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Abstract
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1 Summary

In this paper we investigate planar sT-graphs, i.e. embedded planar digraphs that admit an
upward drawing and have a single source s and a set of sinks T'.

Our work is an extension of the study of planar st-graphs, which are planar acyclic graphs
embedded with exactly one source s and one sink ¢ both on the external face. Suppose G is
a planar st-graph with vertex set V, edge set E, and face set F. Then G admits two total
orders (known as the leftist and rightist orders of G that are used to support reachability
queries. Data structures and algorithms have been presented that allow O(n) preprocessing
and O(1) query time for static planar st-graphs [1] [5] [7]. O(logn) update and query time
for dynamic graphs[10], and optimal O(logn) running time using n/logn processors in the
EREW PRAM model for parallel processing[13]. The central result of this paper is to extend
these results to the larger class of planar sT-graphs.

Given a planar sT-graph G, we build an auxiliary planar st-graph G, and show, in a static
environment, that a transitive closure query on G can be found using a transitive closure
query on Gy. For the dynamic and parallel environments, we build an another auxiliary
planar st-graph G; and enhance the data structures stored for G;. Transitive closure queries
to G can be found through the enhanced data structures for G;. we also show that an update
on G can be performed through a constant number of update operations on G;.

The rest of the paper is organized as follows: Section 2 gives definitions and reviews
related previous results. Section 3 describes a sequential algorithm for determining transitive
closure in planar sT-graph. Section 4 presents the graph theoretic basis for our result.
Section 5 gives the dynamic algorithm.

2 Planar st-Graphs and Planar sT-Graphs

Basic definitions on graphs and posets can be found in textbooks such as [1] and [3].

Let G be a directed graph, for brevity digraph, and v a vertex of G. We denote by d~(v)
the indegree of v, i.e. the number of incoming edges of v, and by d*(v) the outdegree of v,
i.e. the number of outgoing edges of v. A source of G is vertex s with d=(s) = 0. A sink of
G is vertex t with d*(¢) = 0. A transitive edge of G is an edge e = (u,v) such that there
exists another directed path from u to v consisting of at least two edges.

Definition 1 A planar st-graph is a planar acyclic digraph G with exactly one source, s,
and exactly one sink, ¢, which is embedded in the plane so that s and ¢ are on the boundary
of the external face.

These graphs were first introduced in the planarity testing algorithm of Lempel et al. [8]

Definition 2 A planar upward drawing of an embedding of a planar graph G is a planar
drawing such that every edge (u,v) € G is a curve monotonically increasing in the vertical
direction.

Given a planar st-graph G, several important properties of G are expressed by the fol-
lowing lemmas:

Lemma 1 [8] Every vertez of G is on some directed path from s to t.
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Figure 1: A planar sT-graph G

Lemma 2 [12] For every vertez v of G, the incoming (outgoing) edges appear consecutively
around v.

Lemma 3 [12] For every face f of G, the boundary of f consists of two directed paths with
common origin and destination.

Lemma 4 [2] [6] G admits a planar upward drawing.

Definition 3 A planar sT-graph is a planar digraph G with exactly one source, s, and a
set of sinks, T, which is embedded in the plane so that G admits an upward drawing. An
example is given in figure 1

Given a planar sT-graph G, similar important properties of G are expressed by the
following lemmas:

Lemma 5 G is acyclic and is embedded such that source s and at least one sinkt € T on
the boundary of the outer face.

Proof: Immediate from the planar upward embedding of G. O
Lemma 6 Every vertez of G is on a path from s to somet € T.

Proof: Suppose v is a vertex. Follow any path in G beginning at v. If we arrive at a vertex u
with d*(u) > 0, then continue along any outgoing edge of u. Since G is acyclic, we eventually
arrive at a vertex t with d*(¢) = 0, and hence ¢t € T.

A similar argument shows that a reverse path must end at a source. Since s is the only
source, there exists a path from s to u. O



Let @ be a poset (partially ordered set), where < denotes the partial order on the
elements of Q). The Hasse diagram (also called covering digraph ) of @ is a digraph G whose
vertices are the elements of @, and such that e = (u,v) is an edge of G if and only if u € v
and there is no other element z of @ such that u € 2 « v. If edge e € GG, we also say that
e €. ([ is acyclic and has no transitive edges. Hasse diagrams are usually represented by
straight-line drawings such that for each edge (u,v) the ordinate of vertex u is smaller that
that of vertex v.

A planar lattice is a poset whose Hasse diagram is a planar st-graph. Also, every planar st-
graph without transitive arcs is the Hasse diagram of some planar lattice. Several properties
of planar lattices are described in. [7].

A poset @ has a greatest lower bound 0 if for all u € @, 0 <« u. The Hasse diagram of
a poset with a greatest lower bound is a planar sT-graph. Everyplanar sT-graph without
transitive arcs is the Hasse diagram of some poset with greatest lower bound.

A linear eztension of a poset @ is a total order < on the elements of @ such that for
any two elements u and v of @ u < v implies 4 < v. A linear extension corresponds
to a topological sorting of the vertices of the Hasse diagram of ¢). We say that @ has
dimension k if G admits k linear extensions <1, <, ..., <g, such that v < v if and only if
u<1v, u<gv,..., u <k v, and k is minimum.

It is known that planar lattices have dimension 2 [1] [5] [7] and that posets with greatest
lower bound have dimension at most 3 [14].

2.1 Review of Planar st-Graphs

Lemma 7 [1] [5] [7] Let G be a planar st-graph with n vertices. There ezist two total orders
on the vertices of G, denoted <; and <, (called the leftist and the rightist orders), such that
there is a directed path from u to v if and only if u <; v and u <, v. Furthermore, orders <;
and <, can be computed in O(n) time. Subsequent transitive closure queries can be performed
in O(1) time per query.

Lemma 7 is based on the fact that the underlying partial order of a planar lattice admits
a “complementary” partial order (see [7]).

In the following definitions, the concepts of left and right refer to the orientation of the
edges. For example, the face to the left of an edge (u,v) is the face containing edge e which
appears on the left side when traversing edge (u,v) from vertex u to vertex v. Also, the
reader will find it convenient to visualize the planar st-graph G as being drawn in the plane
with edges monotonically increasing in the vertical direction (see Lemma 4).

Given vertices u and v of G such that there exists a path from u to v, the set of paths from
u to v defines a planar st-graph with source u and sink v which is an induced subgraph of G.
The two paths that form the external boundary of this subgraph will be called the leftmost
path and rightmost path from u to v, respectively. For example, the external boundary of G
consists of the leftmost and rightmost paths from s to ¢.

Let G* be the digraph obtained from the dual graph of G as follows

1. the dual edge e* of an edge e is directed from the face to the left of e to the face to the
right of e;



2. the external face of G is dualized to two vertices of G*, denoted s* and ¢*, which are
incident with the duals of the edges on the leftmost and rightmost paths from s to %,
respectively.

Vertices s* and t* can be thought of as being the “left” and “right external face” of G,
respectively. It is simple to verify that G* is a planar st-graph with source s* and sink ¢*.
[9] [12] Notice that G* might have multiple arcs.

Let V, E, and F denote the set of vertices, edges, and faces of G, respectively, where
F has elements s* and t* representing the external face. We will show that the orders <;
and <, can be extended to the set V U E U F, thereby giving a unique total order of all
topological constituents of G.

First, for each element & of V U E U F, we define vertices low(xz) and high(z), and faces
left(z) and right(z), as follows:

1. If z = v € V, we define low(v) = high(v) = v. Also, we denote by le ft(v) and right(v)
the two faces that separate the incoming and outgoing edges of a vertex v # s,t. For
v = s or v = t, we conventionally define left(v) = s* and right(v) = t*.

2. If z = e € E, we define low(e) and high(e) as the tail and head vertices of e, respec-
tively. Also, we denote by left(e) and right(e) the faces on the left and right side of
e, respectively.

3. Ifz = f € F and f # s*t*, we denote by low(f) and high(f) the two vertices
that are the common origin and destination of the two paths forming the boundary
of f. For f = s* or f = t*, low(f) and high(f) are undefined. Also, we define
left(f) = right(f) = f.

Definition 4 We say that z is below y, denoted « T y, if there is a path in G from high(z)
to low(y). Also, we say that z is to the left of y, denoted z — y, if there is a path in G*
from right(z) to lefi(y).

Definition 5 We define relations <; and <, on VU E U F', as follows:
z<jy ©zTyorz oy
<,y ©zTyory—=z

Theorem 1 The relations <; and <, on VU E U F are total orders.

We also note that there is a path in G from vertex u to vertex v if and only if u <; v and
u <, v, since such path exists if and only if v T v.

Definition 6 We define the lefi-sequence of G as the sequence of elements of VUE U F,
sorted according to <; (leftist order). The right-sequence of G is defined similarly with
respect to <, (rightist order).

[10] gives algorithms to dynamically maintain the leftist and rightist orders. In particular,
they support the following dynamic operations:



1. INSERT(e,u,v,f;f1,f2): Add edge e = (u,v) inside face f, which is decomposed into
faces f; and fp, with f; to the left of e and f, to its right.

2. DELETE(e,u,v,f1,f2:f): Delete edge e = (u,v) and merge the two faces f; and f;

formerly on the opposite sides of e into a new face f.

3. EXPAND(e, f,9,v;v1,v2): Expand vertex v into vertices v; and v,, which are connected
by a new edge e with face f to its left and face g to its right.

4. CONTRACT(e,f,g,v1,v2;v): Contract edge e = (v1,v2) and merge its endpoints into a
new vertex v. Faces f and g are to the left and right of g respectively.

Each operation is allowed if the resulting graph is itself a planar st-graph.
These operations are sufficient since:

Lemma 8 [10] Let Gy be the trivial planar st-graph consisting of a single vertez. Any planar
st-graph with n vertices can be assembled starting from Go by means of O(n) INSERT and
EXPAND operations, and can be disassembled to yield Gy by means of O(n) DELETE and
CONTRACT operations.

The algorithm represents the orders <; and <, by means of two balanced binary search
trees, denoted T, and Tg. The left to right order of the leaves of the tree represent the leftist
and rightist sequence. The dynamic operations INSERT, DELETE, EXPAND, and CON-
TRACT, as well as transitive closure queries can be performed in O(n) time per operation.
So we have:

Theorem 2 Given a planar st-graph G, there exists a dynamic data structure that supports
transitive closure queries as well as operations INSERT, DELETE, EXPAND, and CONTRACT
in O(logn) time per operation using O(n) space.

3 Sequential algorithm for reachability in Planar sT-
graphs

In this section we show that the result of Lemma 7 can be extended to planar sT-graphs.
The strategy is given a planar sT-graph G, we build a planar st-graph G, such that the
leftist and rightist orders for G,, along with a third total order is used to answer transitive
closure queries on G.

Definition 7 The terminating face for a t € T is the face above t. In other words f is to
the left of the leftmost incoming edge of ¢ and to the right of the rightmost incoming edge
of t.

Definition 8 Given a planar sT-graph G = (V, E) define the planar st completion of G to
be G4t = (Vit, Est) such that:

1. Vi =V U {ty} wheret, &V
2. E4,=EUE,UE; with:



(a) E. = {(z,tst)|z € T and z on the external face of G}
(b) E; = {(z, HIGH(f))|z € T, f is the terminating face of =}

Notice that the edges in E; U E, partition the faces they cross. Suppose that f is a face
of G and ey,...,e; € E;U E, are edges that cross f in left to right order. Each e; terminates
at the same vertex. This partitions f into fo,..., f; also in left to right order.

Lemma 9 G, s a planar st-graph

Proof: G4 clearly has a single source s and a single sink ¢,; since we added outgoing edges
from every t € T. Given an upwardly oriented embedding of G we can draw T such that
it’s y coordinate is greater than that of all vertices of G. In this way, the edges of E; U E,
will be oriented upward when added to this embedding. Therefore G is acyclic. 0

Definition 9 The total orders <; and <, for a planar sT-graph G are defined to be the
total orders <; and <, (as defined by Tamassia) for the planar st completion of G, G.

Since G has dimension 3, we need to find a third dimension <3 such that <; N <, N <3= G
(minus transitive edges). <3 will need to be a total order that preserves E while eliminating
E. and F;.

For each z € V,: U E, U F,; define dist(v,p) to be the number of edges of E. N E; in the
path p from HIGH(z) to t,. Define mind(z) = min{dist(z, p)| all paths p from HIGH(v)
to te}. d divides Vi U E, U Fy; into equivalence classes with z ~ y if mind(z) = mind(y).

Define <5 as follows:

l. fz~ythenz<zyandy<sz
2. if mind(z) < mind(y) then z <3 y.

Lemma 10 ;N <, N<3=G
Proof: Since E,; = EU E; U E, we need to show the following:

l. fee Ethenee<;N<, N<;
2. fecec E;UE, thene <N <, N<3

By the above argument, we have <; N <, N <3= GxN <3. Suppose e = (z,y) € E then
e € G,. Since some (but not necessarily all) paths from z to ¢, cross e, mind(z) < mind(y)
soxz <gyand e €< N <, N <3.

Suppose e = (z,y) € E;UE, then e € G. Thisimplies that z € T so the outdegree of z in
Gt is 1, namely e. This means that mind(z) = mind(y)+1. Therefore, mind(z) > mind(y).
This implies that y <3 z, but not z <3y. So e €<; N <, N <3. a

Theorem 3 There ezists a sequential algorithm to find the transitive closure of a planar
sT-graph. The algorithm requires O(n) preprocessing time and O(1) time per query.

Proof: Lemma 7 shows a O(n) algorithm to find <; and <,. The equivalence classes defined
by mind(v) can be found in O(n) time using a modified breadth-first search starting at t,,.
The correctness of the algorithm is a direct consequence of lemma 7. 0



4 Dynamic Algorithm for reachability in planar sT-
graph

In the previous section we saw a sequential algorithm to find the transitive closure in a planar
sT-graph; unfortunately the third order we created is not amenable to dynamic updates, so
in this section we take a slightly different approach to find a dynamic algorithm for the same
problem. We create a data structure which can be updated in O(logn) time, at the expense
of making the query time O(log?n). We assume that an upward embedding of the input
graph is given, that is for each vertex the cyclic ordering of it’s neighbors is given. The
embedding is represented in the standard form by doubly connected lists. If the embedding
information is not given it can be determined in O(n?) time [4].

The strategy for solving the reachability problem in sT-Graphs is to build an auxiliary
st-graph G, from the given sT-graph, and determine the reachability in G by making queries
on the leftist and rightist sequences of G;.

G, is constructed as follows:

1 For every face f with one or more sinks in it, introduce a new vertex vy called the face
vertex.

2 Join vy and the highest vertex hy of f by a pseudo edge e; called the green edge. For
the outermost face we introduce a new vertex ¢ called the “sink” of the resulting graph
which is used in lieu of Ay.

3 Join every sink = on the boundary of f (except possibly k¢) to vy by the edge e,. For
every sink z (except the right most one) name the face to the right of e, f..

G, is an st-Graph where the source is the same as in G and sink is the new node ¢, an
example is shown in figure 2

We denote by L; (R;) the leftist (rightist) order of G;. Due to the extra edges added
each face f gets split into many sub-faces; we denote by f; and f; the leftmost and rightmost
such subfaces. A trivial fact is that for all divided faces f; (f;) follows f, (fi) in the leftist
(rightist) orders.

Before we describe necessary and sufficient conditions to test for reachability in G in
terms of the auxiliary graph G;, we need to define a few more terms.

Definition 10 A green edge es is called a “blocking edge” for a vertex w if all the paths
from u to ¢ go through ey.

Definition 11 A pair (fi, f,) is called a “blocking pair” for a vertex u in G; if the relative
ordering of fi, f, and u in L, and R, are

LI: fl U fr
Rl: fr u fl

Definition 12 A bounding box for a face f (of the original graph G) in G is a region
defined as follows (figure 3):



A face vertex

A green edge

Figure 2: The Auxiliary st-Graph G, created from G

Left-Path: In the reverse order take the left bounding edge (into k¢) of f; and from then on
take the rightmost non green incoming edge (in reverse) until s is reached. We denote

this by Bl;.

Right-Path: Take the right bounding edge (into Ay) of f, and from then on take the leftmost
incoming non green edge (in reverse) until s is reached. We denote this by Br;.

We are guaranteed that such “Left” and “Right” paths exist because G is a sT-Graph. We
denote by “bounding box of f” the region enclosed by the left and right paths; and by sBy
the “low” of this region.

Lemma 11 If a vertez v is reachable from another vertex u in G then it is also reachable

m Gl.
Proof: Obvious since (7 is constructed from G by adding edges. a

We now look at a lemma which shows us that the (f;, f,) pairs behave like nested
parenthesis, in both leftist and rightist orders, that is they never overlap.

Lemma 12 For all (fi, f.) and (g, g-) pairs in Gy such that g; follows fi in Ly (g, follows
fr in Ry), the only possible relative orderings in L, and Ry are

Ly: fl q gr fr; fl fr gt gr
Ri: frg-qfiorfr figra



Figure 3: Bounding box of face f in G;

Proof: We show the proof for the leftist order; the one for the rightist order is similar. To
prove the lemma we need to consider two cases:

1. g1 is between f; and f, : We have to show that g, is between them as well. By
construction we know that h, is either inside the bounding box of f or on the right
boundary. In either case hy occurs between f; and f, in the ordering. However g, has
the same high vertex as ¢; by construction; therefore g, is between f; and f, as well.

2. g1 occurs after f,: It is obvious then that g, occurs after f, as well since it occurs after
g1 in the leftist order.

O

Lemma 13 Ifu is a vertez inside the bounding boz of a face f, then there are no paths from

u to either the left bounding path Bl; or to the right bounding path Br; (ezcept to the high
vertez hy of the face).

Proof: Let us suppose that there is a path p from u to a vertex v in Bl (the case of Bry is
similar). By the definition of the bounding box we know that p can’t be a non green edge
path. Look at the first green edge e, when traveling on this path in reverse from v to u. By
definition of the bounding box we construct Bl; by always taking the rightmost incoming
non green edge. The first green edge in p (in reverse) therefore enters v. This however means
that there is a non green edge to the right of es (by construction); we would therefore have
taken that edge while constructing Bls (note since v is not hy this non green edge is not on
the right boundary Br;) which is a contradiction. Therefore there are no such paths. a

9



Figure 4: Nested Bounding boxes of faces 7, f and g in G;

Lemma 14 A pair (fi, f;) is a blocking pair for the vertez u if and only if u is inside the
bounding boz of f.

Proof:

e = Let u be inside the bounding box of f. From lemma 13 we know that there are
no paths from u to either of the bounding paths. This simply means that u occurs in
between f; and f, in both the leftist and rightist orders and hence (fi, f;) is a blocking
pair for u.

e < Let (fi, fr) be a blocking pair for u. From the leftist ordering we know that u is
either inside the bounding box of f or on the right boundary Brs. From the rightist
ordering we can deduce that u is either inside the bounding box or on the left boundary
Bls. Therefore we conclude that u is inside the bounding box of f.

O

Next we look at a lemma which tells us that the bounding boxes of various faces never
overlap; that is either they nest nicely, or they are separate (see figure 4)

Lemma 15 Let (fi, f.) and (g1, g-) be two blocking pairs for a vertez u then the relative
orderings of the two pairs in L, 1is

Li: figgug: f;

if and only if the corresponding relative ordering in R, is

10



Rl-' fr gr U g1 fl

Proof: We show only the (=) direction the other one is similar. To prove that, consider the
bounding boxes of faces f and g. Let e be the last edge on Bl, (that is the last edge on the
left boundary of the face g). By the relative ordering of f; and g; in L; we know that e is
either inside the bounding box of f or on the right boundary Br; (since that is the only way
g1 can occur between f; and f,). This is equivalent to saying that the high vertex of face g
hy is either inside the bounding box of f or on the right boundary. Since (g1, g,) and (f,
fr) are blocking pairs for u, u is inside the bounding box for both g and f. Therefore by
construction, there are paths from u to both h, and hy. This however implies that Ay cannot
be on the right boundary of f’s bounding box because then we would have a path from u
to the right boundary (Bry) of f’s bounding box, which is a contradiction of lemma 13.
Therefore hy is inside the bounding box of face f This implies that in the rightist order g,
occurs between f, and f; (see figure 4) and thus the required rightist ordering between fi,
g1, fr, g follows by virtue of lemma 12. a

Lemma 16 A pair (fi, f-) is a blocking pair for a vertez u if and only if the corresponding
green edge e; is a blocking edge for the same vertez.

Proof:

o (=) Let e; be a blocking edge of u. Consider the bounding box of f. There are two
options either u is inside the bounding box or outside. If it is inside then by lemma 14
(fi, f+) is a blocking pair of u. If u is outside the bounding box of f, then there is a
path from u to Bly orBr; (because there is a path from u to eg), but then we get a
path from u to ¢ which is not blocked by e; which is a contradiction.

o (<) Let (fi, fr) be a blocking pair of u. From lemma 14 we know that u is inside the
bounding box of f and from lemma 13 there are no paths from u to either Bl; or Bry.
Consider any path p from u to t; since it cannot use edges of either Bls or By p it is
constrained to use vertex vy to reach t. Therefore by construction ey is an edge on p.

0

Lemma 17 If (fi,f.) and (g g.) are two blocking pairs of a vertez u then their relative
orderings in Ly are

Li: fiqiug: f;

if and only if the blocking edge ey occurs before e; on any pathp fromwu tot in Gy. A similar
statement can be made about the rightist order R;.

Proof:

¢ (=) Since all the paths from u to ¢ are blocked by the edges es and e, either e occurs
before €4 in all the paths or e, occurs before ef in all of them (otherwise we will get a
directed cycle which is a contradiction). Let us suppose es occurs before e, in all the
paths. By construction we know that f, (g.) occurs immediately after e; (e,) in the
leftist ordering (see figure 4). Also by the fact that e, can be reached from es we know
that e, occurs after e in L;. This implies the relative orderings of ey, €4, fr, g in Ly
are:

11



L : ef ff €g gr
which is a contradiction, hence the claim holds.

¢ (<) From lemma 16 we know that (fi,f,) and (g1 g-) are blocking pairs of the vertex
u, therefore the leftist ordering has to be as claimed, otherwise we will contradict the

previous case.
O

Theorem 4 For all vertices u in G N G, there exists a unique blocking edge es such that no
other blocking edge ey occurs before ef on any path p from u to t. We will call es the closest
blocking edge of u and the corresponding blocking pair (fi, f,) the closest blocking pair.

Proof: Let (fi, f-) be the closest blocking pair of u if
1. (fi, fr) is a blocking pair for u and

2. There is no other blocking pair (gi, g-) of u such that the relative ordering of fi, fr, ¢
and g, in Ly (or Ry) is g1 fi fr gr-

Such a blocking pair is well defined because according to lemmas 12 and 15 the blocking
pairs are nicely nested. We claim that the corresponding blocking edge es is the closest
blocking edge. This follows from lemmas 16 and 17 since every other blocking pair (g; g-)
envelopes this closest blocking pair (in the leftist and rightist orders) and therefore it’s edge
eg occurs after es on any path p from u to t. O

Lemma 18 Ify is reachable from x in G, then it is reachable in G as well if and only if the
relative ordering of 41, i,, © and y in Ly and Ry (where (i, i, ) is the closest-blocking pair of
z) are

Li: uzyi,
Ri:i,zyvy
Proof:

¢ (=) By the relative ordering of 4;, ¢, y and 4, we know that both z and y are in the
bounding box of z. Let us assume that y is not reachable from z. This means that
every path from z to y contains at least one green edge. Consider a minimum green
edge path p from « to y. Let e; be the first green edge on this path. Since (3, 3,) is a
blocking pair for both z and y there are no paths from either z or y to the boundaries
Bl; and Br;. This means the path from z to y is fully contained in the bounding box
of . Both 7 and j, therefore occur between 4; and 7, in L; and R;. Consider the
bounding box of j, there are two cases (figure 5)

1. z is inside the bounding box of j: This would imply that (g, g.) is a closer
blocking pair of z than (3, ¢,) which is a contradiction

12



Bounding box of "i"

Bounding box of "j"

z

Two possible choices
for "x"

Figure 5: Reachability between vertices ¢ and y

2. z is outside the bounding box of j: This would mean that the path p cuts the
bounding box of j (say at a vertex z on Bl;). But then we can construct a new
path p' which consists of the path p until z, then a segment of Bl; till h; (the
end point of e;) and then the rest p. We therefore get a path p from z to y with
fewer than minimum number of green edges, a contradiction.

¢ (<) Let us assume that y is outside the bounding box of . This however means that

every path from z to y contains e; (since the only way out of the bounding box from

u is to go through the high vertex h;. This leads us to a contradiction because y is

reachable from z. Therefore y is inside the bounding box of : and the claim on the
orderings follows.

(]

Theorem 5 A vertez v is reachable from another vertez u in G if and only if it is reachable
in Gy and the relative ordering of fi, f,, u and v in Ly and R, (where (fi, f,) is the closest-
blocking pair of u) are

Li: fiuv fr
Ri: fruv fi
Proof: Follows directly from lemmas 18 and 11. O

To find whether a vertex v is reachable from a vertex u in G all we need to do is to
test for their reachability in G; and if so see whether the closest-blocking pair of u includes
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v in the leftist and rightist orders. This is simple in a parallel setting since the leftist and
rightist orders for a planar st-graphwith n nodes can optimally be found in O(logn) time
with n/logn processors on a EREW PRAM [13]. Therefore all we need to do is to check
each (fi, f;) pair to see if it is a blocking pair, and then find out which of those is the closest
blocking pair. All of these can be done in O(logn) time with n/log n processors. Therefore
we get:

Theorem 6 There erists a optimal EREW PRAM algorithm to compute transitive closure
queries on a planar sT-graphin O(logn) time with n/logn processors.

In the dynamic setting it is difficult to do a search which depends on two linear orders,
we therefore need a little more machinary before we can do queries quickly, the next lemma
gives us just that.

We know that if a pair (fi, f,) encloses u in L; then either u is in the bounding box of
f or uis on Bry. If u is on Brs then we call the (f;, f,) pair an impostor pair for u.
! f ’ p

Lemma 19 Let (fi, f.) be a blocking pair for u and (qi, g-) be an impostor pair, then the
relative ordering of fi, f., g1 and g, tn L, is

Ly: figig: fr

Proof: Since (g1, g-) is an impostor pair, u is on Bry (see figure 5). Since both pairs enclose
u in L, by lemma 12 the only possible relative orderings in L; are

1‘/ fl a gr fr
2. 9t fi fr 9-

Assume that the (gi, g,) pair encloses the (fi, f-) pair. By assumption u is on Brg, and is
inside the bounding box of f. Let e be the edge on Br, that enters u and let h be the face
to the right of e. Since u is on Bry h comes after g, in L, but since u and hence e is inside
the bounding box of f, h comes before f, in L;, which is a contradiction. O

This gives us a method to find the closest blocking pair of u by conducting a binary search
on L. The details are as follows

step 1. In L; assign +1 to f; for every face f of the original graph G and —1 to f, and 0
to all the other elements in the sequence.

step 2. With this weight assignment find the rank r of u in L;. This quantity gives us the
total number of blocking and impostor pairs that enclose u.

step 3. Let k& = [r/2].

step 4. Find the longest prefix of L, (ending before u) with value k — 1. The item just to
the right is f; for the &¥*® innermost (fi, f,) that encloses .

step 5. Query R; to determine whether (fi, f,) is a blocking pair or an impostor pair for u.

step 6. If (fi, fr) is a blocking pair then recursively conduct the search to the right of fi,
else recurse to the left.
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Each step runs in at most O(logn) time, and the search steps O(logn) steps, therefore the
total time is O(log*n).

Lemma 20 The algorithm outlined above correctly pinpoints the closest blocking pair of u.
Proof: Follows from lemma 19 O

Using this data structure we can perform transitive closure queries in time O(log?n).
The next section shows how to dynamically maintain this data structure.

5 Dynamic Updates to sT-Graphs

In this section we define a complete set of update operations on a planar sT-graph G and
show the resulting restructuring of the leftist and rightist orders on the associated auxiliary
planar st-graphG;. The update operations are defined as follows:

Insert(e,u,v,f;g,h): Add edge e = (u,v) inside face f, which is decomposed into faces g and
h, with g to the left of e and A to its right.

Delete(e,u,v,g,h;f): Delete edge e = (u,v) and merge the two faces g and h formerly on the
opposite sides of e into a new face f.

Expand(e,f,g,v;v1,v2): Expand vertex v into vertices v; and v,, which are connected by a
new edge e with face f to its left and face g to its right. If f = g thenv, will be a sink.

Contract(e, f,g,v1,v2;v): Contract edge e = (v1,v,) and merge its endpoints into a new
vertex v. Faces f and g are to the left and right of g respectively.

Each operation is allowed if the resulting graph is a planar sT-graph.
The following lemma shows that these operations are sufficient to build or disassemble
any planar sT-graph:

Lemma 21 Let Gy be the trivial planar sT-graph consisting of a single vertex. Any planar
sT-graph G with n vertices can be constructed starting from Go by means of O(n) Insert and
Expand operations and can be disassembled my means of O(n) Delete and Contract operations.

Proof: By induction on the number of vertices: Suppose G = (V| E) is a planar sT-graph

with n vertices. Since G is planar there must exist a vertex v such that d~(v) 4 d*(v) < 5.

Let G’ be the graph induced by V — {v}. Then G can be constructed from G’ by a single
Expand operation followed by at most three Insert operations.
A similar argument shows the result for disassembling G.

a

In the previous section we showed that transitive closure queries on G can be found by
accessing the leftist and rightist orders for the auxiliary graphG;. We now show how to
maintain The leftist and right orders for G; when updates are made to G. We show here
the algorithms for updating G;. We show that each dynamic operation on G translates to
at most a constant number of dynamic operations on the planar st-graphGs:

For each face of G we maintain a balanced tree of it’s subfaces ordered according to the
embedding. Dynamic operations on this tree can be done in O(log ) time in the worst case.

15



e Insert(e,u,v.f; g, h):

Edge insertion can only be done across a single face, since we are limited to a given
embedding of G. Suppose e is an edge being inserted. If e does not cross a sink edge in
G, we simply have to insert e in G;. Otherwise, both new faces created by inserting e
will contain sinks, and hence face vertices. Notice that the destination vertex of e will
be the high vertex of the lower of the new faces.

The following performs the modifications to G;:

Let fu. (f») be the subface containing u (v) on it’s boundary (assume either f, is to
the left of f, or f, = f,, the other case is analogous). If f, and f, are the same then
we simply call INSERT(e,u,v,f; g, h).

Otherwise, let e, be the rightmost edge incoming to vs in f, and e, be the leftmost
edge incoming to v in f,. The following sequence of operations on G, then takes care
of the insert:

EXPAND(etemp, fu, fo. Vg5 Un, vg)
INSERT (e, vh, v, fo; 9L, 9r) and color e green.

DELETE(€temp: Vhs Vg: fu> 91; 91)
INSERT (e, v, v, gL fu, 91)

e Delete(e,u,v,g,h;f):

Edge deletion causes adjacent faces to be combined. Suppose e is the edge to be
deleted. A new sink may be created, and two face vertices may need to be combined.

Since v has indegree at least 2, it is the high of either face g or A or both. Without
loss of generality suppose v = HIGH(h). Then e is on the left bounding path of &,
and g is the face to the left of e. Let g. be the face to the left of e in G; (A or A will
be to the right). We perform the following steps to handle deletion:

If the outdegree of w is 1, INSERT (ey, u, vy, ge; Gnew, ge)- If vy does not exist we
create it by inserting the edge from u to HIGH(g) then expanding u to get v,.
DELETE(e,u,v,9e,hL:9e). If vn does not exist we use h instead of Ay

Combine v, and vy (if they exist) and connect the new face vertex vs to the high of
the new face. This can be done with a constant number of dynamic operations
on G;.

Relabel the new face f.

e Expand(e,f.g,v;v1,v2):

Expanding a vertex in G may create a new sink. If so, the face vertex must be
maintained in G;. Otherwise, we only need expand a single vertex in Gy:

If f = g then v, will be a new sink. If v already is a sink then Then issue
EXPAND(e, fa, fo,v;v1,v2), where f, is to the left of (v,vs) and f; is to the right.
If v is not a sink then INSERT(e,, v, vy, fu; fe. fd) creates the new vertex, where
fv is the subface of f containing v, and f. and f; are new subfaces. (If v does
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not exist we create it by inserting the edge from v to HIGH(f) then expanding
v to get vy.

If f # g then simply issue EXPAND(e,z,y,v;v;,v2), where z and y are determined as
follows:

If f has a green edge attached to v then & = fg. Similarly, if g has a green edge
attached to v then y = gr.

Else If f (g) has a face vertex then z = f, (y = f,) where f, (g») is the subface
of f(g) containing v.

Else z = f (y = g).

e Contract(e,f,g,v1,v2;v):

Contracting an edge in G may remove a sink. If so, the face vertex must be maintained
in G;. Otherwise, we only need contract a single edge in Gy:

If f = g then v, is a sink. Then CONTRACT (e, fa, fo,v1,v2;v), where f, is to the left
of (v1,v2) and fp is to the right. If outdegree(v,) > 1 then v is not a sink so
DELETE(ey, v, v¢, fa, fo; fc) removes the edge (v,vys). (If v, was the only sink in
f then we need to remove vy. To do this we contract vy into v then deleting the

edge (v, HIGH(f)).

If f # g then simply issue CONTRACT(e,z,y,v1,v2;v), where z and y are determined
as follows:

If f has a green edge attached to v then z = fgr. Similarly, if g has a green edge
attached to v then y = gr.

Else If f (g) has a face vertex then z = f, (y = f,) where f, (g») is the subface
of f(g) containing v.

Else z = f (y = g9)-

Each dynamic operation is implemented with a constant number of dynamic planar st-
graph operations. By maintaining 77, and Tk as dynamic trees [11], we can maintain the

prefix sum information in O(log n) time per dynamic operation. Therefore, we have O(logn)
time per operation.

Combining all this, we get:

Theorem 7 Given a planar sT-graph G, there ezists a dynamic data structure that supports
transitive closure queries in O(log?) time as well as operations INSERT, DELETE, EXPAND,
and CONTRACT in O(logn) time per operation using O(n) space.
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