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Abstract

Let £ be the language defined by some deterministic k-state automaton with ac-
cepting states F', and let G be a directed graph with n nodes and mn labeled arcs.
The dynamic L-path problem is to process efficiently and on-line two kinds of op-
erations: (1) inserting arcs into G, and (2) given two nodes v and v in G, finding
a path from u to v that is labeled by some word of £, or reporting that none ex-
ists. We present a data structure that supports insertion and regular path existence
queries in O(nk?) amortized time and O(|F|) worst-case time, respectively. Finding
an L-path between two nodes can he done in O(I + |F}) worst-case time, where [
is the length of the path returned. This is an improvement over the O(m) time
required to answer queries in the static version of this problem, for each fixed in-
finite £. We show how this data structure and the techniques used for building it
arve applicable to the area of knowledge base querying. In an amortized setting, we
provide relative improvements of O(m/n) to the time bounds for answering many
one-sided recursive queries and even some two-sided recursive queries, such as the
same gencration query on acyclic graphs.



1 Introduction

Variations on the theme of graph reachability are the core combinatorial probleims
of knowledge base querying (for recent surveys see [BR86,NT89]). Most of the pre-
vious research on knowledge base query evaluation has focused on static problems,
and consequently there has been little progress on understanding dynamic query
evaluation (for one possible dynamic framework see [AP87]). A full dynamic set-
ting involves incremental processing of queries as well as ingertions of new facts and
deletions of existing facts. In this paper, we show how to maintain a dynamic rep-
resentation of the knowledge base so that full recomputation is not required when
the knowledge base is updated. We analyze incremental algorithms for queries and
insertions, but no deletions. We make the restrictive, but reasonable, hypothesis
that our knowledge base expands frequently with the addition of new facts hut
shrinks infrequently.

There has been some recent interesting work on incremental algorithms for reach-
ability problems in directed graphs with n nodes and m arcs. Italiano [Ita86] re-
ports simultaneous O(n) amortized time bounds (in the spirit of Tarjan [Tar85))
and O(n?) space bounds for the problem of adding an arc to a directed graph and
finding a path between two nodes in the graph. Path-finding actually takes O(1)
time, where [ is the length of the path found. His method extends to solve the
all-pairs transitive closure problem in O(n?) amortized time. When compared to
the best known static solutions, the relative savings in time are O(m/n). In [Ita88],
Italiano modified his data structure to maintain a directed acyclic graph under the
presence of deletions only (no insertions) in O(nm) worst-case time for eny number
of deletions, and preserve O(!)-time path-finding. Ibaraki and ILatoh [II{83] present
an O(n?) transitive closure algorithm with arc insertions. They also handle arc
deletions, which take O(n*(m + n)) time each.

We extend the incremental reachability technique of [1ta86] by adding the notion
of state. Specifically, we describe a dynamic algorithm that solves the following
probleni: Given a graph G and a regular language £, provide support for the
following two operations:

1. Insert a new arc into G.

2. Given two nodes in G, find a path, if one exists, between the two nodes such
that the arc labels along the path form a string that is an element of L.

For n-node graphs and a regular language whose DFA has k states, the cost is
O(nk?) amortized time for insertion and constant time per path existence query
(see Theorem 1). A subtle point distinguishing our algorithm from Italiano’s is
that an arc might have to be used more than once in a labeled path, whereas once
always suffices for the unlabeled paths in [Ita86].

A knowledge base can often be thought of as a graph with labeled arcs. For
example, labeled directed graphs can be used to denote binary database relations,
and any hierarchy can be represented as an acyclic labeled directed graph. For a
canonical example, consider the task of finding if two people belong to the same



generation. More formally, given a directed graph with labels @, b, ¢, and two dis-
tinguished nodes z,y, the problem is to find if there exists a path from « to y
cousisting of ¢ a-arcs followed by a b-arc followed by ¢ c-arcs, for some i. Here,
au a-arc represents a child-parent relationship, a b-arc represents initial knowledge
about the same generation relationship, and a c-arc represents a parent-child rela-
tionship. To start processing such a complex query, one can find all the ancestors
of & by looking for nodes connected to @ by paths of ouly a-arcs. This is the sim-
pler problem of single-source reachability that is useful in pruning same generation
searches [BMSUB8G).

Using counters it is possible to solve the same generation query on acyclic graphs
statically in O(nm) time (see, for example, [MSPS87]). This is the best static hound
to date, and as shown by Haddad and Naughton [HN88], it also Lolds for the single-
sowrce same generation query om general graphs. A performance comparison of
various general-purpose knowledge base evaluation methods appears in [BRS6].

Understanding the correspondence between queries and language-theoretic path
problems is a critical step in applying algorithmic techniques to general-purpose
query evaluation. This correspondence is clearest in the case of chain queries
[BILBR&T7], but can also be established for more complex cases. Naughton [Nau87]
presents a classification of many queries into one- and two-sided recursions. It turns
out that transitive closure is a simple one-sided recursion and same generation is a
simple two-sided recursion. Finally, we should note that Tarjan [Tar81] investigates
a different correspondence from the one we use lere; given two nodes in a graph,
he constructs a regular language that describes all paths between these nodes.

The dynamic character of our data structure, together with the fact that we
consider the general case of any regular language, distinguishes our results from tlhe
work mentioned above. We apply our data structure to the dynamic processing
of many one-sided recursive queries [Nau87}, for example the regular chain queries
or the linear monadic queries of [BIXBR87], as well as to some two-sided recursive
queries [Nau87], such as the same generation queries of [BMSU86]. Our dynamic
data structures are representations of labeled directed graphs with n nodes and m
arcs. In addition to handling both insertions and queries, we show how to achieve
relative savings in processing time of O(m/n). In the case of the same generation
problem, Theorem 1 caunot be applied directly, because the corresponding language
is nonregular and also because of the k* factor. Instead, we view k as a variable,
modify the approach to have only O(nk) amortized cost for the same generation
query on acyclic graphs, and then use a finite state machine with k = n states; this
gives us the desired relative savings of O(m/n).

Section 2 contains the main combinatorial theorem (Theorem 1) and the defini-
tions used in its proof. Section 3 is a description of the data structure, associated
algorithm, and its analysis. We note that the amortized analysis can be done di-
rectly without resorting to the use of potential functions, as in [Ita8G]. Section 4
contains applications to processing one-sided recursive queries and two-sided recur-
sive queries in knowledge bases. Section 5 concludes the paper with some related
open problems. Examples of the data structure appear in the Appendix.



2 The Dynamic Path Problem

A labeled directed graph G = (V, 4,3) is a triple consisting of a finite set of nodes 17,
a finite set of arc labels &, and a finite set of arcs 4 C {(w,v,0) | v,v € V, 0 € T}.
A path between two nodes u and v is a sequence of arcs (g, uy,0q(), (wy, Uy, 0y),

oy (W1, 07), where w = up and v = w;. It can be associated with the string
w = 0103 ...0); we say there is an w-path between u and v.

A determanistic finite state automaton (DFA) is a quintuple D = (L, %, 8,8, F'),
where I\ is a finite set of states, ¥ is a finite alphabet of symbols, s € I\ is the start
state, F' C I is a set of accepting states, and ¢ : (I, %) — I\ is the transition
function.! A o-transition of D is a transition via § on the symbol ¢. The DFA D
defines the language

L= {w €T |3f € F, &(s,w) = f}.

Regular languages are precisely those sets of strings that can be described by de-
terministic finite state automata.

Given a labeled directed graph G and a regular language £ (such that the are
label alphabet of G is the same as the symbol alphabet of £’s DFA) we wish to
maintain a dyunamic structure for the following tasks. We want to add arcs efficiently
to G and also answer path queries on G over £, such as: “Given two nodes in G,
is there an w-path between the nodes such that w € £7” We call such a path an
L-path. By using L-paths instead of (unlabeled) paths we define, in the standard
way, the problems of single-source L-reachability and L-transitive closure.

There are several natural applications of this approach:

o Transitive closure on a graph with a-arcs can be solved by looking for paths
of the form a*.

o Even-length paths are those of the form (aa)*; odd-length paths are of the
form a(aa)*.

o If an a-arc is a child-parent rclationship and a b-arc is a parent-child rela-
tionship, then the common ancestor problem, which asks if @ and y share
a conuuon ancestor, can be answered by looking for paths of the form «*b*
between x and y.

The following theorem is the main result of this paper:

Theorem 1 Let L be the language defined by DFA (K, X,8,s, F), with |K| = k,
and let G be a labeled directed graph (V, A, ), with |V| =n and |4| = m. We can
insert an arc into G in O(nk?) amortized time and we can find an L-path between
any two nodes in G in O(l + |F|) worst-case time, where | is the length of the path
returned, or report that no such path exists. In addition, we can answer L-path

16 is given in the specification for D as a mapping from & x © to K. We extend and use it as
mapping a state and a string to a new stale inductively: 8(q,€) = ¢, where ¢ is the empty string,
and é(q,wo) = §(é(q,w), @), where 0 € ¥ and w € T*.
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existence queries in O(|F|) time, single-source L-reachability queries in O(|F|n)
time, and L-transitive closure queries in O(|F|n?) time.

Note in the above theorem that only the insertion cost is amortized; all other
costs are worst-case time bounds. If the DFA for £ is fixed, the terms k and |F|
are fixed constants.

3 The Algorithm

3.1 Data Structure

Given a labeled directed graph G and a regular language £ with DFA D, we extend
the notion of traversing a path in G so that the traversal of an arc with label a
corresponds to a simultaneous a-transition of D.

In addition to G, we maintain a structure for each possible node/state pair that
records which node/state pairs arve reachable from it by labeled paths in G. From
node/state pair (x, ¢), pair (&, ¢) is reachable if and only if there exists some w-path
between nodes z and T such that §(¢,w) = ¢; in that case, we say that there is a
path from (x,¢) to (z,q). For each node/state pair (@, ¢), we maintain a spanning
tree T(,q) rooted at (x,¢) and an associated index matrix [, 4. The following
invariants define the trees:

1. A node/state pair (7, 7) is a node in the spanning tree Tj, q) if there exists a
path from (z,¢) to (&, §).

2. In each spanning tree, a node/state pair (T, q) is a descendant of pair (x,¢)
ouly if there exists a path from (&, ¢q) to (&, ¢).

3. Each node/state pair (Z,§) occurs at most once in each tree. It has a pointer
to its parent in the tree and to an arc connecting them in G.

The third invariant allows us to trace back from any pair (#, ) to the root of the
tree to find an actual path (in reverse) from (z, ¢) to (&, g). Each index matrix I,
is an n x k matrix such that I q)(2, ¢') points to pair (2, ¢') in the spanning tree Ti, 4
if that pair is in the tree; otherwise, I, (7,¢') = nil. Associated with each row
(respectively, column) in each matrix is a linked list that traverses only the non-nil
entries of the row (respectively, column). The initialization procedure for the data
structure is given in Figure 1. Initialization Dy itself would take O(n%k?) time, but
as mentioned in [Ita806], this cost can be amortized to constant time per operation,
using the trick in [AHU76, p. 71].

The trees and indices are updated only when arcs are added to the graph. When
adding an arc (%, ,0), we glue a pruned version (that is, a prefix) of the tree Tj; .
to the tree Ti;q) as a child of (7,¢') if (¢,¢') is in tree T(, 4 and é(¢,0) = ¢”. The
key to this operation is that the spanning trees ensure that we do only as much
work as is necessary to maintain the invariants.



procedure initialize( );
fori1<az<n,1<¢<Lkdo

create node/state pair (w, ¢);

create spauning tree Ti, ) rooted at pair (x,q);

allocate n x k space for matrix I, q);

Tiwq) (%, 9) = Tiag);

for1 <i<n,1<j<k,(i#xo0orj+#gq)do
I(w,q)(i,j) = nil

od;

set the linked lists that traverse the ath row and ¢th
colunm of Iigq) to point to I, g)(x, ¢);

set the other linked lists for I, q) to be empty

od;
Figure 1: Procedure initialize

procedure addarc(i, j,o);
if the arc is not already in G then
let ptr be a pointer to arc (i, j,0);
for1<az<n,1<¢g<kdo
while 3¢’ € I such that I, q)(2,¢") # nil, I, 4)(j,6(¢',0)) = nil do
glue((m, Q)a (J7 6(qla U))) (l’ q,,)a (Ja 6( qlv U))7 ptr)
od
od
fi;

Figure 2: Procedure addarc

3.2 Insertions and Queries

To add the are (7, j, o), we call the procediwe addarc (an extension of the algorithm
in [Ita86]), as shown in Figure 2. The new arc is inserted only if it does not already
exist in G. For each spanning tree T{, ), if there is a node/state pair (7, ¢') in the
tree such that (7,6(¢’,0)) = (J, ¢") is not in the tree, it means that there is a path
from (a, ¢) to (¢,¢") , but without the new arc we cannot reach (j, ¢”). Thus, when
arc (7, j,0) is inserted, we need to add this node and its descendants to the tree.
Procedure addarc then calls the procedure glue (see Figure 3) which glues the
correctly pruned version of spanning tree T{; s(g,0)) into the target tree Ty q). In the
call to glue, we are attaching the pruned subtree of Tj; ,n) rooted at (v, ¢")
child of (u,q') in tree T(, 4. Procedure glue recursively builds the pruned subtree
and inserts it into T(, 4. Whenever a descendant in T(;,») is found to be already

as a 1new
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n )

procedure glue((x,q),(7,q"). (w,¢'), (v, ¢"), pir);
create new node (v, ¢") pointed to by I, (v, ¢");
modify the linked lists that traverse the vth row and ¢”th
column of I, ) to include Ij, 4\ (v, ¢");
insert the new node into T(, ,) as a child of (u,q');
set the parent pointer for the new node to point to node (u, ¢') in T\, 4);
set the arc pointer for the new node to be pir;
for each child (w,¢™) of (v,¢") in T(;4) do
ptr ;= the arc pointer of (w,¢") in T( Jas
if Iy o) (w, ¢") = nil and ptrt # (7,7,0) then
glue((x,9), (5, ¢"), (v, ¢"), (w0, ¢"™), ;vtr)
fi
od;

Figure 3: Procedure glue

in T\, ) or when the arc (¢, J,0) is encountered, the subtree is pruned at that point.
The correctness proof is given in Section 3.3.

Assuming for now that the arc insertion algorithin is correct, checking path
existence is simple: There is an L-path from a node u to another node v if and ouly
if, by the invariants listed above, I (v, f) # nil for some f € F, where s is the
start state and F is the set of accepting states of £’s DFA. If the path exists, then
I s)(v, f) points to pair (v, f) in the spanning tree T(, . By following the back
pointers from this pair to the root of the tree, we can find an actual path from wu
to v (in reverse order). This ouly produces a single path; if more than one exists,
only the first one created is returned. Methods for solving single-source rcachability
and trausitive closure over £ follow immediately from the path existence procedure.

3.3 Correctness

We shall prove the correctness of the arc insertion algorithm by showing that the
three invariants of Section 3.1 are maintained by eddarc.

We start by proving that the second invariant is maintained, by induction on
the number of times glue is called when processing the insertion of arc a = (¢, j, 7).
The base case, when glue is not called at all, is valid, since the invariant is assumed
to be true before the insertion of a. Now let us consider what happens when some
node/state pair (Z,q) is attached as a new child of (¢,¢’) in spanning tree T, ).
This can only happen when (Z,q) is in tree T »), where ¢ = 6(¢’,0). By the
induction hypothesis, there is a path from (x,¢) to (7,¢') and a path from (7, ¢")
to (Z,§). Since the arc a gives a path from (i,¢') to (j,¢"), we can join the paths
together to get a path from (z,¢) to (7,¢') to (J,¢") to (Z,¢). This preserves the
second invariant.



It 1s easy to see, from the tests made before adding a node to a tree and from
the code for the addition of a node, that the third invariant is preserved.

Proving the first invariant is the subtle part of the correctness proof; we must
deal with added complication that G may have cycles. We need to show that the
first invariant is preserved by each call to addarc. The key to our arguinent is the
following lemma:

Lemma 1 Consider when glue s called by addarc to process the insertion of arc « =
(2,7,0). By a series of recursive calls, it inserts a pruned subtree of T(; ,ny into Ti, 4.
If node/state pair (x1,q,) 18 in the pruned subtree, then the pruned subtree also in-
cludes all (x4, g2) not already in T, 4y such that there is a path from (@1, q1) to (23, ¢2)
that doesn’t use arc a.

Proof: We prove the lemma by induction on the number of calls to glue made by
addarc. The base case, when there are no calls yet, is trivially true.

For the nonbase case, let us first argue as follows. Suppose (2y,¢;) is in the
pruned subtree and there is a path from (xy,¢;) to (22, ¢2) that doesn’t use arc a.
The path from (7, ¢”) to (x;, ¢1) in T} 4v) does not include any a-arcs, since otherwise
(21,¢1) would have been pruned from the subtree. Since there is a path with no
a-arcs from (&, q1) to (2, ¢2), it follows by the first invariant (prior to «’s insertion)
that (w2, ¢z) is in T(; 4n) before the insertion of arc a. Thus, the path from (j, ¢”) to
(22, ¢2) in T{;j 4y does not contain any a-arcs. We now argue that (&g, ¢2) must be
in the pruned subtree.

If (22, ¢2) is not in the pruned subtree, then it must have bheen pruned by either
an a-arc or some (3, ¢3) above it in T{; ). The former case cannot happen, since
we just proved that there are no a-arcs above (x3,¢2) in Tj . This means that
some ancestor (x3,qs) of (22, ¢) in Ti; 4m) is already in T, 5) and was inserted there
either before the insertion of « or during the insertion of a in a previous call made
to glue by addarc. (Recall that there is a path from (23, ¢3) to (23, ¢z) not using
a-arcs). Let us reason about the two cases: (1) If (w3, ¢3) was in T, 4 imumediately
before arc a was inserted, then by the second invariant there was a path at that
time from («, ¢) to (x3,q3). Since there is a path from (a3, ¢3) to (24, ¢;) with no a-
arcs, the first invariant (prior to ¢’s iusertion) implies that (22, ¢2) was also in T(, )
(2) The other case to consider is when (w3, ¢3) was added to T, ) during a previous

call made to glue by addarc. In that case, there is a path from (23, ¢3) to (a3, ¢2)
with no a-arcs, and the induction hypothesis implies that (22, ¢s) was also added
t0 Ty q)- This completes the proof of Lemma 1. 0

To prove that the first invariant is preserved by each call to addarc, we need to
show that, after the insertion of arc @ = (¢, J,0), there is an entry (&, §) in spanning
tree T{,,,) Whenever there is a path from (2, ¢) to (Z,¢). The proof is by induction
on the number of times ¢ occurs in a path from (x, ¢) to (¥, 7). (By the pigeonhole
principle, whenever there is a path from (z, ¢) to (#,§) there is such a path using «a
at most k times, where k is numnber of states of the DFA. So & is an upper hound
on this induction).
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The base case, in which « does not occur at all, is satisfied because the invariants
are assumed to be true before the insertion of a.

For the general inductive step, suppose after addarc processes the insertion of «
that there is a sequence of node/state pairs and arcs from (a,¢) to (&,q) of the
form pap’, where sequence p’ does not contain any instances of arc «. Let (2y,qu)
be the node/state pair reached from (x,¢) by p, and let (21,¢1) be the node/state
pair reached from (2, qp) by arc a. It follows that (xy,¢;) is in i, 4, since by the
induction hiypothesis (o, ¢o) is in T, ), and thus (x,,¢;) would be considered for
insertion into T{, 4 during the while-loop of eddarc.

Let us consider when (a1, ¢1) was attached to Ti, ). If it was attached during the
processing of a previous arc insertion, then since there is a sequence p' from (xy, ¢q)
to (z,q) not using a-arcs, it follows by the first invariant (inductively, before the
insertion of arc «) that (&, §) is in T{,q). Otherwise, if (@, ¢;) was inserted into Ti,
while the insertion of arc a was heing processed, by Lemma 1 (&, §) was also inserted
as part of the same pruned subtree. This proves that the first invariant is preserved
by addarc. This completes the correctness proof.

3.4 Analysis

We say that the ith operation of a certain type has amortized time «; if and only
if for each j, a sequence of j such operations starting on an initially empty data
structure takes no more than -, <;<; ¢; time in the worst case. We can think of the
amortized time of an operation as the average-case time of one operation over a
worst-case sequence of operations.

Remark: Following [Tar85] one could define a potential function ® that maps the
data structure into some real number. Let «; denote the quantity ¢;4+®;,—®;_,, where
t; is the actual time it takes to perform the ith operation, and ®; is the potential
of the data structure after the 7th operation; ®y denotes the initial potential when
the data structure is empty. After j operations, the total time 3~ <;¢;%; can be
calculated as follows:

Sti= > (it @i — @)= Y a;+ P — &,

1<i<) 1<i<g 1<i<

If &y = 0 and the potential function is always positive (as in [Tar85}), we have
Ticici ti < Ticicj @, aud thus the ith operation has amortized time «;. The proof
in [Ita86], however, allows the potential function to be negative. In order to conclude
correctly that the amortized time of the ith operation is ca; for some constant c,
the proof in [Ita86} must be augmented to show that @; > —(c — 1) ¥y @i, for
each j. The proofs we give in this paper use only the straightforward definition of
amortized time that appears in the previous paragraph, thus avoiding the need for
potential functions.

Consider the cost of adding an arc (z,7,0) to the graph G. Whenever addarc
is called, its inner while-loop is evaluated O(nk?) times, since there are at most
n choices for @ and k choices each for ¢ and ¢’. The running time of eddarc is

8



thus O(nk?) plus the running time of all the calls to glue. This latter quantity can
be hound, up to a constant factor, by the nunber of calls to glue made by addarce
(which is O(nk?) by the above analysis) plus the number of arcs examined in the
if-test of glue during all the (nonrecursive and recursive) calls to glue. Let E, )
denote the nmumnber of times the if-test is evaluated in glue while adding node/state
pairs to tree T, ). The running of eddarc is thus

0(11.L:2 + > E(a,.,q)>. (1)

eV

geN
To analyze E(yq) we define, by analogy to {Ita86], the visibility set of a node/state
pair (x,¢) to be

'm.s('qu) = {(('U)(IO)a'vaa) | (’lL,’U,O") € A, ('ll,, qO) is in ir(a:,g)}'

The visibility set records whiclh graph arcs can he “seen” at any given point on a
path from pair (2,¢) to any pair (¥,¢). The following lemma shows that E, ) is
bounded by the change in size of the visibility set of (2, ¢):

Lemma 2 We have E, ) < Al|vis(z,q)|.

Proof: In each call to glue a node/state pair is attached to tree T\, . When glue
is called (either by addarc or recursively by itself) in order to insert node/state
pairs into tree T, q, the first thing it does is to insert (v, ¢") from T{; ,uy into T\, 4.
Each time the if-test is evaluated, T{, ) is checked to see if it contains some par-
ticular (w,q¢""), via the matrix I(q. We can associate (w,¢")
((v,¢"),w, o), where o is the label on the arc connecting (v, ¢"') to (w, ¢") in T{; 4.
The triple has just become a member of vis(x, ¢) by the insertion of (v, ¢"') into T\, 4.
Since the DFA is deterministic and there are no duplicate node/state pairs in T; ),
this association is one-to-one. Thus we bound E(, ) by Alvis(z, ¢)|, which completes
the proof of Lemuna 2. O

with the triple
/”/)

By (1) and Lemma 2, the running time of each call to addarc is

O<nk2 + > Al'UiS(dﬁ(j)l).
reV
q€R
Thus, the total work done during a sequence of j arc insertions, starting from an
initially empty data structure, is

O(jnkz—}— > |vis(:r.,q:)|). (2)

z€V
gqER

The visibility set #ia(x, ¢) contains a triple ((u, ¢9),v,0) only if (v, v,0) € A. There
are k possible clioices for ¢y, thus yielding |vis(z,q)| < jk, forall x € V, ¢ € K.
Substituting this into (2) and summing over the nk spanning trees T{, ), we bound

9



the total work to do j arc insertions by jnk2. If we average this over the j insertions,
we get O(nk?) amortized time per arc insertion.

The rest of Theorem 1 follows easily. To find an L-path between two nodes x
and T, we find a node/state pair (7, ¢) in the spauning tree T, ;), where s is the start
state and § is an accepting state, and trace back up the spauning tree (reversing
the order of nodes encountered) to get the actual patl, which takes O(l + |F|)
time. L-Path existence is solved by checking at most |F| entries in an index matrix,
whicli is doable in O(|F|) time, so the single-source L-reachability and £-trausitive
closure problems are naively solvable in O(|F|n) and O(|F|n?) time, respectively.
This proves Theorem 1.

4 Knowledge Base Queries

In this section we apply Theorem 1 to construct incremental data structures for
processing knowledge bases queries in an efficient way.

4.1 One-Sided Recursions

We first consider (regular) chain queries as defined in [BICBR8T7], using Datalog
notation. Every (regular) chain program P is naturally associated with a (regular)
context free language Lp. Two examples of such chain programs, associated with
regular languages (ab)*c and a(a)*, respectively, are the following;:

L t(‘Y, 1’) “— (L('_Y’ 7 ), b(Z, V'.), t(l,r’ 1,)
HX,Y) — o(X,T).

o t{(X.Y) (X, 2), t(Z,Y).
HX,Y) « a(X,Y).

Datalog programs, as in the above examples, consist of rules. Predicates on the
left side of rules are called intentional database predicates, e.g., t above. All other
predicates are called extensional database predicates, e.g., a, b, c above. The relations
named by extensional database predicates are the inputs to the computation and
are sets of facts (see [BKBRS8T] for the detailed definition of syntax and semantics).

In chain programs, evaluation correspouds to finding Lp-paths. A query with
either of the above two prograns and goal $(0,1) (both goal arguments are bound)
corresponds to asking for Lp-path existence between nodes 0 and 1. Querying
with goal ¢(0,X) (one goal argument is bound) corresponds to asking for single-
source Lp-reachability from 0. Querying with goal #{(X,Y") (neither goal argument
is bound) corresponds to asking for L£p-transitive closure. If Lp is a fixed regular
language, then [I] = O(1) and |F| = O(1), and from Theorem 1 we get the following
result:

Theorem 2 Consider o fized regular chain logic program P. It 1s possible to process
insertions of new facts in O(n) amortized time so that the following holds: Each call
to P with two bound goal arguments takes O(1) time, each call to P with one bound
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goal argument takes O(n) time, and each call to P with no bound goal arguments
takes O(n?) time.

Let us compare two strategies for doing an insertion followed by a query on
an n-node m-arc database. The first strategy is the static strategy of performing
one (or n if both goal variables are free) depth-first-like calculation(s), each taking
time O(m); the second is to use the dynamic method above. We clearly have relative
O(m/n) savings in time using the dynamic strategy.

For our next application we consider one-sided recursions that are not neces-
sarily chain recursions. In this case, the correspondence between querying and
path-finding is no longer nunmediate. We restrict our attention to linear monadic
connected programs, which we call Ime-programs. These programs gencralize the
queries that are expressible using regular chain programs [BKBR87]. We dcfine
lmc-programs by the following four restrictions on programs:

1. The inteuntional database predicates are monadic, and the extensional data-
base predicates are binary. Thus the facts are binary and we can represent
themn using a labeled directed graph G.

o

The recursion is linear.

3. For each rule p, let us define the graph g,. Its node set is the set of variables
in p, and for each extensional predicate a(X,Y) in p, we put an «-arc in g,
from node X to node Y. We require that graph ¢, be connected, for each
rule p.

4. The graph G corresponding to the database facts has bounded degree.
Let us consider the following example lmc-program:

o 5(X) e a(X,¥), B(X,X'), o}, X"), HX).
HX) e« a(X,Y), ((Z,Y), a(Z,X), s(X').
s(X) — a(X,Y), Y¥,Y).

Note how each rule is “connected.” For example, the connected graph g, for the
first rule p has nodes X, 17, X’ and arcs (X, Y, @), '(X, X', 0), (Y, X', ¢). The output
of this program is the minimal fixed point of the monadic predicate s, which consists
of the set of all nodes x such that s(z) is derivable from the binary database facts.

We want to process the following operations: (i) insertions of new arcs, and
(ii) output queries. We assume that each output query returns the nodes @ in the
output that have not already been returned by a previous query. Since the output
of the program grows with time, this is the natural way to define a query in the
incremental seuse.

Querying corresponds to mapping inside G sequences of rule bodies that arve
chained together. By connectivity these are connected chains of rule bodies, but the
mappiug inside G is a homomorplism of that chain. We can reduce the problem
of query evaluation to the more familiar regular path problem in an abstracted
labeled directed graph H, that is computable from G and the given program. Then
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we can easily modify our data structure so that instead of processing a query of
the form “output all nodes x that are reachable from a fixed start node by an £-
path,” it processes queries of the form “output all nodes @ that are reachable from
a fixed start node by an L-path and that have not been output earlier.” Now let
us construct the abstracted graph H.

Graph H is a labeled directed graph containing the same node set as G plus a
specially designated “start” node. But instead of having G’s arcs, H has different
arcs. For example, the arc (a,y,ts) is in H whenever ¢(a) is true and the facts
in G imply s(y) in one derivation step of the original program. The first rule body
in the example given above corresponds to an arc labeled ts, and the second rule
body corresponds to an arc labeled st. The third rule body corresponds to a single
arc with label xs from the specially designated “start” node. Tlere is a regular
language naturally associated with the progran that we get by replacing the bodies
of rules by the new labels.

The first key lemma states that each insertion of a new fact causes at most a
constant number of arc insertions into the abstracted graph H.

Lemma 3 The insertion of an arc in a bounded degree labeled directed graph G
causes the imsertion of at most a constant number of arcs in the abstracted labeled
directed graph H (of G and an lmc-program).

Proof: This follows from assumptions 3 and 4: The rule bodies are connected (so
a rule body has to be applied in a local neighborhood of the insertion), and the
degree of each node in G is O(1) (limiting the possible nondeterministic choices).
Given boundeduess, connectivity, and that the rule bodies are themselves fixed, we
can search the neighborhood of any node in G for subgraphs induced by the 1ules
in constant time and simultaneously report the rules that become satisfied. M

The next lemuma shows that the number of nodes output by a query has amor-
tized cost O(1).

Lemma 4 The number of nodes @ such that s(a) 13 derivable from G 13 O(j), when
there are j arcs in G.

Proof: Lemma 3 implies that after j arc insertions into G, there will be O(j) arcs
inserted into H. After ¢ arc insertions into a grapl, from auy source node there are
at most ¢ sink nodes that are reachable from it; this is readily proved by induction.
Thus, there are O(j) nodes @ reachable by the desired paths from the specially
designated “start” node in H after j insertious into G. ]

Lemmas 3 and 4, together with Theorem 1, give us the following result:

Theorem 3 Consider a fized lmc-program P applied to a database corresponding
to a bounded degree labeled directed graph G. It is possible to process insertions of
new facts in O(n) amortized time so that the following holds: Each call to P with «
bound goal argument takes constant time in the worst case, and each call to P wnth
no bound goal argument takes constant amortized time.
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Figure 4: The graph G correspounding to the binary database facts before assertion
of fact ¢(u,v).

As an example, consider Figure 4, which depicts the graph G representing the
following facts (extensional binary database predicates): a(r,u), b(r,v), (v, w),
o(z,w), a(z,x), a(z,y), W(y,y). Each labeled arc in the graph represents a fact; for
example, arc (@,y, a) represents the fact a(z,y).

Now let us consider the abstracted graph H (of G and the previous lme-program)
before the assertion of fact ¢(w,v). It has the same nodes as does G, plus the
specially designated “start” node ¢, and it contains the two arcs (g¢,x,*s) and
(x,v,st). Let us see why. The only place where we can apply the third rule is using
arcs (@,y,a) and (y,y,b) from G. This causes the insertion of arc (¢, x,*s) into H.
The only place where we can apply the second rule is using arcs (v, w, a), (z,w, c),
aund (z,a,a) from G; if we assume that s(z) is true, the presence of these facts
would make t(v) true as well. We thus insert arc (z,v,st) into H. Now consider
the assertion of fact c(w,v); this corresponds to the iusertion of arc (u,v,c) into
G. Given that #(v) is true and arcs (r,v,d) and (r,u, «) are already present in G,
the insertion of arc (u,v,¢) causes us to apply the first rule, thereby inserting arc
(v,r,ts) into H.

In order to compute the desired unary relation s, we can now reason in the
abstracted graph using labeled paths. From inspection of the rules it follows that
node ¢’ is in the desired unary relation s if and only if there exists a path from ¢
to ¢’ in H, starting with a *s-arc and continuing with any number 2 > 0 of two-arc
paths labeled by st, ts. In the example graph there are only two such paths after
the assertion of fact c(u,v), demonstrating that s(x) and s(r).

4.2 Two-Sided Recursions

Regular chain queries and linear monadic connected queries, which we examined
in Section 4.1, are examples of one-sided recursions. A natural question to ask is
whether we can improve upon the evaluation of two-sided recursions. For example,
let us consider the following simple two-sided recursive program .S, which solves the
saime generation problem:

o t(X,Y)—a(X,Z), HZ,V), c(V,Y).
HX,Y) « o(X,Y).

In this case we have Ls = {a’bc’ | ¢ > 0}. The following thcorem indicates that it
is possible to achieve relative time savings of O(m/n). The detailed comparison is
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similar to the one for regular queries right after Theorem 2. The best known static
bound for single-source Lg-reachability is O(nm), even for acyclic databases.

Theorem 4 Consider the same generation chain logic program S applied to an
acyclic database. It is possible to process insertions of new facts in O(n?) amortized
time so that the following holds: Each call to S with two bound goal arguments takes
O(1) time, each call to S with one bound goal argument takes O(n) time, and each
call to S with no bound goal arguments takes O(n?) time.

Proof: We first construct a state machine with O(n) states, only one of which
is accepting, which represents the same generation problem over an acyclic graph.
Our states are A;, B;, and C; for 0 < 1 < n; we also include a state D. State A;
represents a path of the form a'; state B; represents a path of the form «ib; and state
C; represents a path of the form «’bc’~* for some 0 < j < n. State D represents
any other path. We desire that an w-path between two nodes u and v such that
8( Ag,w) = Cy must be of the form w = a'be?, for some 0 < ¢ < n; that is, the w-path
should correspond to a same generation patl.

The state transition function follows intuitively from the above state definitions.
The following table constructs a partial state transition function.

from | on symbol ¢ on symbol b on symbol ¢
state | enter state enter state  enter state

A A B; D
B, D D Ci
C, D D Co,
D D D D

In the table, ¢ is in the range 0 < ¢ < n — 1. The above state transition function
is written somewhat informally for extra clarity. For example, from state 4,_,,
we cannot enter state A, since there is no such state. To be precise we redefine
86(An-1,a) = D. Similarly for the cases of states By and Cy, we redefine é( By, c) =
8(Cy,c) = D. Finally, to reduce the number of accepting states from two to one,
we redefine 6( Ay, b) = Cy; without this change, we must include By as an accepting
state to handle the case of w = a’bc® = b. '

We mark Ay as the start state and Cy as the accepting state. From above, we
know that §( Ay, w) = Cy if and ouly if w is a same generation path, and thus using
the machine just constructed in our data structure will solve the saine generation
path existence query for an acyclic graph. Since we have 3n + 1 = O(n) states, we
would achieve an amortized insertion time of O(n?).

However, we can reduce the nmuber of spanning trees needed per node to three
by keeping only the spanning trees for states Ao, By, and Cy. The other trees can
he constructed when needed by adding the proper offset to all states in the hase
tree’s nodes. For example, if 6( Ay, w) = A;, then it is clear that 6(A4;,w) = Aiyj,
for any 0 < j < n. If we replace 4; by B; and A;;; by B,y;, the statement remains
true. Similarly for C; and Cjy;. We also have the same set of relationships if we
start at By (Cp) and change the base state to B; (C;). (Note that it is impossible
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to reach an A state or another B state from a B state or either an 4 or B state
from a C' state.)

The ouly thing needed to make this proof complete is the addition of dununy
states A;, B;, and ', for —n < 1 < 0 and n <1 < 2n — 1, and the extension of
é to apply to thew in the maunmer above. Since our graph is acyclic, we may add
these states without effect on correctness. They handle houndary conditions by
preventing transitions to state D that would interfere with the ad hoc construction
of the other spanning trees. For example, given an abee-path, we now reach state
C_, (instead of D) starting in state Ag; starting in state A,, we thus correctly reach
state Cy.

We have thus reduced our data structure to three spanning trees per node. The
rest of the proof follows that of Theorem 1 with an O(k) savings in amortized time.
We should note thiat acyclicity actually s1111p11f105 the correctness proof, since no
path uses an arc more than once. M

The technique used in Theorem 4 is based on the following idea: If we could
maintain only a constant number of spanning trees per node, as opposed to one
per node/state pair, we would save a factor of O(k) in our amortized arc insertion
time. Thus, we need a way to simulate one spanning tree given another. A natural
example for such a simulation is the path length problem: Given an n-node acyclic
graph, find an l-length path between two nodes if one exists.

The path length problem can easily be described by a DFA with O(n) states for
an acyclic n-node graph. Call this DFA D,,. The states of D,, represent the lengths
of the partial paths encountered in a similar fashion to that used in Theoremn 4.
When checking for an Il-length path, we cousider the corresponding state as the
accepting state of the machine; thus we can use the one data structure and answer
the query for any .

Theorem 5 The path length problem can be solved in O(n?) amortized time per
arc insertion into an acyclic graph such that finding an [-length path between two
nodes takes O(l) time. Furthermore, l-length path existence is solvable in O(1) time,
so l-length single-source reachability and l-length transitive closure are solvable in
O(n) and O(n?) time respectively. '

Proof: The states of D, are simply the lengths of the partial paths encountered.
Given a node/state tree for state s = 0, we can get another node/state tree starting
at a different root state by adding a constant to all states in the tree. This is easy
to see. Note that we may have to add O(n) extra states to ow machine to handle
boundary conditions: We may. have an actual [-length path between two nodes,
but we may translate a spanning tree to be rooted at state k, where [ + &k > n.
We thus need states representing path lengths from 0 to 21 — 2 inclusively, even
though acyclicity guarantees that the actual paths will be no longer than n — 1.
For any particular [, we consider only one accepting state. The remaining proof is
a straightforward modification of Theorem 1. M
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5 Conclusions

We have extended the results of Italiano [[ta86] to prove that the problem of arc
insertion and regular path existence queries in labeled directed graphs is solvable in
O(nk?) amortized time and O(|F|) worst-case time, respectively, where F is the set
of accepting states of the DFA. In certain cases, we can further improve the insertion
time by a factor of O(k). We have shown how this combinatorial result can be
used to obtain O(m/n) improvements in amortized time for many knowledge base
queries, such as linear monadic connected prograins and sowme two-sided recursive
progras.

For the same generation problem our improvement applies to acyclic graphs. We
conjecture that, for acyclic graphs, these techniques can lead to O(m/n) amortized
time improvements for any recursive Datalog query with binary predicates. We also
conjecture that it is possible to devise a method that works for the same generation
problem on general graphs, by combining our technique with that of [HN8S).

Ttaliano extends his data structure in [Ita88] to haundle arc deletions only (no
insertions) in a directed acyclic graph while maintaining the time bound on path
retrieval. A similar extension of our data structure to handle deletions ounly is
possible. The problem of improving the naive bounds for the case when there are
interixed insertions, deletions, and queries remains open.

Acknowledgement: We thank Jeff Naughton for many helpful discussions.
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Appendix

Example 1: As an example, consider a directed labeled graph and the regular
language (ab)*. A three-state finite state automaton recognizing this language is as
follows:

from | on symbol @ on symbol b
state | enter state  enter state

1 2 3
2 3 1
3 3 3

State 1 is the start state and the only accepting state.

The following figure depicts the construction of the regular path data structure
on a five-node graph (nodes numbered 1 through 5) over this language. Ounly the
spanning trees are shown, as they trivially induce the index matrices. Parent and
graph arc pointers are owitted for clarity. Also, spanning trees for nodes 2 and 4
are omitted, as they remain single-node trees throughout the insertions. Spaunning
tree arcs marked (a) and their destination nodes were created during the insertior:
of grapl arc (1,2,b). Similarly for the following arcs:

(b) (3,4,b)
(c) (3,5,b)
(d) (5,4,a)
(e) (1,3,a)
(f) (5,1,b)
(g) (5,1,a)
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Example 2: As an example of the multiple use of an arc in a patl, consider the
regular language aaaaa™; that is, we are looking for paths of «-arcs of length at
least 4. The DFA recognizing the language has states 0, 1, 2, 3, 4, representing the
lengths of the paths encountered so far: State 0 is the start state, state 4 is the
accepting state, 6(i,a) = i1+ 1, 0 < ¢ < 4, and 6(4,a) = 4. Given a graph with
single node « and the insertion of arc @ = (x,, a), the algorithm builds T}, q) as
follows: It glues in pair (x,1), sees arc @ and stops the glue; then (back in eddarc)
it glues in pair (@, 2), sees arc @ and stops the glue; it continues until (2,4) is glued
in, and then T, ) is complete. Similarly for the other spamming trees.





