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1. Introduction

The location of a point in a planar subdivision is formulated as follows: Given a planar sub-
division P with n vertices, determine to which region of P a query point ¢ belongs. If the

query point ¢ is on some vertex/edge of P, then that vertex/edge is reported.

Most of the past research on planar point location [2-4,7-9,12, 14,15] has been targeted to
the sratic case, where the subdivision is fixed, and point location queries have to be answered
on-line. Recently, however, increasing attention has been devoted to dynamic point location.
Overmars [11] proposed a technique for the case where the n vertices of P lie on a fixed set of
N horizontal lines, the boundary of each region has a bounded number of edges, and only edges
can be inserted or deleted. This approach yields O (N +n logN) space requirement, and
O (log n log N') query and update times, and can be extended to support insertions and deletions
of vertices in O (logn log N) amortized time at the expense of deploying a rather complicated
and not very practical data structure. The dynamic point location technique of Fries and
Mehihom [5, 6, 10] allows both edge and vertex updates in general subdivisions. Their approach
achieves O (n) space, O (log2n) query time, and O (log*n ) amortized update time. If only inser-
tions are considered, the update time is reduced to O (log2n) [10, pp. 135-143]. The authors
[13, 16] have recently presented a fully dynamic technique for the case of monotone subdivisions
based on the chain-method of Lee-Preparata [8], with the following performance: the data struc-
ture uses space O (n); the query time is O (log2n ); the times for insertion/deletion are O (logn)

for a vertex and O (log2n +k) for a chain with k edges, all worst-case.

In this paper we present a new dynamic point location technique for the case of convex
subdivisions whose vertices lie on a fixed set of N horizontal lines (as in Overmars’ method).
The supported update operations are insertion/deletion of vertices and edges, and (horizontal)
translation of vertices. Our method achieves query time O(logn+logN), space
O(N +nlogN), and insertion/deletion time O (logrn logN). Hence, whenever N =0 (n), the
query time is O (logn ), which is optimal. In addition to its good theoretical performance, our
technique is also easy to implement and very efficient in practice. It is based on the trapezoid
method of Preparata [12], which has been experimentally shown to be one of the fastest point
location méthods among those with asymptotically optimal query time [3]. Our technique is best

suited for the many significant applications where the most frequent operation is the point



location query, while updates are more rarely executed.

The rest of this paper is organized as follows. In Section 2 we formally state the problem.
Section 3 describes the geometric foundations of the technique. Sections 4 and 5 present the
dynamic data structure and the query algorithm. The update algorithms are discussed in Sec-

tions 6 and 7.

2. Preliminaries

A monotone polygon is a polygon r such that its boundary is partitionable into two mono-
tone chains ¥; and ¥, called the left chain and right chain of r, respectively. Chains y; and ¥,
share two vertices, referred to as HIGH (r) and LOW (r), respectively, with
yHIGH (r))>y(LOW (r)). A convex polygon is a monotone polygon r such that, for any two

vertices u and v of r, the segment (1 ,v) lies entirely inside r .

A planar subdivision P is a partition of the plane into polygons, called the regions of P.
A monotone subdivision is a planar subdivision whose regions are monotone polygons. Mono-
tone subdivisions form an important class of planar subdivisions, since they include convex sub-

divisions, whose regions are convex polygons, and triangulations, whose regions are triangles.

Let L ={lo,l1," .y} be a set of horizontal lines, in this order from bottom to top. The
lines of L partition the plane into horizontal strips, called elementary slabs, two of which are
(the bottom and top) half-planes. A slab is either an elementary slab or the union of two con-
tiguous slabs. We consider a convex subdivision # whose n vertices are on the lines of L (see
Fig. 1). This implies that all finite edges of P occur in the plane strip between /¢ and ly, and

that all infinite edges are horizontal rays.
The following update operations on P are defined:
INSERTPOINT (v ,e;ey,e2):
Split the edge e =(u,w) into two edges e;=(u,v) and e;=(v,w), by inserting vertex v,
which lies on some line of L .
-REMOVEPOINT (v,e1,e3e):
Let v be a vertex of degree 2 whose incident edges, ¢ ;=(u,v) and e;=(v,w), are on the

same straight line. Remove v and replace e; and e, with edge e =(u,w ).



Figure 1 Example of convex subdivision with vertices on
the set L of horizontal lines.

INSERTSEGMENT (e ,v1,v2,r;r1,r'2):
Add the edge e =(v,v3), with y(v{)<y(v3), to P inside region r of P, which is decom-
posed into regions r and r,, with r and r,, respectively, to the left and to the right of e,

directed from v to v,.

REMOVESEGMENT (e ,v1,va,ri,ra;r):
Remove edge ¢ and merge the regions r; and r; formerly on the two sides of e into region

r. [ The operation is allowed only if the subdivision P’ so obtained is convex. ]

MOVEPQOINT (v;x):
Horizontally translate a vertex v from its present location to abscissa x. [ The operation is
allowed only if the subdivision P’ so obtained is convex and topologically equivalent to
P.]

The following theorem demonstrates the adequacy of the above repertory:

- Theorem 1 An arbitrary convex subdivision P with n vertices can be assembled starting from
the empty subdivision, and disassembled to obtain the empty subdivision, by a sequence of O (n)

operations from the above repertory.



Proof: It suffices to constructively demonstrate the assembly of P, since its disassembly is
obtainable by replacing each operation with its inverse and by reversing their order. Given
regions ry and ry in P, r is said to be left-adjacent to r, (r ;<<r,) if their boundaries share an
edge e, and r and r are respectively to the left and to the right of e. (If r{ and r; share a hor-
izontal edge, then r<<r, if r is below ¢.) Clearly, relation <« is acyclic. Consider an order
(rira, - ,rf) of the regions of P which is consistent with ‘‘<<’’. We build P by adding its
regions one by one, according to the chosen order. At the generic step of the construction, after
adding region r; we call P; the resulting subdivision. (Obviously, Pr=P.)In P; there is a
monotone polygonal line ¢;, which forms the boundary of the set of regions {ri,rj,:--,r;}
(refer to Fig. 2). Consider the (extémal) angles to the right of ¢; at each nonextreme vertex of
O;: each angle > is bisected by a horizontal ray to ensure the property of convexity for P;.
Consider now region r; +1: obviously, the left chain of r; .| is already present in P;, and let the
right chain of r;,{ be vy, - ,v’s. By means of INSERTSEGMENT we insert the edge
e =(LOW (r; +1),HIGH (r; +1)). (This operation is performed as many times as there are
regions.) Next, with the sequence INSERTPOINT , INSERTSEGMENT , MOVEPOINT we insert
vertex v’ and edge (v’;,v’) into their final position, and partition the region to the right by a
horizontal ray to preserve convexity. This process is performed for v’s,- -« ,v’s_;. (This
sequence of operations is performed at most once for each vertex of P.) Finally, by REMO-
VESEGMENT we remove any horizontal ray originating at v’y and v’; if the corresponding
external angles have become <. (This operation is performed at most twice per region.) The
resulting subdivision is P; ;; and exhibits the same invariant as regards the region to the right of

O; +1. The comments about the frequency of each executed operation complete the proof. ]

Let r be a convex polygon. Polygon r is said to be I-supported if it has an edge e such
that any horizontal line intersecting r intersects also e, ie., r contains the edge
(LOW (r),HIGH (r)) (see Fig. 3(a)). Polygon r is said 2-supported if it has two edges, e and
€7, such that any horizontal line‘ intersecting r intersects at least one of ¢ ; and e, (see Fig. 3(b)).
(Notice that a 1-supported polygon is also 2-supported.) A convex subdivision is said to be 1-

supported (respectively 2-supported) if all its regions are 1-supported (respectively 2-supported).



(b)

Figure 2 Example for the proof of Theorem 1. (a) Subdi-
vision P4. (b) Subdivision Psg.



An important property of i-supportedness (i =1,2) is expressed by the following straight-

forward lemma:

Lemma 1 Let convex polygon r be cut by a horizontal line into two convex polygons r{ and r ;.
We have:

(i) Ifr is 1-supported, then both r; and r; are 1-supported.

(i) Ifr is 2-supported, then at least one of ry and r; is 1-supported.

In the description of the data structure for dynamic point location we will assume that the
subdivision P is 2-supported. As shown in the following, this is not restrictive. Let P* be the
subdivision obtained from P by adding to each region r which is not 1-supported the edge from
LOW (r) to HIGH (r). (Notice that P may have degenerate regions of measure zero.) Clearly
P* is 1-supported. The answer to a point location query in P* can be immediately converted to

an answer in P. Regarding updates, we have

Lemma 2 For each update operation performed on P there exists a sequence of at most four
operations which update P* so that after each intermediate operation the resulting subdivision is

2-supported (possibly 1-supported).

Proof: Consider operation INSERTSEGMENT (e,vy,va,r;ryra) performed on ©P. The

sequence of operations in P* is as follows (see Fig. 4):

(1) insert edge s1=(LOW (ry),HIGH (ry));

(2) insert edge s;=(LOW (r2),HIGH (r3)),

(3) remove edge s =(LOW (r),HIGH (r)), unless s =s; or s =5;
(4) insertedgee.

(We assume that an insertion is not performed if the edge to be inserted already exists.) Similar
arguments hold for operations REMOVESEGMENT .

Rega;ding operatipn INSERTPOINT (v,e;e1,e2), let ry and r; be the regions to the left and

right of r, respectively. The sequence of operations in P* is as follows:

(1) insert vertex v;
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LOW (r) LOW (r)
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Figure 3 (a) A 1-supported polygon. (b) A 2-supported
polygon.

(2) insert edge s1=(LOW (r),HIGH (ry)),
(3) insert edge s,=(LOW (r,),HIGH (r3)).
Again, the case of operation REMOVEPOINT is similar.

Finally, operation MOVEPQINT does not affect the supportedness of any region of P, so

that no further operation is required in P*, O

3. Trapezoids

Throughout this section we denote by P a 2-supported convex subdivision whose # ver-
tices are on the lines of L. We show that the frapezoid method for point location [12] can be

modified to perform efficiently updates on P.

The trapezoid method is based on a recursive decomposition of the subdivision P into

components, called trapezoids. A trapezoid 1 is a convex subdivision whose external boundary
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Figure 4 Example for the proof of Lemma 2. (a) Opera-
tion INSERTSEGMENT on P. (b) Sequence of operations
on P*.



is a quadrilateral with two (not necessarily bounded) horizontal sides, which belong to the lines
of L. We denote the four sides of T by LEFT (1), RIGHT (), BOT (1), and TOP (t). Let
BOT (7) be on line /;, and TOP (7) on l;. The median line of 1, denoted MEDIAN (), is the line
I, with k = |(i + 2. The subdivision P is the trapezoid with BOT (P)=ly, TOP ( P)=ly, and
having LEFT ( P) and RIGHT ( ©P) at infinity.

A spanning edge of trapezoid 1 is an edge of T with endpoints on the top and bottom sides
of 1. A spanning edge s partitions trapezoid 1T into two trapezoids, denoted t; and tp, with
s =RIGHT (1 )=LEFT (tg). This is called a vertical cut (see Fig. 5(a)). If trapezoid T does not
have spanning edges, we decompose it by means of a horizontal line through its median line, and
obtain trapezoids T and 17, with MEDIAN (1)=TOP (1g)=BOT (t7). This is called a horizon-
tal cut (see Fig. 5(b)). A trapezoid can always be decomposed unless it is empty. We assume
that a vertical cut takes precedence over a horizontal cut, so that the decomposition process is
uniquely determined to within the specification of the sequence of consecutive vertical cuts of

the same trapezoid.

The above decomposition process can be conveniently represented by means of a string
notation. Namely, a vertical cut can be represented by the transformation T—1;, s Tz, where s is
the spanning edge; and a horizontal cut by the transformation T—(tg)! (t7), where [ is the
median line of 1. Finally, an empty trapezoid T is eliminated using the transformation T—¢,
where ¢ is the null string. Hence, the recursive decomposition of a trapezoid T can be viewed as
a sequence of rewritings using one of the above rules. In this framework, trapezoids correspond
to nonterminal symbols (variables), while spanning edges and lines correspond to terminal sym-
bols. The initial string is the nonterminal symbol 1. The final string is a sequence of spanning
edges, lines, and parentheses. For example, the recursive decomposition of the trapezoid shown

in Fig. 6 is described by the string
((e1e3)l1(ezeqeq)egeg)lz(ez(eq)l3(eseg)egery).

Notice that the parentheses have been introduced in the horizontal decomposition to eliminate

.. ambiguities in the parsing of such strings.

- The canonical decomposition of a trapezoid T with spanning edges is defined by (see Fig.
7):



MEDIAN (7)

(b)

Figure 5 (a) Example of vertical cut. (b) Example of hor-
izontal cut.

Figure 6 Recursive decomposition of a trapezoid.

T— 0117102 * * O T

where
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(i) eacht;,i=1, - ,k~1,isanonempty trapezoid without spanning edges;
(ii) each of 1y and T; either is empty or is a nonempty trapezoid without spanning edges; and

(iii) each o}, j=1," -k, is a maximal sequence of spanning edges that delimit empty tra-

pezoids.

4. Data Structure

The data structure for point location makes use of the so-called biased binary tree [1},
which is a dynamic binary search tree used to represent a sorted list of weighted items.
Specifically, the i -th item in the sorted list, with weight w;, is represented by the i -th leaf of the

tree. Let w =) w; be the total weight of the items in the tree. Some important properties of

biased binary trees, which are relevant to this work, are listed below:
(1) The depth of the i -th leaf is at most log(w/w;)+2.
(2) Dynamic operations such as insertion/deletion of an item, change of weight of an item, and

split/splice of biased trees, can be performed in time O (logw). (For the splice operation,
w is the total weight of the trees to be spliced).

Figure 7 Canonical decomposition of a trapezoid.
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The point location data structure consists of a main component and of an auxiliary com-
ponent. The main component is a binary tree T( P), called trapezoid tree, which represents the

recursive decomposition of the subdivision P.
The nodes of the trapezoid tree T(P) are of three types (see Fig. 8):

(1) V-node: each such node is associated with a nonempty trapezoid 1 which is partitioned by
a horizontal cut; it stores the line MEDIAN (7).

(2) O-node: each such node is associated with a nonempty trapezoid T which is partitioned by
vertical cuts; it stores a maximal sequence ¢ of spanning edges in the canonical decomposi-

tion of 7, represented by a balanced tree.

(3) ¢€-node: each such node is associated with an empty trapezoid, and is a leaf of the tra-

pezoid tree.

In addition, each node i stores an integer weight (1), which denotes the number of vertices in the

interior of the trapezoid associated with L.

Each node of the trapezoid tree is uniquely associated with a trapezoid, so that we will

sometimes use the same name for a node of the tree and for the associated trapezoid.

The trapezoid tree 7(t) for a nonempty trapezoid T is recursively defined as follows (see
Fig. 9):

(a) (b) (0

Figure 8 Nodes of a trapezoid tree: (a) V-node; (b) O-
node; (¢) €-node.



(1)

()

Figure 9 Trapezoid tree for the trapezoid of Fig. 7.

If T has no spanning edges, the root of 7(t) is a V-node, and the left and right subtrees of

T(7) are trapezoid trees for Tz and 17, respectively.

Otherwise (T has spanning edges), we consider the canonical decomposition of *,
19011107 * * * Ox Tr, and define T(T) as a biased binary tree for the items tg, - -« ,T;. Tree
T(7) is called the decomposition tree of 1. The i-th leaf of T(1) is a V-node for trapezoid ;.
For the special case when { =0 or i =k and 1; is empty, leaf i is a €-node, and has nominal
unit weight. The i-th intemal node of T, denoted ;, stores the sequence G; of spanning

edges, and is associated with the trapezoid formed by the union of the trapezoids associated

| with the leaves of the subtree of T(t) rooted at ;. Each node of T(t) is also equipped with

pointers pred and succ , which form a doubly-linked list of the nodes of T(t) in their left-
to-right order. Finally, the trapezoid tree 7(t) is obtained by replacing each leaf t; of T(1)
with the trapezoid tree Z(t;).

13



It is interesting to observe that each edge e of the subdivision P may be stored in the
sequences of spanning edges of several O-nodes of tree T(P). Each such representative is
called a fragment of edge e. The decomposition of e into fragments is performed according to
the well-known segment-tree scheme [14, pp. 13-15], so that the number of fragments of each
edge is at most 2log N - 1.

Theorem 2 The space requirement of the trapezoid tree T(P) is O (n logN).

Proof: Let the order of a V-node p be the number of V-nodes on the path from p to the root of
T(P), including p. Because of the median line decomposition rule, the order of p is at most
logN. Also, for any p <logN, there are at most n nodes of order p because each such node
corresponds to a trapezoid with at least one vertex. Hence, the total number of V-nodes in
T(®P) is at most n logN. Regarding O-nodes, we observe that each edge is decomposed
according to the well-known segment-tree scheme, so that the total space requirement for the O-
nodes and their sequences of spanning edges is O (n log N ). Finally, we can charge at most two

g-nodes to each V-node, so that the total space for the trapezoid tree T(P) is O (n logN). O

Theorem 3 The depth of the trapezoid tree T(P)is O (logn +1logN).

Proof: Without significant loss of generality, assume that N is a power of 2. Let height (1) be
the number of elementary slabs spanned by a trapezoid 1. Clearly, height (t)SN. We show that
for a V-node of T(P) with associated trapezoid 1, the depth of T(t) is at most
log weight (t)+ 3 log height (t)+1. (For simplicity of notation, we assume that log0=1.) The
proof is by induction on height (t). The base of the induction, height (1) =2, is immediate, since
the left and right subtrees of T(t) consist each of a O-node and two £-nodes. For the inductive
step, define w =weight (1) and h = height (t). Consider the deeper of the two subtrees of 1, say,
the one associated with trapezoid tg. Let 1; be a leaf of the decomposition tree T(1p), and
define w; =weight (1;) and h; = height (1;). Since T(1g) is a biased binary tree, leaf t; has depth
bounded by log (w/w;)+2. By the inductive hypothesis, the depth of the trapezoid tree 7(1;) is
at most log wi +3 log h; +1. Hence, the total depth of the trapezoid tree 7(t) is at most

(log(w/iw;)+2)+1+(logw; +31logh; +1).

14



Since h; = h/2, this is exactly logw +3log h + 1. : O

The auxiliary component of the data structure, called dictionary, contains a record for each
vertex, region, and edge of P. The record for a vertex v stores the name of v and its coordi-
nates. The record for a region r stores the name of r, pointers to the records of vertices
LOW (r) and HIGH (r), and pointers to two balanced search trees, Ichain (r) and rchain (r),
respectively, representing the edges of the left and right chain of r in bottom-to-top order. The
record for an edge e stores the name of e, pointers to the records of the endpoints of e, denoted
LOW (e) and HIGH (e ), and pointers [face (e ) and rface (e ) to the representatives of e in the
trees rchain (r ;) and Ichain (r,) such that r and r, are the regions on the left and right sides of
e, respectively. Clearly, the dictionary takes O (n ) space. The dynamic maintenance of the dic-
tionary in the various update operations can be easily performed in O (log n) time, and will not

be further described.

5. Query

The query algorithm is essentially the same as in the static case [12]. It consists of tracing a

path in T(P). The actions taken at the current node [ are as follows:

(1) Ifpisae-node, we stop.

(2) If p is a V-node, we discriminate the query point ¢ with respect to the median line
MEDIAN (1) of the trapezoid 7 associated with |L.. We proceed to the left or right child of p
depending upon whether g is below or above MEDIAN (t). (If ¢ is on MEDIAN (1) we
proceed to the left child.)

(3) If pis a O-node, we discriminate ¢ with respect to the sequence of spanning edges associ-
ated with [, o(W)=s - - - 5p. If ¢ lies to the left of edge 5, we set sg :=s; and proceed io
the left child of p. If ¢ lies to the right of s,, we set 57 :=5, and proceed to the right child
of p. If g lies between two edges of G(), say s; and s; 4+1, we set sz :=s; and Sg :=8; 41,
‘and stop.

The region r reported is the one which lies on the right side of edge s; and on the left side of

edgé SR .

15



The time spent is O (1) for the intermediate nodes on the search path, and O (logn) for the
last node. The final computation of r from sy, and sz can be done by accessing the representa-
tives of 57 and sg in the trees Ichain (r) and rchain (r ) pointed by rface (s ) and Iface (sg ), and
walking up to the root of such trees, which takes O (logn) time. Since the height of tree 7( P)

is logarithmic, we conclude

Theorem 4 The complexity of a point location query is O (logn +1logN ).

6. Insertion of Edges

First, we consider operation INSERTSEGMENT (e ,v1,va,r;ry,r2). The insertion algorithm
is described by means of a recursive procedure, whose actions, depending on the type of the

current node |, are as follows.

1. If pis a O-node associated with the string o(W)=s; - - - 5, we locate e in O(p).

1.11If e is to the left of 51, we recursively call the procedure on the left child of p.

1.2 If e is to the right of s, , we recursively call the procedure on the right child of p.

1.3 Otherwise, e lies between two edges of o(l), say s; and s; ;1. In this case, we insert e
into G(jL) between s; and s; 4 ;, corresponding to the string transformation

S S Sia1 Sy dS1TSieSivl 5.

Note that this case can only occur when e spans the slab of o(n), for, in the interior of the
corresponding region of the plane, there are no vertices of P.

2. If p is a e-node, we know that it is either the leftmost or rightmost leaf of a decomposi-
tion tree. In the former case, edge e is added to the left of the sequence of spanning edges of the
O-node next (1) immediately following p. In the latter case, edge e is added to the right of the
sequence of spanning edges of the O-node pred ()) immediately preceding .

3. If pis a V-node associated with trapezoid T, we determine first whether e spans 7 or not.

3.1If e does not span 7, then if LOW (e) is below MEDIAN (t) we recursively call the pro-
cedure on the left child of p, and if HIGH (e) is above MEDIAN (1) we recursively call the pro-
cedure on the right child of p. (Note: here is where the edge may be subjected to the segment-

tree fragmentation.)

16



3.2 If e spans T, we determine the leftmost and rightmost regions of 7, i.e., the region r, to
the right of edge LEFT (1) and the region rg to the left of RIGHT (t). Such regions can be com-
puted by observing that LEFT (1) is the last spanning edge in the sequence G(pred(n)), and
RIGHT (7) is the first spanning edge in the sequence G(next (1)). We have three further sub-

cases.

3.211fr =ry,ie., edge e is to the left of each vertex of 1, then edge e is added to the right
of the sequence of spanning edges of the O-node pred ()l) inmediately preceding W, and no
further action is required. (¥f pred () =nil, a new O-node and a new €-node are created, and the
decomposition tree containing leaf | is rebalanced.) This case corresponds to the syntactic

transformation T—e T.

3.2.2 If r =rg, i.e., e is to the right of each vertex of 1, then edge e is added to the left of
the sequence of spanning edges of the O-node next (1) immediately following [, and no further
action is required. (If next (L) =nil , a new O-node and a new €-node are created, and the decom-
position tree containing leaf p is rebalanced.) This case corresponds to the syntactic transforma-

tion T—Te, and is symmetric to case 3.2.1.

3.23 If r#r;, and r#rg, we have that e lies inside T, which will cause a more substantial
update of the data structure (see Fig. 10). In fact, while T was formerly horizontally decom-
posed, it has now to be vertically decomposed by means of a vertical cut along edge e. First, we
call recursively the procedure on both the left and right children of p. At this point, both tra-

pezoids Tz and Tr have a vertical cut along edge e, corresponding to the string

(11011 612712) ! (121021€ G22T22).

To comply with the rule that vertical cuts take precedence over horizontal cuts, we have to res-

tructure the tree according to the string
(11011 ! (121621) € (C12T12) ] (022722).
This is done as follows:

(1) Let py, and pg be the left and right child of p, respectively. Find node p; of T(p,, ) associ-
ated with the sequence 6;=01;€0},. Similarly, find node p; of T(jg ) associated with the

sequence 03 =021€ G22.

17



(a) (b)

(c)‘

(d)

Figure 10 Update of the data structure in Case 3.2.3 of IN-
SERTSEGMENT . (a,c) Preliminary restructuring (edge e
is inserted in both children of p). (b,d) Final restructuring.

(2) Split T(y. ) and T(pg) at nodes py and p,, respectively. This yields trees 75, T12, Ty,
and T5,.

(3) Split the sequences G();) and G(}1;) at edge e. This yields the sequences 61, 612, G231, and
C22.

@) If 0,20, create a O-node p,; for it, and add p;; and a €-node to the right of 7T;;. If
G1#, create a O-node |1,; for it, and add py; and a €-node to the right of T5;. If 1%,

18



create a O-node L, for it, and add j;; and a €-node to the left of Ty,. If 6,)#0, create a

O-node 1, for it, and add |5, and a e-node to the left of Ty,.

(5) Create a V-node v; (associated with the portion of T to the left of ¢ ), with left subtree Ty,

and right subtree 7.

(6) Create a V-node v, (associated with the portion of T to the right of e ), with left subtree 7T,
and right subtree 7.
(7) Replace p with a O-node v having 6(v)=e, left child vy, and right child v,. Finally, rebal-

ance the decomposition tree containing node v.

This completes the description of the algorithm for operation INSERTSEGMENT .

We now analyze the time complexity of operation INSERTSEGMENT . Let r* be the inter-
section of region r and the horizontal slab spanned by segment e (see Fig. 11). Notice that,
since r is 2-supported, so is r* . The insertion of e into the trapezoid tree can be viewed as a

visit of a subgraph of T(P) (see Fig. 12). Specifically, this subgraph consists of an initial path

/ AN
/ / \ slabs of left children
of distinguished nodes
e on right path

median of fork

slabs of right children
of distinguished nodes
on left path

Figure 11 Region r* in the analysis of operation INSERTSEGMENT .
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originating at the root and consisting of O-nodes such that e is always external to the sequence
of spanning edges (Case 1.1 or 1.2), and of V-nodes such that e never crosses the median of the
corresponding slab (Case 3.1). For either type of node, O (1) time is spent at each node. The
visit of this initial path terminates at a V-node (referred to as the fork), where, for the first time,

e crosses the median.

At the fork, e is passed on to both children, i.e., the visit continues with two distinct paths,
called the left spine and right spine. Let us consider the left spine (the right spine is similarly
analyzed). It is easily realized that this path contains a set of distinguished V-nodes such that,
for trapezoid 1t associated with any of them, y(TOP (t))Sy(HIGH (e¢)) and
y(BOT (1)) <y(LOW (e))<y(MEDIAN (7). This implies that e spans the trapezoid 17 associ-
ated with the right subtree of the distinguished V-node 1. The decomposition tree T(17) is
called an allocation subtree for edge e. The slabs spanned by the roots of all allocation subtrees
of ¢ form a partition of r* into a set of convex polygons, of which it is easily realized that at

most one is 2-supported while all the others are 1-supported (see Fig. 11).

Each distinguished V-node of the left spine is a branching point for the visit, since the pro-
cedure is called recursively on both children. The left child is on the left spine, while the right
child is the root of an allocation subtree for e. Within the allocation subtree the visit continues
along a path, called allocation trail until we reach a node, called allocation target for which one
of the Cases 1.3, 2, or 3.2 occurs. The time spent at each node of the left spine and at each node
of the allocation trail, target excluded, is O (1).

Consider now an allocation target U of e. If P is an €-node, then its handling takes
O(logn) time (Case 2). If p is an O-node, then in O(logn) time e is inserted into the
corresponding o(jt) (Case 1.3). Finally, if p is a V-node, we are in Case 3.2. If the intersection
of r with the slab of p is a 1-supported polygon, then we have either Case 3.2.1 or Case 3.2.2,
since e is adjacent to a spanning edge of this slab. For such cases, the processing of y takes time
O (logn). Else (when the intersection of r with the slab of p is a 2-supported polygon), we are
in Case 3.2.3. From Lemma 1, we have that this case can occur for at most one allocation target,

called henceforth special target.

Let p be the special target, and let T be the associated trapezoid. In the processing of y, we

recursively call the procedure on both children of y, so that the visit branches again into two
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Figure 12 Subgraph of the trapezoid tree visited by the IN-
-SERTSEGMENT algorithm. The target nodes are shaded.
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paths. Since edge ¢ spans both T3 and t7, each path will encounter a node for which one of the
Cases 1.3, 2, or 3.2 occurs. However, by Lemma 1, at most one of the polygons obtained by
intersecting region r with T and 1r is 2-supported, so that Case 3.2.3 can occur again for at
most one such node. Finally, after the recursive calls have been executed, we perform the res-
tructuring specified in the description of Case 3.2.3, which takes O (logn) time. Let p be the
order of p, i.e., the number of nodes on the path from p to the root. The work done for complet-
ing the visit originating at p requires in the worst case time O (log n ) plus the time for executing
one recursive call to the procedure on a node of order p —1. Since the order of a node is at most
log N, this sums up to O (logn log N) time.

We summarize the preceding discussion as follows:

(i) The total time spent at the nodes of the path from the root to the fork and at the nodes of the
left and right spine is O (logn +1ogN).

(ii) The total time spent in traversing each allocation trail is O(logn), for a total time
O(lognlogN).

(iii) The time spent for processing each nonspecial target node is O (logn), for a total time
O(lognlogN).

(iv) The time spent for processing the special target and its subtree is O (logn log N ).

We therefore conclude

Theorem 5 The complexity of operation INSERTSEGMENT (e,v,va,r;rira) is
O (lognlogN).

Remark. The underlying segment-tree structure of the method effects the fragmentation into a
logarithmic number of subsegments of an edge to be inserted. Each of these subsegments, how-
ever, may not be insertable as a single entity, if it does not occur next to existing spanning edges
of the corresponding slab. Note, however, that such a spanning edge would always exist if each
region of P were a 1-supported polygon. Relaxing such strong constraint to 2-supportedness,
we effectively create a ‘‘channel’’ (a sort of ‘‘virtual diagonal’’) between LOW (r) and
HIGH (r) of each polygon r of P, which guarantees that at most one segment fragment (the one
reaching the special target) is further subdivided into a number of subsegments at most



logarithmic in N, before being restored to its original length as specified by the string transfor-

mation given for Case 3.2.3.

7. Other Update Operations

The algorithm for operation REMOVESEGMENT (e ,v1,v2,r1,r2;r) is similar to the one for
the INSERTSEGMENT operation, and for brevity we omit its description.

Theorem 6 The complexity of operation REMOVESEGMENT (e,vy,vari,rair) is
O (logn logN).

We consider now operation INSERTPOINT (v,e;ey,e2). The algorithm consists of two

phases. The first phase is performed by a recursive procedure consisting of the following steps:

(1) Using the query algorithm, we search for a node p of the trapezoid tree such that v lies in

the trapezoid 7 of |1, and e is a spanning edge of o(W)=s1, " * ,5p, i.€., e =s; for some i.

(2) We perform some restructurings at node W (to be specified later), which correspond to
inserting v onto line MEDIAN (7).

(3) We recursively call the procedure if v is not on line MEDIAN (7).

The restructurings performed in Step 2 depend on the position of edge e in the sequence G(p).

We distinguish four cases:
1. If e =s; is a nonextreme element of the sequence o(l), i.e. i#1,p, the restructuring is
dictated by the string transformation
Si—1€ Si+1—>Si—1(e)l (e)si+1.

Omitting the details, node W is replaced in the decomposition tree by nodes iy, |’, and pz, where
M1 and p are O-nodes with sequences O(l1)=51," " * ,5i -1 and O(2)=S; 41, " - ,Sp, and W' is a
V-node. In tumn, i’ is the root of an elementary decomposition tree, whose left and right subtree

consist each of a O-node with sequence e, and of two €-nodes.

2. If e =5, is the leftmost element of G(}1) and p 22, the restructuring is dictated by the

string transformation
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Dl (e sy > (t11€)l (T2e) 52

Let W' =pred (). Node ' is associated with trapezoid t’ to the left of e. Edge e is inserted into
the left and right children of p” as in the algorithm for INSERTSEGMENT .

3. If e =5, is the rightmost element of d(u) and p 22, the restructuring is dictated by the
string transformation
Sp-1€ (T (1) > sp-1(e T1) ! (e 12).
This case is symmetric to Case 2 above.
4. If e =51=s5, is the unique element of G(W), the restructuring is dictated by the string
transformation
(T1) ! (Tap) e (T12) 1 (722) = (Ty1€ T12) ] (Ta1 € Tp2)

This restructuring merges the two trapezoids associated with the V-nodes p,=pred (L) and
Ko =next ()) into a unique trapezoid, represented by a new node p’. The tasks to be performed

are analogous to the ones for Case 3.2.3 of the edge insertion algorithm, and omitted for brevity.

In Step 3, if v is below MEDIAN (t) we recursively call the procedure on the left subtree of
', while if v is above MEDIAN (t) we recursively call the procedure on the right subtree of p".

A detailed time complexity analysis of the first phase can be conducted using techniques
similar to the ones presented in the preceding section. In summary, the recursion depth is at
- most O (log N), and the time for Step 2 is O (log n) for all but (possibly) one node, for which it is
O (logn log N). Hence the first phase takes time O (logn logN).

The second phase rebalances the decomposition trees embedded in Z(P) for which the
weight of some leaf has increased by one. There are at most O (log N) such trees, so that the

second phase also takes time O (logn logN ).

We therefore conclude
Theorem 7 The complexity of operation INSERTPOINT (v ,e;e,e3) is O (logn logN ).

The algorithm for operation REMOVEPOINT (v ,e 1,e4;e) is similar to the one for operation
INSERTPOINT , and we have



Theorem 8 The complexity of operation REMOVEPOQINT (v ,e,e3;e)is O (logn logN).

Finally, as regards operation MOVEPOINT (v ;x), we observe that it does not affect the tra-
pezoid tree. Hence, it can be simply carried out by updating the dictionary in time O (log n).

In conclusion, we have proved the following theorem:

Theorem 9 Let P be a convex subdivision whose n vertices lie on a fixed set L of N horizontal
lines. There exists a dynamic point location data structure for P with space O (N +n logN) and
query time O (logn +1og N ), which allows for insertion/deletion of vertices and edges in time

O (logn log N ), all time bounds being worst-case.
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