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An important problem in machine vision is the description of motion of a 3-D world as projected
on a 2-D retina (optical flow). Most current optical flow algorithms are not suited for practical
implementations such as tracking because they either require massively parallel supercomputers,
highly specialized hardware, or up to an hour with a scientific workstation. This paper solves this
problem in three ways. First, we provide a fast serial implementation for a recent optical flow
algorithm that can run up to 10 frames per second for practical image sizes on a conventional
workstation. Second, an efficient method for abstracting a high-level description of the motion in
an image is described, along with an application for tracking. Finally, we provide a heuristic that

speeds up the original optical flow algorithm by a factor of 3 using a pyramid architecture.
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1 Introduction

An important problem in machine vision is the interpretation of a 3-D world via a 2-D sensor input. One
particular instance of this problem is that of optical flow, the description of motion in images projected on
a 2-D retina. An object moving in 3-D space has a three dimensional velocity vector field W(z, y, z). This
3-D field is projected onto the retina of an observer as the 2-D field W,(z,y). What is observed by the
retina is the change in a point’s intensity value AE(z,y) for some discrete time interval At. The optical
flow is a vector field describing this change. In general it is not possible to determine the correct optical
flow field given a pair of successive image frames. If certain assumptions are enforced, however, then the
problem becomes well-posed, and can be satisfactorily solved in most cases. This paper reviews a recent
optical flow algorithm [BLP89a], which previously could only be run on a massively parallel machine (such
as a Connection Machine) in anything close to real time, along with a fast serial implementation with real-
time potential. We describe a simple but powerful abstraction mechanism, based on a pyramid architecture,
that can quickly extract the information from an optical flow field which is necessary for real-time tracking.
Finally we provide a heuristic for providing a multiple time speedup by utilizing similar pyramid structures.

We begin with the ideal case for optical flow computation. Here we have only ambient illumination, i.e.
lighting is uniform across the object being viewed. All irradiance (image brightness) is due to the reflectance
of the object being viewed, and is not dependent on the position of the camera or light source. We also
assume that our objects are Lambertian surfaces, so for example a uniform sphere rotating in a constant

lighting would not show any apparent motion. We need these assumptions to justify the statement that all
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changes in intensity values are due to the motion of the object under view. In practice, they are generally
adhered to as long as the motion of any objects is relatively small compared to the size of the objects.
With these assumptions we can state that the brightness of a given point is constant as it moves, dE/dt =

0, where E is the point’s irradiance. From [HS81] we have
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i.e. all changes in intensity values are due to motion. Since we have a single linear equation with two
unknowns (8E/dt in the image plane can be measured), this gives us an ill-posed problem, thus we do not
have sufficient information to give the desired optical flow. (This phenomenon is also responsible for the
aperture problem; see [NS88].) For example, consider a field whose intensity increases linearly with x but
exponentially with y. Given just 8E/8t, we would not be able to discriminate between linear motion in x
or logarithmic motion in y; further constraints are needed. The most common constraint added is that of
smoothness. Since we are generally concerned with the flow of rigid-bodied objects, it is usually the case
that any given pixel has the same velocity as those of its neighbors. The addition of this constraint can be
manifested either locally or globally as a form of regularization [LV89]. Of course, this additional constraint
does not hold at discontinuities, such as edges. For algorithms that implement the smoothness constraint
globally, special measures must be taken to avoid blending occluding objects together. Other optical flow
algorithms, such as the one discussed here, implement the smoothness constraint implicitly. This is described

in the next section.
2 A Robust Optical Flow Algorithm

In this section we will review a recent optical flow algorithm, that has been shown to be largely consistent
with human psychophysics [BLP89b]. The basic optical flow techniques used later in this paper are derived
from this algorithm, and are applied towards machine vision oriented problems.

Each pixel [x,y] in the image is given two degrees of freedom of motion in the image plane, one for x
displacement and another for y displacement. Each of these possible displacements shall be limited to a given
range for any problem we discuss. We will assume that the maximum possible displacements for both x and

y will be the same, indicated by k, although in general they can be different. Thus, the size of the window



over which our pixel is allowed to move is comprised of (2k+1)(2k+1) pixels. To simplify our notation, we
will represent (2k+1) by ’6’. As an example, consider figure 2. Assume the pixel in question is at [2,2]. If
k equaled 1, then the pixel would be allowed to move anywhere within the box delimited by the corners at
[1,1],[1,3],[3,3],[3,1], for example to [3,3], representing a (Ax,Ay) of (+1,+1). There are § * § = 3*3 possible
displacements allowed for the pixel. If k equaled 2, there would be 5*5 possible displacements, for example
(-1,+2). The actual value of § depends on the expected velocities of the pixels in the image plane, which
itself is a function of the objects’ velocities, distance from the camera, the focal length of the camera, and
the elapsed time between the two frames.

Given our assumption of locally homogeneous motion (which generally holds except for non-rigid objects
and object boundaries) and fronto-parallel motion (a close approximation for limited motions) it should be
the case that if a given pixel moves by (Ax,Ay) then the surrounding pixels also move by (Ax,Ay). These
surrounding pixels are assumed to be in a square neighborhood, or window, of size v centered around the
given pixel. For example, if our neighborhood patch consisted of the pixel in question +3 pixels along each
axis (x and y) then we would have ¥ = 7 and a square patch of 49 pixels total. So we want the correct
motion of the v * v patch of pixels that is centered at [x,y], rather than considering just the pixel itself. The
motion for the pixel at [x,y] is defined to be the determined motion of the patch centered at [x,y], out of
6 x & possible displacements. It is this definition that gives the algorithm its smoothness properties and its
noise-resistance [LBP88].

We determine the correct motion of the patch of pixels by simulating the motion of the patch for each
possible displacement of [x,y] and considering a match strength for each displacement. If ¢ represents a
matching function which returns a value proportional to the correlation of two given pixels, then the match
strength M(x,y;u,w) for a point [x,y] and displacement (u,w) is calculated by taking the sum of the match
values between each pixel in the displaced patch P, in the first image and the corresponding pixel in the

actual patch in the second image :
Vu,w: M(z,y;u,w) = Zd)(El(i,j) — Ex(i 4+ u,j+w)), (3, 5)eP,

An appropriate function for ¢ is the the absolute difference between the two pixels’ intensity values. Another

possibility for ¢ is the squared difference of their respective intensity values. In these cases a lower value



indicates a better match. It is also possible to perform matches using primitives other than intensity values.
For example, one could match features such as edges. We could additionally discriminate based on the
intensity gradient of the edge, i.e. the slope of the zero crossing. Given two edge diagrams, where each pixel
had a sign indicating a positive gradient, negative gradient, or no edge, then ¢ would equal one iff the two
pixels had the same sign.

In an ideal situation, where we have only fronto-parallel motion, no noise, no lighting changes, and a
translation of an integer number of pixels (within our given range) we would expect the pixels of the two
patches to match perfectly. The actual motion of the pixel is taken to be that of the particular displacement,
out of § ¥ § possible displacements, with the maximum neighborhood match strength (equivalently minimum
patch difference). With a large neighborhood, ties are relatively rare and are decided arbitrarily. Take for
example figure 3. We have our pixel at [2,2] in the first image which is considering a (+1,+1) displacement
to position [3,3] in the second image. We consider a neighborhood size of v = 3 for our example. The lower
left hand box, labeled A, represents the patch of pixels (centered at [2,2]) which translates to the position of
the box centered at [3,3], labeled B, if it were to undergo a displacement of (+1,4+1). We now must calculate
the match strength of the displacement. To do this, we take the sum of the absolute differences between each
of the pixels in box A in image 1 and each of the pixels in box B in image 2. Notice again that the position
of box B is actually the position of box A added to the simulated motion of (+1,+1). This only gives the
match strength of one of the §*6 displacements. If the chosen displacement is the correct one all pixel values
will match and the difference between the two patches will be minimal. By default the match strength will
be at its maximum for exactly this displacement. (Note also that since we can easily record the top few
match strengths, or those that are above a given threshold, this system can support the notion of motion
transparency.) Clearly, we expect there to be little difference between the patch for the correct motion and
the patch for its discretized approximation. This is repeated for each pixel in the image, independently of
the other pixels, with the exception that motion is not computed along a § + v border (since the matching
operator would have to access points that are not available in the image itself). This independence of one
pixel’s chosen displacement from all other pixels’ displacements motivates massive parallel implementations

such as the one implemented on the connection machine [BPL89b].



The exact value of the neighborhood window size v depends on the size of the expected areas of rigid
homogeneous motion in the image plane. This is equivalent to the expected distance between discontinuities
of moving objects in the image, for example the width of a moving person. The larger the size of the
neighborhood, the smoother (and generally more accurate) the result, but it cannot be too large, or the
motion will be taken to be that of the static background. It turns out that this neighborhood size can be
set arbitrarily, as large as is practical without significantly affecting the execution time on a serial machine.
This is a surprising result, as intuitively it would seem that larger window sizes would take more time to

compute. This result is detailed in the next section.

3 A Fast Serial Implementation

We present a very fast serial implementation that can run in real-time, on a sun workstation, for practical
tracking problems. In particular, the neighborhood windows over which the match strengths are computed
can be calculated in constant time.

In order to show this we consider figures 3 and 4, which show a displacement of Ax,Ay = (+1,+1),
for the points [2,2] and [1,2] respectively. The neighborhood windows for both are shown. Notice that the
windows overlap by a factor of 2/3. In general, there is an overlap of (v — 1)/v, since the two windows are
coincident except that they are shifted by a single x coordinate, corresponding to one out of v column sums
in the neighborhood window. As v increases, so does the smoothness, since the windows become more similar
[LBP88]. The computation for the match strength of any given displacement can be reduced due to this
overlap. The match strength for the displacement +1,+1 for point [2,2] is equal to the match strength for
the same displacement for point [1,2], except that this value incorrectly includes the values at [1,i] for i=2,3,4
and omits the values at [4,i] for i=2,3,4. Thus we must also calculate these two ”column sum” portions of
the match strength neighborhood windows, subtracting the former and adding the latter. Note however that
the column sum calculated at [4,i] for i=2,3,4 which was added in for point [2,2], displacement +1,+1 will be
similarly subtracted for the same displacement at point [5,2]. Since each neighborhood window consists of v
column sums of ¥ matches each, by saving the last v column sums we have reduced the calculation of v x v

differences (the size of the entire neighborhood window) to only v, that of the rightmost column sum. This



is shown in figure 6. Each displacement under consideration may be processed in this manner. In doing so
we have reduced a O(n? * 62 x v?) algorithm to a O(n? x §2 x v) one. However, it does require extra memory.
For each of § * § displacements, we need to save the previous v column sums, along with the neighborhood
window match strengths of the previous pixel. This is O(6 * § * v) + O(6 * §) memory.

We have just reduced the horizontal dimension of the window summation problem from v to 1. We will
now show how to reduce the vertical dimension from » to 1. Consider figure 3 and 5. These show, as before,
the displacement Ax,Ay = +1,+1 but for points [2,2] and the one below it, [2,1]. We have just stated that
the neighborhood window calculation for displacement +1,+1 at [2,2] involves just the column sum at [4,i]
i=2,3,4 (plus the saved previous window value, minus the leftmost column sum) but we are not satisfied with
that. The very column sum needed was ”almost” calculated by [2,1], the pixel below it, in the same manner
that the window was almost calculated by the pixel to the left of it. In particular, the value for the column
sum [4,i] i=2,3,4 for displacement +1,+1 is the column sum [4,i] i=1,2,3 for displacement +1,+1, previously
calculated for point [2,1], except that this value incorrectly includes the match at [4,1] and omits the match
at [4,4]. So this column sum consisting of v calculations can be computed in only two computations using
the column sum calculated one row below. This is visualized in figure 7. The key is that we only need
to compute the boundaries of each window, as the bulk of it has already been done by our neighbors. In
summary, we have reduced a v * v calculation, where v is the length of the neighborhood window, to only
4 calculations: (saved previous window value) - (saved leftmost column sum) + (saved right column sum of
pixel below) - (bottom pixel match of right column sum of pixel below) + (missing top right pixel match).

There are four distinct areas of an image that must be processed in different ways. The very first point,
[0,0], must have all of its column sums determined explicitly, as it has no pre-calculated neighbors. Every
other pixel in the first row has a left neighbor, but no neighbor below it, thus it must be processed as
per figure 6. The first pixel in each row (other than the first row) has neighbors below it, but no left
neighbor. However, its column sums may be calculated as per figure 8. Finally, every other pixel may take
full advantage of its neighbors by calculating its column sums as per figure 7. An algorithmic definition may

be found in Figure 1. Here it is shown that the algorithm is

O((n - 1)? x 6%)



in time and

O((n — 1)  62)

in memory. For an image size of 256*256, and a displacement range of +/- 8 pixels, this memory is approx-
imately equal to one of the two input images.

It turns out that the individual neighborhood summations implement a.. global low-pass box filter [for
example, see BM86], which we will describe briefly. Consider figure 9, a five by five matrix of variables
(generic values). We wish to replace each entry in this array with the summation of the 3x3 “box” of values
centered at the original entry. Note that the 3x3 box summations are not defined at the boundaries, since
they would involve values not available in the original 5x5 array. To do this, we first perform a set of
partial sums for each row. The first partial sum in each row is calculated normally, i.e. we simply sum up
the first three elements (the length of one row of the resulting box). All the following partial sums may
be calculated by subtracting the leftmost component of the previous sum and adding the next right single
element. Note that this is just two computations, independent of the ultimate size of the box sum (the key
to its performance). This is done independently for each row, and is shown in figure 10. This exact same
operation is then performed column-wise on the previous row-sums to produce the desired box-sums, as in
figure 11.

This approach also requires extra memory, as shown in the figures. In practice these extra arrays are
not constructed explicitly. A better implementation would process one row of partial sums at a time, saving
the last v rows of row-sums, then process one more box sum (one row down) for each column. This would
require either n * § * 6 ¥ ¥ memory locations to save the last v rows, unless we reserve an array to keep the
current maximums (out of § * § iterations), in which case we need order n *n + n* v locations. (In this case
there is an extra factor of 2, since we will need more than the typical 8-bit values used to represent the input
image itself.) We also must perform the filter in two passes through the image, rather than in one pass as
in the previous approach, which may have some implications for hardware implementations. Although the
previous algorithm appears superior in these respects, the box filter is markedly simpler, with much tighter
inner loops that can be optimized in assembly language. It also has excellent locality of reference, even if

the entire array of partial sums is maintained, which offsets the extra memory required (for most image



parameters). Thus it generally has the performance advantage.

These algorithms, as described, has potential for running in real time on Qorkstations such as a SUN
Sparcstation, as indicated in Table 1). Since the arithmetic involves nothing more than simple integer
additions, subtractions and logical shifts, it is ideally suited to modern RISC processors. It has shown to
be robust with respect to dozens of pairs of real world images, including many with deliberately bad (either
dim or overly bright) lighting, using inexpensive cameras. This is fortunate, since an optical flow algorithm
cannot make use of the special lighting techniques possible in stereo matching, such as unstructured light
[N84]. Despite these encouraging results, however, algorithms for machine vision (perhaps more than for
any other field) require parallel implementations, due to the large number of pixels involved. Several such

implementations are discussed next.

Image size | Displacement range | Window size | Time in sec’s
64x64 +/- 1 pixel +/- 3 pixels 0.093

128x128 +/- 2 pixels +/- 6 pixels 1.36

256x256 +/- 4 pixels +/- 8 pixels 16.6

256x256 +/- 8 pixels +/- 8 pixels 53.3

Table 1: timings for various image parameters on a SUN Sparcstationl

4 Parallel Implementations

There are also a number of parallel implementations possible. One suitable for a hypercube architecture
is described in [LBP88], which runs in O(6?) time using n*n processors and hypercube connections. This
version can also be adapted to a 2D mesh topology to run in O(6%  v') time using n*n processors using only
NEWS connections.

It is also possible to implement this algorithm using a highly, rather than massively, parallel architecture.
One possibility would be to have an array of k processors which would process k rows in the image at a
time, for [%] iterations through the image. Each would then process the pixels using the window overlap
technique of figure 6. This would take

O([n/k] *n + &%+ v)

time with k processors. It would be necessary to perform é + v iterative shifts of rows of data, both above

and below, to allow each processor to access only its own local memory in doing its computations.



A much better bound can be achieved if we allow each processor to exclusively read the calculated column
sums of the processor below it. With a small number of processors k, where k < n, it could be possible to
process k rows at a time, in a staggered fashion, with processor i working on pixel [x,y] when processor (i-1)
completes the processing for pixel [x,y-1]. In this manner all of the previous column sums would be available,
except those for the very first row, which must be done separately. The first row itself can be divided up

among the k processors, each receiving a [%] subarray of pixels. This would take
O((B% % 12 + ([n/k] = 1) %82 %) + [(n— 1)/k] * (n + k& — 1) % &%)

time, where the first term is for the processing of the first row (consisting of the first pixel in each subarray
plus the other pixels in each subarray) and the second term is for the other rows (consisting of staggered
calculations each using the method of figure 7).

A highly parallel version of the box filter is much more obvious. We would simply perform the row-
sums and box-sums in two separate passes with n processors. The need for parallelism in real-time computer
vision is so obvious that special hardware architectures are designed specifically for the purpose. A particular
architecture that is utilized in this paper (simulated in software, with hardware potential) is that of a pyramid,

and is discussed in the next section.
5 Overview of Pyramid Architectures

The pyramid architecture consists of a parallel array of processors arranged in a hierarchal network, with a
successively smaller number of processors at each level. Often the difference between each layer is a constant
multiple such as four (two times on a side in the case of a square array at each level). Thus the layer index
is the logarithm of the number of processors it contains. Each pixel in every layer (except the lowest) is
considered the parent of those beneath it; in our example, there are four such children of each parent. The
lowest layer often forms the retinal input of an image to the pyramid. Each higher level in the pyramid
constructs a coarser representation of the layer below it. The nature of this representation is arbitrary. It
could be intensity values or features such as edges. This paper uses an image’s pixel intensity (gray-level)
values as its the retinal input. Each pixel has the average intensity of its four children. Instead of simple

averaging, it is possible for a parent to be a Gaussian weighted average of the pixels beneath it. By taking the



difference between adjacent layers in this Gaussian pyramid (with the smaller layer appropriately expanded
via interpolation) one can construct a Laplacian pyramid which approximates a difference of Gaussian filter
on the image which can be used for edge detection [H87].

By moving this representation up levels in the pyramid, we create coarser resolutions of the original
image. This process is called downsampling the image. Clearly, a downsampled image has less detail than
the original, but may well have enough detail for certain vision problems. A downsampled image would of
course be much faster to process, its key advantage. In addition, when the number of processors per layer
decrease logarithmically, the total number of processors is only 1/3 more than that of the lowest layer [D87].

Although the uses of a coarse image may be fairly obvious, it may not be so clear what benefits may be
derived from other representations of an image. As we shall see next, an ideal candidate representation is

the optical flow field itself.

6 Abstracting the Flow Field

There is a very simple but powerful mechanism for abstracting the optical flow present in any image using a
pyramid structure. Whereas most previous applications of pyramid architectures have focused on the image
itself, i.e. analyzing the image at several scales, we now look at analyzing the optical flow field at more than
one resolution. Indeed, even the same hardware for a pyramid architecture could be applied to a properly
represented flow field.

The sequence of images labeled figures 12-19 shows the author standing up at a 45 degree angle and the
resulting flow fields for three different resolutions, 256x256, 128x128, and 64x64. As shown by the fairly
accurate flow field at each of the three scales, the algorithm performs rather well. We still have the problem
of interpreting a field of many thousands of optical flow needles. To do this, we downsample the resulting
flow field in much the same manner as we had done for the image itself. Figure 16 shows the 64x64 flow field
downsampled to a 32x32 scale. Notice that little information is actually lost in the process. In particular, as
we downsample the flow field, the random noise is filtered out, either canceling with other random noise or
being dominated by the correct flow needles. The method of downsampling is by simple averaging; a coarse

flow needle can be viewed as the average of the finer flow needles beneath it in the pyramid. Figures 17 and
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18 also display resolutions at 16x16 and 8x8 respectively. Ultimately, in figure 19 we are left with a simple
4x4 optical flow needle diagram, giving an intuitive high-level description of the motion in the scene.

Our motive in performing this downsampling of the flow field was to derive a high-level interpretation of
the motion in the images. It turns out, however, that this high-level interpretation can be used directly in a
tracking application. Each large pixel at the 4x4 scale represents a large area of motion. Connected areas of
homogeneous motion usually represent the same object (or possibly two or more occluding objects). At the
4x4 scale there are only 16 total areas to inspect, so it is computationally trivial to determine which areas
represent homogeneous regions of motion. These large coherent regions are presumably moving objects,
translating proportionally to the determined (averaged) optical flow of the region. A description consisting
of the locations, velocities and component areas of these regions is sufficient to track a moving object (for
the 2D problem). A tracking system using a sequence of images would be further resistant to errors. An
erroneous result from one pair of frames can be compensated for on the next pair, as long as the object has
not left the field of view. (Ideally, with a single moving object there would only be one region of motion
detected. If we had more regions to deal with, there would have to be a method for deciding which one
was the object of interest, based on factors such as size and the object’s previous position in the image.)
These concise descriptions would be more practical than an unprocessed 4,000 pixel needle diagram, since
the detail of the latter is unnecessary for typical navigation problems. In addition, the operations used
in downsampling the flow field are in fact identical to those used in downsampling the image; thus any
specialized hardware can be reused for this purpose. Even in software the operations are computationally
trivial. If we have a ancestor whose value is the average of its descendants, then the math is just a matter
of some additions (at most one per pixel) plus a lesser number of bit shifts (division by a power of 2), in a
typical pyramid. (In fact, as far as our results are concerned, the time cost is negligible.) Note too that this
abstraction technique is independent of the method used in determining optical flow, as long as the output
is dense.

In addition to the primary coarse description of motion, finer detail can be accessed on demand merely
be examining the flow field at the appropriate scale, given a typical pyramid architecture. A good example

of this is found in the next section.
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7 Application of a Pyramid Architecture

Although O(n? * 62) is good for a serial implementation of this type of algorithm, it is still roughly 16 times
more computationally intensive to determine the optical flow at a scale of say 256x256 than for 128x128,
since the displacement range is typically dependent on the image granularity. Although parallel versions
are most desirable, it is impractical to devote a single Connection Machine to every robot that is to have
navigational capabilities. This is certainly the case if the processing is to be performed on the host itself,
as a 2600 pound Connection Machine would most likely be somewhat of a burden for most robots [TM88].
For this reason, we have developed a useful heuristic for providing detailed information at a fraction of the
time cost. One way to reduce this cost would be to apply the finer level of processing only to selected areas
of the image. Since this is an early stage of processing, however, it is not necessarily easy to say what areas
are interesting and thus deserving of further scrutiny; we are assuming that the flow field will be used to aid
segmentation, not vice versa.

To make our problem more concrete, we consider the following case. In figure 20 we have motion at two
different scales, as shown in figures 21,22 and 23 at resolutions 256x256, 128x128, and 64x64 respectively.
At the 128x128 scale, we see the figure on the left is rotating away from the monitor at a rate of 2 pixels per
frame, but his head is moving at a slower rate, only 1 pixel per frame (this is reflected by the different needle
lengths). At the 64x64 scale, the subject is moving at 1 pixel per frame, but the head’s motion does not show
up at all; it is motion at a scale less than the coarser resolution can discriminate. But this information need
not be lost forever, if we could define the appropriate areas of interest and analyze them at a 128x128 scale.
An obvious answer would be to consider the outline of objects to be significant, but this could require costly
segmentation analysis, even when at the coarser scale (4,000 pixels). However, we can greatly facilitate the
process by again using the concept of a pyramid.

In figure 24 we have downsampled the 64x64 flow field two levels, yielding a 16x16 result. An area of
interest can simply be defined by any empty pixel (zero motion at the 16x16 scale) that has two contiguous
non-empty 16-scale pixels adjacent to it; intuitively, we are doing edge detection at a very coarse scale, and
are interested in the areas immediately next to these edges. Note that this primitive "edge detection” is

done on a 16x16 flow field, and for practical purposes is negligible in time cost. The area of interest, a single
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pixel at a 16x16 scale, corresponds to an 4x4 sub-array at the 64x64 scale, and an 8x8 sub-array at the finer
128x128 scale. For this array we can perform our finer motion detection, at the 128x128 scale, as usual.
This array of optical flow needles can then be downsampled back to the 64x64 level, filling in the missing
information (but only for pixels that have no motion previously detected by the normal 64x64 routine; these
values are not overwritten). The corresponding 16x16 scale pixel is also updated, if necessary; it may be the
case that the addition of some amount of motion at the 128x128 scale could cause some aggregate motion
at the 16x16 scale where there previously was none. Note that by doing so we may create a new area of
interest, using our old definition of adjacency to other 16x16 scale needles, because we have created a new
non-zero motion pixel. Thus we may need to perform another check for each pixel in the 16x16 field for being
interesting (by our definition). But since we are using a very coarse 16x16 flow field, it is computationally
inexpensive to detect coarse (16x16 scale) edges for as many iterations as needed it until all areas that are
considered interesting have been checked, and do not contain enough motion to justify filling in that area’s
16x16 scale pixel. This is shown in figure 25. Note that there are needles representing the two different
scales of motion, 128x128 and 64x64, although the plot is 64x64. The downsampled flow fields are shown
in figures 26-29. Notice in particular the motion of the left subject’s right hand, clearly shown in the full
256x256 and 128x128 scales and approximated in the pyramid scheme. As we downsample the latter flow
field, this information is not lost. In fact, it is still clearly available at as coarse a scale as 8x8.

There are several advantages to this technique. First, it is completely modular. It only needs the original
images and the output of the coarser processing. Because the pyramid scheme is iterative and adds more
detail to the flow field with each iteration through the 16x16 downsampled field, it can be asynchronously
interrupted, giving a monotonically improving (more detailed) flow field with time. This places it in the
class of “anytime algorithms” [DB88], a desirable property for control techniques. The interruption can also
occur on a finer scale, even in the middle of an iteration. For example, after the first four rows have been
checked for interesting areas and processed, we can easily stop and return the flow field that we have at the
time. The only risk in this example would be that there may be slightly more detail in those first four rows
than in the rest. Further, a time-dependent planner can be used decide whether it would be cost-effective

to perform the selected finer level processing or to make do with the coarser level and use the extra time to
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perform some other work [BD89]. Of course, its primary advantage is that it provides a detailed flowfield
at a reduced time cost; in this example, the detail of a 128x128 image with displacement window § = 5 and
neighborhood patch » = 13 is provided in approximately .5 seconds, or a three times speedup.

Look again at the downsampled flow field in figure 29. The final result clearly indicates two large bodies
of motion, one moving left and another moving up, the correct result. However, the final 4x4 field does
not actually entail the presence of two separate objects. It may be the case that there is but a single
object with two large parts, moving in some unfathomable way. To do this, we again make use of the
pyramid architecture. A simple blob analysis on the 4x4 field would quickly reveal that the two large areas
of homogeneous motion are connected at one coordinate. It is a simple matter to scale the coordinates by
two and examine that boundary at a 8x8 level. At this granularity we see that the area of alleged connection
is much smaller. We can again look at this yet smaller area at a 16x16 scale, where we discover that the
objects are in fact not connected, at least not by anything of any significant size. If the respective flow fields
were actually connected, we would be unable to tell whether we had two overlapping objects or a single
object undergoing heterogeneous motion. In this case, we would need an additional mechanism to segment
the scene. We would, however, be able to provide such a mechanism with an explicit representation of the
location of a potential boundary between two objects.

There may be a problem if the desired fine scale motion does not occur near any significant body of
coarser scale motion. This is because the pyramid technique searches for finer scale motion only near the
coarse “edges”; this is what gives it its improved speed. Without these edge clues, the algorithm would not
know where to look. There are a few possible solutions to this. One could always use feature detectors to
define interesting areas. A better solution found in [C90] is to control the image sampling rate to find the
fastest motion in the image. Once this is found we will always have some edges to use as our interesting

areas, unless there is no motton in the image, in which case we have no further analysis to perform.

8 Conclusions and Related Work

This paper presented an efficient serial algorithm with a low time and time * processor bound. This particular

implementation, for an image size 64x64 with parameters § = 3 and v = 7, which runs at over 10 frames per
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second on a SUN Sparcstationl, has shown to be robust on dozens of sample image pairs and is the only
known version that can be considered for a practical application.

We have seen that a pyramid architecture can be used to create a concise abstraction of an optical flow
field which can be particularly useful for tracking purposes. It would be possible to use the same hardware
to downsample both images and flow fields.

Finally we have utilized the abstraction present in a pyramid structure to apply detailed processing to
selected areas of an image via a form of coarse edge detection. This gives a result approximating the output
of the traditional algorithm using 128x128 images with § = 5 in only about .5 seconds, or a speedup factor
of about three times.

This approach to optical flow is technically considered to be based on feature matching, where the (de-
generate) features are the pixels’ intensities themselves. An equally common approach is based on derivatives
[HS81]. A discussion of the differences between the two is found in [LV89].

The techniques described above has several advantages over other approaches. The method of homoge-
neous pixels described in [HB88] loses effectiveness when then object being tracked overlaps another object
in the visual field. Thus, it can be lost should it move too close to furniture or some bookshelves. The
methods used in this paper, however, do not suffer from these difficulties. The fast serial implementation
described earlier allows greater resolution, in real-time, than homogeneous pixels.

It was shown that the order of the time bound for this optical low algorithm was not dependent on the v
parameter. Since v controls the smoothness of the result, we have the property that this approach does not
take longer to produce smoother results, in contrast to methods such as [AW85] which require an iterative

smoothing stage to regularize the motion field.

9 Future Directions

A large number of possible research directions have been created by this work. To actually use this algorithm
on a mobile robot it is expected that several problems will have to be solved. These include calculating the
optical flow on a moving camera head on a stable platform, or a moving platform itself [BBH+89].

One problem in machine vision is to undo the effects of perspective foreshortening in a robot undergoing
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egomotion. In this case optical flow can result from both the 3D structure of a scene and from perspective
effects. A moving robot with a wide angle lens camera would detect a diverging optical flow field about the
focus of expansion in a looming image. A technique to invert this perspective effect and form a regularized
field resulting only from the 3D structure of the scene is covered in [MBL89]. Also presented in this paper
is a method for detecting obstacles, based on their distorted presence on the inverted perspective map.

A shortcoming of the algorithm is that the search area for the displacement of each pixel is proportional
to 6*6, thus the time required is quadratic in the velocities of the objects in the scene. A method to overcome
this difficulty, using a controlled image sampling rate, is found in [C90].

Despite the algorithm’s robustness, it has been found that it cannot easily differentiate moving objects
from moving shadows. Although shadows on the ground plane can be detected via stereo processes or by
an inverse perspective mapping [MBL89] moving shadows projected onto a vertical surface are currently
indistinguishable from moving objects. Whether this fact is a bug or a feature is dependent on one’s
philosophy of optical flow; it may be inappropriate for the optical flow stage to speculate about the nature of
the moving entities it detects. In any event, it would of course be necessary to include a shadow discriminating
module before the downsampled flow field is presented to a robot’s navigation system.

A purely brightness-based approach has a tendency to over represent the size of a large moving object.
This is because of the large neighborhood size. A point just off the edge of a moving object may be motionless,
but a significant fraction of its neighborhood, that which overlaps the object itself, will be moving along with
the object. In some cases this may be enough to give the pixel the erroneous displacement of the nearby object
rather than the correct motion of the pixel itself. The probability of this occurring is proportional to the
amount of the overlap. One possible solution would be to construct the neighborhood as a two-dimensional
Gaussian rather than as a square. However, this adds a non-linearity in the neighborhood summation stage
which would add a v*v term to nearly every implementation described, serial or parallel. Another possibility
would be to add a edge-detecting module, which could make use of the relatively close approximation made
by the algorithm. Other possible fixes to this problem are under investigation.

It is worth investigating pyramid architectures that are not based on ratios of two. The current pyramid

implementation used features four times the number of pixels per lower level; as a consequence, there are
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considerable detail differences between adjacent layers. Custom made pyramids featuring more gentle ratios
of 4:3:2 and polar downsampling are discussed in [PFH87]. Many other suggestions to augment pyramid

topologies are found in [U87].
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for y = 0 to (n-1) time memory
for x = 0 to (n-1) ——

when x=0 and y=0 1)
V displ u,w (a*d) (a=d)
fori=1tov (v)
$(0,0;1i) = sum(j=1,v) m(i,j) (v) (v) =*
M(x,y) = M(x,y) + $(0,0;i) (1) (1) #*=
when x={1,n-1} and y = 0 (n-1) (n-1)

V displ u,w (d*d) (d*d)
S(x,0;v) = sum(j=1,v) m(v,j) (v) (1) *x=
M(x,y) = M(x-1,y) - S(x,0;0) + S(x,0;v) (2) [reuse **]

when x=0 and y={1,n-1} (n-1)

V displ u,w (a*d)

fori=1tov v)

$(0,y;i) = s(0,y-1;i) -~ m(i,0) + m(i,v) (2) [reuse *]

M(x,y) = M(x,y) + s(0,y;1) (1) [reuse **]
when x={1,n-1} and y={1,n-1} (n-1) (n-1)

V displ u,w (d*d)

S(x,y;v) = S(x,y-1;v) - m(v,0) + m(v,v) (2) [reuse **%*]
M(x,y) = M(x-1,y) - S(x,y;0) + S(x,y;v) (2) [reuse *x*]

In each of the following definitions, there is an implied subscript (u,w) indicating the particular
displacement under consideration. Note that the column sums are dependent on their values at
previous coordinates, and therefore are never re-initialized to zero.

S(x,y;i) = The ith column sum of the current window for pixel x,y.

M(x,y) = The match strength of the patch for the pixel at x,y.

m(j k) = The match at position j,k in the current window.

Figure 1: Time and memory analysis of the serial algorithm.



o 1 2 3 4 5 [

Figure 2: Possible placements for pixel A. A dis-
placement of +1,4+1 of A from image 1 would
correspond to position B in image 2. Similarly, a
displacement of -1,+2 would correspond to posi-
tion C in image 2.

Figure 3: Translation of a patch of pixels. A
displacement of +1,+1 of the 3x3 patch pf pix-
els centered at 2,2, labelled A, in the first image
would correspond to the patch centered at 3,3,
labelled B, in the second.

Figure 4: Translation of a patch of pixels adja-
cent to those of figure 3. The displacement is
the same, +1,+1, but for the pixel at 1,2. Note
that the windows of pixel 1,2 overlap with those
of pixel 2,2.

Figure 5: Translation of the patch of pixels cen-
tered at 2,1. Note that the rightmost columns of
each window of pixel 2,1 overlap with the right-
most columns of each window of pixel 2,2.
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Figure 6: Summing a pixel’s patch using the
left neighbor’s previously calculated patch. If we
view the new window as the old window shifted
right once, then the sum of the new window is
the value of the old window, plus the rightmost
column sum, minus the previously calculated left-
most column sum.
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Figure 7: Summing a pixel’s patch using the
left neighbor’s patch plus the lower neighbor’s
rightmost column. The value of the new window
is that of the previous window minus the left-
most column sum of the previous window, plus
the rightmost column sum of the lower neighbor,
plus the top right match minus the bottom right
match.
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Figure 8: Summing a pixel’s patch when no
neighbor is present. Each column sum is derived
from the column sum of its upper neighbor, plus
the top match minus the bottom match.
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Figure 9: Demonstration of a box filter. Initial
setup of a 5x5 matrix of variables.

a+b+c b+c+d c+d+e
f+g+h  g+h+i  h+iy
k+l+m  l+m+n m+n+o
p+q+r  g+r+s  r+s+t
UHVHW  VEWHX  WHXHY

Figure 10: Row-wise set of partial sums (3 ele-
ments each) in a 5x3 matrix. Note that the par-
tial sums are not defined for the left and right
boundaries.

atb+c+ b+c+d+ c+d+e+
f+g+h + g+h+l + h+i+ +
k+l+m l+m+n m+n+0
f+g+h + g+h+i + h+i+j +
k+l+m + l+m+n + mM+n+0 +
p+q+r qg+r+s r+s+t
k+l+m + [+m+n + mM+n+0 +
p+g+r + g+r+s + r+s+t +
U+V+W V+W4X WHX+Y

Figure 11: Column-wise set of sums of the previ-
ous row-wise partial sums in a 3x3 matrix. The
top and bottom boundaries are not defined. Each
entry is a 3x3 unweighted sum (“box”) of the ele-
ments adjacent to the center element in the orig-
inal array.



Figure 12:

Figure 13:



Figure 14:

Figure 15:



Figure 16:

Figure 1T:



Figure 18:

Figure 19:



Figure 20:

Figure 21:






Figure 26:

Figure 27:



Figure 24:

Figure 25:



Figure 22:

Figure 23:



