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Abstract

The efficient parallel algorithms proposed for many fundamental problems, such as list rank-
ing, computing preorder numberings on trees and integer sorting, are very sensitive to processor
failures. The requirement of efficiency (commonly formalized using Parallel-time x Processors
as a cost measure) has led to the design of highly tuned PRAM algorithms which, given the
additional constraint of simple processor failures, unfortunately become inefficient or even in-
correct. We propose a new notion of robusiness, that combines efficiency with fault tolerance.
For the common case of fail-stop errors, we develop a general and easy to implement technique
to make robust many efficient parallel algorithms, e.g., algorithms for all the problems listed
above. More specifically, for any dynamic patiern of fail-stop errors on a CRCW PRAM with
at least one surviving processor, our method increases the original algorithm cost by at most a
polylog multiplicative factor. We also show that at least a log/loglog multiplicative overhead will

be incurred for certain patterns of failures by any algorithm that implements robust solutions
to the problems listed.

1 Introduction

An important issue for the full utilization of multiprocessor technology is the reliability problems
of systems consisting of a large number of processors. Such “massively parallel” systems use many
general-purpose, inexpensive processing elements to attain computation speed-ups comparable to
or better than those achieved by expensive, specialized machines with a small number of fast pro-
cessors. As the number of such inexpensive elements grows, one would expect to see an increased
number of failures, because it would be too costly to make each element as reliable in hardware as

a single processor machine. In response to this problem, fault tolerance is introduced in multipro-
cessors through redundancy in hardware and software.

In this paper we present an algorithmic approach to fault tolerance that provides an effective
way of transforming existing parallel algorithms so that when processor fail-stop errors occur, the
algorithm dynamically reconfigures its computation and can successfully proceed to completion, as
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long as there is at least one surviving processor. Most importantly, the transformed parallel algo-
rithm is robust in the sense that the efficiency of the original parallel algorithm is not significantly
affected: for any pattern of fail-stop errors, the original (Parallel-time X Processors) complexity is
increased, in the worst case, by a multiplicative factor polylogarithmic in the input size.

Our contributions consist of: (1) defining the notion of robust parallel computation, and
(2) showing its feasibility and wide applicability.

To understand the motivation for our work consider a number of fundamental computation
tasks such as: manipulating integers (e.g., add or sort N integers) manipulating lists and trees
(e.g., compute the rankings of the elements of a N-size list, and compute a preorder numbering
or subtree sizes, ..., of a N-size tree). Efficient parallel algorithms exist for these problems.
Specifically, these problems can be solved by algorithms that attain a near linear speed-up. That is,
using P processors the parallel time achieved is T(N)/ P, where T(N) is the best known sequential
bound for inputs of size N (within a multiplicative factor polylogarithmic in N) and P ranges over

1,..., N. These algorithms play an important role in realizing the promise of high speed-ups using
“massive” parallelism.

Unfortunately, the quest for high speed-ups has led to efficient parallel algorithms that are very
tightly designed, so that every processor is fully utilized doing something essential for resolving
the input task. Thus, parallel algorithm efficiency implies a minimization of redundancy in the
computation that leaves very little room for fault tolerance. It is interesting to note that most of
the known efficient parallel algorithms do not terminate correctly or become quite inefficient if they

are perturbed by simple processor errors. These perturbations are of course outside the original
setting, but are nontheless realistic.

The model of parallel computation that we use in this paper is: the synchronous, concurrent
read, concurrent write (CRCW) PRAM of [FW 78]. The convention for determining which processor
or processors succeed, when concurrently writing to shared memory, is immaterial in our algorithms.
but the ability to read and write concurrently is a requirement. We investigate PRAM processors
with atomic steps and fail-stop behavior, e.g., [SS 83]. We only require concurrent reading and

writing of O(1) bit words. The redundancy provided by concurrent reads and writes is essential to
our model (see Section 2 for more details).

Consider a parallel algorithm that uses P processors and that, in 7 parallel-time, completes its
task on some input data I and in the presence of fail-stop errors F'. Let there be P;(I, F') surviving
processors at step i. The paralle]-time processor product 7 x P is no longer that relevant. We use
its natural generalization S(I, F'), which we call the available processor steps or S for short.

S=S(I,F)= iP,-(I, F)

i=1

In order to deal with processor failures, it is necessary for the correct processors to detect
the errors and reschedule the work of the failed processors. The main problem for efficient parallel
algorithms is that the minimization of redundancy in the computation does not leave many resources
for error detection and load rescheduling. 1t is fairly easy to see that naive processor error detection
and reassignment strategies (e.g., use of a master control or clustering of processors) are inadequate.
A master control strategy is sensitive to particular patterns of simple errors. Clustering can degrade
the performance, measured as worst case available processor steps (S defined above), by a linear
or greater multiplicative factor. Let us illustrate this discussion with an example.



Example 1.1 One of the simplest tasks accomplished in constant time by a N-processor PRAM
is the task of: given a zero-valued array of N elements, write value 1 into each array location. This
Write-All problem is trivially accomplished by the following (PRAM) program.

forall processors PID=1..N parbegin
shared integer array z(1..N};

z[PID] := 1
parend
However, even a single processor failure will prevent the establishing of z[i]=1 (:=1, ..., N)

as the postcondition. Simple fixes are available that will make the above program more fault
tolerant. For example, for a small number of failures < k, consider the clustering algorithm below.
It performs well for dynamic failure patterns with few errors, but poorly if there are many failures.

For example, if k is fixed and N variable then it cannot handle N/2 failures, and if k is allowed to
grow to N/2 then S becomes quadratic in N.

forall processors PID=1..N parbegin
shared integer array z[1..NJ;
for i=PID to PID+k do
if i<N then z[i] := 1 else z[i-N]:=1fi
od
parend
O

Showing the existence of an N-processor CRCW PRAM algorithm for the Write-All problem of
Example 1.1, for which § = O(N log? N), is the key to our technique. This solution also illustrates
the notion of robustness. The original parallel-time X processors product, N, is increased by at
most a clog2 N multiplicative factor, for any dynamic pattern of failures with at least one surviving
processor. Note that we have no knowledge of how many, when, or which processors will fail.

Our robust solution to the Write-All problem is described in Section 3. It is based on a parallel
loop through: (1) an error detecting phase, (2) a load rescheduling phase, (3) a work phase where
assignments (z[:]:=1) are performed, and (4) a phase that estimates the work remaining and controls
the parallel loop. The entire algorithm (W) is moderately involved, but fairly modular. Phases 1
and 4 involve bottom up traversal of two different heaps and phase 2 involves a top down traversal
of these heaps. Algorithm W uses the ability of the PRAM to atomically write words of O(log N)
bits. (This is only for convenience of presentation, in Section 7 we show how to modify W to relax
this assumption and require only that the writes of O(1) bits are atomic.)

This solution is simple enough to capture certain engineering intuitions (e.g., the rescheduling
involves divide-and-conquer) and to be easily implementable (e.g., we include detailed description
of the code in Appendix A). Proving robustness is the subject of Section 4. The phases of the
algorithm are such that reasoning about the failure patterns involves few cases and the algorithm
analysis uses recurrences and inequalities. By introducing a “slack” in the number of processors

(1< P<N/ log? N, where N is input size) we show that Write-All can be solved optimally with
S = O(N).

However, this “slack” is necessary. In Section 5 we give lower bound results. We prove that
given any N-processor algorithm that implements a robust solution to the Write-All problem, it
is possible to construct an adversary failure pattern such that S = Q(Nlog N/loglog N). We also

show that concurrent reads and writes are necessary. For example, Write-All has no robust CREW
solution.



In Section 6, we use the Write-All problem to derive robust solutions for a variety of problems.
There are a number of easy, yet interesting consequences. The everpresent pointer-doubling op-
eration can be implemented in a robust way which leads to a robust list ranking algorithm with
$ = O((Nlog® N + Plog® N)/loglog N) for N-sized lists and P initial processors (P < N). One
can robustly compute the tree functions described in [TV 84]. Batcher’s bitonic sort [B 68] can
be adapted to give a robust PRAM algorithm for integer sorting. The same applies to all integer
operations with efficient PRAM implementations. It has been recently shown that all efficient

PRAM algorithms with P initial processors and input size N can be made robust [KKPS 89] and
optimally so [Shv], for P < N/log? N.

In Section 7, we describe how to modify algorithm W in order to use only atomic writes of

constant word size, without changing its performance. We conclude in Section 8 with a discussion
and some open questions.

Relationship to other work on fault tolerance:

Adding fault tolerance to algorithms is the subject of significant current research in the qual-
itatively different setting of dynamic asynchronous network protocols. See [AAG 87], [AAPS 87],
[A 88], [AS 88] for recent results and an overview of this area. Distributed controllers have been
developed for resource allocation in network protocols, where the total number of messages sent is
the resource controlled. For instance, the algorithms of [LGFG 86] (with a probabilistic setting)
and of [AAPS 87] (with a deterministic setting) are among the most sophisticated in that area.
The problem we address in this paper is, at an intuitive level, one of controlling resource allocation.
The resource controlled is all available PRAM processor steps, and the reason we are forced to
control it, is the requirement to complete the computation in the presence of faults. Note that un-
reliable PRAM processor steps must control all available PRAM processor steps. This introduces

difficulties that recall the presence of network changes in [AAG 87], [A 88], [AS 88], i.e., dynamic
changes of the computation medium.

At a high level, there are some analogies between our approach and the controller of [AAPS 87].
But our emphasis is on fault tolerant, efficient, parallel computation versus control of communica-
tion complexity in distributed networks. More specifically, in both cases, there are similar concerns
of error detection (best performed through some approximate calculation) and load rescheduling
(best performed through some divide-and-conquer according to a hierarchy). However, in each case
the underlying models for computation, faults and the resources controlled are very different. As a
consequence, the actual algorithms as well as their analysis differ.

It is interesting that the concept of a “communication complexity controller” first developed
for distributed computing has an analog in parallel computing, i.e., “an algorithmic transformation
that guarantees robustness”. Note that the parallel setting is simpler to define and has an easier to
describe solution, immediately applicable to a large body of existing work on parallel algorithms.

Our modeling of fault tolerance has some similarities with the design of “robust” sorting net-
works, as in [R 85], and in general with the design of reliable systems from unreliable components,
as in [P 85] or [DPPU 86]. One distinguishing characteristic of our approach is the investigation
of fault tolerance at the PRAM processor level as opposed to at the gate level [P 85, R 85]. Our

notion of robustness differs from that of [R 85]. In the sorting network of [R 85}, a linear number
of operations is still critical.

Finally, the parallel setting with fail-stop processor errors is free from the limitations inherent
in situations that require consensus ([PSL 80], see [F 83] for a good survey of the topic) such as the



lower bounds of [FL 82], [FLP 85], [DDS 83]. This is because atomic broadcast can be simulated
in a synchronous multiprocessor with shared memory and concurrent writes.

2 Robust parallel computation

We use the CRCW PRAM model [FW 78] with word size O(log N) on inputs of size N. Our basic
technique can be applied in a fairly model independent fashion. So in describing PRAM algorithms

we use Pascal-like notation with obvious parallel constructs such as forall/parbegin/parend. For
our computation model we assume that:

1. There are P initial processors with unique identifiers (PID) in the range 1,...,P. Each
processor has access to its PID, the initial number of processors P and the input size N.

. In the algorithms of this paper all concurrently writing processors write the same value making
our approach independent of CRCW conventions for concurrent write.

. We denote as shared the data-structures manipulated by more than one processor. All other

data-structures are of constant size and are local to the processors. The initial values in all
these data-structures are assumed to be 0.

We use the following failure model:

1. We allow any dynamic pattern F of fail-stop errors provided one processor survives. Clearly
one processor is necessary if anything is to be done. F describes which processors fail and

when. This pattern is determined by an adversary, who knows everything about the algorithm
and is totally unknown to the algorithm.

2. We only consider fail-stop behavior: processors fail by stopping and not performing any
further actions. Fail-stop models are a reasonable approximation of what is desirable and
achievable in practice [SS 83].

3

. We assume that the shared memory writes of the individual PRAM steps are atomic with
respect to failures: failures can occur before or after a shared write, but not during the
write. This is a nontrivial assumption, since words are of O(log N) size. (This assumption is
reexamined in Section 7 and relaxed to only O(1) atomic writes.)

Let a parallel algorithm complete its task, on some input data I and in the presence of fail-stop
errors F, in parallel-time 7. If there are P;(I, F') surviving processors at step ¢ then: S(I,F) =
Siey Pi(I,F). S(I,F)is the number of all available PRAM processor steps.

Definition 2.1 Let T(N) be the best sequential (RAM) time bound known for N-size instances
of problem II. We say that a parallel (PRAM) algorithm for II is a robust parallel algorithm if: for
any input I of size N and for any number of initial processors P (where 1 < P < N) and for any
failure pattern F, this algorithm has S(I, F) < ¢T(N)log® N, for some fixed ¢, ¢'.



3 The Algorithm W

In this section we describe a robust parallel algorithm W for the Write-All problem from Example
1.1. Here and in the detailed description in Appendix A we assume that N is a power of 2.
Nonpowers of 2 can be handled using conventional padding techniques. All logarithms are base 2.

For simplicity of presentation, in the rest of this section we assume that: the initial number of
processors P is N, where N is the input size. Our results immediately extend to any P in the range

1,..., N by assuming that the algorithm starts with N processors, and artificially failing N — P
processors prior to the first step of the algorithm.

Data-structures: We use four full binary trees, each of size 2N — 1, stored as heaps in shared
memory. By heap h[l...2N — 1] we mean that: array h codes a full binary tree structure by using
h[i} (i =1,...,N — 1) as an internal tree node with left child h[2i] and right child h[2i + 1].

The heaps are ¢[1...2N —1] (for processor counting and allocation), ¢s{1...2N —1] (for keeping

step numbers), d{1...2N — 1] (for progress counting) and a{l...2N - 1) (for top-down auxiliary
accounting). They are initially 0.

The input is in shared array z{1...N], where the N elements of this array should be thought
of as associated with the Jeaves of heaps ¢, d and a. Element z{i] is associated with ¢[i + N — 1],
dii+ N —1],and afi + N — 1], where 1 <1 < N.

Each processor uses some constant amount of local memory. For example, this local memory
may be used to perform some simple arithmetic computations. Important local variables are PID,

containing the initial processor identifier, and pn, containing a dynamically changing processor
number. Note that: PID’s do not change but pn’s do.

Thus, the overall memory used is O(N + P) and the data-structures are very simple.

Control-flow: The algorithm consists of the parallel loop given below. This is performed, in a
synchronous way, by all processors that have not stopped. The loop consists of four phases of steps,

and the first time only part of it is executed (phases 3 and 4). Of course, processors can fail-stop
at any time during the algorithm.

forall processors PID=1..N parbegin
Phase 3: Visit the leaves based on PID to perform work on the input data.
Phase 4: Traverse the d heap bottom up to measure progress.
while the root of the d heap is not N do
Phase 1: Traverse the ¢, cs heaps bottom up to count processors and give them pn’s.
Phase 2: Traverse the d,a, ¢ heaps top down to reschedule work.
Phase 3: Perform rescheduled work on the input data.

Phase 4: Traverse the d heap bottom up to measure progress.
od

parend

Due to the omniscience of the adversary, we employ an oblivious iterative approach in the sense
that the pool of the available processors is treated uniformly and is assigned evenly to the tasks
that need to be done. The basic idea of the loop is: (a) For error detection use bottom up, fast
parallel summation to estimate the surviving processors and to estimate the progress they have

made. (b) For load rescheduling use a top down, divide-and-conquer strategy based on the estimate
of progress made. This idea is realized as follows.



Phase 1: Each processor PID traverses heaps ¢ and ¢s bottom up from z[PID] (i.e., from location
PID+N —1). The O(log N) path of this traversal is the same (static) for all the loop iterations. As
processors perform this traversal they calculate an overestimate of the surviving processors. This
is done using a standard O(log N) parallel-time version of a CRCW summation algorithm. Heap
¢ holds the sums and heap cs the timestamps (or step numbers) for the current loop iteration.
This allows reusing ¢ without having to initialize it each time. Also, during this traversal surviving

processors calculate new processor numbers pn for themselves, based on the same sums. This is
Static Bottom Up Traversal procedure in Appendix A.

Phase 2: All surviving processors now start at the root of the d heap. In d[i] there is an
underestimate of the work already performed in the subtree defined by i. Now the processors
traverse the d heap top down and get rescheduled dynamically according to the work remaining
to be done in the subtrees of i. Auxiliary heap a is used by the processors to compute paths to
the unvisited leaves or the leaves that may have been visited in the past, but whose count is not
reflected in d[1]. We compute a from d during the traversal. The rescheduling of work is done using
divide-and-conquer according to N — a[2¢) and N ~ a[2i + 1]. This is accomplished by modifying
pn and reusing heap c. This is procedure Dynamic Top Down Traversal in Appendix A.

Phase 3: All processors are now at the leaves. Each processor tries to write 1 in the leaf it has

been rescheduled to. To start the loop each processor PID tries to write in location z{PID]. This is
procedure Main in Appendix A.

Phase 4: The processors record the progress made by traversing the d heap bottom up and
using the standard summation method. The O(log N) paths (dynamically) traversed by processors
can differ in each loop iteration, since processors start from the leaves where they were in phase 3.
What is computed each time is an underestimate of the progress made. No timestamps are needed

here because the progress recorded increases monotonically. This is procedure Dynamic Bottom
Up Traversal in Appendix A.

Let us now examine phase 1 in more detail. In the bottom up traversal processor PID writes
a 1 in leaf ¢[PID+N — 1] of the tree ¢. If a processor fails before it writes 1 then its action will
not contribute to the overall count. If a processor fails after it writes 1 then this number can still
contribute to the overall sum if a subtree neighbor survives. The same observation applies to counts
at internal nodes, which are sums of the counts of the children nodes in tree c.

Example 3.1 Consider algorithm W for N = 4. There are 4 processors with PIDs 1, 2, 3, and 4,
and the tree c represented as the heap ¢[1..7].

If processor 1 failed prior to the start of phase 1, processor 3

failed right after writing 1 into its leaf ¢[6], and processor 4 cl1}:

failed after calculating c[3] = 2 as the sum of its (¢[4] = 1) c[2,3]:

and processor 3’s (¢[3] = 1) contributions, then the heap will c[4,5,6,7]: m
look like this after the completion of the phase. PID: 1 3 4

2
Observe that the root value ¢[1] = 3 yet the actual number of active processors is 1. O

It is easy to show that phase 1 will always compute in ¢[1] an overestimate of the number of
processors, which are surviving at the time of its completion (see Lemma 4.1).

We also need to enumerate the surviving processors. This is accomplished by each processor

assuming that it is the only one, and then adding the number of the surviving processors it estimates
to its left. This enumeration creates pn.



Finally, in phase 1 we must be able to reuse our heap several times. This presents a problem. For
example, if a processor had written 1 into its heap leaf and then failed then the value 1 will remain
there for the duration of the computation, thus preventing us from computing monotonically tighter
estimates of the number of surviving processors. This is corrected by associating a step number
with each node of the count heap ¢ and storing it in heap ¢s, thus time stamping valid data. The
count step is initially zero, and during each successive loop iteration, gets incremented by each
surviving processor. Failed processors will not increment their step numbers, thus enabling the
surviving processors to detect counts that are out-of-date and treat them as zeros. We need not

worry about time stamping overflow, since we have words of O(log N) bits and in the worst case
the loop iterates N times (Lemma 4.3).

In phase 2, it is essential to be able to divide the remaining work evenly among the remaining
processors. In the next section, we will show that this is done with at most a small round-off

error (see Lemma 4.2). We use pn (dynamic processor number) and reuse heap ¢ to partition the
processors, between the left /right subtrees in heap d.

We guarantee that the remaining processors are divided evenly among the leaves that either
have not been visited or whose visitation was not properly recorded in d[1] (recall that d[1] is
an underestimate of the number of the leaves visited). This is accomplished within the top down
traversal by disregarding “incomplete” progress caused by failures and recorded by the processors in
the dynamic bottom up traversal of heap d. This incomplete progress can be detected during phase
2 when a value of an internal node in heap d is less than the sum of the values of its two descendants.
We use an auxiliary heap a where the values of d are appropriately reduced to produce a correct

summation tree. The leaves of heap a with value 0 (when computed in a top down traversal) are
those leaves that have not contributed to the count in d[1] (Lemma 4.2).

The values of heap a are nonnegative integers constrained (top down) as follows: a[l] = d[1]
and a[2i] + a[2i + 1] = q[?] and a[2i] < d[2¢] and a[2: + 1] < d[2¢ + 1] (1 € i < N —1). Clearly
this does not define the values of a uniquely, and our dynamic top-down traversal in Appendix A
implements one way of computing the values of a satisfying these constraints. Note that, for any
a[i], its value is computed based only on the values of heap d and the values of a along the unique
path from the root a[1] to a[i], this allows us to compute the accounted values in parallel.

Phase 3 is where the work of the original non-robust algorithm gets done.

Phase 4 is a simple variant of phase 1, except for the fact that the path traversed bottom up
is dynamically determined. One can easily show that: the progress recorded in d[1] by phase 4
increases monotonically and underestimates the actual progress (see Lemma 4.3). This guarantees

that the algorithm terminates after at most N iterations, since d[1] = N is the guard that controls
the main loop.

4 Analysis of Algorithm W

We now outline the proof of robustness for the algorithm W, described in Section 3. Lemma 4.1
shows that in each loop iteration, the algorithm computes tight (over)estimates of the remaining
processors. In Lemma 4.2 we prove that processors are only allocated to leaves that were not veri-
fiably visited by processors, and that all such leaves are allocated a balanced number of processors.
Lemma 4.3 assures monotonic progress of the computation, and thus its termination. In Lemma
4.4 we develop an upper bound on the work performed by the processors prior to the algorithm
termination. Lemmas 4.1 and 4.3 are proved using simple inductions on the structure of the heaps



used by the algorithm. Lemma 4.2 involves a detailed but straight forward proof outline in the
style of [D 76]. Lemma 4.4 is the central lemma of this section and its proof consists of a relatively
involved induction on the size of the estimated work remaining at some step of the algorithm.

We first introduce some terminology. Let us consider the i-th iteration of the loop (1 < i < N).
Note that the first iteration consists only of phases 3 and 4. Define: (1) U; to be the estimated
remaining work, the value of N — d[1] right before the iteration starts, i.e. right after phase 4 of
the previous iteration (U, is N). (2) P; to be the real number of surviving processors, right before
the iteration starts, i.e. right after phase 4 of the previous iteration (P, is P). (3) R; to be the
estimated number of surviving processors, that is the value of ¢[1] right after phase 1 of the i-th

iteration (R, is P). The following is shown by straightforward induction on the structure of the
tree c.

Lemma 4.1 In algorithm W, for all loop-iterations : we have: P; > R; > P,,;, as long as at least
One Processor survives.

Proof: The basis P = P, = R, > P, is obvious. P; is the number of processors active prior to the
first PRAM instruction of the phase 1 algorithm for static bottom-up traversal. By the definition
of the model, we immediately have P; > P;y;. We will first show that P; > R; > P;;; by induction
on the structure of the ¢ tree after the completion of the phase 1 static bottom-up traversal. For
simplicity we will treat the values of the ¢ tree with incorrect cs version numbers as virtual zeros,
and not involve cs tree further in this proof. The proof will involve two inductions: one to show
the first part of the inequality, and one for the second part.

(1) Inequality P; > R;: Let s(t) denote the number of processors that initiated phase 1 of the
algorithm in the subtree of the c tree rooted at node t. Clearly, we have that s(1) = P;.

Basis: For all subtrees of height 0 rooted at t, cft] < s(t), because some processors may have
stop-failed after the initiation of phase 1, but before the initialization of the leaves of ¢ tree.

Inductive hypothesis: assume for all subtrees of height h rooted at nodes t, c[t] < s(t).

Inductive step: consider nodes t of height A + 1. By inductive hypothesis: ¢[2t] < s(2t) and
c[2t+1] < s(2t+1). If any processor reached a node t, then ¢[t] = ¢[2t]+¢[2t+1] < s(2t)+s(2t+1) =
s(t). If no processors reached the node t, then cft] = 0 < s(t).

The induction stops at t = 1 where R; = ¢[1]) < s(1) = P;, and so P; > R;.

(2) Inequality R; > P;y;: This can be shown using similar induction, but instead of s(t) we define
7(t), to be the number of processors that initiated phase 1 in the subtree of the node t and that

completed the phase 1 traversal. 7(1) is the upper bound for P;,;, and the induction will show that
r(l) < [1]. O

In the dividing done during the dynamic top down traversal in W, we will allocate processors to
tasks that either have not been completed, or have been completed, but not yet “accounted for” at
the root d[1]. Formally, a leaf of d is accounted if it has value 1 and if the corresponding computed
value in the leaf of heap a is also 1. In the algorithm W, the processors get allocated in a balanced
fashion to the unaccounted leaves, i.e. the leaves whose associated computed value in heap a is 0.
The next lemma shows that the processors are divided evenly among the unaccounted leaves.

Lemma 4.2 In phase 2 of each loop-iteration i of algorithm W: (1) processors are only allocated
to unaccounted leaves, and (2) no leaf is allocated more than [R;/U;| processors.



Proof: This lemma is proven by defining an invariant for the phase 2 loop of the algorithm (see
Appendix A.4 for procedure D_TD()). The algorithm of D_TD() is given in this proof using guarded
commands to facilitate its partial correctness proof in the style of [D 76]. We, of course, cannot
prove termination due to possible processor failures. We make use of the heap definitions, and the
property that results from the dynamic bottom up traversal that if d[j] < size, where size is the

number of leaves in the subtree rooted at j, then d[2j)],d[2j + 1] < size/2 (the number of visited
leaves is bounded by the number of leaves in the subtrees).

At the beginning of phase 2, R; is the value ¢[1], and U; is the value N — d[1]. We define q
as [R;/U;]. Because the top down traversal is executed synchronously by all surviving processors,
and because all processors write identical values when utilizing concurrent write, we can use a

sequential programming calculus for each processor participating in phase 2. We use the following
invariant for the DO/while loop:

I+ alj] < size Aalj) < dij] A (q — 1)(size ~ alj]) < clj] < q(size— ali}) A1 < pr < clj]

This invariant is established by the assignments to j, size, and a[1], performed in the state where
d[1] < N by the main loop termination condition, 1 < pn < c[i] by the processor enumeration in
phase 1, and (¢ — 1)(N — d[1]) < ¢[1] £ ¢(N - d[1]) by the properties of ceiling.

We will also make use of the following abbreviation: Q(j,s): (¢ — 1)(s — a[j]) < ¢[5] < ¢(s — a[j]).

It is straightforward to verify that after I is established, it is left invariant by the DO /while loop.
Some inference detail is ommitted in the proof outline below for readability.

{ d[1] < N ——by the main loop termination condition
Al < pn < c[j] ——by the processor enumeration of phase 1
A(g = 1)(N = d[1]) < ¢[1] < ¢(N —d{1]) ——by the properties of ceiling }
j,size,a[1] := 1,N.d[1];
{1}
dosize # 1 —
jl = 2%3; 32 :=j1 + 1;
if d[j1]+d[j2) = 0 — a[j1]:=0
QdG1)+d(2] # 0 — afj1] := alj]*d(j1] div(d[j1]+d(j2))
fi

{ In(als1] < d(j1] Aafjl] < size/2) }
alj2] := afj] - afj1];
{11 :IA(aly1] < d[jl} Aafjl] < size/2)
A(a[52] < d[52) A a[j2] £ size/.2) A (a[j] = a[j1]) + a[42]) }
cfj1] := c[j]*(size/2—afj1]) div(size~alj));
{I2:I1 AQ(51, size/2) }
cfi2) = cfj] — cfil;
{ I3 : 11 A Q(51, sizef2) A Q(52, size/2) A c[j] = ¢[51] + ¢[j2] }
ifpn < cfjl] — { I3Apn < cfj1) }{ I3 Aalj1) # size/2 } j:=]j1
Opn > cfi1] — {13 Apn > c[j1] }{ I3 Aa[j2] # size/2 } j := j2; pn := pn — cljI]

fi;
{ I;’f;":/z } ——this is I with size/2 replacing size
size := size div2;
{1}
od;

{IAsize=1}{a(il<1AQG,1)A1<pn<c[j]}

When a processor completes dynamic top-down traversal, the invariant I holds, and size = 1.
The assertion on the last of the outline above implies the following result:
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aljl=0Ag-1<c[j]<gA1l < pn < cff]

The safety property that each processor correctly constructs branches of the accounted tree
using heap a[1..2N — 1] satisfying the constraints given in Section 3 follows directly from the proof
outline by a[1] = d[1] and for an interior node j, a[j] = a[2j] + a[2j + 1] with a[j] < d[j] for all
nodes j (the values of the a heap are computed once and not changed by the top down traversal).

Thus, if a processor completes phase 2 then it would reach a leaf with a[j] = 0, that is an
unaccounted leaf, and at most ¢ = [R;/U;] processors would reach the same leaf. O

The following lemma shows that for each loop-iteration, the number of unvisited leaves is
decreasing monotonically, thus assuring termination of the main loop after at most N iterations

(the worst case of exactly N iterations corresponds to a single processor surviving at the outset of
the algorithm).

Lemma 4.3 In algorithm W, for all loop-iterations i we have: U; > U;4,, as long as at least one
processor survives.

Proof: To prove this, we define a;{1..2N-1] and d;[1..2N-1] to be the values of trees ¢ and d after
the completion of iteration i. do[1..2N-1] are the initial zero values. We first show that if an
iteration i + 1 is started with tree d satisfying d;[t] < d;[2¢] + di[2t + 1] (1 <t < N), then after the
termination of loop-iteration i + 1, tree d will satisfy d;41[t] < di41[2t] + dis1[2t + 1] (1 < t < N),

and along a path completely traversed from leaf to root by a processor in phase 4: q;[t] < di41t]
(1 <t < 2N,t along the path traversed).

This can be shown using straightforward induction on the structure of the tree d and the loop-
iteration number :. From this, since U; = N — d;{1] = N — a;[1] and U;4y = N — di41[1], we have
N - U; < N — U;4, which leads to the desired result. O :

We now come to the main lemma. We will treat the three log N time tree traversals performed
by a single processor during each phase of the algorithm as a single block-step of cost O(log N). We
will charge each processor for each such block step, regardless of whether the processor actually
completes the traversals or whether it fail-stops somewhere in-between. This coarseness will not
distort our results; since we can have at most P processor failures it amounts to a one time
overcharge of O(Plog N). Let us take a snapshot of the algorithm after completion of several
loop-iterations. We are right before loop-iteration i. V; stands for the total number of block-steps
performed by the processors in trying to complete all remaining work (at most U;).

Lemma 4.4 For any failure pattern with at least one surviving processor, and starting at each
loop-iteration ¢, algorithm W completes all remaining work. Also, its total number of block-steps
V; is less than or equal to P; + U; + P;log(U;), where 1 < P;, U; < N.

Proof: We proceed by induction on the size of U;. For the base case: We have at most one
unaccounted leaf and some number of processors (U; = 1, P; > 1). As long as at least one processor

survives, we are going to visit the single remaining leaf in one phase in which at most P; processors
participate and P; < P; + 1+ P;log(1).

For the inductive hypothesis: we assume the lemma is true for all U; < U, P; > 1, where
U < N. We will then proveit for U; = U, P, > 1.

We divide the proof in two cases: (1) as many unaccounted leaves at least as processors, i.e.,
P; < U;, and (2) more processors than unaccounted leaves, i.e., P; > U;.
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In both cases, by Lemma 4.2, we have that the (accounted) progress for iteration 7 is at least
the number of surviving processors P;y; divided by [R;/U;]. This is because each one of these

processors returns to the root d[1], reporting some progress, and at most [R;/U;] processors report
information about the same leaf.

Also, by Lemma 4.1, P; > R; > P;y,, and we can assume that kP; = P;,;, for some k with
0 < k <1 (at least one processor survives). Thus, for both the above cases, we have:

Pitq Fi1 k
1 < (Ui = —FL Y < (U; — LUl - =575
Uin < (U [R: /U] ysWi- 13 Ri/Ui) SUl-13 U,-/P;)

For case (1) it is easy to see that we will have at most one processor allocated to each unac-
counted leaf so: U;y1 < U; — Piyq1. For case (2) by the above inequality and P; > U; we have
Ui+1 < Ui(1 = k/2). Now we use the inductive hypothesis (but for iteration ¢ + 1) in both cases.

Case (1): The survival of at least one processor and Ui+ < U; — Piyq imply that Uiyq < U;.
The total work (in block-steps) is at most P; + V;41, where by the hypothesis Viyy < Piyy + Uiy +
P; 1 1og(U;41). Thus, it suffices to show that Piyy + Uiy1 + Pig1log(Uis) is less than or equal to
Ui + P;log(U;). This is trivial given U;y; < U; — P41 and Lemmas 4.1 and 4.3.

Case (2): There are two subcases. If £ = 1 the algorithm completes correctly in one iteration and
the work P; = R; = P;4; trivially satisfies the Lemma. The second subcase is the most interesting
one and is if 0 < k < 1. For this subcase we use U;y1 < U;(1 — k/2), which implies U;4; < Uj. As
in case (1), the total work (in block-steps) is at most P; + V;41, where by the hypothesis V;4; <

P14 Uiy + Pig1log(Uiyr). Thus, it suffices to show that Py + Uiy + Piyq log(Ui4q) is less than
or equal to U; + P;log(U;). For 2 > U4y = 1 this is trivial.

By simple manipulation it suffices to show that: kP; + U;(1 — k/2) + kP; log(Ui(1 — k/2)) is less
than or equal to U; + P;log(U;). This is equivalent to showing that:

U; k
- = — )< (1= :
k(1 2P,-)+ klog(1 2) <(1-k)logU;

Recall that all logarithms are base 2 and therefore (log(1/2) = —~1). Since U; > 2 (U; = 1 was
taken care of by base case) we have log U; > 1. Also, in this case 1 — U;/2P; < 1. It thus suffices to
show the inequality: (%) klog(2 —~ k) < (1 — k), for 0 < k < 1. Inequality () is true by elementary

calculus (it is tight only for k = 1). This completes the proof of the second subcase, of case (2) and
of the Lemma. O

Theorem 4.1 Algorithm W is a robust parallel algorithm for the Write-All problem with § =

O(Nlog N + Plog? N), where N is the input array size, and the initial number of processors P is
between 1 and N.

Proof: This immediately follows from Definition 2.1 and Lemmas 4.1-4.4. Note that although
we assumed N processors in the algorithm W, we only used the fact that P < N in the lemmas.
In fact, as indicated in Section 3, we can accommodate P < N processors by considering that
N — P processors failed prior to the beginning of the algorithm. This contributes a single charge
of O(N ~ P) to the cost, and does not distort the asymptotic result that consists of the product

12



of the total block-steps V3 performed by the algorithm since the first iteration of the algorithm
(inclusive) times the per-block-step cost of O(log N):

S=VixO(logN)= (P, + Uy + PiloglUy) x O(log N)  (using Lemma 4.4)
=(P+ N+ PlogN)x O(logN) (using P, =Pand U; =N)
=O(PlogN + Nlog N + Plog?N)=O(Nlog N + Plog? N) . O

One immediate observation of this result shows that fewer processor steps will be expended by
the algorithm if it is started with less than N processors. For example we reach a S = O(N log N)
bound when using P = N/log N processors. A question can be posed: could an optimal algorithm

for the Write-All problem be constructed using a non-trivial number of processors? This question
is positively answered below. '

We first observe that each block-step takes ®(log N) time and therefore each processor can be

asked to perform O(log N ) processing steps in phase 3 without affecting the asymptotic complexity.
To take advantage of this, we parametrize algorithm W as follows:

1. Let N be the size of the input.

2. Let H < N be the instance size for the algorithm, thus the height of the trees used is log H.

3. Let G = N/H be the number of the input array elements mapped to each leaf of the heaps.
4. Let P < H be the initial number of processors.

Thus, the cost of a single block-step Cp is O(log H +G) = O(log H + N/H). By Lemma 4.4 the
algorithm will verifiably visit all leaves of the progress heap after spending V; = P+ U+ P, logU; =
P + H + Plog H block-steps. Therefore § =V} x Cp, and so:

S=O0(P+H+PlogH)x O(log H + N/H) = O(Hlog H + Plog? H + N + £ e H)

We would like to achieve § = O(N). While the exact solution is involved, we observe that the
following values for parameters G, H and P produce the desired result:

G =logN,H =N/logN and P = H/log H = N/(log? N — log N loglog N) > N/log? N.
This results in the following “optimality” corollary:

Corollary 4.1 Parametrized algorithm W is a robust parallel algorithm that solves the Write-All
problem of size N with § = O(N), when P < N/(log? N —log N loglog N).

In the next section we show that no optimal N-processor algorithm exists for Write-All

5 Lower Bounds

In this section we are going to show that for any algorithm that implements an N-processor robust
solution to the Write-All problem a failure pattern can be constructed that will cause the algorithm
to perform a superlinear number of processing steps. We also show that concurrent writes are

necessary for the existence of robust algorithms. Concurrent writes are the source of redundancy
in our apporach.

Appendix B contains some simple mathematical lemmas that are used in the theorem below.
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Theorem 5.1 Given any N-processor CRCW PRAM algorithm that solves the Write-All problem,

’;klle a’d‘;lersary can force fail-stop errors that result in Q(N ﬁ&%ﬁ) steps being performed by the
gorithm.

Proof: We are going to present a strategy for the adversary that results in this worst case behavior.
Let X be the best possible algorithm that implements a robust solution for the Write-All problem.
Let Py = N be the initial number of processors, and Uy = N be the initial number of unvisited

array elements. The strategy of the adversary is outlined below. Step numbers refer to the PRAM
steps (not to be confused with block-steps or loop-iterations used in Section 4).

Step 1: The adversary chooses U; = |Uy/logUp| array elements with the least number of
processors assigned to them. This can be done since the adversary knows everything about the

actions to be performed by X. The adversary then fail-stops the processors assigned to these array
elements, if any.

To estimate the number of surviving processors and to express this mathematically, we will be
using Lemma B.1 with the following definitions:

Let m = Uy, and let a;,...,a., be the sorted in ascending order quantities of processors assigned
to each array element, moreover, let a,, also include the quantity of any un-assigned processors
(i.e. a; is the least number of processors assigned to an array element, a; is the next least quantity
of processors, etc). Let j = U;. Thus the adversary failed exactly 3 7_; a; processors. The

initial number of processors is: ) iv, a; = Py, therefore, the number of surviving processors P, is:
m 3 .
>izj+1ai = Py . Using Lemma B.1, we get:

P, > (1-U;/Uy)Py or, after substituting for U; and using the properties of floor:

P> (1~ WollogUol

Py > (1-
7o YFo > (

1
log Uy )Po

Step 2: The adversary again chooses among the U; remaining unvisited array elements U, =

|U1/log Ug| elements with the least number of processors assigned to them. Using Lemma B.1
again in a similar way:

P> (1- M)Pl =(1- [ LUo/ log Uy |/ log Uy |

P
A [To/logla] "
l_Uo/ log Uoj/log Uo 1 1 9
> — =(1 — — > -
_(1 [UO/logUOJ ) 1 ( 10gU0)P1—(1 logU()) PO

Step i: The adversary chooses among U;_; unvisited array elements U; = |U;_, [ log Ug| elements
with least number of processors assigned to them. Again, applying Lemma B.1:

I_U,-_l/logUOJ 1 1 :
2 - \P; > (1 - - > 1— 1
P> (1 Uiy YPic1 > ( og Uo)P 12 ( fog Us Uo) Py

This process is repeated for as long as there are any unvisited array elements. Let p be the step
at which the last unvisited element is finally visited. Let us use Lemma B.2 with G = log N and
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o the largest integer such that o < log N/loglog N — 1. Then U, = |...||[N /G]/G].../G] > 0,

o times
and since U, = 0, p must be greater than o because U, = 0, and so:

log Uy _ logN
P2 ioglogls |~ logloghN ¢

We want to estimate S = Y 7_, Pi. By the adversary strategy given above, for all PRAM steps
w P 2>(1- W) P,. Therefore:

S= ZP >§:(1—1OgN

1=0 1=0

Using the summation of a geometric progression we get:

1-(1-Lg)°
> o~ )

a 1*(1_10;N)

YRt ¥ )

1 1
= Pylog N(1 - (1 - £y > —(1 -
o log N(1—( logN) )2 Polog N(1-(1 o

log N
Using the result of Lemma B.3: (1 — 15 )Pslos ¥ =1 - ToglogW T O((—l&blg—N);), we obtain the
following lower bound on the number of PRAM processor steps:

log N log N
§2 PlogN(1 -1+ ——=+ O(7——553)) = Por—0—+
> Polog N1 = 14 o + Ol o) = Pipgisg 7+ O P g v

. _ _logN
Andso: §=Q(Nfow) . O
This result can immediately be utilized to produce a processor failure pattern for algorithm
W that results in § = Q(N log? N/loglog N). This is accomplished when the adversary fail-stops
processors according to the strategy in the proof above, except that instead of PRAM steps, the
adversary uses block-steps, and the processors are stopped only during the phase 3 where the

operations on the actual data take place. This corresponds to the fixed per block-step processor
survival coefficient k defined in Lemma 4.4 being equal to1 - 1/log N.

Using a slightly different strategy, it is possible to construct failure patterns that force the
algorithm to take Q(Nlog N loglog N) steps (this example is due to Jeff Vitter). This is done
by utilizing a variable per block processor survival coefficient k = 1 — 1//TUs, where Uy, is the
underestimate of the unvisited leaves in the algorithm W after the completion of block iteration b.

We now show a difference between CRCW and CREW (concurrent read exclusive write) PRAMs.

Theorem 5.2 Given any N-processor CREW PRAM algorithm that solves the Write-All problem,
the adversary can force fail-stop errors that result in Q(N?) steps being performed by the algorithm.

Proof: To prove this, we first define an auxiliary Write-One problem as follows: Given a scalar
variable s whose value is initally 0, store 1 in this variable.

15



Let Y be the most efficient asymptotically CREW algorithm that solves the Write-One problem.
Such an algorithm is no more efficient asymptotically than the algorithm below that utilizes an
oracle to predict the best selection of a processor that is chosen to exclusively write the value 1:

forall processors PID=1..N parbegin
shared integer s;

whiles = 0 do
if PID = Oracle() thens := 1 fi
od
parend

To exhibit the worst case behavior the adversary fails the processor that was selected by the

Oracle() to perform the exclusive write until a single processor remains. The remaining processor
is then allowed to write 1 by the adversary. Clearly § = Q(N?).

Finally, it can be shown by a simple reduction to the Write-One problem that any N-processor
CREW solution to the Write-All problem has the worst case of § = Q(N?). O

We close this section with a comment on the knowledge of the adversary used in the proofs.
The adversary fails processors based solely on their intent to write into the array to be initialized
by the algorithm. The adversary uses no knowledge about the methods that the algorithms use
in selecting the array elements to write into. Therefore the worst case behavior caused by such
adversary will also apply to the cases where the algorithm uses a stronger PRAM model (such as

ideal PRAM with arbitrarily powerful instruction set [BH 89}) or the cases where the algorithms
makes probabilistic decisions (such as using a coin toss).

6 Some Applications

The algorithm W for the Write-All problem can be used as a building block for transforming many
efficient parallel algorithms into robust ones.

We can first extend the algorithm W to implement a robust general parallel array assignment.
For example, consider computing and storing in an array z[1...V] values of a function f whose
values depend only on the processor numbers PID and the initial values of the array z. Also, assume
f can be computed in O(1) sequentijal time. Actually, it is permissible for f to be computable in
O(log N ) sequential time without affecting the complexity of each block-step of algorithm W, and
robust algorithms can take advantage of this property.
forall processors PID=1..N parbegin

shared integer array z[1..N];

z[PID] := f(PID,z[1..N])
parend

In order to adapt algorithm W, we need to convert the parallel assignment to a form that

is suitable for asynchronous fault-tolerant execution. This is accomplished using binary version
numbers:

forall processors PID=1..N parbegin
shared integer array z(0..1](1..N}];
bit integer v;
z[v+1][PID] := f(PID,z([v][1..N]);
vi=v+1

parend
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This approach is conceptually similar to that of [B 88] where a solution to the concurrent
read/write register problem is given using two registers with single bit tags to implement a single
register tolerant of fail-stop errors. Here, v is the current bit (modulo 2) version number (or tag),
so that z(v](1...N}]is the array of current values. Function f will use only these values of = as its
input. The values of f are stored in z[v + 1][1...N] creating the next generation of array z=. After
all the assignments are performed, the binary version number is incremented (modulo 2).

At this point, a simple transformation of the algorithm W will yield a robust N-processor
algorithm for general parallel array assignment with S = O(Nlog N + Plog’ N) ,1< P< N. In
phase 3 the assignment of 1 to z[] is replaced with the assignment shown above. Consecutive use
of the Write-All technique in a single algorithm requires that the heaps initially contain zeros. This
can be easily accomplished by utilizing three identical sets of the heaps. One is used in the actual
algorithm, another set of heaps is used for zeroing the other two in a Write-All style, and the third
set is saved for the next use of the zeroing clean-up step. This step does not affect the asymptotic
efficiency, and we will assume that the heaps are appropriately cleared in the rest of this section.
One important application of this technique produces a robust pointer-doubling operation that is a
basic building block for many parallel algorithms. In a similar way, it is possible to systematically
produce robust versions of many efficient parallel algorithms.

Proposition 6.1 There is a robust list ranking parallel algorithm with S = O(ﬁ—é‘fg—;—% + %(E)ZWN),
where N is the input list size, for the initial number of processors P : 1 < P < N.

Proof: The robust list ranking algorithm can be implemented by using a variation of the algorithm
W and robust parallel assignment as its building blocks. We will first produce a naive version, and
then apply an optimization. Below is a high level algorithm description.

Top level view of the algorithm:

forall processors PID=1..N parbegin
for 1..1og(N) do

Perform a single stage during which we double each of the leaves’ pointers at

least once (each stage is a variation of algorithm W)
od

parend

Here is a detailed view of a single stage, where phases 1 through 4 refer to the phases defined for
algorithm W:
begin

Phase 3: Each processor doubles its leaf’s pointer

Phase 4: Perform bottom up traversal to compute an underestimate of the number

of leaves whose pointers were doubled at least once in phase 3
while the underestimate of the visited leaves is not N do

Phase 1: Perform bottom up traversal to enumerate remaining processors
Phase 2: Perform top down traversal to reschedule work

Phase 3: Each processor doubles its leaf’s pointers (DoublePointer block)

Phase 4: Perform bottom up traversal to measure progress made
od

end
In phase 3 we use a robust parallel assignment approach to double pointers and update dis-

tances/ranks. The list nodes are stored in an array E[1..N] whose elements are defined in terms of
the following records:
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record

bit integer v; ——current valid version number, index for P and D
bit integer Q; ——boolean: was the end of list reached?
integer D[0..1]; ——distance traversed by the node so far
integer P[0..1]; ——node reached after iraversing D links
end

Using the above definition, the pointer doubling operation for node k that is suitable for our robust
" algorithm becomes:

begin DoublePointers ——phase 3 robust assignment block
local bit integers, t; ——placeholders for tags
local integer j; ——placeholder for index that k poinis to

if not E(k].Q ——If end of list not reached

thens := E[k].v ——Current valid tag for element k
j = E[k].P[s] ——List element pointed to by k
t := E[j].v ——Valid tag for element j
E(k].D[s+1] := E[k].D[s] + E[j].D[t] ——New distance
E[k].P[s+1] := E[j].P[t] ——Double pointer
E[k].Q := E[].Q —~/k] is done if P[k] is done
Ek].v:=s + 1 ——One more step is done

fi

end

The algorithm will perform the top level for loop log N times. Each phase will take at most

O(Nlog N + Plog® N) processor steps (same as algorithm W). The overall number of steps is thus
S = O(Nlog? N + Plog® N).

We now note, that the algorithm can be optimized by performing the pointer doubling operation
up to log N times in phase 3 without affecting the complexity of the approach in algorithm W.
This is because phases 1, 2 and 4 already take ©(log N) time. So, if in phase 3, we execute the
DoublePointers block log N times, then the outmost for loop need only iterate log N/ loglog N

. 3 . 3 . . . . 2 3
times. With this modification, the final algorithm is characterized by § = O(gé—‘;ﬁ% + T}:—)—é—"lﬁg%)
]

Proposition 6.2 There is a robust parallel algorithm for computing the tree functions of [TV 84]

2
with S :PO(%%%ES_% + ﬁ—é—‘i‘ﬁg—lj\é), where N is the input tree size, for the initial number of processors
P:1<P<LN.

Proof: The technique of [TV 84] is used to number the vertices of a spanning tree of a graph in
preorder in O(logn) time using O(n + m) processors. This gives O((n + m)log n) total processing

steps. This technique can be used to number the vertices in postorder, or compute other functions
on trees.

The technique uses spanning tree adjacency lists to produce an Euler circuit that is used in
determining the preorder numbering for the vertices.

The original algorithm is based on pointer doubling and parallel array assignments as basic

building blocks. There are three pointer doubling/list ranking sub-algorithms and several constant
time parallel array initializations.

Our robust technique is naturally applied to the constituent components of the original algo-
rithm: algorithm W is used for simple assignments and other constant time operations, and the
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robust pointer doubling algorithm of Proposition 6.1 is used for each of the three pointer doubling
loops. Therefore, as in the case of list ranking, our robust version will use up to P = O(n+ m) pro-

cessors with the size of the input N being n+m. Thus results in the overall S = O( %‘iﬁ:—]]g+ %‘}%1%)
number of steps. O

The algorithms discussed in the section so far are optimized for the worst case behavior in
the presence of arbitrary fail-stop error patterns. The algorithms obtained using our technique
incur a O(log? N) multiplicative overhead relative to the source algorithm. This multiplicative
overhead remains even if there are no processor failures. However the robust list ranking algorithm
can be easily modified to yield S = O(NlogN) in the absence of failures making its asymptotic
performance identical to the original pointer doubling algorithm. This is accomplished by preceding
the algorithm with log N pointer doubling operations and a phase 4 bottom-up traversal. Thus we
only accrue O(N log N') additive overhead in the absence of failures. Therefore, for the algorithms
that are dominated by pointer doubling with Parallel-time x Processors cost measure of O( N log N)
(e.g. [TV 84]), there is no asymptotic degradation in the absence of failures. This optimization can
also be applied to the sorting techniques of next proposition to reduce the overall multiplicative
cost to just O(log N) over the O(N log? N) cost associated with sorting networks.

Proposition 6.3 There is a robust parallel bitonic sort with S = O(N log® N + Plog® N), where
N is the number of integers to sort, for the initial number of processors P : 1 < P < N.

Proof: Bitonic sorting networks (also odd-even network, and other variations of such sorting
techniques) can be presented using PRAM paradigm as two synchronous nested loops, each executed
log N times by N processors to sort N integers in O(log? N) time. The exchange-shuffle operation
is represented algorithmically as a fixed number of parallel array assignments.

This structure immediately suggests a robust approach using the framework developed above.
The robust algorithm will also consist of two nested loops. The operation within the loops is again
the adaptation of algorithm W to perform the exchange-shuffie operation.

Each processing stage within the inner while is a single application of algorithm W with S, =

O(Nlog? N). The two nested loops are executed log? N times. Thus § = §,log? N = O(log V).
(]

7 On Constant Word Size

One observation is that algorithm W (by its definition) can be used to provide a robust parallel
algorithm for an N integer summation with § = O(Nlog? N). The interesting question, however

is what happens with O(1) bit words and arithmetic at the bit level. In this section, we adapt our
method to O(1) bit words.

Thus far, we relied on the property of our model to perform log N parallel writes atomically.
That is the model allows: (1) log N-size words to be written in unit time, and (2) the adversary
could cause failures either before or after the write cycle of the PRAM, but not during the write
cycle. The algorithm W can be modified so that these two restrictions are relaxed.

The new definition of atomicity becomes: (1) log N-size words are written using log N bit write

cycles, and (2) the adversary can cause arbitrary fail-stop errors either before or after the single bit
write cycle of the PRAM, but not during the bit write cycle.

19



Proposition 7.1 Algorithm W can be adapted to provide a robust solution to the Write-All
problem using O(1) bit atomic writes so that there is preservation of: (1) § = O(Nlog N+ Plog? N)
used processor steps (counting log N bit write cycles as one time unit), and (2) O(N) word space
use (counting log N bits as one word) using P processors for 1 < P < N.

Proof: We are going to show how to accomplish this by simulating word-atomic writes using
bit-atomic writes.

This is done by implementing log N-size words using single bit tag and two log N-size words.

The two words are numbered 0 and 1, and the bit tag (initially 0) indicates which of the two words
has valid contents. Thus each shared memory location is represented as:

record
bit integer t; ——current valid version number
integer X[0..1]; ——log N-size values indezed by 1
end

Each read cycle of the shared memory now becomes:
begin ——macro read cycle

read tag from t; ——read the tag

for i=1 to log(N) do ——read the conients

read bit i of value from bit i of X[tag);
od

end

The write cycle to the shared memory becomes:
begin ——macro write cycle
read tag from t; ——read the lag
tag := tag + 1 (mod 2);
for i=1 to log(N) do ——write the contents bit at a time

write bit i of value to bit i of X[tag];
od

write tag to t; ——wrile the new tag
end

Since the single bit tag is the last bit written during the write cycle, a failure anywhere during
this high level write cycle will prevent the tag value to be updated, and so any subsequent read
will be able to read the previous value stored. This approach is similar to that of {B 88], and it is
somewhat simpler due to the fact that we are dealing with the synchronous model.

The algorithm W can be mechanically transformed using the macro read and write cycles above
to a version that only requires single bit atomic writes. Clearly, the number of log N -size words read
or written by each macro cycle is O(1) as before, and the shared memory requirements are within

a factor of two of the original memory size. Therefore, performance of the modified algorithm has
not changed asymptotically. O

Since robustness for Write-All can be achieved with constant size words, same arguments apply
to all the propositions on robustness in Section 6.

8 Discussion and open questions

We have formally defined and demonstrated the feasibility and wide applicability of robust parallel
computation. :
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In Section 6 we showed how to generally apply the technique developed here to various par-
allel algorithms. It turns out that this technique can be applied to arbitrary PRAM algorithms.
PRAM algorithms consist of synchronous parallel instruction steps. Each step executed by a pro-
cessor is made of the following three sub-steps: (1) reading from shared memory to local memory,
(2) performing some computation using local memory, and (3) writing from local memory to shared
memory. Processors may be executing distinct programs. It has recently been proven in [KKPS 89)
and [Shv] that each PRAM step can be efficiently simulated using the Write-All technique by
storing the programs, local processor memory and registers in shared memory. When an optimal

solution to Write-All in Corollary 4.1 is used as the basis of such simulation, thls yields an optimal
fault-tolerant execution of a parallel algorithm

We close this paper with some open questions. What are W’s precise performance bounds?
What extensions can be made to our robustness definitions, e.g., other types of faults? For example,
it easy to modify algorithm W to work correctly and terminate in the presence of fail-stop failures

followed by processor recoveries, however the algorithm efficiency can be severly affected by such
failures.

What are the precise analogs of robustness in network models of parallel computation? For
example, this could involve application of the work on distributed network controllers such as

[AAPS 87]. What about randomized robust parallel computation? Could a formalization along the
lines of [LGFG 86] be used?
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