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Abstract

The problem of reachability in a directed graph has resisted attempts at
efficient parallelization. Only for fairly dense graphs can we efficiently achieve
significant parallel speed-ups, using known methods. We describe a technique
allowing significant parallel speed-up even for moderately sparse graphs, fol-

lowing a sequential preprocessing step in which a representation of the graph is
created.

1 Introduction

In this paper we demonstrate the usefulness of preprocessing a graph in order to enable

reachability queries to be processed quickly in parallel.
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Parallel processing offers potentially vast improvements in computational performance.
However, in applying paralle]l processing to specific problems, we encounter a serious ob-
stacle: for some problems, even the best of known algorithms permit only a very small
speed-up in relation to the number of processors used. That is, while potentially we can
reduce the time for solving a problem by a factor of p when p processors are used, in fact
the speed-up factor may be closer to \/p or less. Indeed, for some problems, to achieve
even a moderate speed-up seems to require an enormous number of processors.

In this paper, we propose a way of coping with the apparent limitations of “pure”
parallelism. We introduce the notion of a “hybrid” algorithm, in which a sequential pre-
processing stage prepares the way for fast parallel processing of queries. We give such an
algorithm for the problem of directed reachability in a graph; our new algorithm makes use
of a new decomposition of a directed graph.

We define the directed reachability problem as follows: Let G be a directed graph with
n nodes and m arcs. For a given set S of nodes of GG, find the set T of nodes reachable in
G from nodes of S. We call S the set of “sources,” and T the set of “targets”. While this
problem has a simple linear-time sequential solution (time O(m + n)), it has so far proved
difficult to parallelize efficiently. -

This problem or closely related problems arise in connection with diverse other problems.
In artificial intelligence: a basic operation arising in semantic network manipulation is
identifying the lowest common ancestors of some nodes. In combinatorial optimization:
finding an augmenting path while solving a matching or flow problem is essentially finding
a path in a directed graph. In databases: handling récursive queries can be reduced to
finding paths between nodes in a directed graph.

Two approaches to the directed reachability problem are known, parallel transitive

closure and parallel breadth-first search. There is a parallel algorithm for computing the
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transitive closure of G in O(log® n) time. However, this algorithm seems to require about
n® processors for all practical purposesf wHiIé asymptotically better algorithms exist, the
associated constants are huge. Moreover. even supposing the transitive closure was already
computed, merely reading enough of its entries to answer a query requires }(n?) operations.
Hence this approach is not efficient in comparison to the O(m+n) time sequential solution:
verv many processors are needed in relation to the speed-up achieved.

On the other hand, a parallel version of breadth-first traversal of the graph G, starting
at the nodes of S, can, over a sequence of stages, identify all the reachable nodes. Initially,
we mark the nodes in S. In each stage, we consider the set of arcs leaving newly marked
nodes, and mark the nodes they enter. until the stage at which no additional nodes are
marked. The number of stages needed is {}(n) in the worst case, so the use of parallelism
cannot guarantee a speed-up of more than O((n + m)/n). Thus for moderately sparse
graphs, this method fails to be useful in the worst case.

We propose a two-part solution. Iirst, the graph G is preprocessed sequentially, and a
representation of G is created. The representation depends on the number p of processors
we intend to use. Our technique works only for values of p < (m/n)/m. The preprocessing
takes O(np) time to build the representation. Once the representation exists, we can use p
processors to answer queries of the form “given sources S, find targets T in O((n + m)/p)
parallel time. The approach incorporates a trade-off between speed of processing a query,
and compactness of the representation of G. The storage required by the representation is
O(n 4+ m + n?p/m), which is optimal when p < m?/n?. The method for handling a query
is simple enough to be potentially quite practical.

For simplicity of presentation, we assume as our model of paralle]l computation the

CRCW P-RAM, in which we charge constant time for concurrent reads and writes accessing



a common random-access memory. However, it is easy to achieve O(m/p) time when

concurrent reads and writes are disallowed, as long as p < (m/nlogn)/m.

1.1 Relation to other work

Our method relies on a compressed representation of a partially ordered set ( poset) consist-
ing of a small number of chains. This representation has been known since at least the work
of Hiraguchi [5, 7] on the dimension of a poset. Jagadish [6], in work done independently
and concurrently with ours, has rediscovered essentially this representation and proposes
its use in handling database queries. However, not every poset can be decomposed into a
small number of chains, and in the worst case such a “compressed” representation is in fact
no smaller than the ordinary transitive closure, even for sparse graphs.

The key to our result is our observation that every poset can be decomposed into a
small number of chains and a small number of antichains. We observe, furthermore, that a
poset consisting of a small number of antichains can be searched quickly in parallel. Thus

it is by balancing the use of two techniques, one for chains and one for antichains, that we

achieve our result.

A line of research that resembles ours in spirit but differs in the problem considered,
the techniques employed, and the result obtained is that of Gambosi, Nesettil, and Talamo
[4]. They describe techniques for preprocessing a directed acyclic graph (dag) in order to
facilitate sequentially searching for a path between two given nodes. They characterize
dags by certain representability parameters, and express the time required to answer a
path query using their method in terms of the length of the path and the values of these
parameters. For some special classes of dags, the parameters are small and the algorithm

performs well; in the worst case, however, it is no better than using the transitive closure,



even for sparse graphs.

2 Preprocessing

We assume henceforth for simplicity that the number m of arcs of G is at least the number
n of nodes, minus one. If m is less than n — 1, the underlying graph is disconnected, and
we can independently consider each connected component.

In this section, we describe our method for sequentially preprocessing the graph. The

time required for preprocessing is O(np), where p is the number of processors to be used

in answering queries.

2.1 Eliminating cycles

First we reduce the problem to the case in which G is acyclic. Given any directed graph G,
we find the strongly connected components of G, and obtain a graph G from G by contract-
ing each strongly connected component to a node. The strongly connected components of
G can be computed in O(n + m) sequential time using an algorithm of Tarjan [9].

For any node v of G, let 9 denote the node of G corresponding to the strongly connected
component of G containing v. Now, given a set S of sources in G. let § = {§ : v € S}.
If T' is the corresponding set of targets in (7, let T' = {v:ve T} Then T is the set
of targets corresponding to S in the original graph G. The correctness of this reduction
follows immediately from the definition of strongly connected components.

We therefore assume henceforth that G is a directed acyclic graph, or dag. Hence G
defines a partial order on its nodes, namely v < w if w is reachable from v. Let P(G)

denote the partially ordered set (V(G), <) that the dag G thus defines on its nodes.



2.2 The antichain-chain decomposition

We review some terminology of partially ordered sets, or posets. For a poset P = (V, <),
the poset P’ = (V', <’) is a subposet of P if V' C V and for every pair of nodes v,w € V’,
we have v <’ w iff v < w. A chain is a set of nodes every two of which are related by <.
The nodes in a chain can be totally ordered: v; < vy < --- < vi. An antichain is a set of
nodes no two of which are related. A chain cover is a partition of the nodes into chains;
an antichain cover is a partition of the nodes into antichains. Clearly, the size of any chain
cover is at least the size of any antichain, because each chain can cover at most one element
of the antichain. Similarly, the size of any antichain cover is at least the size of any chain.
In fact, we have the following theorem.

Dilworth’s Theorem[2]: In any partially ordered set (poset), the size of the smallest

chain cover equals the size of the largest antichain.

The following theorem is well known. It appears, for example, as Prop. 8.15 of p. 398 of

[1]. We include a proof because we must implement the proof as part of the preprocessing.

Dual of Dilworth’s Theorem: In any poset P, the size of the smallest antichain cover

equals the size of the largest chain.

PROOF: For each node v, let the rank r(v) of v be the number of nodes in the longest
chain ending at v Let k& be the maximum rank of a node in P. Then for each 1 <1z <k,
the set of nodes of rank ¢ is an antichain, so we have an antichain cover of size k. Since the
size of any antichain cover is at least the size of any chain, it follows that we have found a

minimum-size antichain cover and a maximum-size chain. (3

An inductive characterization of rank for a poset P(G) is as follows: when all nodes of

rank 1 through j are deleted, a remaining node is rank j + 1 if and only if it now has no



FIND-RANKS

R1 Let Lo:= {Ll}, and let r := 0. For each node v, assign to d[v] the indegree of v.

R2 Copy L :=L,.

R3  While L is not empty, remove a node v from L, and consider each arc (v, w) in turn.
Reduce d[w] by 1. If d{w] thereby becomes zero, then ...

v if deleted[v] = false

R4 Set flw]:=
flv] if deleted[v] = true
R5 If deleted[w] = false, put w on the list L,4; of rank r + 1 nodes. Otherwise, put w on
the list L.

R6 If Lr4, is not empty, set 7 := r+1, and go to step 2. Otherwise, 7 is the maximum rank.

Figure 1: Algorithm for finding the ranks of nodes of a subposet P’ of P(G)

incoming arcs. This characterization suggests a sequential algorithm that, given a dag G.
finds the ranks of P(G) in O(m + n) time.

The algorithm we give is slighly more general in that it handles any subposet P’ of
P(G). We represent the subposet by assigning a flag deleted[v] to each node v. The value
of deleted[v] is false for each node v in the subposet, and true otherwise. For notational
convenience, add the node L and the arcs (L, v) for each v in G, and set deleted[ L] = false.
The algorithm is given in Figure 1. It places all nodes of rank 7 in the list L,, and computes
the maximum rank. The algorithm simultaneously constructs a table f[-] such that, for

each node v of rank more than 1, f{v] is the penultimate node of a longest chain ending at

.

To find a maximum-size chain, let £ be the maximum rank, and let ¥ be a node on the



list L. Then 9, f[9], f[f[#]],- .., f*~[0] traces backwards along a k-node path from a rank

1 node to v.

The following corollary, which follows from either Dilworth’s Theorem or its dual, is the

basis for our representation of dags:

COROLLARY 2.1 For any 1 < s < n, an n-element poset can be decomposed into at

most s chains, each of size [n/s], and at most [n/s] — 1 antichains.

PROOF: If the poset has a chain of size [n/s], remove it. Iterate this step until all
remaining chains are of size less than [n/s], so, by the Dual of Dilworth’s Theorem, the
poset remaining has an antichain cover of size less than [n/s]. Since each iteration removes

[n/s] elements, at most s iterations are needed.

Definition: A decomposition of an n-element poset P into sets A,C,,...,C, is called an
antichain-chain decomposition if Cy,...,C, are chains of size at most [n/s], and A is the
union of at most [n/s] — 1 antichains.

To preprocess a dag G, we let p be the desired number of processors, and we define the
parameter 8 by s = (n — 1)p/m. By our assumption, stated at the beginning of Section
2, m>n-—1, and so s < p. Next, we find an antichain-chain decomposition A,Cy,...,C,
of the poset P(G) defined by G. To find such a decomposition. we implement the proof
of Corollary 2.1, using the procedure described above. Each iteration consists of finding
the ranks of the poset corresponding to the current graph (and the table f{-]), and then
identifying a chain of size [n/s]| and deleting the nodes in this chain. After at most s
iterations, there is no chain of this size. Thus the decomposition can be found in O(sm)

sequential time. In the next subsection, we discuss further processing of the subposet P’

of P(G) induced on the node-set C; U --- U C,.



2.3 Processing of the chains: The earliest-entry table

Next we describe a table that facilitates reachability queries for a dag whose poset has a
small chain cover.

Definition: A top element of a poset P is an element T that is bigger than all other
elements of the poset. For any poset P with a top element T, for a chain C of P, and for
any node u of P, we define u’s earliest entry into C to be the minimum node z in CU {T}

reachable from u. The minimum is well-defined because C U {T} is a chain.

Given that u’s earliest entry into C is =, we can determine exactly which nodes v in the
same chain C are reachable from z; namely, v is reachable if and only if v > z.

Earlier, we derived a poset P(G) from the dag G, and decomposed P(G) into some
antichains and s chains Cy,...,C, of size at most [n/s]. Let P’ be the subposet of P(G)
induced by the union of the s chains. That is, the elements of P’ are the elements of the s
chains, and the order relation of P’ is simply the order relation of P(G) restricted to the
elements of P’. For notational convenience, add a top element T to P’. Let n’ = 1+ 3, |C;}
be the number of elements of P’.

To preprocess P’, we compute an n’ X s table R[] that is a generalization of the
transitive closure of G'. For each element u of 7', and each i € {1,...,s}, let Rlu,1] be u’s
earliest entry into C;. We call this table the carliest-entry table. It requires O(n's) storage.

We also compute two n’-element tables: ‘we let chain[u] be the index j of the chain C;
in which u appears, and we let rank{u] be the rank of u in that chain. Let rank{T] =n'.

The earliest-entry table R[-,-], chain table chain|-], and rank table rank[-] can be used
to determine reachability between any two nodes u and w of P’. Namely, u < w if and
only if rank(z) < rank(w), where z = Ru, chain(w)].

The above approach to representing reachability is derived directly from a theorem in



the dimension theory of posets stating that a poset with largest antichain of size w has di-
mension at most w. Dimension theory is concerned with the compactness of representation
of a poset as the intersection of total orders. See (7] for a survey. Also, Jagadish [6] inde-
pendently considered the use of a Dilworth decomposition for more efficiently computing
and more compactly representing the transitive closure of a directed graph, specifically in
application to handling recursive database queries.

The tables chain|-] and rank[-] can easily be computed from the chain decomposition of
P’. For each node w of G that does not appear in the chain decomposition, let chain|w] = 0.
We next observe that the earliest-entry table can be computed in O(sm) sequential time.
In particular, for each chain C;, we show how in O(m) time one can compute all the entries
R[v,1] of the table for v € C;,1 <1 < s. To do this, we avoid explicitly computing the
poset P’, and instead work directly from the dag G.

Suppose the chain C; consisted of a single node u. We could use, say, directed depth-first
traversal of the dag G rooted at u to identify all the nodes v of G reachable from u. We
maintain an s-element table p[:], initialized to T. Whenever we visit a node v such that
chain[v] = i # 0, we compare rank(v] to rank(p[i]]; if it is less, we set p[i] := v. When the
traversal is finished, p[-] will be the minimum node of C; U {T} reachable from u.

To achieve O(m) time, depth-first search marks each node as it visits it. and avoids
visiting a node that has previously been marked. Thus it avoids redundant search. To
process a chain C; = (v; < v2 < - -+ < vg) consisting of more than one node, we imitate this
idea. We start with a depth-first traversal rooted at vk, and visit all nodes reachable from vy,
maintaining our table p[-]. Next, we continue by performing a depth-first traversal rooted
at vg—y without first removing the marks placed on nodes by the first depth-first traversal.
Thus in the second traversal we avoid visiting nodes already visited in the first. Since vy

is reachable from v,_y, every node visited in the first traversal is reachable from v;_;. The
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PROCESS-CHAIN

1 Initially, unmark all nodes, and set R[vg41,¢]=T fori=1,...,s.

2 For{=k,k—1,...,1,do

3 Initialize p[i} := R{ve4r,¢) fori =1,...,s.
4 Call the recursive procedure VISIT(vy).
5 Copy Rlve,i]:=p[t]fori=1,....s.

Figure 2: The algorithm PROCESS-CHAIN for filling out the earliest-entry table.

VISIT(v):

V1 Mark v as having been visited.

V2  If chain(v) = i # 0 and rank(v] < rank(p[i]], then set p[i] := v.

V3  For each outgoing arc (v, w), if w is not already marked, call VisiT(w).

Figure 3: The recursive subroutine VISIT(v) for visiting reachable nodes.

information we need about these nodes is conveniently summarized in the table p[-], so
there is no reason to visit them again. The process -continues in this fashion, considering
the nodes of the chain C; in reverse order.

We now give a more formal description. Let C; be the chain v, < ... < v;. For notational

convenience, let vy, denote T. The algorithm for processing the chain C; appears in Figure

2. The subroutine VISIT(v) is shown in Figure 3.

The time required by the above algorithm is dominated by the time for step 4. Use
of the marks to truncate the depth-first search ensures that no arc is explored more than

once during the execution of the above procedure. Hence the total time spent in step 4 is
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O(m).

We now consider correctness of the procedure. For i = k,k —1,....1, let W; be the
set of nodes w visited during iteration i of step 4. (Let Wiy = {T}). It can be shown
by a simple backwards induction on £ < k + 1 that the set of nodes reachable from v, is

WeUWyaU---UWiyy, and that fori =1,...,s, R[ve, ] is the minimum node w in C;U{T}

reachable from v,.

3 Answering a query

3.1 Using the earliest-entry table

In this section, we give a parallel method for answering a reachability query for a poset with
a small chain cover, using the earliest-entry table defined in Subsection 2.3. In particular,
we consider the poset P’ with a chain cover consisting of s chains Cy,...,C, of size at most
n/s].

Consider a single chain C;, and a subset S of the nodes of C;. The nodes of C; reachable
from nodes in S are exactly the nodes v > r, where z is the minimum node in S. Thus for
purposes of reachability, we may as well replace the entire set S with the single node z.

More generally, suppose S is a subset of the nodes of chains Cy,....C,. Let z; be the
minimum node in SNC; for: = 1,...,s. We may as well replace the set S with the s-element
set {z1,...,%,}. Since each chain C; has size at most [n/s], the node z; can easily be found

in O(n/s) time by scanning up the chain C; in order until a node of S is encountered. Hence

the set {z;,...,z,} can be found in O(n/s) time using p > s processors.
Now for each chain C;, the minimum node y; reachable from any of the nodes z,,...,z,
is just the minimum of the earliest entries of zy,...,z, into C;. That is, using the earliest-
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entry table, we have y; = min{R[z;,j] : ¢« = 1,...,s}. We can find the minimum in
each chain C; in a two-step process. First we mark all the earliest entries of nodes z; into
chains C;.. Since there are s? pairs (z;,C;), this step requires a total of O(s?) operations.
We evenly divide the set of such pairs among the p processors, and let each processor be
responsible to [s*/p] marking operations.

In the second step, we scan up each chain C; until a marked node is encountered; the
first marked node encountered in C; is designated y;. Since each chain has O(n/s) elements,
scanning a single chain takes O(n/s) time. In order that the scans all take place in pa.ra.liel,
we first assign each chain to a processor; since s < p, enough processors are available. In
summary, the set {yi,...,ys} can be found in O(s*/p + n/s) time using p processors.
—Finally, to find the set T; of all reachable nodes in the chain C;, we let T; be the set of
nodes in the chain that have rank at least that of y;. These nodes can be marked by yet

another scan up the chain (starting at y;) taking O(n/s) time. Theset T =Ty U---UT,

of all reachable nodes can be determined in O(n/s) time using p processors.

The total time for the above procedure is O(s*/p + n/s) using p processors. We now
consider correctness. Suppose v € C; is a node of S and a node w € C; is reachable from
v. By definition of z;, z; < v. Since v < w, certainly z; < w, so z;’s earliest entry Rlz;,j]
into C; is £ w. Hence the minimum earliest entry y; is < w, so w € T;. This argument

shows that T contains all nodes reachable from nodes in S.

3.2 Solving the directed reachability problem on a union of an-

tichains

In Subsection 2.2 we showed that the nodes of a dag G could be decomposed into a set A

and a poset P’ such that A consists of at most n/s antichains, and the poset P’ consists
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of at most s chains. In Subsection 3.1. we described a parallel solution to the directed
reachability problem for P’. In this section, we consider the same problem as applied to
the subgraph & of G induced by A.

Observe that a directed path cannot contain two nodes in a single antichain. Since G
consists of at most n/s antichains, any directed path in G contains at most n/s nodes.
Recall the method of “parallel breadth-first search” sketched in the introduction: start
by marking the nodes in S; in each stage, consider the arcs leaving newly marked nodes,
and mark the nodes they enter. If there is a path in G from z to ¥, the path contains at
most n/s nodes, so n/s stages of parallel breadth-first search are sufficient to identify all

reachable nodes.

Let m; be the number of arcs considered in stage z, for z = 1,...,n/s.

Each arc is

considered at most once (immediately after the node it leaves has been marked), so 3; m;
is no more than m, the number of arcs in G. The number of operations needed to carry
out stage ¢ is O(m;). With p processors available, therefore, stage 7 can be carried out in
O([m;/p]) time. Summing over all stages yields O(m/p + n/s) parallel time to solve the
directed reachability problem on G.

One might object that the above analysis has omitted the time to assign arcs to proces-
sors in a way that balances the work. In fact, we can carry out such load-balancing during
the preprocessing. Using the notion of ranks outlined in Subsection 2.2, we can choose an
assignment of arcs to processors that will work regardless of the choice of S. I describe this
assignment below. The key to the assignment is the following property of partitioning into
ranks: if a rank ¢ node is reachable from another node, it is reachable via a path of length
at most 2.

Let M; be the set of arcs leaving nodes of rank i, for 2 = 1,...,n/s — 1. During

preprocessing, we evenly divide up the arcs of M; among the p processors, for each i. Now
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to answer a query, we first mark the nodes of S, and then carry out a modified version of
‘breadth-first search in which, in stage ¢, we consider the set M; of arcs. Ea.chij;r;)cessor ‘
considers one by one the arcs of M; assigned to it; for each such arc, the processor marks
the arc’s head if the arc’s tail is already marked. It is easy to verify that after stage ¢, the

set of marked nodes consists of nodes of S, together with all nodes of rank < i reachable

from nodes of S.

3.3 Combining the techniques

In this subsection, we observe that the techniques used in Subsections 3.1 and 3.2 may be
combined to yield a solution for the dag G. Suppose we have found an antichain-chain
decomposition A,C;,...,C, of G as described in Subsection 2.2, we have preprocessed the
poset P’ induced by the chains, forming the earliest-entry table, and we have preprocessed
the graph G induced on the antichains A, choosing an assignment of arcs to processors.
Suppose we are given a set S of sources to process. We write § = 5% U S¢, where S
consists of “antichain” nodes, i.e. nodes in A, and S° consists of “chain nodes,” nodes
appearing in some C;. The algorithm consists of an “antichain” step, a “chain” step, and

a final “antichain” step, with transitional steps in between:

Step 1 (Antichain step) Apply the technique of Subsection 3.2 to find the set T} of

nodes reachable from 5S¢ via paths entirely in G.

Step 2 (Transitional step) Consider the set of arcs from antichain nodes to chain nodes,
marking each chain node that is the head of an arc whose tail is an antichain node

in Ty. Let S’ be the set of chain nodes thus marked.
Step 3 (Chain step) Apply the technique of Subsection 3.1 to find the set T; of nodes

15



reachable from S°U S’ (ie. T, = {v € P’ : u < v for some u € S°U 5'}).

Step 4 (Transitional step) Consider the set of arcs from chain nodes to antichain nodes,
marking each antichain node that is the head of an arc whose tail is a chain node in

T,. Let S” be the set of antichain nodes thus marked.

Step 5 (Antichain step) Apply the technique of Subsection 3.2 to S”, yielding a set T3
of antichain nodes. We return the set T' =T, U T, U T3.

We now consider the correctness of the above procedure for computing the set T of
targets from the given set 5 of sources. It is easy to see that every node in T is in fact
reachable from a node in S. To see that every reachable node w is in T, let v1vy... v = w
be any directed path in G, where v, belongs to S. If this path consists entirely of nodes of
A, then w is in T}. Suppose therefore that the path contains at least one node not iﬁ:_‘.A;
let v; be the first such node, and let v; be the last. If i = 1 then v; € S°. Ifi > 1 then
vi-1 € Ty after step 1, so v; € S’ after step 2. In either case v; € S°U §’. Since v; < v; in
the poset P’ induced on the chain nodes, we have that v; € T; after step 3. If v; = w, we
are done; otherwise, step 4 ensures that v;4; € S”, and hence step 5 ensures that w € Ts.

Next we consider the complexity of the procedure. Steps 1 and 5 take O(m/p + n/s)
time using p processors. Each of steps 2 and 4 is essentiallv a single stage of parallel
breadth-first search, and hence takes O(m/p) time. Step 3 takes O(n/s + s*/p) time using
p processors. (Recall that p > s.) Hence the procedure takes O(m/p + n/s + s*/p) time

using p processors.

In order that the procedure take time O(m/p), we need to choose s so that n/s =
O(m/p) and s? < m. We can achieve this when p < m!*/n by choosing s = (n — 1)p/m.
With this value of s, the storage needed for the results of preprocessing is O(m + ns), or

equivalently O(m + n®p/m), which is optimal when p < (m/n)?.
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We evidently have a greater range of choice for our speed-up p when the graph is denser.
This is not surprising; both of the algorithms described in the introduction, corﬁputihg
transitive closure and parallel breadth-first search, make better use of parallelism when the
input graph is very dense. In contrast to these two algorithms, however, our algorithm can
achieve optimal speed-up of O(y/n) no matter how sparse the graphs (although for very
sparse graphs, the storage is not optimal). Moreover, for even moderately sparse graphs,
say m =~ n!, we can achieve optimal speed-up by a factor of ~ n**—and optimal storage

as well if the speed-up is no more than n®.

4 Concluding remarks

We have presented a method for representing a directed graph in a way that permits fast
parallel answers to reachability queries. Preprocessing is proposed as a way of coping with
our current inability to efficiently solve the general, unpreprocessed problem in parallel.

The method can be extended to handle reachability in a graph slightly different from
the original, preprocessed graph G. That is, given a set S of sources, a set E of arcs to be
added, and a set F of arcs to be removed, we can in O(m/p + |E| + IF]) parallel time find
the set T of nodes reachable from nodes of S in the graph GU E — F.

This extension to handling a slighly modified graph suggests the following open question:
can updates to the graph representation be efficiently carried out in parallel? That is, can
the representation be dynamically modified?

We have presented a hybrid algorithm for the directed reachability problem. Hybrid
algorithms may exist for other problems as well. One candidate is 0-1 node-weighted
matching: Given a graph G and a subset S of its nodes, find a matching in G that saturates

as many of the nodes of S as possible. We observe that using the Gallai-Edmonds Structure

17



Theorem. one can reduce the problem to the special case in which G is bipartite and has

positive surplus [8].
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