (We
use this binary search in the algorithm so that the running
time is polynomial in log C and n, i.e., the sige of the input
graph.)



Once d has been chosen, let T be the portion of the
shortest-path tree spanning nodes of distance < d from the
root, and define weight(T') = weight(d). Let £ denote the
set of edges currently incident to T. Note that

CAP(Er) < weight(d + 1) — weight(d)
SD; .
Finally we delete the nodes of T and all incident edges, and
repeat, constructing another tree.

What the tree decomposition achieves: Now sup-
pose that all sources and sinks have been deleted. We’ve
assigned short paths to every commodity whose source
and sink lay in the same tree. Let D;,; denote the sum
of demands of remaining commodities. We prove that
Diy1 < D /2. Let Dy denote the sum of demands of com-
modities ¢+ with source s; in T and sink ¢; outside T. The
trees partition D¢4y. Let I'(T) denote the boundary of T,
i.e. the set of edges with exactly one endpoint in T. We
have the following

SDyy1 =) SDr <) car(T(T))
T T

where the inequality follows from the definition of S. Since
each edge belongs to the boundary of at most two trees
and belongs to at least one £r, we have

Y car(D(T)) < 2) " car(er).
T T
Using (9), we infer
2 ; CcAP(€r) < %g—‘ ; weight(T)

In constructing the tree decomposition, once we count an
edge towards the weight of the tree, we delete it. Hence
3 7 weight(T') is no more than the total weight in the whole
graph, which was shown to be 2C in (7). Putting these
inequalities together, we obtain

SDy41 < 5D /2.

2.3 Turning the proof into an algorithm

In The-
orem 2.1, we stated that the algorithm would find a set
A such that Y, dist(s;,%;)d(3) = O(log Clog D) %%%'
In fact, we only proved that Y, dist,(s;,t;)DEM(st;) =
O(logClog D)/S. Moreover, we assumed that the value of
S was exactly known in advance.

We remedy this by making two observations. First, note
that the proof still holds when S is replaced by the “ob-
served value of S,” which we denote by S,p,. The value

Of Sobs is defined to be the minimum value of Sayirvrl}
over all trees T actually appearing in some decomposi-
tion during the algorithm. Thus if we knew Sope be-
fore running the algorithm, we could substitute it for S,
and proceed as before. We would end up showing that
3, disty(s;, t;)DEM(8;t;) = O(log Clog D)/Soue. By let-
ting A be the nodes spanned by the tree that determined
the value of S.pe, we obtain the bound in Theorem 2.1.

Of course, we can’t expect to know the value of S.y,
before running the algorithm. However, if the value sub-
stituted for S in (8) is no more than (3/2)S,p,, then we are
still guaranteed that the remaining demand diminishes by
a factor of 3/4 in each stage. We use this observation as
follows. Start with some estimate of S, derived from look-
ing at an arbitrary cut in the graph. Run the algorithm,
and compare the resulting value of S,p, with the estimate.
If the estimate is no bigger than (3/2)S,,, then we are
done, otherwise, reduce the estimate by a factor of 3/2,
and repeat.

3 Balanced separators

In this section, we discuss the application of concurrent-
flow based methods to finding balanced separators. In
Subsection 3.1, we show how to apply our Theorem 2.1.
These results are used in Section 4.

3.1 Cutting all the demand

The cuts that are found by the algorithm of the previous
section tend to achieve a low cut ratio. However, such a cut
may only separate a small fraction of the total demand in
the flow problem. In this section, we present some results
about finding a small cut that cuts a large fraction of the
total demand.

In particular, we consider a cut that cuts half the demand
pairs.

Consider a multicommodity flow problem specified by
G = (V, E). We denote the capacity edges of G by E¢ and
denote the demand edges by Ep. Now we define E,,: to be
a minimum capacity edge set such that if {Hy, ..., H;} are
the connected components of Gopt = (V, Ec — Eopt) then

>

8EH; ,t;€Hy j#b

d(3) > D/2.

That is, the edge set E,; is the smallest cut that sepa-
rates half the demand in G.

We can prove the following result about approximating
such a cut.

Theorem 3.1 There is a polynomial time algorithm, A,
that will find a set of edges E4 such that if {H,,..., Hy}
are the connecied components of G' = (V, Ec — E,) then



2

8EH;,t;€ Hy i#k

d(i) > D/3,
and

cAP(E,) < O(log Clog D)CAP(E,p).

Proof Sketch: We simply find an approximate sparsest
cut using the algorithm of the previous section, remove
the edges in the cut from the graph and repeat until D/3
demand sources and sinks are separated. We can show that
the union of the cuts have small cost by using the fact that
they have small sparsest cut cost. O

Thus we have an algorithm that finds a small cut that
separates many of the demands. In fact, using the above
theorem, we can find a small cut that separates all de-
mands. First, we say an edge set, E4, completely cuts the
demand in a flow problem if there is no cormmodity whose
source and sink are in the same connected component of
G' = (V,Ec — E,). Now we state the following lemma.

Lemma 3.1 There is a polynomial time algorithm, A, that
given a flow problem on G will find a set of edges E, that
completely cuts the demand in G such that

cAP(E4) = O(log Clog? D)CAP(Eop),

where Eqp i the smallest capacity edge set that completely
cuts G.

4 Approximately minimizing un-
satisfied clauses in a 2-CNF=
formula

Given a 2-CNF= formula F with weighted clauses of the
form (p = q), finding a minimum weighted set of clauses
whose deletion yields a satisfiable formula is known to be
NP-complete [4]. We use a well-known construction to re-
formulate this problem as a problem of deleting edges in
a graph. We then show how to approximate this edge-
deletion problem by defining a flow function in this graph
and using the ideas presented in Section 3.

Defn: We define a weighted 2-CNF= formula to be a
conjunction of weighted clauses of the type (p = q) where
p and gq are literals, and = refers to logical equivalence.

4.1 Modeling the problem

Given a weighted 2-CNF= formula F, we define the corre-
sponding boolean graph G(F) as follows. Let the node-set
V(G) be the set of all the literals that occur in F. For every
clause (p = ¢) in F, include the undirected edge (p,q) in
G(F). This edge is assigned a weight equal to the weight of

the corresponding clause (p = ¢) in F. We shall henceforth
use the terms “literal” and “vertex” interchangeably.
We can easily prove the following lemma [8].

Lemma 4.1 A weighted 2-CNF= formula F is satisfiable
iff no connected component of the graph G(F) constructed
as above contains both a literal and its negation.

By virtue of Lemma 4.1,.we have the following corollary.

Corollary 4.1 Given a weighted 2-CNF= formula F,
finding a minimum weight set of clauses whose deletion
yields a satisfiable formula is equivalent to finding a mini-
mum weight set of edges in the corresponding boolean graph
G(F) such that its deletion from G(F) leaves the graph with
no connected component containing both a literal and its
negation.

4.2 The algorithm

Define a general concurrent flow problem on the boolean
graph G(F) by assigning one unit of a commodity to flow
from each literal z; to =z; occuring in the same connected
component. From Lemma 3.1, we can find a set of edges
in G(F) whose cost is at most within a factor of O(log® n)
of the minimum cost separator that completely cuts all the
demands in G(F). From Corollary 4.1, such a separator
corresponds to the minimum weight set of clauses that we
are looking for and we have the following theorem.

Theorem 4.1 There ezists an algorithm that finds an ap-
prozimately minimum-weight set of clauses to delete from
a given weighted 2-CNF= formula to leave it satisfiable.
The performance ratio is O(log® n).

5 Final remarks

We have presented an approximate min-max theorem for
general multicommodity flow. Recently, we have been able
to generalize this theorem to apply to hypergraph net-
works; using this theorem, we can handle CNF= clauses
with an arbitrary number of literals per clause.

We have not addressed running times of algorithms de-
scribed in this paper, but we note that the algorithm of [9]
can be used to quickly find approximate solutions to the
concurrent flow problems.

Our approximate min-max theorem, while more general
than that in [10], does not guarantee as good an approx-
imation. In contrast to [10], we have no example demon-
strating that our bound is existentially tight. It is therefore

an open problem to improve our bound or show it cannot
be improved.
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