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Abstract

While analyzing the average performance of an algorithm for a geometric problem, the summa-
tion 3 _,_, k™/2* was encountered. This sum is a particular case of the sum Spm,n = 3 p_, @*k™ for
0 < o < 1. Solving Sy n requires a variety of techniques and is an interesting case study in the analysis
of algorithms.

This paper examines both the solution of this summation and the methods used to obtain the solution.
Three approaches to solving Sm,n are examined. It is found that Sm 5 is defined by

Sm,n = Cm - Dm,n;

where C,, is a function of a and m and Dy, is the product of o™ with a polynomial in n of degree m.
Both functions are defined recursively.

Several techniques used in the analysis of algorithm are applied to evaluate these recurrences. In-
duction is used to prove results obtained by examining small cases. Generating function methods are
employed to derive expressions defining Cy, and Dp n.

Asymptotics are found for Cpn, D »n, and Sm,». Integration is used to find a good asymptotic expres-
sion for Cp,. Complex analysis techniques are employed to find an asymptotic for Dy, n. Asymptotics
for Sy n are found by studying the sum in the region about the value of k that maximizes k™a*.
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1. Introduction

In the analysis of algorithms, it is informative not only to look at the result of a summation, but to study the

techniques used to find the result. While analyzing the average performance of an algorithm for a geometric

problem, the sum
n km
9k
k=1

was encountered. This sum is a particular case of the more general sum

Smn = i of k™.
k=1

Sm . has proved to be a good case study of techniques used in the mathematical analysis of algorithms.

Gauthier has considered the form of the solution for Sy, , and derived methods for calculating the solution
by recursion on m or n [1]. For the special case of o = 1, Sy, ,, reduces to the sum of the mth power of the
first » integers. This case has received extensive coverage in the literature [2, 4].

In Section 2 we explore three different approaches to evaluate Sy, ,. First, we generate solutions for
small m in the hope of guessing a general expression that we can prove by induction. Second, we try two
different transformation techniques, both of which allow us to express Sy, , as a recurrence relation. For the
third approach, we try a method called perturbation that produces the same recurrence relation. Observing
once again the small cases and using the recurrence relation we are able to express Sy, », in terms of the
sequences Cp, and Dy, ,, both of which are defined recursively. Cy, is a function of & and m. Dy, , is the
product of o™ with a polynomial in n of degree m whose coefficients are functions of «.

In Section 3 we analyze Cp,. Dp, n is analyzed in Section 4. For both sequences we examine small cases
to find expressions for the sequences that we can prove using induction. We also apply generating function
techniques to find expressions for the sequences. Finally, we find an asymptotic for C,,, using integration
and an asymptotic for Dy, », using complex analysis techniques.

In Section 5 we look at the value of S, , and its asymptotic behavior. We consider the relative growth

rates of m and n. Asymptotic expressions are derived for three relative growth rates.



2. Solution of S,

We will try several methods to evaluate S, ,. We first attempt to derive directly a closed form for several
values of m in the hope of guessing a general closed form that could be proved using induction. We then
turn our attention to transformation methods. Both Abel’s transformation and summation by parts give us
a recurrence relation for S, ,, that we can use to further evaluate the sum. Finally, we try a method called
perturbation that also produces the same recurrence relation.

One approach for finding closed form solutions for summations of this type is by differentiation. We start

with the geometric progression
Son = Do =

Differentiating with respect to «, and then multiplying through by « gives us

d d < k - k-1 = 2
oS00 = a—Za = aZka = Zka = Sin.
do do k=1 k=1 k=1
Thus we find that
Zn:kak _ a_d—a_aﬂ+1 _ nan+2_(n+1)aﬂ+1+a
do 1-« (1-«)? )
k=1

This expression has a removable singularity at & = 1 and the expression can be evaluated for all «. For any

m > 0, we can in general differentiate S, , and multiply by « to get Spi1n,

d d n k23 n
el _ el m_k __ m4+1 k-1 __ m<41_ k __
cvda.S'm,,1 = ada;k o = algk «a = kz_lk a® = Spiin.

Unfortunately, this process is unwieldy even for small values of m. Repeated application reveals no apparent
closed form solution which we could try to prove by induction.

Abel’s transformation

n n n
E UpUy = Un41 v — Aug E Up
k=1 1 p=1

k=1 k=



can be used to find more information about the sum. Letting u; = k™ and vy = o, we get

n n n k
Smn = Y k" = (n+ )™ oF =N ((k+D™ k) el
k=1 k=1 k=1

p=1

Evaluating the geometric progressions of o and then factoring out a/(1 — «) gives

ma—attt & m my @ — ot
S = (1) ———— =3 ((k+1)" - k") 5——
k=1

[44

o ((n + 1)1 —am) = 3 ((k+1)™ — k) (1 - M)) .
k=1

We can multiply the two factors in the summation and apply the associative law to break this into three

parts,

[44

Sman = — ((n+ ™1 —a™) - zn:(k+ nm +zn:k"‘ +zn:a"((k +1)™ — k"‘)) )
k=1 k=1 k=1

The net result of the first two summations is —(n + 1)™ + 1. We can use the binomial theorem to evaluate

km+1_km’
— @ n m _an —(n m = ak = m i Lm
Sma = 1_a(( +1)™(1 )—(n+1) +1+; (]-Z::o(j>k] k ))
= 1_a(1—a"(n+1)m+;ak§(j)k1)
= a —o"™(n m S (m iak | .
= 1_a(1 (n+1) +;§<j>k )

Changing the order of summation and recognizing S;,, gives a recurrence relation for Sy, 5,

m—1 n
_— o n m m i .k
S = 1_a(1‘“("+1) 4 (.)Zk’a)

=1

— - (1 —a™(n+1)" + m;: (’J") Sj,,.) : )

LY




Another method we can use to analyze S, ,, is summation by parts,

n n

Z(ak+1 —ax)by = anyibny1 —arb; — Z(bk+1 — br)art1-
k=1 k=1

To evaluate S;,n we have apyq — ag = of and by = k™, which implies that a; = 0 and ar+1 = (o —
a*t1)/(1 — &). Making these substitutions gives
n 1

_ m_k _ ma—'aﬂ-+-1_ﬂ m _ ma_ak+
Smn _kzzjlk of = (1) ——— kzzjl((kﬂ) k )———l_a .

This is the same intermediate result that was obtained using Abel’s transformation.

As a final attempt to attack the sum S, ,, we employ the method of perturbation [2]. First we perturb

Smn by changing the limits of summation,

n—1
Sma = P _k"a* = ) (k+1)mabt

k=1 k=0

Next, we want to add and subtract terms to obtain a new expression involving the original sum. To do this

we want to get the limits of summation back to k = 1 to n. Factoring out an « and adding and subtracting

terms gives

Smp = (i(ku)’"a"—(nﬂ)ma") = o (1+i<k+1)'" ’°—<n+1)'"a")-

k=0 k=1

We can now use the binomial theorem to expand (k + 1)™ and rearrange the order of summation to get

Smn = @ 1+2ﬂ:§:(7;)kjak—(n+l)ma" =« 1+§:(T;)2ﬂ:kj F_(n4 D)ma®

k=1j=0 j=0 k=1

The sum can be broken into the two cases, 0 < j < m and j = m. Recognizing S, » and S; » gives

m—1 n n
Smn = a1+ (m> > Kok +d kmak — (n 4 1)mo”
j=0 J k=1 k=1



m—1

= « 1—(n+1)ma"+z< )SJ,,+S,,,,,

1=

Gathering terms and solving for S, , again results in the recurrence relation (1).

Before we attack the recurrence for Sy, 5, it is instructive to look at small cases:

a a
Som = 1—a —a” (1 a)

Sin = g (1 (1—aa>2> and

s _ o+ a? ot @ 2« nt a+a?
T A—a)? e ta—ap " T i=ap)

It appears that S; » is equal to a constant with respect to n minus the product of o™ with a polynomial in

n of degree m. We can easily prove this by induction using (1). If we call the first term C,,, and the second

term D, , we can express Sp, p as

Substituting into (1), we can determine that Cp, and Dy, , are defined by the recurrences

m-—1
o m
Cn = T~ a 1+j§_0 (j)cj and

m—1
[4 4 m
R s o ()

ji=0

We will consider each of these recurrences in turn.

3. Solution of C,,

(2)

3)

(4)

A good rule of thumb when solving summations and recurrences is to begin by looking at small cases.

Table 1 lists the first eight values of C,, for general o. Table 2 lists the first eight values of C,, for some

particular values of . We note that the table entries for & > 1/2 are integers. This observation is true only

if & = (y — 1)/ for integer ¥ > 2. In this case o/(1 — @) = 4 — 1 is an integer. Using this fact and (3) we

can show that Cy is an integer, and inductively show that Cy, is an integer under these conditions.



o

Co = A=g
o
R e
o+ o?
= U-ap
C = o+ 4a? + a®
(1-a)
a+ 1la? + 1102 + o
C4 =
(1-a)
o+ 2602 + 660 + 260t + o
Csy =
(1-a)®
o+ 5702 + 302a3 + 302a% + 57a° + of
Ce =
(1-a)
c a+ 12002 + 1191a® + 24160 + 1191a® + 12028 + o7
7 =

= o)

Table 1. Cy, for general o.

Further examination of Table 1 reveals that the coefficient of o/ in the numerator of C,, appears to be
the Euler number <jT1>' The Euler number <'J"> is the number of permutations of {1,2,..., m} that have

j ascents [2]. Thus, we can guess that
m m J
i-1 > @
Cm = E <—— (5)

To prove (5) we must first use induction on (3) to prove that Cp,11 = a(dCpn/da). We can then use this
result and induction to obtain (5) .

In an attempt to find a better expression than (5) for Cy,, we will try applying exponential generating
function techniques [7]. To find the exponential generating function C(z), we multiply (3) by 2™ /m! and

sum over m > 0 to obtain

m=0 m=0

C(z) = icmf—n'i! -3 S (1+'§<".’)c,~) z.



a:% a:% a:%— a:% a:% a=4§ a:%
Co : 3 3 1 2 3 4
5 3
C = 2 3 2 6 12 20
C, B X 3 6 30 84 180
1
Cs s 3 2 26 222 876 2420
C4 s 80 15 150 2190 12180 43380
Cs 3535 4108 e 1082 27006 211692 972020
Co I s 1491 9366 399630 4415124 26136180

C, 458555 269343 3001 gq586 6899262 107430636 819890420

Table 2. C,, for some particular values of «.

Factoring out the constant «/(1 — ) and splitting the sum into two parts gives

The first sum we recognize as e*. We can change the order of the second summation and expand the binomial

coefficient to find

C(z): +_E E C;mlz™

| — tm!”
j=om=j+17 i (m = j)tml

Factoring out Cj 27 /§! and evaluating the summations produces

c@) = = "QZCJ > =

oy (m =)t —J)'

= fae +mC(z)(e —1).

Solving for C(z) yields the closed form

Z

o) = 2. (6)

To determine Cp,, we expand C(z) and find the coefficient of 2™ /m!. Substituting the series expansion



for 1/(1 — @e®) and multiplying through the ae® gives

(e} (e}
C(z) = ae’Eakezk = Eak+le’(’°+1).
k=0 k=0

Next we expand e*(*+1) and change the order of summation to find the coefficient of 2™ /m!

o = yorn 3 T - S S s g

m=0 m=0 k=0
Thus, Cy, is given by
'm = E Yk +1)™ = E ok k™, (M)
k=0 k=1

We can immediately recognize that Cy, = lim,_,c0 Sm,n. It follows from (7) and (2) that

(o)

Dpn = Cn—Sman = E akkm; (8)

k=n+1

which tends to 0 as n — oo.

We can now use (7) to provide an intuitive proof of (5). The identity

= E< ><z+])’ integer m > 0,

uses Euler numbers to relate the binomial coefficients to polynomial powers [2]. Letting z = k, substituting

into (7), and changing the order of summation gives

o R -

The inner sum is the generating function for the sequence (kt’r; ‘H) and converges to o/t /(1 — a)™*! for

0 < || < 1. Substituting this value yields the desired result,

= () s = S5



a=.2 a=.) a=.8

Actual Approximate Actual Approximate Actual Approximate
Co 0.2500 0.6213 1.0000 1.4427 4.0000 4.4814
C, 0.3125 0.3861 2.0000 2.0814 20.0000 20.0831
Cs 0.4688 0.4797 6.0000 6.0056 180.0000 180.0019
Cs 0.8984 0.8942 26.0000 25.9926 2420.0000 2419.9918
Cy 2.2266 2.2225 150.0000 149.9975 43380.0000 43379.9991
Cs 6.9043 6.9046 1082.0000 1082.0030 972020.0000 972020.0039
Ce 25.7373 25.7403 9366.0000 9366.0025 26136180.0000 26136180.0009
Cy 111.9519 111.9533 94586.0000 94585.9975 819890420.0000 819890419.9960

Table 3. Approximate values of C,, for particular c.

Thus we find that the infinite series defined by C,, converges for all 0 < || < 1.
A closed form solution for (7) can be found for any particular m through the technique of repeated
differentiation that we used in Section 2. However, there is no known closed form solution for general m.

We can find a good asymptotic expression for C,, by integrating a*z™dz over z > 0,

oo ® emi T'(m+1) m!
Cm ~ / o zMdr = / e Thagmde = = . 9
0 0 (In %)mﬂ (In é)mﬂ ®)

This integral exists if In(1/a) > 0, which implies that 0 < & < 1. Table 3 shows the first eight values of Cy,
and the asymptotic for some particular values of «.

The special case when o = 1/2 is of interest. The sequence
F,, =1,3,13,75,541,4683,47293,545835, . ..

which is defined by F,,, = Cy,,/2 for m > 1, is the number of preferential arrangements of m distinguishable

items [3, 5].



m i=7 1=6 i=25 i1=4 t=3 i=2 i=1 t1=0
0 1
1 1 2
2 1 4 6
3 1 6 18 26
4 1 8 36 104 150
) 1 10 60 260 750 1082
6 1 12 90 520 2250 6492 9366
7 1 14 126 910 5250 22722 65562 94586

Table 4. Some values of d; ; for « = 1/2.

4. Solution of D,, ,

As shown in Section 2, Dy, ,, can be expressed as the product of a™ with a polynomial in n of degree m,

Dpn = a"de,,—n". (10)
1=0

Noting that d,, ; = 0 for ¢ > m, applying (4), and equating coefficients of n' yields

dmi = 77— ((T) +7§ <’J’7)d,-,,-) _ (11)

As we did with G,,, it is instructive to look at small cases to try to gain insight into the behavior of the

coefficients d,, ;. Since it is difficult to compute dy, ; for a general a, we will look at the specific case a = 1/2.

Table 4 shows the values of dp, ; for m < 7.

The most obvious result is that d,, ¢ = Cy,. This can easily be proved by induction using (11) and (3).

Less obvious is the result that

i = <m> Com_i (12)

This result can be seen by noting that d, ; = (m/%)dm_1,—1. Working back along the diagonal gives

mm-—1 m—1+1 m
dmi = —= dm-io = | . ]Cm-i.
1 1—1 1 1

Checking the small cases for Sy, ,, considered in Section 2, it can be seen that (12) holds for general o when

10



m > 1. We can use induction to prove this for all m > 1. The proof involves showing that if (12) is true
for the first m diagonals in the table, then it is true for the (m + 1)th diagonal. The coefficients dn44 i, for
i > 0, define the mth diagonal in the table. The base step is d;; = a/(1 — &) = Cy. The inductive step
assumes (12) is true for the first mo diagonals and then uses (11), algebraic manipulation, and (3) to prove

that dmot14i,i = (m°+i1+‘)Cmo+1. Application of (10) and (12) then yields

Dpn = a"E (T:)Cm_kn’“, 0<|af<1. (13)
k=0

We could attempt to find a closed form expression for D, , by substituting (7) into (13). However,
this approach yields the result found in (8). Alternatively, we can attack D, , with generating functions as
we did with Cy,. First, we find the exponential generating function, D,(z). Multiplying D,, , by 2™/m!,

summing over m, and substituting (4) gives

m

>, 2™ - @ = (m z
D,(z) = Z Dm,n—n—l—!— = Z T o a(n+1)™ + Z <j)Dj’n
m=0 =0

m!’
m=0 j

Breaking the sum into two parts, recognizing e(®*+1D7 rearranging the order of the second sum, and expanding

the binomial coefficient yields

artt & 2™ o0 X /m 2™
— m_ > —
Do) = g LT S S ()b

m=0 j=0 J
0o
— an+1 e(n+1)l " (6% i Z Dj’nzm ‘
l-« l—aj:0m=jj!(m—j)!

Dj n23 /5! can be factored out and the two sums evaluated to get an expression involving Dy(2),

anrt! a AN i ant! o
= (n+1)z D: .2 - (n41)z D :_ 1),

Gathering terms and solving for D, (z) gives

2
Dn(z) = a"e™ ——

(14)

1—ae*’

11



Now we can expand Dy(z) to find Dy, ,, the coefficient of 2™ /m!. We recognize that D, (z) = a”e™*C(z) is

the binomial convolution of the two exponential generating functions

=) m =)
e = Z nm—z—' and C(Z) = Z sz—'
m=0 m m=0

Thus
(>} n m m zm
Da(z) = 3 a Z<k>”kcm-'=m’

and we find that the coefficient of 2™ /m! is given by (13).

We would also like to find an asymptotic expression for Dy, ,,. Unfortunately, we are unable to use
integration to approximate Dy, ,, from (8) as we did to approximate Cy, from (7). However, we can apply
techniques from complex analysis to the generating function Dy, (z) to find an asymptotic for Dy, n.

The value we want to find, Dy, ,, is the coefficient of z™/m! in (14). Because D,(z) is an exponential
generating function, we have Dy, ,, = Ds,m)(O), the mth derivative of D, (2) evaluated at z = 0. Since D, (2)
is analytic in a small positively oriented circle I' with the origin in its interior, Cauchy’s integral coefficient

formula gives

n+1,(n+1)z
= pmg) = ™ D2, ﬂ}{ o tle
Dmn = Di™(0) = i Jp zmtl T 2w Jp 2mI(1 ~ ae?) dz. (15)

The function D, (2) has singularities at z; = In(1/«) + 2nki for £ € Z. Using the contour of integration

¢ = @1+ P2+ ¢3 + 4 as shown in Figure 1, Cauchy’s residue theorem gives

1 Dn(2) ’ : +1
Y b o dz = — Z Residue(Dn(2)/2™, 2z = 2), (16)

k=—-j

where Residue(f(2),z = z) defines the residue of f(z) at z = z. The integral in (16) along ¢ is the integral
we want to evaluate in (15). The integrals along ¢, and ¢4 cancel each other and the integral along o3 tends

to 0 as j — oo. Thus we get

_ ml D, (2)
D = 2mi Jp zmtl

dz = —m! Z Residue(Dy (2)/2™, 2 = 21).
kcZ

12



Figure 1. Contour of integration ¢ = @1 + @2 + @3 + @4 for Dy(z)/z™1L.

The residue of D,,(z)/2z™+! at each singularity zj, is —-z;(m+1), which gives

- m! ki) ("D
Dppn = —m! Z -2z (m+)) o T (1 + _T) .
iz ( ) (In2)™* :;z Ing
The dominant term corresponds to k = 0, so we get
m!
YRGS (17)

5. Value of S, ,,

Using (5) and (13) we find that for 0 < |a} < 1,

13



e (1) e et (1)
N D (7) 2 Ty (18
For o > 1, the infinite series for C}, and D, , grow without bounds and this result does not apply.

Examination of the small cases in Section 2 reveals that Sy, can be obtained from (18) for small m.
Using the fact that Sp41, = @(dSm n/da) and induction on m, it can be proved that (18) holds for any
a # 1. It can also be shown that the singularity at o = 1 is removable. Application of the appropriate limit
theorems will then lead to expressions for the sum of the powers of integers.

We would like to find an asymptotic value for Sy, ,, for 0 < || < 1. Unfortunately, none of the methods
we have examined so far will produce such an expression. The integration method that we used for finding
(9) will not work. Even the complex analysis technique we used to find (17) does not yield an expression for
Smn. The generating function S,(z) = C(z) — Dnp(z) has a removable singularity. Thus it has no poles and
we cannot apply the residue theorem as we did in (16) for D,,(z2).

If we consider the sequence (k™ a¥) we notice that as k — oo, k™ grows large and of grows exponentially
small. The individual discrete terms a*k™ in Sm,n are maximized when kmak = (k+ 1)"‘01’“"‘1. The value

of k that maximizes this expression is

Values of n less than, greater than, or equal to this value of k will produce different asymptotics for Sy, n.
Thus, we will consider the behavior of Sy, as m,n — oo when n = fm where f < 1/In(l/a), n =
m/In(1/a) + v4/m, and n = fm where > 1/In(1/c).

Case 1. The growth rate isn = fm, where # < 1/In(1/«). The individual terms in S, », are exponentially

increasing. The last term a™n™ is therefore dominant. Factoring the dominant term out of the summation

gives
n n—l1 k m
km n,.m
o = E : BT = E :.__ N
S, k_la a™n 2 P (1 n)

14



We can express the (1 — k/n)™ as a power of e and use power series manipulation to get

E\™ k k 3 2
1—— = exp{mln|1—~— =exp|{m|{——4+0 k— = e *¥/rexp (O m_k_ .
n n n n3 n?
Since n = O(m), the power series expansion of the exponential gives (1 — %)m = e~km/n (1 +0 (%;))
Substituting this into the expression for S, ,, and approximating the summation by the infinite series yields
n-1

S —on mzi—-km/n 140 ﬁ ﬁm(ﬁ )m 1_1’.6“1/ﬁ ! 140 l
mn — N kzoa'ke m (64 m o m .

Case 2. The growth rate is n = m/ In(1/a)+v+/m. Using the commutative law to replace k with n+1—k,

letting N = m/In(1/e), and shifting the limits of summation gives

Sm,n = Zakkm = Za"+1"k(n+1——k)m
k=1 k=1
N+y/m
= Y oNPWPHIEN 4y /m+1- k)"
k=1
N-1 m
1 k
_ N arm - _ =~
= a'N E oF (1 N) .
E=—yy/m

Using power series to expand (1 — k/N)™ and substituting for N, we find that

o 5 B o) r0(8)

By Euler’s summation formula, we have

N-1 21,2 3 vm 2
Y e (-507) (+o () = ¥/, () a (o ()
k=—y/m m m Il; yIna m

where

15



Therefore,

Smn = —\/(212_7;)—(,"%);(%+N(71n2)> (1+0(%)).

[e4

Recognizing the asymptotic for m! gives

Smn = (l—n;nT!mTf<%+N(7ln%>> (1+o(%>).

Case 3. The growth rate is n = fm, where § > 1/In(1/«). By the same derivation as in Case 2, we have

Smn = Yoakkm = aNymY2E (%.;.N(ﬂ\/ﬁln%)) (1+0<%>)
k=1 a

1
2
=
3
§l
e
3
~—~
+
)
N
3~
—
~—

i
I3
3
*
—
+
Qo
~—~
3
<
~——

A more exact analysis can be obtained from (2). Using complex analysis techniques we can show that

. - m! E (1 + 27rlci)—m_1
T )™ & Ing '

The imaginary part of the summation cancels out so we get the exact expression

_ m! 5 omki\ ™!
Cm = n1m+12 1+ln% :

The terms in Dy, ,, decrease exponentially, so its value is bounded by O(a"nm) = O(Cma(ﬁ_l/ln(l/"))m).

Hence we have

Smn = Cm = O (Cal#=3/101/e)m)

; omki\ ™!
= %nfﬁ 2% (1 + 1:;) 0 (1 + a(ﬁ"ll‘n(lla))m) .
«

(ln Z) kezZ

16



6. Conclusion

Evaluating the summation Sy ,n = Y., k™ illustrates many techniques used in the mathematical analysis
of algorithms and, as such, it provides a good case study for solving summations and recurrences.

Several methods were employed to evaluate the sum. Direct calculation produced values for small m but
no general solution. Both transformation techniques and perturbation yielded a recurrence for Sy, n which
we were able to express as the difference of two other recurrences, Cy, and Dy, . Solutions were found for
each recurrence using induction proofs and also by using generating function techniques. While no general
closed form was found for Sy, ., a closed form expression valid for every value of m was found. Various
methods were employed to find asymptotics for Cp,, D n, and Sy .

The analysis also produced two interesting results about the infinite series Y ;2 a*k™. The value of
the series was defined by a recurrence relation as a function of m. The series was also shown to have a
closed form solution involving the Euler numbers. Either representation can be used to evaluate the series

for particular values of a and m.
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