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1 IntroductionThe evaluation of tree-structured expressions is a fundamental computational task. In thispaper we study the dynamic maintenance of expressions over a semiring S with binaryoperators � and 
, such that 
 is distributive with respect to �. We also allow the inverseoperators of � and 
, whenever they exist. An expression over S is naturally representedby a binary tree T where the internal nodes represent operators and the leaves representvariables. The important classes of arithmetic and boolean expressions are special cases ofthis general model.We consider the problem of dynamically maintaining a collection of expressions of totalsize n. A query operation asks for the value of an expression (or a subexpression associatedwith a subtree). The repertory of dynamic operations consists of: (a) changing the value ofa variable; (b) combining two expressions by linking the corresponding trees; and (c) decom-posing an expression into two parts by cutting its tree. In Section 2 we present an e�cientsolution to this problem by introducing a new data structure, called dynamic expression tree,that uses O(n) space and supports each query or update operation in O(log n) time.Incremental graph evaluation has been extensively studied in the area of programminglanguages. However, the most advanced techniques previously developed, when applied toour problem, still yield O(n) worst-case time per update operation (see, e.g., [2,21]).Our dynamic expression trees are inspired by the dynamic trees of Sleator and Tarjan [23]and the expression restructuring scheme of Brent [6,7]. We show how to combine theseclassical techniques to yield a powerful and versatile dynamic data structure.Related work has been focused on the use of parallelism in expression evaluation (see [18]).The most e�cient parallel \tree-contraction" algorithms run in time O(log n) using anEREW PRAM with n= log n processors.An important application of dynamic expression trees is the dynamic maintenance ofthe maximum 
ow and shortest path in series-parallel digraphs. Such digraphs arise in avariety of problems such as scheduling [19], electrical networks (see, e.g., [30]), data-
owanalysis [8], database logic programs [1], and circuit layout [25]. Also, some problems that areNP-complete for general graphs admit linear-time solutions when restricted to series-paralleldigraphs [26].We de�ne an extensive repertory of update operations for series-parallel digraphs, whichincludes insertion of vertices and edges, series and parallel composition of two series-paralleldigraphs, and their respective inverses. Query operations include �nding the value of a maxi-mum 
ow (or the length of a shortest source-to-sink path), and determining whether an edgeis on some minimum cut (or shortest source-to sink path). In a static environment maxi-mum 
ow and shortest source-to-sink path in a series-parallel digraph G can be computedin O(m) time, where m is the current number of edges of G. In Section 3 we present anO(m) space dynamic data structure based on dynamic expression trees that supports eachquery or update operation in time O(logm).Maximum 
ow and shortest path are fundamental problems in network optimization andhave been extensively investigated [9,14]. A long standing question has been the developmentof e�cient dynamic algorithms for such problems.The dynamic data structures for all-pairs shortest paths presented in [12,22] have O(n2)space, O(1) query time, O(n2) time for edge insertion, and O(mn + n2 log n) time for edge1



deletion, where n is the number of vertices and m is the number of edges. Such perfor-mance bounds, especially for deletion, are quite unsatisfactory and indicate the di�culty ofthe problem (for lower bound arguments, see [5,24]). The best known semi-dynamic datastructure supporting insertions in digraphs with unit edge lengths uses O(n2) space and hasO(1) query time; the total time to process all edge insertions is O(n3 log n), which amortizesto O(n log n) time per insertion for dense digraphs [3,20].Regarding maximum 
ow, previous results are con�ned to the parametric maximum 
owproblem, where the capacities of the edges are functions of a parameter �. In [13,16] it isshown that the value of a maximum 
ow for O(n) values of � can be computed on-line withthe same time complexity as the fastest maximum 
ow algorithm. No e�cient algorithmsare known for dynamic or semi-dynamic 
ow problems where update operations changearbitrarily edge capacities or insert/delete edges. Hence, our results give the �rst e�cienttechnique for maintaining a maximum 
ow, although limited to the class of series-paralleldigraphs.Further applications of dynamic expression trees to constructive solid geometry and lay-out compaction are given in Section 4. Finally, open problems are discussed in Section 5.2 Dynamic Expression TreesLet S be a semiring with binary operators � and 
 such that 
 is distributive with respect to�. For simplicity, we assume that variables can be stored inO(1) space and binary operationscan be performed in O(1) time. The extension to the general case is straightforward. Anexpression E over S is represented by a binary tree T , whose internal nodes are the operatorsand whose leaves are the variables of E (see Fig. 1).Our dynamic environment supports the following operations on a collection of expressions(see Fig. 2).� Evaluate(node �) | Return the value of the subexpression associated with the subtreerooted at �.� Change(node �; value x) | This operation assumes that � is a leaf. Set the value ofthe variable associated with � equal to x.� MakeVar (value x) | Create a new tree consisting of a single leaf whose variable hasvalue x.� DeleteVar (node �) | Remove the single-node tree consisting of leaf �.� Construct(operator �; node �0; �00) | This operation assumes that �0 and �00 are theroots of two trees T 0 and T 00, respectively. Create a new tree T whose root � storesoperator �, and with left subtree T 0 and right subtree T 00.� Destruct(node �) | This operation assumes that � is the root of a tree T and is not aleaf. Remove node �, which separates T into trees T 0 and T 00 given by the former leftand right subtrees of T , respectively.� Graft(node �; �) | This operation assumes that � is a leaf of a tree T , and � is theroot of a tree T 0. Replace � with �, so that T 0 becomes a subtree of T .� Prune(node �) | Let T be the tree containing node �. Detach from T the subtree T 02
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Figure 1: The tree for the arithmetic expression ((((3 � (1 + (3 + 1))) + (2 + 2)) � 2) +(4 � (7 + 8))) with ordinary + and � operators. Next to each node is shown the value ofthe corresponding subexpression.rooted at � and replace it with a leaf with value Evaluate(�).The dependence of the value y of an expression E from the value of variable x can be beexpressed in the canonical form y = (a 
 x) � b, where a and b are elements of S [6]. Interms of the tree T representing E, this property extends immediately to the dependence ofthe value y of a node � from the value x of one of its descendants �. Hence, we can assignthe pair (a; b) to the path of T from � to �. We show later (in the description of the joinoperation) how to �nd and maintain these values for a path between such nodes � and �.We keep an expression-tree T in a data structure based on dynamic trees [23]. Edges ofT are considered to be directed from the child to the parent. An edge (�; �) of T is saidto be solid if the subtree rooted at node � has more than half of the nodes of the subtreerooted at its parent �. Otherwise, edge (�; �) is said to be dashed. Therefore, there is atmost one solid edge entering any node (from its children) and every node is in exactly onemaximal path of solid edges (of length 0 or more). We refer to these paths as solid paths (seeFig. 3). A solid path � is represented as a balanced binary tree B� (see Fig. 4), so that T isthen stored as a collection of these path trees. Note that any leaf-to root path in T containsO(log n) dashed edges, where n is the size of T .We maintain the invariant, called the path invariant, that the tail � and head � ofeach solid path store the actual values Evaluate(� ) and Evaluate(�) of their subexpressions.The value of Evaluate(�) is known if � is a leaf of T , or is calculated from the values ofEvaluate(�1) and Evaluate(�2) for the children �1 and �2 of �. These values will be knownby the path invariant, since �1 and �2 are the tails of their respective solid paths. We �nd3
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(a) (b) (c)Figure 2: (a) Operation Change . (b) Operations Construct and Destruct . (c) OperationsGraft and Prune.the value of Evaluate(� ) using the path trees.Let � be a solid path from � to � . The leaves of tree B� are the nodes of � in left-to-right order from � to � . Each internal node � 2 B� represents the subpath of � between itsexternal descendants head(�) and tail (�). We store at � the pair (a; b) such that (see Fig. 4):Evaluate(tail (�)) = (a
 Evaluate (head(�)))� b:Now, we show how to perform operation Evaluate(�) (see Fig. 5). Let � be the solid pathfrom � to � containing �. If � = � or � = � , by the path invariant � stores its actual value.Otherwise, the path from � to � can be decomposed into O(log d) subpaths each associatedwith a node of B�, where d is the distance between � and � in T . Since � is the head of the�rst subpath, its value is known. The value of the tail of each subpath is computed from thevalue of the head using its (a; b) pair. The value of the head of the next subpath is directlycalculated from the value of its children, which are the tail of the previous subpath and thetail of another solid path. Hence, since the values stored at � and at the siblings of the nodesof � are actual, we can compute the value of � in time O(log d).Operation Change(�; x) a�ects only the values of the nodes in the path from � to theroot �. If such path contains dashed edges, then we temporarily convert it into a solid pathby changing dashed edges to solid and solid edges to dashed such that any node continuesto have at most one incoming solid edge. This is done with the following operations, derivedfrom dynamic trees [23]:� splice(path �) | This operation assumes that � is a solid path ending at � 6= �.Convert the dashed edge leaving � to solid and convert the solid edge (if it exists)entering the parent � of � to dashed. Let �0 be the solid path containing �. To4
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Figure 3: Solid paths for the expression tree of Fig. 1. The values of the �rst and last nodeof each solid path are shown.implement splice(�) we need to convert edge (sib(�); �) from solid to dashed (sib(�)denotes the sibling of node �). Let �00 be the resulting solid path starting at �. Weobtain �00 by splitting B�0 . To maintain the path invariant, we call Evaluate(sib(�))and Evaluate(�). We complete splice by concatenating B� and B�00.� expose(�) | Convert to dashed the solid edge entering �, if such edge exists. Create asolid path from � to the root by converting to solid all the dashed edges (� 0; � 00) of suchpath, and converting to dashed the edges (sib(� 0); � 00). Operation expose(�) consistsof a sequence of splice operations on the solid paths containing the nodes on the pathfrom � to �. This operation is always followed by a conceal operation, which undoesits e�ect. An example of expose operation on the tree of Fig. 1 is shown in Fig. 4.a.� conceal (�) | Restore the original type (solid or dashed) of the edges entering the nodeson the path from � to �. This operation is the inverse of expose , and also consists ofa sequence of splice operations.To implement concatenations and splits of the balanced binary trees representing solidpaths, we use the following elementary tree operations, each taking O(1) time:� join(node � 0; � 00) | Given the roots � 0 and � 00 of two binary trees representing solidpaths �0 and �00, combine the trees into a new tree by creating a new root � with leftchild � 0 and right child � 00. Let �0 and � 0 be the head and tail of �0 and �00 and � 00 bethe head and tail of �00. The (a; b) pair of � is computed from the corresponding pairs(a0; b0) of � 0 and (a00; b00) of � 00, the operator � on the head node of �00, and the value cof the sibling of the tail node of �0 in the following manner:Evaluate(� 0) = a0 
 Evaluate(�0)� b05
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An example of operation join is shown in Fig. 6.6
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(b)Figure 5: (a) A solid path � with head node � and an intermediate node �. (b) Computa-tion of the value of � using the path tree B�. The path from � to � is decomposed into twosubpaths so that the value of � is given by Evaluate(�) = 2 � (4+ (3 �Evaluate(�)+ 6)) = 50.� separate(node �) | Given the root � of a binary tree, divide the tree into two treeswith roots � 0 and � 00, where � 0 is the root of the left subtree and � 00 is the root of theright subtree. The (a; b) pairs of � 0 and � 00 do not change.� rotateleft(node �) (rotateright(node �)) | Perform a left (right) rotation at node �.This operation can be performed with O(1) separate and join operations.Operation Change(�; x) is realized as follows. First, we issue expose(�). Next, we changethe value of � to x and re-evaluate the expression with Evaluate(�), where � is the root ofthe tree containing �. Finally, we perform conceal(�) to restore the original solid and dashededges. We use biased search trees [4] to represent the path-trees, where the weight of node� of tree T is 1 if � is a leaf of T , or one plus the sum of the weights of the children of �that are connected through dashed edges. With this biasing, we can implement expose andconceal with O(log n) elementary tree operations. Hence, operation Change(�; x) takes timeO(log n), where n is the size of the tree containing �.Operations MakeVar and DeleteVar can be trivially implemented in O(1) time. Opera-7
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Figure 6: Example of operation join: (a) Solid paths �0 and �00 connected by a dashededge from the tail of �0 to the head of �00. (b) Path trees B�0 and B�00. (c) Path tree for thesolid path obtained by joining the roots of B�0 and B�00 .tions Construct , Destruct , Graft and Prune are performed using variations of the followingdynamic tree operations:� link (node �; �) | This operation assumes that � is the root of a tree T . Add an edgefrom � to �, thus making T a subtree of the tree containing �.� cut(node �) | This operation assumes that � is not the root of a tree. Remove theedge from � to its parent, thus separating the subtree rooted at �.8



By maintaining solid and dashed edges by using partitioning by weight [23], and repre-senting the path trees as globally biased binary trees [4], we get:Theorem 1 Let S be a semiring with binary operators � and 
. There is a fully dynamicdata structure for maintaining a collection of expressions over S with the following perfor-mance:1. an expression of size n uses O(n) space;2. operations MakeVar and DeleteVar take each O(1) worst-case time;3. operations Evaluate, Change, Construct, Destruct, Graft and Prune take each O(log n)worst-case time, where n is the total size of the expressions involved in the operation.The above theorem can be extended to the case where either or both operations � and
 admit an inverse. For example, if � is the inverse of 
, the dependency of the value y of anode � from the value x of a descendant of � can be represented by the following canonicalform [6]: y = ((a
 x)� b)� ((c
 x)� d):Hence, we modify the data structure so that the internal nodes of the path trees store aquadruple (a; b; c; d). We omit the details on the corresponding modi�cations to the elemen-tary tree operations, and conclude:Corollary 1 The result of Theorem 1 holds also for expressions that include the inverse ofeither or both � and 
.3 Series-Parallel DigraphsAn important application of the technique presented in Section 2 is the dynamic maintenanceof maximum 
ow and shortest st-path in series-parallel digraphs.A source of a digraph G is a vertex without incoming edges. A sink of G is a vertexwithout outgoing edges. A pole of G is either a source or a sink of G. A series-paralleldigraph is a digraph G with exactly one source s and one sink t, recursively de�ned asfollows (see Fig. 7.a):� A digraph G consisting of a single edge from s to t is a series-parallel digraph.� Given series-parallel digraphs G0 and G00 the digraph G obtained by identifying thesource of G0 with the source of G00 and the sink of G0 with the sink of G00 is a series-parallel digraph. This is called a parallel composition.� Given series-parallel digraphs G0 and G00, the digraph G obtained by identifying thesink t0 of G0 with the source s00 of G00 is a series-parallel digraph. This is called a seriescomposition, and the vertex v = s00 = t0 is called the join-vertex of such composition.A series-parallel digraph is connected, planar and acyclic. It may have multiple edges andcan be embedded with the source and sink on the external face. In the following we denotewith m the number of edges of the series-parallel digraph G currently being considered (thenumber of vertices is at most m+1), and with s and t the source and sink of G. It is possibleto test in O(m) time whether a digraph is a series-parallel digraph [29]. It has been recentlyshown that the transitive closure of a series-parallel digraph can be dynamically maintainedin O(logm) time per query or update operation using O(m) space [17,27].9
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max
ow (�) = 8>>>><>>>>: X�2children(�)max
ow(�) if � is a P-nodemin�2children(�)max
ow(�) if � is an S-nodeshortest(�) = 8>>>><>>>>: min�2children(�) shortest(�) if � is a P-nodeX�2children(�) shortest(�) if � is an S-nodeFigure 8: Equations to calculate the value of max
ow(�) and shortest(�) for G�, thepertinent digraph for node �.G from s to t of minimum total length. For the maximum 
ow problem, the weight of erepresents the capacity of e, denoted capacity(e). A 
ow for G is a function f(e) over theedges of G that satis�es the following conditions:� for every edge e, 0 � f(e) � capacity(e);� for every vertex v 6= s; t,Pe2In(v) f(e) = Pe2Out(v) f(e), where In(v) and Out (v) denotethe sets of incoming and outgoing edges of v, respectively.The value of f is given byPe2Out(s) f(e) = Pe2In(t) f(e). The maximum
ow problem consistsof �nding a 
ow for G with maximum value. It is well-known that the maximum 
ow valueis equal to the total capacity of a minimum cut separating s from t [28].For a series-parallel digraph G the problems of determining the value of a maximum
ow and the length of a shortest st-path are closely related. Let T be the SPQ-tree ofG. We associate with each node � of T the values max
ow(�) and shortest(�), wheremax
ow(�) is the maximum 
ow value of the pertinent digraph G� of �, and shortest(�)is the length of a shortest st-path in G�. (For a Q-node �, max
ow (�) = capacity(e) andshortest(�) = length(e), where e is the edge associated with �.) Let children(�) denote theset of children of node � 2 T . The resulting equations are shown in Fig. 8.Therefore, the SPQ-tree of a series-parallel digraph can be viewed as an expression treewith operators min and + over the reals (note that + distributes over min). For the maximum
ow (resp. shortest st-path) problem, P-nodes store operator + (resp. min) and S-nodesstore operator min (resp. +). The Q-nodes store the variables of the expression, i.e., theedge weights (see Fig. 7.c).First, we consider the problem of performing the following operations on a series-paralleldigraph G:� MaxFlow (node �) | Return the maximum 
ow value for the pertinent digraph G� of�.� ShortestPath(node �) | Return the length of a shortest path from the source to thesink of the pertinent digraph G� of �.� Update(node �; real x) | This operation assumes that � is a Q-node associated withan edge e. Set the weight of edge e equal to x.11



� � � � �max
ow(�)ba capacity(e)b� aFigure 9: The maximum
ow value for G (evaluated at the root � of T ) versus the capacityof an edge e, max
ow(�) = min(a+ capacity(e) ; b), when a < b.By Theorem 1, we have:Theorem 2 Given a series-parallel digraph G with m weighted edges, there exists a dynamicdata structure that uses O(m) space and supports operations MaxFlow, ShortestPath, andUpdate in O(logm) worst-case time.Let � be a leaf of the SPQ-tree of G rooted at �, and e be the edge associated with �. Thedependence of the value of the maximum 
ow in G from the capacity of e is characterizedby a pair (a; b) and we have:max
ow (�) = min(a+max
ow(�); b):If b � a, changes in the capacity of edge e do not a�ect the maximum 
ow of G. Otherwise,b� a is the largest contribution of edge e to the maximum 
ow, which is achieved by settingcapacity(e) = b� a (see Fig. 9). Hence, for any 
ow f in G we have f(e) � b� a. Also, edgee is on some minimum cut if and only if capacity(e) � b� a. Similar considerations hold forthe shortest path problem.Corollary 2 The data structure of Theorem 2 allows to determine whether an edge e is onsome minimum cut or shortest st-path of G in O(logm) worst-case time. Also, it allows todetermine in O(logm) time the maximum value of f(e) over all admissible 
ows f in G.Now, we consider a fully dynamic environment for the maintenance of maximum 
owand shortest st-path on a collection G of series-parallel digraphs. Namely, in addition toMaxFlow , ShortestPath, and Update, we introduce the following operations:� ReportPath(node �) | Report a shortest st-path in the pertinent digraph G� of node�.� ReportCut(node �) | Report a minimum cut in the pertinent digraph G� of node �.� MakeDigraph | Create a new elementary series-parallel digraph G, represented by asingle Q-node with zero weight, and add G to G.12



� DeleteDigraph(node �) | Remove from G the elementary series-parallel digraph rep-resented by the single Q-node �.� Compose(nodetype X; node �0; �00) | Perform a composition on the series-paralleldigraphs G�0 and G�00 . The composition is series or parallel according to whetherX = S or X = P . The resulting series-parallel digraph is added to G while G�0 andG�00 are removed from G.� Attach(node �; �) | Replace the edge represented by Q-node � with the series-paralleldigraph G�. The resulting series-parallel digraph is added to G while G� is removedfrom G.� Detach(node �) | Remove the pertinent digraph G� of node � from G and replace itwith a single edge of zero weight. The series-parallel digraph G� is added to G.� InsertEdge(vertex v0; v00; edge e) | Insert a new zero-weight edge e from v0 to v00 . Theoperation is performed only if the resulting digraph is a series-parallel digraph.� DeleteEdge (edge e) | Delete edge e. The operation is performed only if the resultingdigraph is a series-parallel digraph.� InsertVertex (vertex v; edge e; e0; e00) | Replace edge e with two zero-weight edges e0and e00 by inserting vertex v.� DeleteVertex (node �; vertex v; edge e; e0; e00) | Replace vertex v and its incidentedges e0 (incoming) and e00 (outgoing) with a single zero-weight edge e. The operationis performed only if e0 and e00 are the only incident edges of v.A series-parallel digraph G can be represented by an SPQ-tree T such that if node �is the parent of � and � and � are of the same type, then � is the left child of �. In thefollowing, we will assume that this property, called chain invariant, holds, and we refer tothe maximal subpaths in T of nodes of the same type as chains. We call � an S-chain if itconsists of S-nodes and a P-chain if it consists of P-nodes. Note that the chain invariant isnot restrictive. Any series-parallel digraph can be represented by a SPQ-tree that meets thechain invariant.Let � = (�1; �2; � � � ; �r�1) be an S-chain ordered such that �i is the left child of �i+1(1 � i � r � 2). Note that this implies that the chain subpaths run from the leaves towardthe root of the tree. The skeleton of �, denoted skeleton (�), is the digraph consisting of redges ei = (vi�1; vi), 1 � i � r, where v0 and v1 are the source and sink of the pertinentdigraph of the left child of �1, and vi, 2 � i � r, is the sink of the pertinent digraph of�i�1. For i = 1; � � � ; r � 1, node �i is called the proper node of vertex vi. Note that vi is thejoin-vertex used in the series composition at node �i. Vertices are implicitly represented bythe SPQ-tree. Each vertex distinct from s and t is mapped to its unique proper node. Eachnode is mapped to the source and sink of its pertinent digraph. Additionally, each S-node isthe proper node of a unique vertex. The concepts of proper node and skeleton are analogousto the corresponding ones developed for planar st-graphs in [10].We equip the tree T with a secondary data structure for maintaining the S-chains andtheir skeletons. Namely, we store with each S-chain � = (�1; �2; � � � ; �r�1) the poles v0 and vrof its skeleton and a balanced binary tree, called routing tree. The i-th (1 < i < r) leaf of therouting tree of � represents edge ei of skeleton (�) and the i-th internal node (1 < i < r� 1)represents the join vertex of node �i. The routing trees allows us to �nd in O(logm) time13



the proper S-node of a vertex v and the �rst and last nodes of the S-chain containing a node�. A similar technique of augmenting dynamic trees with balanced trees is described in [11].Operations MakeDigraph and DeleteDigraph can be trivially implemented in O(1) time.Operations Attach and Detach correspond to Graft and Prune, respectively, and hence takeO(logm) time. We perform operation Compose(X; �0; �00), with X = S or X = P , asfollows. If �00 is not an X-node, we do a Construct operation with the appropriate operator.Otherwise, we need to maintain the chain invariant. Using the routing tree of the chain�00 containing �00 we access the �rst node of �00 and prune with a Detach operation its leftsubtree, which is replaced by a leaf �. Then, we perform a Construct operation on �0 andthe pruned subtree. Finally, we graft the resulting tree to � with an Attach operation (forexample, see �gure 10. Hence, Compose takes O(logm) time.Consider now operation InsertVertex (v; e; e0; e00), and let � be the Q-node of e. If �is a left child or its parent is a P-node, we simply replace � with an S-node having Q-node children for e0 and e00. This can be done in O(logm) time with two MakeDigraphoperations, followed by a Compose operation and an Attach operation. Otherwise (� is aright child of an S-node �) we perform the following sequence of operation: (a) Detach(�),where � = sib(�); (b) create new Q-nodes �0 and �00 for e0 and e00 using MakeDigraph;(c) Attach(Compose(S; �; �0); sib(�)); and (d) Attach(�00; �). All this takes O(logm) time.The inverse operation DeleteVertex (e; v; e0; e00) is implemented similarly with a constantnumber of MakeDigraph, DeleteDigraph, Attach and Detach operations.The restructuring of the SPQ-tree caused by InsertEdge and DeleteEdge is more complex.The following lemmas determine when it is possible to perform such operations.Lemma 1 Let G be a series-parallel digraph with SPQ-tree T , and v0 and v00 be two verticesof G. Then the digraph �G obtained by inserting an edge from v0 to v00 is a series-paralleldigraph if and only if one of the following conditions is true:1. v0 = s and v00 = t, or2. v0 and v00 are vertices of the skeleton of the same S-chain of T , with v0 preceding v00.Proof:(If) If v0 and v00 meet either condition in the lemma, then �G is clearly a series-paralleldigraph with an additional parallel composition.(Only If) We use the property that a series-parallel digraph has no subgraph home-omorphic to the digraph W shown in Fig. 11 [29]. Suppose that v0 and v00 do not meeteither condition of the lemma. Assume that T keeps the chain invariant. Let � be the leastcommon ancestor in T of the proper nodes of v0 and v00, and � be the chain containing �. Lete be the edge from v0 to v00. If � is a P-node then we consider the subgraph of �G consistingof edge e and two directed paths from the poles of G� through the pertinent digraphs ofthe children of �. Such a digraph is homeomorphic to W , which implies that �G is not aseries-parallel digraph. Now, suppose that � is an S-node; G has a directed path either fromv0 to v00 or from v00 to v0. If G has a path from v00 to v0, then �G has a cycle and hence is nota series-parallel digraph. Thus, G has a path from v0 to v00. Since Condition 2 is not met, atleast one of v0 and v00, say v00, is not a vertex of skeleton (�), so that the pertinent digraph ofa child of � contains v00 and has a directed path p between its poles that avoids v00. Thus,we can identify in �G a subgraph homeomorphic to W that consists of edge e, path p, and apath from v0 to the sink of G� through v00, so that �G is not a series-parallel digraph. 214
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Figure 10: An example of restoring the chain invariant after a composition.Lemma 2 Let G be a series-parallel digraph with SPQ-tree T , and v0 and v00 be two verticesof G. Let �0 and �00 be the S-chains containing the proper nodes �0 of v0 and �00 v00, respec-tively, and � be the S-chain containing the least-common ancestor of �0 and �00. Then thedigraph obtained by inserting an edge from v0 to v00 is a series-parallel digraph if and only ifone of the following conditions is true:1. v0 = s and v00 = t,2. � = �0 = �00 and v0 precedes v00 in skeleton (�),3. � = �0 and v0 is the source of skeleton (�00), or15
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�@@@@IFigure 11: Digraph W that is a forbidden homeomorphic subgraph for a series-paralleldigraph.4. � = �00 and v00 is the sink of skeleton (�0).Proof: Follows directly from Lemma 1. 2The following lemma determines when we can delete an edge.Lemma 3 Let G be a series-parallel digraph G with SPQ-tree T , and e be an edge of Grepresented by Q-node �. The digraph obtained by removing edge e is a series-parallel digraphif and only if one of the following conditions is true:1. the parent of � in T is a P-node,2. e is the only outgoing edge of s, or3. e is the only incoming edge of t.Proof: If the parent of � in T is a P-node, then G0 is the series-parallel digraph that resultsby omitting the parallel composition step on e in the construction of G. If the parent of � isan S-node, then removing e adds a second source or disconnects G0 unless e is the only edgeoriginating at s or e is the only edge terminating at t. 2Testing for the applicability of InsertEdge(v0; v00) is performed as follows: (a) �nd theproper nodes of v0 and v00 using the routing trees (this takes O(logm) time); (b) test for theconditions in Lemma 2. Condition 2 can be checked in O(logm) time using the routing treeof �. Conditions 1, 3, and 4, can be checked in O(1) time. Hence, the total time is O(logm).Operation InsertEdge(v0; v00; e) is done as follows (see Figs. 12{13). Find the propernodes of v0 and v00 and their corresponding chains �0 and �00. Exit if none of the conditionsin Lemma 2 is satis�ed. Without loss of generality, assume that �00 is a descendant of �0or �0 = �00. Using the the routing tree of �00, determine the nodes of �00 associated withthe subchain from v0 to v00. Finally, perform the appropriate transformation from Fig. 12 orFig. 13. This can be done with a constant number of MakeDigraph, Compose, Attach , andDetach operations. Therefore, InsertEdge takes O(logm) time.After testing the conditions of Lemma 3, operation DeleteEdge (e) is done with a constantnumber of DeleteDigraph , Attach, and Detach operations. Therefore, also DeleteEdge (e)takes O(logm) time.Now, we show how to perform operation ReportPath(�). A similar technique can be used16
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(a) (b)Figure 12: Modi�cation of T in operation InsertEdge : splitting an S-chain. (a) Insertionof an edge between nonconsecutive vertices of the skeleton of an S-chain. (b) Transformationof the SPQ-tree.for ReportCut(�). If � is a leaf, we report the corresponding edge and exit. If � is an S-node,a shortest path in G� must go through the pertinent digraphs of both children of �. Hence,we call recursively ReportPath on the left and right child of �. If � is a P-node, we considerthe P-chain � of � and we denote with �� the set of all nodes � such that � is a child of anode of � but � is not on �. A shortest path in � goes through the pertinent digraph G�0of a node �0 2 �� such that shortest(� 0) is minimum. Hence, we call recursively ReportPathon such node � 0.To determine quickly node � 0 we modify the path trees such that each internal node � ofa path tree B� stores a pointer to a node � of the SPQ-tree that has the minimum value ofshortest over all nodes that are children of nodes in the subpath of � from head(�) to tail(�)but are not on such subpath. Since these nodes are tails of solid paths, their shortest valuesare actual. Also, we set-up routing trees associated with the P-chains. With these additionalstructures we �nd node � 0 in time O(logm) as follows: (a) determine the bottommost node�0 of the P-chain � of � using the routing tree of �; (b) create a solid path � form �0 to� by calling expose(�0) followed by expose(�00), where �00 is the parent of �; (c) �nd � 0 byfollowing the pointer stored at the root of B�; (d) restore the original solid paths and dashed17
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Figure 13: Modi�cation of T in operation InsertEdge : extending a P-chain. (a) Insertionof an edge between consecutive vertices of the skeleton of an S-chain (the vertices are thesource and sink of a parallel composition). (b) Transformation of the SPQ-tree.edges with two conceal operations.We summarize with the following theorem:Theorem 3 There is a fully dynamic data structure for maintaining a collection of edge-weighted series-parallel digraphs with the following performance:1. a series-parallel digraph with m edge uses O(m) space;2. operations MakeDigraph and DeleteDigraph take each O(1) worst-case time;3. operations MaxFlow, ShortestPath, Update, Compose, Attach, Detach, InsertEdge,DeleteEdge, InsertVertex, and DeleteVertex take each O(logm) worst-case time, wherem is the total number of edges of the series-parallel digraphs involved;4. operations ReportCut and ReportPath take each O(k logm) worst-case time, where mis the number of edges of the series-parallel digraph involved, and k is the number ofedges of the cut or path being reported.4 Further ApplicationsComplex geometric solids are represented in Constructive Solid Geometry (CSG) as a hier-archic combination of primitive objects (e.g., spheres and tetrahedra) using set operationssuch as union, intersection, and di�erence. The resulting compound object is described by18



a CSG-tree whose leaves are the primitive objects and whose internal nodes are set oper-ators. CSG representations are a fundamental tool in computer graphics. Several e�cientalgorithms are given in [15] for CSG classi�cation problems, such as determining whether aquery point is inside a compound object.We study a dynamic point inclusion problem where a collection of compound objects ismodi�ed by changing their primitive constituents and by update operations, such as linkand cut, on their CSG-trees. Queries consist of reporting whether a given compound objectcontains a �xed point p. By applying dynamic expression trees to the technique of [15], weobtain:Theorem 4 The above dynamic point inclusion problem on a collection of compound objectsde�ned by CSG-trees of total size n can be solved using an O(n)-space data structure thatsupports query and update operations in O(log n) worst-case time.Dynamic expression trees have immediate application to the problem of compacting slic-ing 
oorplans, a layout technique widely used in VLSI (see, e.g., [25]). A slicing 
oorplanis either a rectangle (called basic rectangle), or is the union of two slicing 
oorplans thatshare a horizontal side (called horizontal slice) or a vertical side (called vertical slice). Eachbasic rectangle r has a minimum width wr and a minimum height hr, which describe thedimensions of a circuit module to be placed inside r.An important problem in VLSI layout is the minimization of the area of the slicing
oorplan, subject to the above constraints on the height and width of the basic rectangles.This problem can be solved sequentially in O(n) time, n being the number of basic rectangles,by representing the 
oorplan with two expression-trees, Tw and Th, where Tw is used to�nd the minimum width and Th is used to �nd the minimum height [25]. Each leaf ofTw represents a basic rectangle r and stores wr. Each internal node of Tw represents aslice and stores operator \+" for a vertical slice, and operator \max" for a horizontal slice.Hence, the minimum width of the slicing 
oorplan is the value at the root of Tw. Analogousconsiderations can be done for tree Th.By implementing trees Tw and Th with dynamic expression trees, we can solve a dynamicversion of the compaction problem for slicing 
oorplans, where query operations ask for theminimum area of a 
oorplan (or sub-
oorplan) and update operations change the dimensionsof a basic rectangle or join (or separate) two 
oorplans.Theorem 5 There exists a fully dynamic O(n)-space data structure for maintaining a collec-tion of slicing 
oorplans of total size n, such that a query or update operation takes O(log n)worst-case time.5 Open ProblemsWe conclude the paper with the following open problems:� Modify the data structure for series-parallel digraphs so that a shortest path or mini-mum cut can be reported in time O(log n + k).� Develop an e�cient technique for the dynamic maintenance of the shortest st-pathor maximum 
ow in planar digraphs. Our technique allows to solve the problem for19



planar st-graphs with O(r log n) query and update time, where n is the number ofvertices and r is the size of the largest triconnected component of the graph. A planarst-graph is a planar acyclic digraph with one source and one sink, both on the externalface. Planar st-graphs include series-parallel digraphs as a special case. No algorithmwith poylogarithmic query and update times is known even for planar st-graphs withunit edge weights.� Develop an e�cient technique for the dynamic maintenance of the output value(s) of anarithmetic or boolean circuit. For general circuits it is unlikely that an algorithm withpoylogarithmic query and update times exists, since the related problem of parallelevaluation of circuits is P-complete [18]. However, e�cient dynamic solutions mayexist for special classes of circuits that include trees.AcknowledgementWe would like to thank Ajit Agrawal, Giuseppe Di Battista and Giuseppe Italiano for usefuldiscussions.
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