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Abstract

Reasoning about change requires predicting how long a proposition, having become
true, will continue to be so. Lacking perfect knowledge, an agent may be constrained
to believe that a proposition persists indefinitely simply because there is no way for
the agent to infer a contravening proposition with certainty. In this paper, we describe
a mode] of causal reasoning that accounts for knowledge concerning cause-and-effect
relationships and knowledge concerning the tendency for propositions to persist or not
as a function of time passing. Our model has a natural encoding in the form of a network
representation for probabilistic models. We explore the computational properties of
our model by considering recent advances in computing the consequences of models
encoded in this network representation. Finally, we consider how our probabilistic
model addresses certain classical problems in temporal reasoning (e.g., the frame and
qualification problems).
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1 Introduction

The common-sense law of inertia (McCarthy 1986) states that a proposition once made true
remains so until something makes it false. Given perfect knowledge of initial conditions
and a complete predictive model, the law of inertia is sufficient for accurately inferring
the persistence of effects. In most circumstances, however, our predictive models and our
knowledge of initial conditions are less than perfect. The law of inertia requires that,
in order to infer that a proposition ceases to be true, we must predict an event with a

contravening effect. Such predictions are often difficult to make. Consider the following
examples:

e a cat is sleeping on the couch in your living room
e you leave your umbrella on the 8:15 commuter train

¢ a client on the telephone is asked to hold

In each case, there is some proposition initially observed to be true, and the task is to
determine if it will be true at some later time. The cat may sleep undisturbed for an
hour or more, but it is extremely unlikely to remain in the same spot for more than six
hours. Your umbrella will probably not be sitting on the seat when you catch the train
the next morning. The client will probably hold for a few minutes, but only the most
determined of clients will be on the line after 15 minutes. Sometimes we can make more
accurate predictions (e.g., a large barking dog runs into the living room), but, lacking
specific evidence, we would like past experience to provide an estimate of how long certain
propositions are likely to persist.

Events precipitate change in the world, and it is our knowledge of events that enables
us to make useful predictions about the future. For any proposition P that can hold in
a situation, there are some number of general sorts of events (referred to as event types)
that can affect P (i.e., make P true or false). For any particular situation, there are some
number of specific events (referred to as event instances) that occur. Let O correspond to
the set of events that occur at time t, A correspond to that subset of O that affect P, K(O)
that subset of O known to occur at time ¢, and I'(A) that subset of A whose type is known
to affect P. Figure 1 illustrates how these sets might relate to one another in a specific
situation. In many cases, K(O)N K(A) will be empty while A is not, and it may still be
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Figure 1: Events precipitate change in the world

possible to provide a reasonable assessment of whether or not P is true at t. In this paper,
we provide an account of how such assessments can be made probabilistically.

2 Prediction and Persistence

In the following, we distinguish between two kinds of propositions: propositions, tradition-
ally referred to as fluents (McCarthy and Hayes 1969), which, if they become true, tend
to persist without additional effort, and propositions, corresponding to the occurrence of
events, which, if true at a point, tend to precipitate or trigger change in the world. Let
holds(P,t) indicate that the fluent P is true at time ¢, and occurs(E,t) indicate that an
event of type E occurs at time t. We use the notation Ep to indicate an event corresponding
to the fluent P becoming true.

Given our characterization of fluents as propositions that tend to persist, whether or
not P is true at some time ¢ may depend upon whether or not it was true at ¢ — A, where
A > 0. We can represent this dependency as follows:

p(holds(P,t)) = p(holds(P,t) | holds(P,t — A))p(holds(P,t - A)) + (1)
p(holds(P,t) | ~holds(P,t — A))p(—holds(P,t — A))
where ~holds(P,t) = holds(—P,t).
The conditional probability p(holds(P,t) | holds(P,t — A)) is referred to as a survivor

function in classical queuing theory (Syski 1979). Survivor functions capture the tendency
of propositions to become false as a consequence of events with contravening effects; one



Figure 2: A survivor function with exponential decay

needn’t be aware of a specific instance of an event with a contravening effect in order to
predict that P will cease being true. As an example of a survivor function,

p(holds(P,t) | holds(P,t — A)) = e™*4 @)

indicates that the probability that P persists drops off as a function of the time since P was
last observed to be true at an exponential rate determined by A (Figure 2). It is possible
to efficiently construct an appropriate survivor function by tracking P over many instances
of P becoming true (Dean and Kanazawa 1987). Referring back to Figure 1, survivor

functions account for that subset of A corresponding to events that make P false, assuming
that K(A4) = {}.

If we have evidence concerning specific events known to affect P (i.e., K(4)N K(O) #
{}), (1) is inadequate. As an interesting special case of how to deal with events known
to aflect P, suppose that we know about all events that make P true (i.e., we know
p(occurs(Ep, t)) for any value of ), and none of the events that make P false. In particular,
suppose that P corresponds to John being at the airport, and Ep corresponds to the arrival
of John’s flight. We’re interested in whether or not John will still be waiting at the airport
when we arrive to pick him up. Let e~*2 represent John’s tendency to hang around airports,
where ) is a measure of his impatience. If f(¢t) = p(occurs(Ep,t)), then we can compute
the probability of P being true at t by convolving f with e~*2 as in

p(holds(P,t)) = / t F(2)e =2z, (3)

A shortcoming of (3) is that it fails to account for evidence concerning specific events
known to make P false. Suppose, for instance, that F.p corresponds to Fred meeting John
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Figure 3: Probabilistic predictions
at the airport and giving him a ride to his hotel. If g(¢) = p(occurs(E-p,t)), then

p(holds( P, t)) = /_:o f(z)e‘)‘(t_z) [1 - /ztg(:v)d:v] dz (4)

is a good approximation in certain cases. Figure 3 illustrates the sort of inference licensed
by (4).

There are some potential problems with equation (4). The survivor function e~*2 was
meant to account for all events that make P false, but (4) counts one such event, John
leaving the airport with Fred, twice: once in the survivor function and once in g. In certain
cases, this can lead to significant errors (e.g., Fred always picks up John at the airport).
To combine the available evidence correctly, it will help if we distinguish the different sorts
of knowledge that might be brought to bear on estimating whether or not P is true. We
will also reinterpret the event type Ep to mean an event known to make P true. The

following equation makes the necessary distinctions and indicates how the evidence should
be combined?:

'In order to justify our use of the generalized addition law in (5), we assume that p(occurs(Ep,t) A
occurs(E-p,t)) = 0.



p(holds(P,)) = (5)
p(holds(P,t) | holds(P,t — A) A =(occurs(Ep,t) V occurs(E-p,t))) (N1)
* p(holds(P,t — A) A ~(occurs(Ep,t) V occurs( E-p,t)))

+ p(holds(P,t) | holds(P,t — A) A occurs(Ep,t)) (N2)
* p(holds(P,t — A) A occurs(Ep, t))
+ p(holds(P,t) | holds(P,t — A) A occurs(E-p,t)) (N3)

* p(holds(P,t — A) A occurs(E-p,t))
+ p(holds(P,t) | ~holds(P,t — A) A ~(occurs(Ep,t) V occurs(E-p,t))) (N4)
* p(—holds(P,t — A) A =(occurs(Ep,t) V occurs(E-p,t)))

+ p(holds(P,t) | =holds(P,t — A) A occurs(Ep,t)) (N5)
* p(—holds(P,t — A) A occurs(Ep,t))
+ p(holds(P,t) | =holds(P,t — A) A occurs(E_p,t)) (N6)

* p(—holds(P,t — A) A occurs(E_p,t))

Consider the contribution of the individual terms corresponding to the conditional prob-
abilities labeled N1 through N6 in (5). N1 accounts for natural attrition: the tendency for
propositions to become false given no direct evidence of events known to affect P. N2 and
N5 account for causal accretion: accumulating evidence for P due to events known to make
P true. N2 and N5 are generally 1. N3 and N6, on the other hand, are generally 0, since
.evidence of - P becoming true does little to convince us that P is true. Finally, N4 accounts

for spontaneous causation: the tendency for propositions to suddenly become true with no
direct evidence of events known to affect P.

By using a discrete approximation of time and fixing A, it is possible both to acquire the
necessary values for the terms N1 through N6 and to use them in making useful predictions
(Dean & Kanazawa 1987). If time is represented as the integers, and A = 1, we note that
the law of inertia applies in those situations in which the terms N1, N2, and N5 are always
1 and the other terms are always 0. In the rest of this paper, we assume that time is
discrete and linear and that the time separating any two consecutive time points is some
constant §. Only evidence concerning events known to make P true is brought to bear on

p(holds(Ep,t)). If p(holds(Ep,t)) were used to summarize all evidence concerning events
that make P true, then N1 would be 1.



3 Reasoning About Causation

Before we consider the issues involved in making predictions using knowledge concerning N1
through N6, we need to add to our theory some means of predicting additional events. We
consider the case of one event causing another event. Deterministic theories of causation
often use implication to model cause-and-effect relationships. For instance, to indicate that
the occurrence of an event of type F; at time ¢ causes the occurrence of an event of type

E, following ¢ by some § > 0 just in case the conjunction Py A P2...A P, holds at ¢, we
might write

(holds(Py A Py ... A Py, t) A occurs(Eq,t)) D occurs(E2,t + §).

If the caused event is of a type Ep, this is often referred to as persistence causation (Mc-
Dermott 1982). In our model, we use the conditional probability

p(occurs(Eq,t+ 6) | holds(Py A Py ...A Py,t) A occurs(Eq,t)) ==

to indicate that, if an event of type Fy occurs at time ¢, and P, through P, are true at ¢,
then an event of type E; will occur following ¢ by some § > 0 with probability .

In moving to a probabilistic model of causation, there are complications that we must
consider. Comnsider, for example, the two rules:

(holds(P,t) A occurs(E,t)) D occurs(ER,t + §) and

(holds(P A Q,t) A occurs(E,t)) D occurs(ER,t + ).

These two rules pose no problems for the deterministic theory of causation, since P and @
are either true or false, and the rules either apply or they don’t. In fact, the second rule
is redundant. However, in a probabilistic model, P and @ are usually not unambiguously
true or false. Therefore, in the probabilistic causal theory consisting of

p(occurs(ERr,t + 8) | holds(P,t) A occurs(E,t)) = m;

p(occurs(Eg,t+ 6) | holds(P A Q,t) A occurs(E,t)) = m

the second rule can no longer be considered redundant. In fact, since the second rule is
more specific than the first, it provides us with valuable additional information. Note that



although the second rule provides additional information, it only tells us how P is affected

by @ being true. A complete account of how P is affected by ¢ would also include the
information

p(occurs(ER,t+ 6) | holds(P A =Q,t) A occurs(E,t)) = 73.

Such a complete account of how a proposition is affected by other propositions is important
for efficient computation with probabilistic models, as we shall see in the sections below.

4 A Model for Reasoning About Change

In this section, we take a slight modification of equation (5) as the basis for a model of
persistence. Equation (5) predicts holds( P, t) on the basis of holds(P,t— A), occurs(Ep, ),
and occurs(E_p,t), where A is allowed to vary. In the model presented in this section,
we only consider pairs of consecutive time points, ¢ and ¢ + 4§, and arrange things so that
the value of a fluent at time ¢ is completely determined by the state of the world at é
in the past. In equation (5), we interpret events of type Ep occurring at ¢ as providing
evidence for P being true at ¢. In our new model, we interpret events of type Ep occurring
at ¢ as providing evidence for P being true at ¢ + §. This reinterpretation is not strictly
necessary, but we prefer it since the expressiveness of the resulting models can easily be
characterized in terms of the properties of Markov processes. In our new model, we predict
A = holds(P,t+ 6) by conditioning on

Cy = holds(P, t)
C, = occurs(Ep,t)
C3; = occurs(E_p,t)

and specify a complete model for the persistence of P as

p(A) = EP(A ' C] A 02 A 03) p(C’1 A 02 A 03) (6)

where the sum is over the eight possible truth assignments for the variables C, C;, and Cj.
Note that this model requires that we have probabilities of the form p(A | C; A C2 A Cs)
and p(Cy A C2 A C3) for all possible valuations of the C;.



I'igure 4: The evidence for P at time 7"+ ¢

In the following, we will make use of a graphical representation for probabilistic models
that will serve to clearly indicate the assumptions concerning dependence and independence
underlying our models. The graphical representations that we will be using have been called
Bayes networks (Pearl 1988), belief networks (Duda et al.1981), and influence diagrams
(Shachter 1986). We will use the generic term probability network to refer to a network that
satisfies the following basic properties common to all three of the above representations.
A probability network represents the variables or propositions of a probabilistic theory as
nodes in a graph. The variables in our networks correspond to propositional variables of
the form holds(P,T) and occurs(E,T). Dependence between two variables is indicated by
a directed arc between the two nodes associated with the variables.

Because dependence is always indicated by an arc, probability networks make it easy to
identify the conditional independence inherent in a model simply by inspecting the graph.
Two nodes which are linked via a common neighbor, but for which there are no other
connecting paths are conditionally independent given the common node. For instance, in
the model described in this section, holds(P,t — §) is independent of holds(P,t + ¢) given
holds{P,t); in this particular case. this corresponds to a Markov property. Probability
networks make it easy to construct and verify the correctness and reasonableness of a model
directly in terms of the corresponding graphical representation. Qur model for persistence
can be represented by the network shown in Figure 4. As soon as we provide a model for
causation, we will show how this simple model for persistence can be embedded in a more
complex model for reasoning about change over time.



Generally, we expect that the cause-and-effect relations involving Ep will be specified
in terms of constraints of the form:

p(occurs(Ep,t+ ) | occurs(E;,t) A holds(@Q1,t)) = m
p(occurs(Ep,t + ) | occurs(Ez,t) A holds(Q2,t)) =
p(occurs(Ep,t + 68) | occurs(Ey,,t) A holds(Qn,t)) = m,

However, to specify a complete model, we will need some more information. To predict
A = occurs(Ep,t + §), we condition on

C1 = occurs(Eq,t) A holds(Q1,1))
C; = occurs(Ea,t) A holds(Q2,t))
Cn = occurs(Fy,,t) A holds(Qn,t))

and specify a complete model as:

P(A)= Y p(A| CLACIA...ACp) p(CLAC2 A...ACh)

Note that we need on the order of 2" probabilities corresponding to the 2™ possible valu-
ations of the propositional variables C; through C,, to specify this model. The associated
probability network is shown in Figure 5. Similar networks would be constructed for event
types other than those involving propositions becoming true or false.

Now we can construct a complete model for reasoning about change over time. Figure 6
illustrates the probability network for such a complete model. For each propositional vari-
able of the form holds(P,T) or occurs(E,T), there is a node in the probability network.
The arcs are specified according to the isolated models for persistence and causation illus-
trated in Figure 4 and Figure 5. Following Pearl (1988), we can write down the unique
distribution corresponding to the model shown in Figure 6 as

p(z1,%2,...,an) = [ p(i|S:)p(S:)
i=1

10
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Figure 5: The evidence for Ep at time T + §

11



o l

=1

e

Q1

Q

TO T0+0 T1 Ti+d

Figure 6: A Bayesian inference network for reasoning about time

where the z; denote the propositional variables in the model, and S; is the conjunction of
the propositional variables associated with those nodes for which there exist arcs to z; in
the network. How we compute this distribution is the subject of Section 5.

It is straightforward to extend the model described above to account for new observa-
tions and updating beliefs. Suppose we have the observations o;,09,...,0,, where each
observation is of the form occurs(O,t). We assume some prior distribution specified in

terms of constraints of the form:
p(occurs(0,t)) = 0.001

where O is an event type corresponding to a particular type of observation. There are also
constraints indicating prior belief regarding the occurrence of events other than observa-

tions. For instance, we might have

p(occurs(E,t)) = 0.001.

12



Observations are related to events by constraints such as
p(occurs(E,t) | occurs(O,t)) = 0.70 and

p(occurs(E,t) | ~occurs(0,t)) = 0.025.

To update an agent’s beliefs you can either change the priors:
p(occurs(0,t)) = 1.0
or you can compute the posterior distribution:
BEL(A) = p(A | 01,09,...,05).

Most of the standard techniques for representing and reasoning about evidence in proba-
bility networks apply directly to our model.

This paper is primarily concerned with presenting a particular model for reasoning
about change. Our current research involves applying this model to problems in robotics
and exploring the expressive limitations of our model. While we have only begun the latter
research, a word about expressive limitations is probably in order to give the reader some
idea of the potential power of our model and to encourage analysis by others. Most of
the initial work in analyzing the expressive power of our model has been concerned with
relating the predictive power of our model to that of Markov processes and in particular
Markov chains.

Suppose that the instantaneous state of the world can be completely specified in terms
of a vector of values assigned to a finite set of boolean variables P = {P, Ps,..., P},
and suppose further that the environment can be accurately modeled as a Markov process
in which time is discrete and the state space  corresponds to all possible valuations of
the variables in P. Given such a model including a transition matrix defined on 2, we
can generate a probability network that will enable us to compute the probability of any
proposition in P being true at any time ¢ given evidence concerning the values of variables
in P at various times, and do so in accord with with transition probabilities specified in the
Markov model. It would seem likely (though we have no proof as yet) that, given a model
of the sort described in this section, one could construct a corresponding Markov model
that would encode the same information. In fact, we conjecture that the class of models

13



described in this section, or some restriction thereof, is equivalent in expressive power to
the class of models defined as Markov chains.

The reason that one might use the probability network model rather than an equivalent
Markov model is twofold. First, the probability network is designed to simplify computing
the answers to questions that one generally needs for applications in planning and decision
support: namely, answers to questions of the form, “What is the probability of P at ¢
given everything else we know about the situation?” These same answers can be computed
using the Markov model, but the process is somewhat less direct. Second, the probability
network provides an encoding that, in most cases, is considerably more compact than the
0(2?"), n = |P|, sized matrix of transition probabilities required for the Markov model. The
models that we conjecture are equivalent to Markov models specify how each proposition
at time t relates to each proposition at time ¢t — §. This information is then replicated as
many times as we have time points that we are interested in reasoning about. If m is the
maximum number of incoming arcs for any node in the probability network, then the size of
the resulting probability network, including all of the associated probabilities necessary to
complete the model, is O(2™kn), where k is the number of time points and n = |P|. In the
next section, we will consider how hard it is to answer questions regarding the probability
of P at t given a particular probability network.

5 Computing Probabilistic Predictions

In this section, we consider the computational issues concerned with our model of temporal
reasoning. We will chiefly be concerned with computing the joint conditional probability
distribution for a fully specified probability network, given the available information. The
problem of computing the distribution for a partial, incomplete model will be considered
briefly at the end of this section.

For networks with restricted topologies, there are efficient methods for computing the
joint distribution. A graph is said to be singly-connected if there are no undirected cycles
in the graph. In the case of probability networks, the underlying directed acyclic graph
is singly-connected if there is at most one path linking any two nodes in the graph. In
other words, the class of singly-connected graphs are basically those which form tree-like
topologies; both proper trees and trees in which a node may have more than one parent
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(called a generalized Chow tree (Chow and Liu 1968)). Kim and Pearl (1983) have described
an efficient mechanism for computing the joint distribution for singly-connected networks
by local propagation of Bayes factors (i.e., the likelihood ratios p(z)/p(~z)).

The Kim-Pearl algorithm is linear in the diameter of the network. However, it is re-
stricted to singly-connected networks. Unfortunately, most interesting causal theories, such
as those arising in medicine, and our own temporal models involve multiply-connected net-
works; networks which contain cycles. The general problem of probabilistic inference in
probability networks, including multiply-connected networks, has been shown to be NP-
hard (Cooper 1987). Although this points towards some possible problems in terms of
computational efficiency, it should not discourage us from using probability networks for
probabilistic inference. The NP-hardness result tells us that a search for an efficient exact
algorithm for all cases is probably misguided, but it says little about what to expect in
practice. In general, asymptotic complexity results should serve as a guide in algorithm
design, not as a justification for abandoning a research area. Such results tell us to look for
algorithms that have good expected-case performance and to consider possible tradeoffs in
terms of efficiency, soundness, or completeness.

There have been three principal types of algorithms proposed for probabilistic inference
with general probability networks; ezact, bounding, and stochastic algorithms. The exact
algorithms attempt to exploit the topology of the network; they include the method of
conditioning (Pearl 1988), and the Lauritzen-Spiegelhalter (L-S) algorithm (Lauritzen and
Spiegelhalter 1988). In a multiply-connected network, if a node which has multiple children
is instantiated to a given value, then the values of the children become independent of one
another. The path(s) connecting the children through the parent node become “blocked”,
and the connectivity of the graph changes. If enough nodes are instantiated, then the
resulting network becomes singly-connected, so that the Bayes propagation algorithm can
be used. A set of nodes which, when instantiated, renders a multiply-connected network
singly-connected corresponds to a cutset of the underlying graph. Conditioning computes
a weighted average of the joint conditional probability distributions for all possible instan-
tiations of such a cutset (for further details, see (Pearl 1988)).

In the L-S algorithm, a set of subsidiary arcs are added to the graph to triangulate
the graph, and the joint distribution can be efficiently computed in terms of the cliques
of the original graph. A graph is triangulated if there are no cycles of length 4 or more
without a chord or shortcut. L-S represents the network in terms of a clique tree, a tree
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of the cliques in the graph. Computing in terms of the tree is very efficient, as with the
Kim-Pearl algorithm; the L-S algorithm alters the connectivity of a probability network
much like conditioning does, rendering a multiply-connected network singly-connected so
that an efficient Kim-Pearl type propagation algorithm may be employed. An important
characteristic of the L-S algorithm is that after a relatively time consuming initialization

step for a given network topology, it is capable of performing Bayesian updating in the
network very efficiently.

Since conditioning and L-S compute exact results, they are directly affected by the NP-
hard results; both exhibit exponential behavior in the worst case?. Conditioning involves the
computation of the minimum cutset which is an NP-hard problem, and L-S is exponential
in the size of the largest clique in the graph.

In light of the worst-case exponential behavior of the exact algorithms, it is worthwhile
to consider how the inference task may be relaxed in order to gain efficiency. Both bound-
ing algorithms and approximation algorithms relax the exactness criterion, trading precise
answers for speed. By a bounding algorithm, we mean an algorithm that exploits the struc-
ture of a network and the constraints to assign some rough bounds on each node. By an
approximation algorithm, we mean a Monte Carlo simulation algorithm. The distinction
between the two types of algorithms is somewhat arbitrary, in that it is possible to have an
approximation algorithm which in a sense bounds its answer by an error margin. Both types
of algorithms are able to supply a rough answer in a very short time, and the reliability
of the answers increases with the amount of time spent computing the answer. The main
difference of the two types of algorithms is that a bounding algorithm always makes sound,
albeit initially very weak, inferences, whereas a approximation algorithm may take some
time before the numbers it generates make some sense. Although neither type of algorithm
supplies a good answer right away, they can provide some rough answers fairly quickly.
Because of this, using these algorithms can have significant advantage in situations where

the time spent in computing is important (Cooper 1984; Dean and Boddy 1988; Horvitz
1988).

Bounding algorithms look at the constraints and bound the distribution, typically by
supplying an upper and lower bound (Horvitz 1988; Henrion 1988b). The bounds are

ZAlthough they both have exponential worst-case behavior, experiments conducted by other researchers
(Chavez 1988) indicate that in practice, L-S is much faster; in some examples of medical networks, it is
reported to offer about a ten-fold speedup.

16



successively refined such that they approach the correct distribution in the limit. These

algorithms appear promising, but more research is needed to determine their properties.

Approximation algorithms simulate the states that a probability network is likely to go
through, given a set of constraints. By a state of the network, we mean an assignment
of a value to each of the variables in the network. For example, given a prior probability
constraint that p(A = 1) = 0.8 for some variable A, we would, with the use of an oracle,
assign A =1 in 80% of the simulated states of the network. The aim in approximation is to
develop an algorithm which comes ¢ close to the correct answer almost all the time (i.e. with
high probability). As noted earlier, most often, the algorithms perform iterative refinement
of the approximations, such that the error is some inversely monotonic function of the time
spent in computing the answer. Monte Carlo algorithms have a solid basis in the physical
sciences (Metropolis et al.1953). Unfortunately, the Monte Carlo algorithms developed to
date for probability networks (Henrion 1988a; Pearl 1987) have been somewhat less than
ideal; there are no proofs with regard to convergence (we cannot say anything about when
the computed distribution is within ¢ of the correct distribution, or how confident we can be
that it is within that range), and in practice convergence is often slow. Furthermore, they

exhibit pathological behavior in the case of certain network topologies (Chin and Cooper
1987).

Recent research (Chavez 1988) indicates that it may be possible to use results in the
theory of compututation to the problem of computing with probability networks. Jerrum
and Sinclair (1988) describe an approximation method for a well-known combinatorially
hard problem, that of computing the permanent of a matrix. Their method hinges on
the use of a fully-polynomial random approzimation scheme or FPRAS for short, which they
define as follows. Let f be a function from input strings to natural numbers. An FPRAS for f
is a probabilistic algorithm which, when presented with a string z and a real number € > 0,
runs in polynomial time in |z| and 1/¢ and outputs a number which with high probability
estimates f(z) to within a factor of (1 + €). The FPRAS for computing the permanent
involves a Markov chain whose states map onto approximations of the permanent. The
transition probabilities are determined by the particular matrix that is being considered. A
matrix with sufficient density has the property that it is rapidly mizring; that is, the chain
converges rapidly to a uniform distribution no matter what the starting state is. Therefore,
simulating the Markov chain from some random starting state for a short period of time
results in the chain being in a state which with high probability closely approximates the
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permanent. Researchers are currently investigating the application of the same technique
to the probabilistic inference task.

The algorithms considered to this point have assumed the existence of a complete causal
model. When only a partial causal model is available, we have only a subset of the condi-
tional probabilities that are required for the probability network algorithms. Therefore, in
order to perform the joint conditional probability computations, it is necessary, explicitly
or implicitly, to fill out the missing parts of the model. Essentially, we are required to guess
what the rest of the causal model looks like. Clearly, we must avoid violating the con-
straints that already exist, but in general, there will be many distributions that satisfy the
constraints. We would like to choose the distribution that makes the fewest assumptions
about the underlying space as possible. In other words, we need some method that makes
the least presumptive inferences given a set of constraints.

It has been argued that a probability distribution with the maximum entropy meets
such a requirement (Jaynes 1979). Roughly speaking, entropy is an inverse measure of in-
formation; therefore, maximization of entropy is equivalent to minimization of information.
Since it contains the least information out of all the possible distributions, the maximum
entropy distribution must be the one which assumes the least; precisely what we desire.
The maximum entropy distribution is equivalent to the Gibbs and Boltzmann distributions
that have been so successfully applied in the context of statistical physics. It has very clean
theoretical properties, and it is in many respects the optimal Bayesian estimate (Hinton and
Sejnowski 1983). In (Dean and Kanazawa 1988), we describe a method based on stochastic
relazation (Geman and Geman 1984; Lippman 1986) for computing the maximum entropy
distribution for a probability model. Unfortunately, only loose bounds have been proved
for convergence of stochastic relaxation, that are far too slow in practice.

Alternative methods for computing with an incomplete model actually include a subclass
of the bounding algorithms that were previously mentioned. Although in the previous
discussion, we were mostly concerned with their complexity, it turns out that we can define

the bounding heuristics to apply to partially specified models. Cooper (1984) describes
such a method in his thesis.
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6 Fundamental Problems in Temporal Reasoning

Given that our model addresses many of the same problems that concern logicians working
on temporal logic, we will briefly mention how our model deals with certain classic prob-
lems in temporal reasoning: the frame, ramification, and qualification problems. We will
begin by considering the frame problem stated in probabilistic terms: “Does our model ac-
curately capture our expectations regarding fluents that are considered not likely to change
as a consequence of a particular event occurring?” The answer is yes insofar as frame ax-
ioms can be said to solve the frame problem in temporal logic; persistence constraints are
the probabilistic equivalent of frame axioms. In considering the ramification problem, we
will consider two possible interpretations. First, “Does our model enable us to compute
appropriate expectations regarding the value of a particular fluent at a particular point
in time without bothering with a myriad of seemingly unimportant consequences?” The
answer to this is a resounding no; our model commits us to predicting every possible con-
sequence of every possible action no matter how implausible. A second interpretation (or
perhaps facet is a better word) of the ramification problem is “Does our model enable us
to handle additional consequences that follow from a set of causal predictions?” For in-
stance, if A is in box B and I move B to a new location, I should be able to predict that
A will be in the new location along with B. Our model provides no provision at all for
this sort of reasoning. The basic idea of Bayesian inference can be extended to handle this
sort of reasoning, but we have not investigated this to date. The last problem we consider
concerns reasdning about exceptions involving the rules governing cause-and-effect relation-
ships. Does our model solve the qualification problem? That is to say, “Does our model
accurately capture our expectations regarding the possible exceptions to knowledge about
cause-and-effect relationships?” The answer is yes; conditional probabilities would seem to
be exactly suited for this sort of reasoning. It should be noted, however, that our model
imposes a considerable burden on the person setting up the model. The model described in
this paper requires specifying all possible causes for each possible effect and the probability
of each effect for every possible combination of possible causes. It is not clear, however,
that one can get away with less. Given the problems inherent in eliciting such information

from experts, it would appear that we will have to automate the process of setting up our
probabilistic models.
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7 Conclusions

This paper presents a model of temporal reasoning suited for situations involving incomplete
knowledge. By expressing knowledge of cause-and-effect relations in terms of conditional
probabilities, we are able to make appropriate judgements concerning the persistence of
propositions. By directly encoding expectations regarding how long certain propositions
are likely to persist, we are able to reason about phenomena for which we do not possess an
accurate cause-and-effect model as well as phenomena for which we do possess an accurate
model but about which it is either difficult or impossible to acquire evidence due to sensing
and real-time processing constraints. Our model can be described in terms of a network
representation for probabilistic theories that has recently received a great deal of attention
in the literature, and for which there now exist a number of computational techniques that
appear to be quite promising. We expect that the development of approximate methods
for computing the expectations engendered by a given probability network will enable us to
apply our methods to solve a number of problems in robotic control and decision support
that require reasoning about time and change.
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