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Abstract

We present a dynamic data structure that allows for incrementally
constructing a planar embedding of a planar graph with n vertices and m
edges. The data structure supports the following operations: (1) testing if
a new edge can be added to the embedding without introducing crossings;
(2) adding and removing vertices and edges. In each case the time com-
plexity is O(logm). The space used and the preprocessing time are
O(m). If the graph is simple (i.e., it has no self-loops and no multiple
edges), the above bounds become O (logn) and O (n), respectively. This
work finds applications in circuit layout, graphics, motion planning, and

computer-aided design.
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1. Introduction

Embedding a graph in the plane is a fundamental problem in several areas of computer sci-
ence, including circuit layout, graphics, and computer-aided design. The problems of testing the
planarity and of constructing a planar embedding of a graph have been extensively studied in the
past years, and the development of linear time algorithms for them has brought significant
advances in algorithm design and analysis {2, 15]. Nevertheless, as confirmed by recent results

(3,9,10, 19,30], graph planarity is still a vital area of research, rich in interesting issues to be
explored.

In this paper we consider the problem of incrementally constructing a planar embedding of

a graph. We investigate a dynamic data structure that allows us to perform efficiently the fol-

lowing operations:

(1) queries: given two vertices u and v, determine whether there is a face of the current

embedding whose boundary contains both 1« and v ;

(2) updates: modify on-line the current embedding by adding and/or removing vertices and
edges.

The performance of such a data structure will be measured in terms of (1) the space requirement,

(2) the query and update times, and (3) the preprocessing time.

Although very important in practical applications, only a few dynamic data structures have
been devised for graph problems. Existing results are of a preliminary nature, and limited to
connectivity {8,27], minimum spanning tree [11], transitive closure [17,18,22,23,34], and
shortest path {28]. In fact, in several of the above data structures the capability of handling

update operations is limited, and the space/time performance appears to be far from optimal.

Formally, our problem can be defined as follows: Let G be a planar graph embedded in the
plane, referred to henceforth as a plane graph. For generality, we allow G to have multiple
edges, and we denote with n and m the number of vertices and edges of G, respectively. We
consider the dynariic embedding probiem, which consists of performing the following opera-

tions on G :

TEST (u,v): Test whether there is a face f that has both vertices ¥ and v on its boundary.

If such a face exists, output its name.



LIST (u,v): List all the faces that have both vertices ¥ and v on their boundary.

INSERTEDGE (e u,v f ;f 1.f2): Add the edge e =(u,v) to G inside face f, which is
decomposed into faces f ; and f ;. Vertices u and v must both be on the boundary of face f .

INSERTVERTEX (e ,v;ei,e3): Split the edge e =(u,w) into two edges e¢;=(u,v) and

¢,=(v ,w), by adding vertex v.

REMOVEEDGE (e ,u,v .f 1,f 2, ): Remove the edge ¢ =(u,v), and merge faces f{and f,

formerly on the two sides of e into face f .

REMOVEVERTEX (e1,e3,v;e): Let v be a vertex of degree two. Remove v and replace

its incident edges ¢ ;=(u ,v) and e, =(v ,w) with edge e =(u ,w).

The dynamic embedding problem naturally arises in interactive CAD layout environments.

Applications include the design of integrated circuits, motion planning in robotics, architectural

floor planning, and graphic editing of block diagrams.

We present a data structure that uses O (m) space, supports all of the above operations in
O (logm ) time, and can be constructed in O (m) time. If G is simple, i.e. it has no multiple
edges and no self-loops, then m =0 (n), and the above bounds become O (n) space and prepro-
cessing time, and O (logn) query and update times. In addition to the good space/time perfor-
mance from a theoretical viewpoint, our data structure is also practical and easy to implement,

and therefore suited for real-world applications.

These results are obtained by maintaining on-line an orientation of the graph, called spheri-
cal st-orientation and exploiting the partial order among the vertices, edges, and faces induced
by this orientation. Besides its relevance to this problem, the concept of spherical st-orientation
is of theoretical interest in its own right, and extends the results on bipolar orientations and

cylindric orientations of planar graphs presented in [29, 32, 33].

The problem of testing whether two vertices are on the same face can be considered a topo-
logical version of the point-location problem in the plane [26]. While our results show that
‘‘topological location’’ can be efficiently dynamized, it is an outstanding open problem to devise
a dynamic data structure for point-location that uses linear space and supports query and update

operations in logarithmic time. Recent results on dynamic point-location that come close this



goal are presented in [23-25].

This work constitutes also a first step toward the development of an efficient data structure
for the dynamic planarity testing problem, which consists of performing the following operations
on a planar graph G: (1) testing if a new edge can be added to G so that the resulting graph is

itself planar; (2) adding and removing vertices and edges.

The rest of this paper is organized as follows: Section 2 contains definitions and prelim-
inary results. Section 3 deals with orientations of planar graphs. In Section 4, we study the
topological location problem, which consists of performing operations TEST and LIST. Section
5 describes the full-fledged data structure for the dynamic embedding problem. Finally, further

applications are discussed in Section 6.

2. Preliminaries

We consider only finite connected graphs without self-loops. We allow multiple edges
between two vertices. For the basic terminology about graphs and planarity, see [1,7]. Unless
otherwise specified, paths and cycles of a directed graph are assumed to be directed. Also, if w

is a vertex of a directed graph, deg*(w ) and deg—(w ) denote the outdegree and indegree of w,
respectively.

First, we recall some definitions on graph connectivity. A cutvertex of a graph G is a ver-
tex whose removal disconnects G. Graph G is said to be 2-connected if it has no cutvertices,
and I-connected otherwise. A block of a 1-connected graph G is a maximal 2-connected sub-
graph of G. The proper vertices of a block B of G are the vertices of B that are not cutvertices.
The block-cutvertex tree of G is a tree whose nodes represent the blocks and cutvertices of G,
and whose edges connect each cutvertex v to the blocks that contain v (see Fig. 1). A graph G
is st-2-connectible if adding the edge (s,t) to G makes G 2-connected [20]. Clearly, a 2-
connected graph is also sz-2-connectible for every pair of vertices s and ¢. An s¢-numbering of a
graph G with vertex set V is a bijection &:V —{1,2, - - - ,|V | } such that every vertex v#s ¢ has
ncighbors » and v with §(u ) <&(v) <&(w). A graph admits an st -numbering it and only if it is
st-2-connectible [20].

Let G be a 2-connected plane graph. A separating pair of graph G is a pair of distinct ver-

tices of G whose removal disconnects G . a graph is 3-connected if it has no separation pairs. A



(a) (b)

Figure 1 (a) A 1-connected graph, and (b) its block-cutvertex tree.

3-connected planar graph has a unique embedding.

Regarding the dynamic embedding problem, we assume that the vertices, edges, and faces
of the graph are identified by names, which are elements of an ordered set. For example, names
can be integers, alphanumeric strings, or pairs of coordinates. The total order among names will
be referred to as alphabetic order. Regarding the complexity analysis, we assume that a name
uses O (1) space, and that the alphabetic comparison between two names can be done in O (1)

time. Also, for generality, we assume that the query and update operations use the names as

input parameters.

Let m be the current number of edges of the graph. We will denote the storage by
Space (m) and the preprocessing time by Preprocess (m). Also, the time complexity of the
various operations will be denoted by Test (m), List (m k), InsertEdge (m), InsertVertex (m),
RemoveEdge (m), and RemoveVertex (m), where k is the number of faces retrieved by the LIST

operation. Finally, throughout this paper, logx means max { 1,log;x}.



3. Orientations of Planar Graphs
A spherical st-graph is a plane digraph G such that:

Property 1: G has exactly one source (vertex without incoming edges), s, and exactly one sink

(vertex without outgoing edges), ¢.
Property 2: Every vertex v of G is on some directed simple path from s to ¢.

Property 3: Every directed cycle ¥ separates s from ¢, i.e., one of s and ¢ is inside the region of

the plane bounded by 7, and the other is outside.

We can visualize a spherical st-graph as embedded on the surface of a sphere, with s and ¢

at the South and North poles, respectively (see Fig. 2).

The concept of spherical st-graph extends the one of planar st-graph introduced in [20],
which has important applications in the test of graph planarity [20] and the construction of
planar drawings [5,29,32] A spherical st-graph differs from a planar sz -graph because it admits

(directed) cycles. However, such cycles must verify the aforementioned Property 3.

The following two lemmas show that spherical sz-graphs have the same properties as planar

st -graphs with regard to the circular sequences of edges that are incident upon a vertex and that

form the boundary of a face (see [32]).

Lemma 1 For every vertex v of G, the incoming (outgoing) edges appear consecutively around
v (See Fig. 2(b)).

Proof: Assume, for a contradiction, that there is a vertex v, v#s,t, for which the lemma is not
true (see Fig. 3). Then there must be four edges incident upon v, denoted e;=(wi,v),
ey=(v,w3), e3=(w3,v), and e, = (v ,w,), which appear in this order counterclockwise around v .
By Property 2, there are (directed) paths from s to w; and w3. Let s’ be the vertex farthest from
s that is on both these paths. We denote with 1ty and 13 the portions of such paths from §* to w
and w3j, respectively. The union of m;, 3, ¢y, and e¢; forms an undirected cycle vy, which
separates w1 from wy4. The two regions of the plane delimited by cycle ¥ will be denoted by A
and B, where A is the region that contains vertex w,. We assume that both A and B contain
cycle y. By Property 2, there must be paths m; and 4 from w4 and wy to ¢, respectively. Now,

we have four cases for the relative placement of s and ¢ with respect to cycle y: If both s and ¢
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Figure 2 (a) Example of spherical sz-graph. (b) Example
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are in A, then T4 intersects 7y at some vertex (see Fig. 3(a)). This creates a cycle that does not
separate s from ¢. If s isin A and ¢ is in B, then 7, intersects Y, and again we have a cycle that
does not separate s from ¢ (see Figs. 3(b-c)). The cases when both s and ¢ are in B, or s isin B

and ¢ is in A, are treated similarly. We conclude the proof by observing that in all cases we

have a contradiction to Property 3. ()

Lemma 2 For every face f of G, the boundary of f consists of two directed paths with com-

mon origin and destination (See Fig. 2(c)).

Proof: Assume, for a contradiction, that there is a face f for which the lemma is not true (see
Fig. 4). Then there are distinct vertices # and v on the boundary of f such that the edges of the
boundary of f incident upon them are all outgoing. We denote these edges with e =(u ,w),
er=(u,wjy), e3=(v,w3), and e 4= (v,w,), in counterclockwise order on the boundary of f . From
Property 2, there are directed paths from s to 4 and v. Let s” be the vertex farthest from s that
is on both these paths. We denote with 7, and 7, the portions of such paths from 5" to u and v,
respectively. Also, we denote by 7t the portion of &, from s to s’. The union of &, , 7, , and the
portion of the boundary of f clockwise from v to # forms an undirected cycle y, which contains
vertices wy and w3. The two regions of the plane delimited by cycle y will be denoted by A and
B, where A is the region that does not contain face f. We assume that both A and B contain
cycle y. From Property 2, there must be paths my, 7,, T3, and 4 from w(, wo, w3, and wyto ¢,
respectively. Now, we have four cases for the relative placement of s and ¢ with respect to cycle
Y
(i) sandt arebothinA.
Path 7y must intersect at least one of w, and m,. If it intersects first 7, , then we have
immediately a cycle that does not separate s from ¢ (see Fig. 4(a)). Otherwise, let r be the
intersection vertex of ; with n,,. Path 7, must inteisect eiiliel n,, or ilie poriion of wry from
w; tor and then w,. In both cases, we have again a cycle that does not separate s from ¢
(see Fig. 4(b-c)). |



Figure 3 Examples for the proof of Lemma 1 (a) s and ¢
inA;(b-c)sinA and? inB.



(ii) sisinA and¢ isinB.

Let ¢’ be a path from s to s’. Path 7, must intersect at least one of &, and =, . If it inter-
sects first T, at vertex r, then we have a cycle formed by edge e2(u ,w5), the subpath of 7,
from w, to r, and the subpath of , from r to u. If this cycle does not separate s from ¢,
we are done (see Fig. 4(d)). Otherwise, path T, must intersect ' at some vertex ¢ and path
73 must intersect the directed path consisting of the portion of m; from w; to ¢, the portion
of i’ from g to s°, and path ,. Hence, we have a cycle that does not separate s from ¢
(see Fig. 4(e)). The last subcase to examine is when T, intersects first . Let r be the first
intersection of ®, with m,,. Path 13 must intersect the directed path consisting of the portion
of m; from w; to r and the portion of path &, from r to v. Hence, 73 forms a cycle with
the above path. If this cycle separates s from ¢, then 7t; must intersect ' at some vertex g

and form a cycle that does not separate s from ¢ (see Fig. 4(f)).

(lii)and (iv) s and ¢ are bothin B ,ors isinB and ¢ isisin A.

These cases are analogous to the ones above, and their treatment is omitted for brevity. In

all cases we have a contradiction to Property 3, and the proof is completed. O

Motivated by the previous lemmas, we introduce for the following terminology. Let V, E,

and F denote the set of vertices, edges, and faces of G, respectively. For each element x of

VUE UF, we define vertices LOW(x) and HIGH (x), and faces LEFT (x) and RIGHT (x), as

follows:

M

(2

Ifx=v eV,wedefine LOW (v)=HIGH (v)=v. Also, with reference to Lemma 1 and Fig.
2(b), we denote by LEFT (v) and RIGHT (v) the two faces that separate the incoming and
outgoing edges of a vertex v#s,t, where LEFT (v) is the face to the left of the leftmost
incoming and outgoing edges, and RIGHT (v) is the face to the right of the rightmost
incoming and outgoing edges.

If x=e € E, we define LOW (2) and HIGH (2} 25 the tail and head vertices of e, respec-

tively. Also, we denote by LEFT (e ) and RIGHT (e ) the faces on the left and right side of
e , respectively.



Figure 4 Examples for the proof of Lemma 2 (a-c) Case
@i). (d-f) Case (ii ).
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3) Ifx=f e F, we denote by LOW (f ) and HIGH (f ) the two vertices that are the common
origin and destination of the two paths forming the boundary of f (see Lemma 2 and Fig.
2(c)). Vertices LOW (f ) and HIGH (f ) are called the extreme vertices of face f . Also, we
define LEFT (f )=RIGHT (f )=f . Finally, the two directed paths forming the boundary of
f are called the left path and right path of f , respectively.

We assume that the left and right paths of f do not include their endpoints, so that these
paths and the extreme vertices of f form a partition of the boundary of f . Notice that a vertex v
is on the left (respectively, right) path of face f if and only if RIGHT (v)=f (respectively,
LEFT(v)=f). Hence, from LEFT (v), RIGHT (v), LOW(f ), and HIGH (f ) we can decide in
O (1) time whether vertex v is on the boundary of face f .

Let G be a plane graph, and s and ¢ two distinct vertices of G. A spherical st-orientation
of G is a spherical st-graph whose undirected version is isomorphic to G. G is said to be st-
orientable if it admits a spherical st-orientation. The following theorem provides a characteriza-

tion of st-orientable graphs, and is similar to the characterization of s¢-numerable graphs given
in [20].

Theorem 1 Let G be a plane graph. The following statements are equivalent:
(1) G is st-orientable;

(2) G admits an acyclic spherical st-orientation;

(3) G admits an st-numbering;

(4) G is st-2-connectible.

Also, there are O (m )-time algorithms for testing if G is st-orientable and constructing a spheri-

cal st-orientation for G .

Proof: It is proved in [20] that (4)= (3). Given an st-numbering for G, we can construct an
acyclic spherical st-orientation by orienting each edge from the lowest to the highest numbered
vertex. We have thus (3) = (2). Cleaily, (2y= (1). To compiete the proof of the characteriza-
tion, we show that (1) = (4). Assume, for a contradiction, that G is not st-2-connectible. Then
there is a cutvertex v of G such that one of the components generated by the removal of v,

denoted by C, does not contain either s or . Let u be a vertex of C. Any path from s to ¢

11



through v is not simple, which is a contradiction.

The algorithm for testing if G is st-orientable consists of verifying that each cutvertex of G
belongs to exactly two blocks (connected components) of G and that each block of G contains
no more than two cutvertices. This takes O(m) time. Finally, since computing the st-
numbering of a planar graph can be done in O (m) time [6], we also have the result that con-

structing a spherical sz-orientation takes O (m ) time. (|

Now, we turn our attention to operations that update a spherical sz-graph by additions and
deletions of vertices and edges. The operations INSERTEDGE , INSERTVERTEX , REMO-
VEEDGE, and REMOVEVERTEX , defined in the introduction, are suitable for this purpose.

However, further restrictions must be imposed on their applicability in order to ensure that the

resulting graph is itself a spherical sz-graph.

Lemma 3 Let G be a spherical sz-graph, and G’ be the directed plane graph obtained by per-
forming operation IT on G. Depending on I1, G’ is a spherical st-graph if and only if

(1) for I1=INSERTEDGE (e u v .f ;f 1.f 2), edge e must not create a (directed) cycle with the
edges of face f ;

(2) forI1=INSERTVERTEX (e ,v;e1,e3), there is no restriction;

(3) for II=REMOVEEDGE (2 ,u v f i.f 2:f), ¢ =(u,v) must be an edge such that d
and deg~(v)=22;

(4) for[I=REMOVEVERTEX (e l,e3,v;e), v must be a (degree-2) vertex distinct from s and ¢.

Proof: The proof of (2), (3), and (4) is straightforward. For operation INSERTEDGE , we con-
sider two cases. First, assume that there is a path 7 on the boundary of f from u to v. If edge
e =(u,v) creates a cycle that does not separate s from ¢, then by replacing e with © we have that

G already had a nonseparating cycle, a contradiction. Now, if there is no path on the boundary

of f from u to v, we are in the sitnation chown in Fig. 5, Let y be the cycle that does not
separate s from ¢, and ; and 7, be paths from s to LOW (f ) and from HIGH (f ) to ¢, respec-
tively. One of these two paths, say 1, must intersect Yy at some vertex x. This implies that G

already had a nonseparating cycle, formed by the subpath of y from v to x, the subpath of m;

12



from x to LOW (f ), and the subpath of the right path of f from LOW (f ) to v. Again, we reach

a contradiction. 0

Corollary 1 Let G be a spherical st-graph, and G and G, be the graphs obtained by perform-
ing operations INSERTEDGE (e u,v,f .f 1;f2) and INSERTEDGE (e, .u.f ,f1;f2) on G,
respectively, where both vertices ¥ and v are on the boundary of face f. Then at least one of
G, and G is a spherical st-graph.

Proof: By Lemma 3, we only have to ensure that the edge to be added does not form directed
cycles with the boundary of f. Hence, if there is a (directed) path in the boundary of f from u
to v, we perform operation INSERTEDGE (e ,u v ,f .f 1;f 2), while if there is a (directed) path
from v to u, we perform operation INSERTEDGE (e ,v,u,f ,f 1;f2). Both operations are

allowed when no directed path exists between « and v . Il

Figure 5 Example for the proof of Lemma 3
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It is a relatively simple exercise to show that the above repertory of operations is complete

for the class of sz-2-connectible planar graphs.

Theorem 2 Let G be the trivial graph consisting of two vertices connected by an edge. Any
st-2-connectible planar graph with m edges can be assembled from Gy by means of m —1
INSERTEDGE and INSERTVERTEX operations, and can be disassembled to yield G by means
of m —1 REMOVEEDGE and REMOVEVERTEX operations.

4. Topological Location

In this section we consider the topological location problem, which consists of performing
efficiently the TEST and LIST operation on a plane graph G . First, we present a geometric tech-
nique valid for 3-connected graphs, and then describe the more general approach based on spher-
ical st-orientations. Notice that straightforward approaches to the topological location problem
problem require either quadratic space (storing all possible answers in an #» xXn matrix) or linear

time to perform TEST (u,v) (searching for vertex v in all the faces containing vertex u ).

4.1. A geometric construction If G is simple and 3-connected, we can construct a convex
drawing for it, i.e. a planar straight-line drawing such that the boundary of each face is a convex
polygon. The existence of convex drawings for 3-connected planar graphs follows from
Steinitz’s theorem on convex polytopes in three dimensions [31], and was explicitly proved by

Tutte [36,37]. A linear-time algorithm for constructing convex drawings is presented in [4].

Given a convex drawing I" of G the, point of the plane associated with a vertex u is
denoted by I'(x), and the region associated with a face f of G is denoted by I'(f ). We store
with each vertex v the list the edges (v ,w) incident upon v, sorted by the slope of the segment
T(v)I'(w). Using an array representation for such lists, we can compute in time O (logn) the
internal regions I'(f ) and I'(g ) of T" that contain the first and last portion of segment T@)re).

Because of convexity, # and v are on the same internal face if and only if f =g. (see Fig. 6).

The avtanginm tc

LA LIV

nonsimplc 3-conmecied grapus Is irivial, and we obtain:
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Figure 6 Operation TEST (u ,v ) using a convex drawing.

Theorem 3 There exists a data structure for the topological location problem in 3-connected
planar graph with the following performance:

Space (m)=Preprocess (m)=0 (m);
Test (m)=0 (logm);, List(m,k)=0((ogm +k).

A disadvantage of the above data structure is that the aforementioned algorithms for constructing
a convex drawing I use real arithmetic for the computation of the vertex coordinates, and if
integer coordinates are required, they miglit be exponentiai in n. Hence, Theorem 3 holds only
in a model of computation where real numbers can be stored in O (1) space and arithmetic opera-

tions on them take O (1) time.

4.2. st-orientable graphs Let G be a spherical st-graph. From Lemma 2, vertices 4 and v of

G are on the boundary of face f if and only if one of the following cases occurs (see Fig. 7):
Casel: Bothu and v are nonextreme vertices of f , i.e.,

(f =LEFT(u) or f =RIGHT (u)) and (f =LEFT (v) or f =RIGHT (v));
Case 2: u is an extreme vertex of f and v is not, i.e.,

(u=LOW (f) or u =HIGH (f )) and (f =LEFT (v) or f =RIGHT (v));

15



1) ) 3) @ u

Figure 7 The four cases for two vertices on the same face

Case 3: v is an extreme vertex of f and u is not, i.e.,
(v=LOW(f)orv=HIGH(f)) and (f =LEFT (u) or f =RIGHT (u)),
Cased4: bothu andv are extreme vertices of f , i.e.,

(u=LOW(f)and v =HIGH (f )) or (u =HIGH (f ) and v =LOW (f)).

In order to check Cases 1-3, we store for each vertex v the faces LEFT (v) and RIGHT (v),
and for each face f the vertices HIGH (f ) and LOW (f ). For each of these cases, the test is car-
ried out in O (1) time. To check the remaining Case 4, we store with each vertex v a search
table BELOW (v) whose elements are the pairs (f ,LOW (f)) such that v =HIGH (f ), sorted
according to the alphabetic order of the name of LOW (f ). Hence, the test for Case 4 consists of
searching for vertex ¥ in BELOW (v) and for vertex v in BELOW (1), which takes O (logm)

time. This proves the following theorem:

Theorem 4 There exists a data structure for the topological location problem in spherical st-
graphs with the following performance:

Space (m)=Preprocess (n)=0 (m);,
Test (m)=0 (logm); List (im,k)=0ogm +k).

16



Corollary 2 There exists a data structure for the topological location problem in st-orientable
graphs with the following performance:

Space (m)=Preprocess (m)=0 (m);
Test m)=0(logm), List(mk)=0(ogm +k).

Proof: Construct a spherical st-orientation for G and apply Theorem 4. t

4.3. General plane graphs For plane graphs that are not st-orientable, the algorithm of the
preceding subsection cannot be directly applied. Instead, we will combine the above technique

with a data structure that takes into account the plane arrangement of the blocks of the graph.

In the following, we will be interested in preprocessing a graph G in order to determine
quickly whether there is a block that contains two given vertices # and v. This can be done
efficiently by orienting the block-cutvertex tree T of G so that it becomes a rooted source tree
with an arbitrarily selected block at the root. In the example of Fig. 1, the edges of the block-
cutvertex tree are oriented from bottom to top. Also, we store in every vertex v a pointer
node (v), where, if v is a cutvertex, node (v) points to the representative node of cutvertex v in
T, while if v is a proper vertex of a block B, node (v ) points to the representative node of block
B inT. It is simple to verify that there is a block containing vertices u and v if and only if one
of the following cases is verified:

(1) node(u)=noede(v);
(2) node (u) is the father of node (v) inT;
(3) node(v) is the father of node (u)inT;

(4) the fathers of node (u) and node (v ) are the same node of T, associated with a block.

We conclude

Lemma 4 There exists a data structure with O (m ) space and preprocessing time that allows for

—t o — L _1

testing if two veriices beloig v ihe same block in G (1) ume.

Now, let G* be the dual graph of a plane graph G. A face of G that is a cutvertex of G* is

called a cutface (of G ). The following simple lemma shows that there is a bijection between the
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blocks of G and the ones of G*.

Lemma 5 [13, p. 124, ex. 11.4] A subset of edges of G forms a block of G if and only if their
duals form a block of G*.

We define now a partial order on the set of blocks, vertices, and faces of G. In the follow-
ing definitions we adopt the convention that the faces of a block B of G have the same names as

the corresponding faces in G.

Let B be a block of G. The outer face of B, denoted OUTER (B ), is the face f whose
boundary includes the external boundary of B. In turn, B is called an inner block of face
OUTER(B). Notice that OUTER (B) is either a cutface or the external face. Now, let f be a
face distinct from the external face. We denote with OUTER (f ) the block B such that f is an
internal face of B. Finally, let v be a vertex. If there is a block B containing v such that v is
not on the external boundary of B, then we define OUTER (v)=B. Otherwise, there is a
(unique) face f containing v such that, for no block B containing v, B =OUTER (f ), and we
define OUTER (v)=f. As astraightforward consequence of the above definitions, we have

Lemma 6 The graph of relation OUTER is a directed source tree, whose root is the external

face.

Figure 3 shows a 1-connected graph and the corresponding OUTER relation for the blocks,

cutvertices, and cutfaces.

Theorem 5 Let u and v be vertices of G that are on the boundary of the same face f. If « and

v belong to the same block B, then they are also on the boundary of face f in B. Otherwise,

one of the following cases arises:
(1) f=OUTER(u)and f =OQUTER(v),
(2) f =OUTER(u)and v is on face f of block OUTFR (f ),

(3) f =OUTER(v)and u is on face f of block OUTER (f ).
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Figure 8 (a) A 1-connected graph and (b) its OUTER relation.
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Proof: A straightforward consequence of the definition of the OUTER relation. O

The data structure for the topological location problem in general plane graphs consists of:
(1) A data structure to test whether two vertices belong to the same block, see Lemma 4.

(2) A separate data structure for performing operations TEST and LIST in a 2-connected graph

(see the previous subsection), for each block B of G.
(3) OUTER pointers for the blocks, vertices, and faces of G .

From Theorem 5, we conclude

Theorem 6 There exists a data structure that solves the topological location problem for general

plane graphs with the following performance:

Space (m)=Preprocess (m)=0 (m);
Test (n)=0 (logm); List (m,k)=0 (logm +k).

44. Average query time Let Q,,(n,m) be the time to perform the query operation

TEST(u,v). We have shown in the previous subsection that in the worst case

Quv(n,m)=0 (logn). Here, we consider the average query time over all possible [’2’] queries,

defined by: J(n m)= T'leT ;qu (nm).

u#v

Theorem 7 In the previously described data structure for the topological location problem, the

average time for the TEST operation over all possible [’5] queries is Q (n,m)=0

m
log 7] . In
particular, if the graph is simple, then Q (n,m)=0 (1).
Proof: From the description of the algorithm for the TEST operation we have that
Quy(n m)=0 (logdeg(u)+logdeg=(v)). Hence, [ﬁ] Q (n.m)=0 (nzv‘, log deg=(v)). The proof

is comnleted observing that Z deg—(v)=m. O
v
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5. Dynamic Planar Graph Embedding

In this section, we present the complete data structure for the dynamic embedding problem.

First, we consider the problem in spherical st-graphs, and then extend the results to undirected

graphs using spherical sz-orientations.

5.1. Spherical st-graphs In this subsection we describe a data structure for efficiently solving
the dynamic embedding problem for spherical st-graphs. Let G be a spherical st-graph.

The data structure has a record for each vertex, edge, and face of G. The records for the
vertices are arranged in a vertex-tree Ty, which is a balanced search tree whose nodes are
ordered according to the alphabetic order of the names of the vertices. Similarly, the records of
the edges and faces are arranged in alphabetic order in a face-tree Ty, and in an edge-tree Tg,
respectively. The above trees allow us to access in O (logm ) time the records associated with

the vertices, edges, and faces involved in the current operation.
The record for a face f stores the following information:

(1) f: name of the face;

(2) HIGH (f ): pointer to the record of the topmost vertex of f ;

(3) LOW(f ): pointer to the record of the bottommost vertex of f ;

(4) pointers to two balanced search trees, LPATH (f ) and RPATH (f ), associated with the left
and right paihs of face f, respectively. The nodes of each such tree represent the vertices
and edges of the corresponding path, and are sorted according to the direction of the path.
The roots of LPATH (f ) and RPATH (f ) point back to the record of f .

The record for a vertex v stores the following information:

(1) v:name of the vertex;

(2) deg*(v),deg™(v): outdegree and indegree of v.

(3) PLEFT (v): pointer to the representative of v in the tree RPATH (f ), where f =LEFT (v);

(4) PRIGHT (v): pointer to the representative of v in the tree LPATH(g), where
g =RIGHT (v),
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(5) BELOW (v ). pointer to a balanced search tree whose nodes store pointers to the records of
the faces f such that v =HIGH (f ). The nodes of BELOW (v) are sorted according to the
alphabetic order of the names of the vertices LOW (f ).

The record for an edge e stores the following information:

(1) e:name of the edge;

(2) pointers to the records of the vertices LOW (e) and HIGH (e );

(3) pointers PLEFT (¢ ) and PRIGHT (e ) to the representatives of e in the trees RPATH (f ) and
LPATH (g ), where f =LEFT (e ) and g =RIGHT (e ).

We show in Fig. 9 a spherical st-graph and a fragment of the data structure for it.
Using the above data structure, the TEST operation can be performed with the same stra-

tegy as in the static case. The only difference is that now the faces to the left and right of » and

v are not immediately available, and must be retrieved by walking up to the roots of the trees

that contain the representatives of u and v pointed to by PLEFT (1), PRIGHT (u), PLEFT (v),
and PRIGHT (v).

With regard to the INSERTEDGE operation, testing for its applicability can be done by a
simple modification of the TEST algorithm.

Now, assume that f | is to the left of e and f ; is to the right of e. We partition the left path
of f into subpaths L, L, and L3, where L, is the left path of ;. Notice that L; and/or L3
might be empty. Analogously, we partition the right path of f into subpaths R, R,, and R3,

where R is the right path of f,. After the insertion of edge ¢, the new boundaries of f; and f,

are as follows (see Fig. 10):
LPATH(f 1)=L,; RPATH(f1)=R1eR3; LPATH (f;)=LeL3; RPATH (f;)=R,.

Hence, the LPATH and RPATH trees of the new faces are obtained by splitting LPATH (f ) and
RPATH (f ) at vertices u and v, and splicing appropriately the resulting trees. Standard tech-
niques allow us to perfomm the above split and splice uperaiions in iogarithmic time (see for

example [21, pp. 213-216]).

The remaining updates of the data structure are as follows:
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vertex record:

~ | NAME R

g S

& |BELOW | 5

face record:

= HIGH =

[ )

§ NAME ﬁ
LOW T

edge record:

SHE

)

SHE

v ‘hq
,, /{;/%ﬁ@ S

Figure 9 A spherical st-graph and a fragment of the

dynamic data structure for it. The edges are oriented up-
ward.
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(2)
3)

1)
(2)
(3)

“)

(5)

Insert into Tz a new record for edge e, and increment counters deg*(u ) and deg™(v ).
Delete from T the record of face f , and insert new records for faces f; and f 5.

Delete from BELOW (HIGH(f)) the node pointing to f, and insert into
BELOW (HIGH (f 1)) and BELOW (HIGH (f ;)) nodes pointing to f ; and f ;, respectively.

The INSERTVERTEX (e ,v ,e 1,e;) operation is perfomied as follows:
Delete from T the record for edge e, and insert new records for edges ¢; and e.

Insert into Ty a new record for vertex v .

Find the faces f and g respectively to the left and right of edge e by walking up to the
roots of the trees that contain PLEFT (e ) and PRIGHT (e).

Replace the leaf representative of ¢ in RPATH (f ) by a subtree with root v and children e,
and e,, and rebalance RPATH (f ).

Replace the leaf representative of e in LPATH (g ) by a subtree with root v and children e
and e, and rebalance LPATH (g ).

@ (b)

Figure 10 Restructuring of the face boundaries after an
INSERTEDGE operation. (a) # and v on left path; (b) u
on left path and v on right path; (¢) ¥ bottommost and v on
right path; (d) u bottommost and v topmost.

d)
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(6) Set BELOW (v):=(.

The above data structure also supports operations REMOVEEDGE and REMOVEVERTEX .
In fact, the REMOVEEDGE operation can be performed by reversing the transformations on the
data structure realized by the algorithm for the INSERTEDGE operation. Similarly, the REMO-
VEVERTEX operation is the reverse of the INSERTVERTEX operation. Notice also that, by
Lemma 3, the counters deg*(v) and deg=(v ) allow us to test the feasibility of each such opera-

tion in O (1) time. The time complexity analysis of the various operations is straightforward,

and we conclude

Theorem 8 There is a data structure for the dynamic embedding problem in spherical sz-graphs
with the following performance:

Space (m)=Preprocess (m)=0 (m),
Test (m)=0 (logm); List (m,k)=0(logm +k);
InsertEdge (m)=InsertVertex (m)= RemoveEdge' (m)=RemoveVertex (in)=0 (logm).

In the execution of an update operation we can distinguish the search time spent in finding
the nodes of the various trees involved in the operation, and the restructuring time that takes into
account the update and rebalancing of the trees. The next theorem shows that in our data struc-
ture the amortized restructuring time for a sequence of INSERTEDGE and INSERTVERTEX

operations is optimal. For the definition of amortized time complexity, see [35].

Theorem 9 There exists a data structure for the dynamic embedding problem in spherical st-

graphs such that:

(1) The space occupation and time complexity of the various operations are the same as in

Theorem 8.

(2) In asequence of INSERTEDGE and INSERTVERTEX operations, the amortized restructur-

ing time complexity of each such operation is O (1).

Proof: Use 2-4 trees (which are eguivalent to red black trees [12)) to realize trees T, Ty, Tg,
and BELOW (v). Such trees have O (1) amortized rebalancing time for insertions and deletions
[16]. With regard to the LPATH and RPATH trees, their manipulation in a sequence of INSER-

TEDGE and INSERTVERTEX operations involves insertions and the kind of generalized
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splittings considered in [14]. It is shown there that circular level-linked 2-4 trees support
efficiently a sequence of insertions and generalized splittings. With arguments similar to the
ones developed in [14] we can show that by realizing the LPATH and RPATH trees by circular
level-linked 2-4 trees, the amortized rebalancing time for LPATH and RPATH is O (1). O

5.2. st-orientable graphs For st-orientable plane graphs, we maintain on-line a spherical st-
orientation and use the data structure previously described. Operations TEST, LIST, and
INSERTVERTEX do not require any modifications. In connection with operation
INSERTEDGE (e u,v .f;f 1.f 2), we have to select the direction of edge e so that it does not
introduce cycles intemal to face f. By Corollary 1, this can be done easily by reversing the

direction whenever the INSERTEDGE algorithm rejects the operation. This proves

Theorem 10 There is a data structure that supports operations TEST , LIST , INSERTEDGE , and

INSERTVERTEX in a st-orientable plane graph with the following performance:

Space (m)=Preprocess (m)=0 (m),
Test im)=0 (logm), List (m,k)=0 (logm +k),
InsertEdge (m)=InsertVertex (m)=0 (logm).

In regard to the REMOVEEDGE and REMOVEVERTEX operations, we are faced with the
difficulty that the data structure acts on a spherical st-orientation of the graph, therefore permit-
ting only deletions that preserve the st-structure of the orientation. We say that a vertex (edge)
is free if operation REMOVEVERTEX (REMOVEEDGE ) can be performed on it in the spherical
st-orientation; we say that it is Jocked otherwise. At any time the vertices and edges of the graph

are partitioned into free and locked, and we are allowed to delete only vertices and edges that are

free. We thus have

Theorem 11 The data structure of Theorem 10 supports also operations REMOVEEDGE and
REMOVEVERTEX on free edges and vertices in O (log m ) time.

In several layout applications, design methodologies limit the freedom of the designer in
making arbitrary updates to the layout. For example, well known hierarchical design strategies

for VLSI circuits build a layout in a top-down fashion by means of successive refinements.
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In the following, we show that the class of free edges and vertices is sufficiently large to
support a hierarchical deletion scheme that allows us to ‘‘undo’’ any INSERTEDGE and
INSERTVERTEX operation performed in the past (not just the last operation). For instance, we
define the hierarchical embedding problem as a variation of the previously discussed dynamic

embedding problem, where the following restrictions are placed on the REMOVEEDGE and
REMOVEVERTEX operations:

(1) An edge can be deleted by a REMOVEEDGE operation only if it was created (at any time
in the past) by means of an INSERTEDGE operation.

(2) A vertex can be deleted by a REMOVEVERTEX operation only if it was created (at any
time in the past) by an INSERTVERTEX operation.

In Fig. 11 we show a sequence of update operations in an instance of the hierarchical embedding

problem.

The aforementioned restrictions on the REMOVEEDGE and REMOVEVERTEX operations
can be enforced by storing with each edge e¢ two flags, denoted FREE-TAIL(e) and
FREE -HEAD (e ), which are associated with the head and tail of edge e in the spherical st-
orientation, respectively. We use these flags to maintain the invariant that an edge e can be
removed if and only if both FREE ~TAIL (e ) and FREE —~HEAD (e ) are set. The manipulation of

the flags in the various operations is straightforward. In the example of Fig. 11, a flag in the

[X3

set’’ condition is indicated by showing the corresponding endpoint unconnected.

It is not difficult to show that the free edges and vertices include the ones that can be

deleted in an instance of the hierarchical embedding problem. We have thus the following

theorem:

Theorem 12 There exists a data structure that allows us to solve the hierarchical embedding

problem for st-orientable plane graphs with the following performance:

Space (m)=Preprocess (m)=0 (m);,
Test (m)=0(ogm), List{mk)=0ogm +k);
InsertEdge (m)=InsertVertex (m)=RemoveEdge (m )=RemoveVertex (m)=0 (logm).
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Figure 11 Sequence of hierarchical update operations on a
plane graph. Flags in the ‘‘set’’ condition are shown by
disconnecting the corresponding endpoint.



5.3. General plane graphs For general plane graphs we add to the repertory the following

operations, which allow respectively to add and remove an elementary block to the graph:
ATTACH (e,v,u,f ). Addvertex v and edge (u,v) inside face f .

DETACH (e,v,u.f): Remove the degree-1 vertex v and its incident edge e =(u ,v ), which

lie in face f .

In the following, we will provide an amortized O (log m) time bound for operation INSER-
TEDGE, and a worst-case O (logm) time bound for the remaining operations. According to
standard conventions in amortized complexity analysis '[35], this means that a sequence of m

operations starting from an initial graph consisting of a single edge takes O (m log m) time.

First, we dynamize the data structure that tests whether two vertices belong to the same
block of a graph G. We represent the oriented block-cutvertex tree T of G by means of a bal-
anced search tree for the children of each node. Also, we store with each block B a pointer
PROPER (B) to a balanced search tree whose nodes represent the proper vertices of B. In tum,

each proper vertex v of B has a pointer to its representative in the tree PROPER (B). We have

Lemma 7 There exists a data structure with O (m ) space and preprocessing time that allows for
testing whether two vertices belong to the same block in O (log m) time (worst-case), and sup-
ports operations INSERTVERTEX and ATTACH in O (logm) worst-case time, and operation
INSERTEDGE in O (log m) amortized time.

We now show how to dynamically maintain the QUTER relation. For each block B, we
define INT (B ) as the list of the cutvertices of B such that OUTER (v )=B . Also, we define a list
EXT (B) for each block B and a circular list INNER (f ) for each cutface f by means of the fol-

lowing constructive procedure.

Consider a cutface f whose outer block is By. Initially, all cutvertices of f in B are
marked, while the remaining cutvertices of f are unmarked. Also, all the inner blocks of f are
iniiially unmarked. Suppose now that we traverse the boundary of f counterclockwise, starting
at a cutvertex. Whenever we traverse an edge of an unmarked block B, we add (a representative
of) B into INNER(f ) and mark B. Also, whenever we encounter an unmarked cutvertex v, we

mark v and add (a representative of) v into the list EXT (B) of the first block B in the current
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INNER (f ) that contains v. At the end of the traversal, INNER (v) will contain all the inner
blocks of f, and the lists EXT(B) will contain all the cutvertices v of f such that
f =OUTER (v). Notice that each block B is contained in exactly one INNER (f) list, and each
cutvertex v is contained in exactly one EXT (B ) or INT (B ) list.

In the example of Fig. 12(a) we have
INNER (f )=(B2,B 1,B3,B 5,B 4,B ¢,B 9,B7,B3);
EXT(B3)=(v1,v2); EXT(B3)=(v4); EXT (Bs)=(vs,ve); EXT (B7)=(v7);
EXT(B)=EXT (B4)=EXT (B)=EXT (Bg)=EXT (B9)=9.

Implementing the above lists by means of balanced search trees, OUTER (*) can be easily
retrieved in O (logm ) time, so that the complexity of the TEST and LIST operations is the same

as in the static case.

Now, we describe the transformations of the data structure due to the execution of opera-
tion INSERTEDGE (e ,u,v.f ;f 1.f 2)- If face f is not a cutface and is part of block B , we simply
perform the operation in the data structure of B. Otherwise, edge ¢ and a sequence of blocks of
G, called old-blocks are merged into a new block, called new-block. In the example of Fig.
12(b), the old-blocks are B, B,, and B 3, and the new-block is the union of B, B 5, B 3, and edge
e=(u,v).

Specifically, let jt(w ) be the node of the block-cutvertex tree T of G associated with vertex

14

ie., if w is a cutvertex then () is the node represeniing w, and otherwise p(w ) is the node

1w (1
AN

Y

representing the block of w). The old-blocks are exactly the ones on the path of T from p(u) to
H(v). Also, in general both f; and f ; will be cutfaces in the updated embedding.

In conclusion, the modification of the block structure caused by the INSERTEDGE opera-
tion requires that we set up a new data structure for the new-block B, and new INNER lists for
fiand fo.

Now, we show that the data structure for B can be set up by reorienting all but one old-
block, called base-biock, which is chosen as an vid-biock with maximum number of edges.

Indeed, let the old-blocks be By, - - ,B;, withu e Byandv € By, andletv;,i =1, -, -1,
be the cutvertex between B; and B; ;;. Also,let vo=u and v; =v. (In the example of Fig. 12(b)

[ =3.) Denoting by B; the base-block, at least one of the directed edges (v;_1,v;) and (v;,v;_ 1),
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Figure 12 Example of INSERTEDGE operation in a cut-
face (a) Before insertion. (b) After insertion.

31



say (vj,vj_1), can be added to B; while preserving the spherical st-orientation. In this case, we
construct a new acyclic spherical st-orientation for each B;, i #j, using v; —; as the source and v;
as the sink, and we direct ¢ from v; to vo. (The case when (vj_1,v;) can be added to B; is analo-

gous.) The resulting orientation of the new-block B is a spherical st-orientation, from which the

data structure for B can be constructed in time:

m;),

1, I

O(logm +i$1m,- =, max, ’
where m; is the number of edges of B;.
Lists INNER (f ;) and INNER (f ;) are obtained from INNER (f ) by
(1) removing the (representatives of the) old-blocks;
(2) splitting the resulting list into INNER (f 1) and INNER (f ;) with an appropriate cut; and
(3) possibly adding to one of these lists (a representative of) the new-block B .

With regard to the EXT lists, we form INT (B ) and EXT (B ) by a sequence of O (/) split and
splice operations on the EXT lists of the old-blocks.
In the example of Fig. 12, we have
INNER(f 1)=(B ,B9,B7,Bg); INNER (f 2)=(Bs,B4,B¢); EXT(B)=(v2); INT(B)=(v1,v4).

Theorem 13 There is a data structure that supports operations TEST, LIST , INSERTEDGE ,
INSERTVERTEX , and ATTACH with the following performance:

Test im)=0 (logm); List(m,k)=0(logm +k);,
InsertEdge (m)=0 (logm) (amortized); InsertVertex (m)=Attach(m)=0 (logm).

Proof: The amortized complexity analysis makes use of the following potential function:

1
b= i log —
ig’l i 108 m;

where B 1, - - - By are the current blocks of G, and m; is the number of edges of B; ( f; m; =m).
i=1

Notice that —m logm <®<0. It is interesting to observe that the function ® is similar to the
entropy function used in information theory. Informally, we can say that when the old-blocks
are merged together into the new-block, ® decreases to compensate for the work spent in the

merge process. For simplicity, consider the case when two old-blocks, B and B ,, are merged
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into a new-block B*, where m; is the number of edges of B; (i =1,2) and m* is the number of

blocks of B*. By an appropriate choice of the time unit, we have that operation INSERTEDGE

is executed in time
t=logm +2min {m;,m,}.

Now, the variation A® of potential is given by

=m*log L — 1 1
AD=m"*log o {mllog " +m,log mz}'

Deﬁnex1=% and x,= Zf Clearly, x; +x,=1. We can write
AD 1 1 1
7’.1T=(x1+x2)log - —[xllog—m—l—+leog m_z] =

=- [xllog xLl+x210g }l;] =—H(x1,x7).

where H (x,x;) is the binary entropy function of information theory. We show in Fig. 13 a plot

of H(x 1,1 —x) in the interval x € [0,1]. It is easy to see that

Figure 13 Plot of the binary entropy function H (x,1 —x).
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Hx,l-x1)22min {x,1 -x;}.
Therefore, we obtain
AD< -2m*min {x1,Xx2}= —2min {m,m>3}.
Hence, the amortized time complexity of operation INSERTEDGE is

=t +AD<logm +2min {m,my}—2min {mm,} =logm.

With regard to operations REMOVEEDGE , REMOVEVERTEX , and DETACH , again we

can partition the edges of the graph into free and locked, and we have the following:

Corollary 3 The data structure of Theorem 13 also supports operations REMOVEEDGE ,
REMOVEVERTEX , and DETACH on free edges and vertices in O (log m ) time (worst-case).

6. Applications

6.1. A dual embedding problem The dual dynamic embedding problem consists of perform-
ing the following operations on a plane graph G :

TEST* (f ,g): Test if there is a vertex v that is on the boundaries of both faces f and g.
In case such a vertex v exists, output its name.

FTIOTH, (£ ). A1 L

LIST* (f ,g). List all the vertices that are on the boundaries of both faces f and g.

EXPANDVERTEX (e f ,g,v;v1,v2): Expand vertex v into vertices v | and v, connected by
an edge e on the boundary of faces f and g.

CONTRACTVERTEX (e,.f ,g,v1,v2;v): Contract the edge ¢ =(v;,v2) on the boundary of

faces f and g, and call v the vertex resulting from the contraction of v and v,.

DUPLICATEEDGE (e f ;e1,62): Replace the edge ¢ with two multiple edges, ¢ and e>,

with the same endpoints, and call f the resulting face between them.

MERGEEDGE (ej,e2,fie). Let f be a face whose boundary consists of two multiple

edges, e; and e;. Remove f by merging e ; and e, into anew edge e .
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We can show that this problem is the dual of the dynamic embedding problem by extending
the notion of duality of undirected plane graphs to spherical sz-graphs.

The dual graph G* of a plane digraph G is the plane digraph defined as follows: the ver-
tices of G* are the faces of G; for each edge e of G there is an edge e* of G* from face
LEFT(e) to face RIGHT (¢). A cylindrical s*t*-graph is a plane digraph G whose dual G* is a
spherical st-graph. We can visualize a cylindrical s**-graph as embedded in a cylinder, with
external faces s* and ¢* (see Fig. 14). An (undirected) plane graph is said to be s*t*-orientable if
it can be oriented to become a cylindrical s*¢*-graph. Notice that every 2-connected graph is

s*t*-orientable. Using the results of Section 4 and duality arguments, we obtain

Figure 14 Example of cylindrical s*¢*-graph
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Theorem 14 There is a data structure that allows us to solve the dual dynamic embedding prob-

lem for cylindrical s*t*-graphs with the following performance:

Space (m)=Preprocess (m)=0 (m);
Test* im)=0 (logm); List*(m,kk)=0 (logm +k);
ExpandVertex (m )=DuplicateEdge (m )= ContractVertex (m )=MergeEdge (m)=0 (logm).

Further results can be obtained by dualizing the remaining theorems of the previous sec-

tion.

The hierarchical dual embedding problem is defined as a variation of the dynamic embed-
ding problem where the CONTRACTVERTEX and MERGEEDGE operations can performed

only on edges (respectively, faces) previously inserted by the EXPANDVERTEX (respectively,
DUPLICATEEDGE) operation. We have

Theorem 15 There is a data structure that allows us to solve the hierarchical dual embedding

problem for s*t*-orientable plane graphs with the following performance:

Space (m)=Preprocess (im)=0(m);
Test* (m)=0 (logm); List*(m,k)=0 (logm +k),
ExpandVertex (m)=DuplicateEdge (m )= ContractVertex(m)=MergeEdge (m)=0 (logm).

6.2. Computing separating pairs The identification of separating pairs is important in prob-
lems of fault-tolerance of networks. Our data structure allows to efficiently detect separating

pairs.
Lemma 8 Let G be a 2-connected plane graph. Vertices u and v form a separating pair of G if
and only if

(1) u and v are adjacent and there are at least three faces whose boundary contains both u and

v;or

(2) u and v are not adjacent and there are at least two faces whose boundary contains both u

and v.

Hence, we can test whether two vertices form a separating pair by a simple modification of

the algorithm for operation LIST (u,v), which halts as soon as two or three faces have been

reported. We obtain
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Corollary 4 The data structure of Theorem 12 allows us to test whether two given vertices form

a separating pair in O (log m ) time.
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