Adapting to a Stochastically Changing
Environment: The Dynamic Multi-Armed
Bandits Problem

Aleksandrs Slivkins and Eli Upfal

Department of Computer Science
Brown University
Providence, Rhode Island 02912

CS-07-05
May 2007






Adapting to a Stochastically Changing Environment:
The Dynamic Multi-Armed Bandits Problem

Aleksandrs Slivkins Eli Upfal*
April 22, 2007

Abstract

We introduce and study dynamicversion of the multi-armed bandit problem. In a multi-armed
bandit problem there ark reward distribution functions associated with the rewards of playing eaéh of
strategies (slot machine arms). The distributions are initially unknown to the player. The player iteratively
plays one strategy per round, observes the associated reward, and decides on the strategy for the next
iteration. The goal of an algorithm is to maximize reward by balancing the use of acquired information
(exploitation) with learning new information (exploration).

In the basic étatig multi-armed bandit problem the reward functions are time-invariant. An algorithm
can eventually obtain (almost) perfect information of the reward functions and can adapt its strategy so its
reward asymptotically converges to that of an optimal strategy. The quality of an algorithm is therefore
measured by the expected cost fegre} incurred during an initial finite time interval. In theynamic
multi-armed problem the reward functions stochastically and gradually change in time. In this setting a
player has to continuously balance explore and exploit steps to adapt to the dynamic reward functions.
In analyzing algorithms for the dynamic case we consider an infinite time horizon and the goal here is
to minimize the average cost per step, where the cost per step is the difference between the reward of the
algorithm and the reward of an (hypothetical) algorithm that at every step plays the arm with the maximum
expectation at that step (this definition is stronger than the standard regret function which compares the
reward of an algorithm to the reward of the beghe-invariantstrategy). Our goal here is to characterize
the steady state cost of learning and adapting to changing reward functions, as a function of the stochastic
rate of the change.

The dynamic multi-armed bandit problem models a variety of practical online, game-against- nature
type optimization settings. While building on the work done for the static and adversarial versions of
the problem, algorithms and analysis for the dynamic setting require a novel approach based on different
stochastic tools.

1 Introduction

The multi-armed bandit problem has been studied extensively for over 50 years [18, 5, 9], modeling online
decisions under uncertainty in a setting in which an agent simultaneously attempts to acquire new knowledge
and to optimize its decisions based on the existing knowlédge.

In the basic ("static”) multi armed bandit setting there @&#@me-invariant probability distributions asso-
ciated with the rewards of playing each of thestrategies (slot machine arms). The distributions are initially
unknown to the player. The player iteratively plays one strategy per round, observes the associated reward,
and decides on the strategy for the next iteration. The goal of a multi-armed bandit algorithm is to optimize
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of this paper; we refer the reader to [12] for a short recent survey. Here we can only mention a few most relevant papers.



the total reward by balancing the use of acquired information (exploitation) with learning new information
(exploration). For several algorithms in the literature (e.g. see [5, 2]) as the number of rounds goes to infinity
the expected total reward asymptotically approaches that of playing an optimal strategy (a strategy with the
highest expected reward). The quality of an algorithm for the static multi-armed bandit problem is therefore
measured by the expected costregretincurred during an initial finite time interval. The regret in the first

t steps is defined as the expected gap between the total reward collected by the algorithm and that collected
by playing an optimal strategy in thegesteps. (Note that in the static case there is alwayisn@-invariant

optimal strategy).

The multi-armed bandit problem models a variety of practical online optimization problems. As an exam-
ple consider a packet routing network where a router learns about delays on routes by measuring the time to
receive an acknowledgment for a packet sent on that route [4, 10]). The router must try various routes in order
to learn about the delay on that route, and the delay for one packet on a route is a random value drawn from
the distribution of the delays on that route. Trying a loaded route adds unnecessary delay to the routing of
one packet, while discovering a route with low delay can improve the routing of a number of future packets.
Another application is in marketing and advertising. A store would like to display and advertise the products
that sell best, but it needs to display and advertise various products to learn how good they sells. Similarly, a
web search engine tries to optimize its revenue by displaying advertisements that would bring the most num-
ber of clicks with the associated web content. The company needs to experiment with various combinations
of advertisements and page contents in order to find the best matches. The cost of this experiments is the loss
of advertisement clicks when trying unsuccessful matches [17].

The above examples demonstrate the practical applications in online optimization of the "explore and
exploit” paradigm captured in the multi-armed bandit model. These examples also point out the limitation
of the static approach to the problem. The delay on a route is gradually changing over time, and the router
needs to continuously adapt its routing strategy to the changes in route delays. Taste and fashion changes over
time. A store cannot rely on information collected in previous season to optimize the next one. Similarly, a
web search engine continually updates their content matching strategies to account for changing customers’
response. To address this issue a number of papers [3, 1, 14, 11, 16, 8, 7, 13, 6] remove the assumption thatthe
reward distributions are time-independent, allowing them to change arbitrarily in time. Nevertheless, these
papers focus on the standard definition of regret, comparing the total reward of the algorithm with that of the
besttime-invariantpolicy.3

We propose and study here a somewhat different approach to addressing the dynamic nature of online
optimization. We note thatin a variety of practical applications the optimization parameters, and therefore the
reward distributions, change gradually and stochastically in time. (Obvious examples are price, supply and
demand in economics, load and delay in networks, etc.). In the simplest and perhaps the most illuminating
case, the reward distributions change independently, following similar stochastic processes with possibly
different parameters. Our goal here is to characterize the steady state cost of adapting to such changing
environment, as a function of the stochastic rate of change. In these settings one can optimize with respect to
a more demanding benchmark than the best time invariant policy. In fact, in this setting the standard notion
of regret with respect to the best time-invariant policy is meaningless because when the expectations of all
reward functions have similar distributions, all strategies are equivalent in the long term. Instead, we use a
stronger and more natural benchmark — a policy that at each step plays an arm with the currently maximal
expected reward.

We describe the changing reward distribution of a given arm via the evolution of its expected reward. We
model the latter (as a function of time) as an ergodic Markov chain. For concreteness we focus on the case in
which the expected reward follows a random walk in some bounded discrete interval. (We comment at the end

2In this paper theotal rewardis simply the sum of the rewards, following the line of work in [15, 2, 3] and many other papers.
Alternatively, many papers consider ttime-discountedum of rewards, e.g. see [5, 9, 19] and references therein.

%It should be noted that [3, 1] achieve non-trivial guarantees with respect to any policy that changes strategies a limited number
of times; however, these guarantees are too weak to be useful in the setting that we consider in this paper.



on extending our work to more general settings.) The actual reward at a given time is an independent random
sample from the corresponding reward distribution. The paradigmatic example is a 0-1 random variable with
a given expectation. Following the literature, we assume that the actual rewards are bounded. Our analysis
holds for any such reward distribution.

We design and analyze algorithms for a number of variants ofthyreamic multi-armed bandit problem
described above. We first consider the cas@l@ferministicreward distributions that always equal to their
expected value. Since the expected reward follows a random walk, the study of this special case gives us
significant insight for the general case, and already develops some of the tools used for the general case.
Another distinction we study is between the homogeneous case, in which the expected rewards of all strategies
vary at the same rate and in the same interval, and an heterogeneous case in which they vary at different rates
in different (overlapping) intervals.

1.1 Basic Definitions

In general, amulti-armed banditis a collection ofk stochastic processe’ét(i), i € [k], whereXt(i) is the
reward from playing strategy (a.k.arm) ¢ at timet¢. A multi-armed bandit algorithnis a protocol that looks
at the rewards received in the previous steps, and decides which arm to play next.

To simplify notation we assume that all rewards are in the radgé|. In adynamic multi-armed bandit
the expected reward of each strategy follows an independent random walk on some subjntéival [0, 1].
Specifically, the state space of such random walk is

[a;b]p, :={a+ (b—a)i/n: 0 <i<n},

a one-dimensional grid that partitions the interi@] b] into n equal-size subintervals. Consider an undirected
graph on[a; b],,, with a self-loop at each end-point. A random walk on this graph is callethdom walk on

[a; b],,. Note that such random walk has a uniform stationary distribution. The increment of this random walk
is ib‘Ta and its mixing time is9(n?), son is a parameter that governs the rate of change in the interval.

Definition 1.1. Let X, i € [k] be independent random walks 6# = [a;; b;],,, Such that the initial value
of each random walk is drawn independently from the corresponding stationary distributiofDl.et 1. €
[0; 1]} be a family of mearn probability distributions or{0; 1]. A dynamic multi-armed bandivn {G;}%_,
is ak-armed bandit such that the reward from playing a strategy[k] at timet is an independent random
sample from distributio,,, p = Xt(’), WhereXt(’) is thet-th step of X ().

A dynamic multi-armed bandit is calledeterministicif each distributionD,, is deterministically equal
to u. It is calledhomogeneous ofu; b}, if eachG; is equal to[a; b),,. It is calledheterogeneous it is not
homogeneous.

We measure the performance of dynamic multi-armed bandits algorithms with respect to an optimal policy
that at every step chooses a strategy with the highest expected reward. The optimal policy changes in time,
and thus, this measure is a more demanding criterion than the staridaeeinvariant regrethat is often used
in the multi-armed bandit literature.

Definition 1.2. Let B be a dynamic multi-armed bandit. Let be a multi-armed bandit algorithm. Let
W 4 5(t) be the reward received by algorithu at stept. Let @ be an algorithm that at every step chooses a
strategy with the highest expected reward. ®tmwng regreét stept is

Ra,8(t) = Wg p(t) — Wa,B(t).
Theaverage strong regreR 4 5(t1, t2) is the strong regret averaged over a time interfvalt)].

We state our theorems in terms 8f4 5(t) := R4 5(0,t), but they easily extend to an arbitrary starting
time. Since we are interested in the average steady-state performance (and thus can ignore the initial learning
period), we assume that the parameters of the problem are known to the algorithm .
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1.2 Main Results and Techniques

Throughout this paper, we will prove uniform upper bounds on the expected average strong regret over any
sufficiently large interval. Our expected guarantees on the average strong regret easily translate into the
corresponding high-probability guarantees. We are mostly interested in the dependence on the range and rate
of change parameters. Implicitely, we assume thist small compared to the;’s.

A simple algorithm for the deterministic version of the dynamic multi-armed bandit problem igreéfexly
algorithmwhich partitions time into epochs of (say) steps each. In each epoch the algorithm first probes
every arm once and then plays the best arm for the remaininrgk steps. The trade-off between exploration
and exploitation in the greedy algorithm s clear. The epoch lemgtieeds to balance the gain from replacing
the leading arm with the cost of trying tHearms. For a homogeneous problem[6nl],, we show that the
best value ofn is close ton, and we prove that for any sufficiently long time interval,

E[Rap) <O(%).

For the heterogeneous case with distinct rate-of-change parametausthe same intervad:; b] we obtain
a similar guarantee whene is replaced by an average,, given byn;? = %Zie[k] ni‘z. Extending this
result to distinct intervaléa;; b;] requires a careful weighted averaging of the parameters which expresses the
"influence” of the corresponding arms on the maximal expected reward. The result is given in Theorem 2.1.

While the greedy algorithm is only defined for the deterministic case, its analysis and its idea of restarting
after a fixed number of steps lead to our first result for the general case. Specifically, we use the gerral
algorithm in Auer et al. [3] and restart it every. steps; our analysis combines the result from [3] with the
main lemma from the greedy algorithm. For the homogeneous problef, di, we obtain

E[EA,B] < 0(3)2/37

for any sufficiently large time interval. Theorem 3.1 gives a similar result for the heterogeneous case.

A a stronger result is obtained by building on thes1 algorithm in [2] which is designed for a static
multi-armed bandit problem. This algorithm implicitly uses a simple "padding” function that for a given arm
bounds the drift of an average reward from its (static) expected value. We design a new algogtym
which relies on a novel "padding” functiofi that accounts for the changing expected rewards. The analysis
combines the technique from the deterministic case with that from [2]. It is quite technical because the
specific results from [2] do not directly apply to our setting. For the homogeneous probléim bp and any
sufficiently large time interval we prove

E[Rag] < O(£).

Theorem 3.3 extends this result to the heterogeneous case.

Finally, we return to the deterministic homogeneous case and provide an improved algorithm with smarter,
adaptiveexploration: essentially, we do not explore a given arm while it is very unlikely to be better than the
arm that we currently exploit. For this algorithm we obtain a guarantee for any sufficiently large time interval
that is optimal in terms of::

E[Rap) < O(K*n™2).

While the intuition for the analysis is quite simple, the details are very tricky. The analysis is not tight; we
conjecture that the right bound is actually(k/n?), matching our lower bound (Theorem A.1) up to poly-log
factors. The algorithm is well-defined for the heterogeneous case; however, extending the analysis is beyond
our current techniques.

1.3 Extensions and Further Work

High probability result:  Our guarantees on expected average strong regret easily translate into similar high-
probability guarantees. Indeed, suppose we have proved a uniform bound of théfdtms(t1, t2)] < C
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for any sufficiently large time interval. For any fixeld any of our algorithms has a finite state space, and
can be easily modified to be aperiodic. The product of the state of the dynamic multi-armed bandit and the
state of the (modified) algorithm defines an ergodic, finite state space, Markov chain such that the strong
regret at a given time is determined by the current state of this chain. Therefore for any starting tihee

limit lim; o, R4 g(t1, t1 + t) exists and is upper-bounded 6y and, moreover, the rate of convergence is
independent of;. Thus, for any given sufficiently large time intervl; t2] we haveR 4 5(t1, t2) < C with

high probability. We conjecture that a time interval of lengtn?) would be sufficient.

More general stochastic processes: The expectation of the reward functioﬂét(i) can follow more general
stochastic process than the random walk discussed here. Recall that our random walks move by at most
o= "‘Ta at each step. While meaningful results on strong regret seem to require some bound on the change
in Xt(’) within a short time interval, this bound does not necessarily need to be deterministic as in the random
walks analyzed here. We could consider a more general Markov chain. For insﬁﬁ&e;ould be a sum

of ¢t independent zero-mean random increments with standard deviation fact, our results in Section 2

and Section 3 hold as long as the expected reward satisfies the Azuma-type inequality (7). We conjecture
that having a uniform bound on the first few moments of the random increments may be sufficient for a
meaningful bound on strong regret (although, to the best of our knowledge, such a bound does not imply (7)).
The expected rewards, however, need to vary in a bounded interval. Otherwise the expected gaps between the
expectations of different reward functions will grow in time making the problem asymptotically trivial.

Further work:  We conjecture that thé(k/n) result for the general case is in fact optimal, and the cor-
responding lower bound can be proved by adapting the relative entropy technique from [3]. Also, while our
result in Section 4 is optimal (up to poly-log factors) in terms of the rate-of-change parameter analysis

is clearly not tight in terms ofk. We conjecture the dependence bican be improved. Also, we think the
result can be extended to the heterogeneous case.

2 Deterministic Case: the Greedy Algorithm
We consider the following setting. The main object is a dynak@rmed bandi3 on
{[as; biln, }2_, such thafmax a; < min b;) and(minn; > 3). (1)

(The first assumption in (1) is w.l.0.g. since otherwise we can always ignore the arm with the siallest
For convenience, we let = (b; — a;)/n; be the step size for each arinand assume (w.l.o.g.) that
b1 <...< bg. We will use the average rate-of-change parametgidefined by

. w;(b; — a; ’I’LZ-_2 _
9 > icln) Wil ) H bi —a; + ¢ )

no? = wherew; =
o > iepn Wilbi — ai) bi—ai+e’

Here the weightw; express the "importance” of the corresponding armarms with larger maximal values
are more important. Define the average interval length

dav = % Zz’e[k] wz’(bz’ - az’)- (3)
Note that for a homogenous dynamic banditjend],, we havew; = 1, SOna, = n andda = b — a.

Theorem 2.1. Consider a deterministic dynamic band# in the setting of (1-3) and let = ng,. Let. A be
the m-greedy algorithm, wherer = n /(by, — amin)/ logn andamin = mina;. Then

E[Rag(t)] < O(k n_l) \/(bk — amin) daylogn for any timet > m. (4)



Note that for the homogenous case|anb],,, the right-hand side of (4) is simpli — a)%\/log n.

For comparison, we provide an easy lower bound: for any algorithend any timet we have
E[Ra5(t)] > Qkn™?) (5)

The idea is very simple. If at timean algorithm knows the (expected) rewards of all arms at timel, then
it chooses to play the arm with the best reward. However, there are two or more such arms, then in expectation
the algorithm incurs some regret, see the proof of Theorem A.1 for the easy details. This bound seems very
weak; surprisingly, in Section 4 we essentially match it in terms of the dependenee on

The crux of the proof of Theorem 2.1 is captured by the following lemma:

Lemma 2.2. Consider the setting (1-3). Let;, ¢ € [k] be independent random variables, each distributed
uniformly onsS; = [a;; b;],,. Lety* be their maximum, and let € argmax p;, ties broken arbitrarily. Let
{Y:}72, be an independent random walk & such thatY; = p*. Then for any time and anym > ¢

Elp*-Y] <O(k dav)(m_4 + na_\,2 mlogm). (6)

Remark.In expectationy; drifts down from its initial valueu*™ due to the proximity of the upper boundary.
This lemma bounds such drift. We will also use it in Section 3 for the analysis of the general case.

Proof of Theorem 2.1: Fix anym > k and consider a single epoch of the-greedy algorithm. LetV be
the average winnings in this epoch. Assume without loss of generality that in the first phaser@tior) our
algorithm plays armi in stepi. Letu; = XZ.(i) be the corresponding rewards, andjétbe the largest of them.
Note that the winnings from this phase are at lefastin.

Recall that for the second phasexploitation) the algorithm chooses arnif € argmax;cp pi- The

winnings from the second phase dilg := Z;’;‘lkY;, whereY; = X,gﬁrz For convenience, let be the
right-hand side of (6). By Lemma 2.2 we ha¥gY;] > E[u*] — z, so

EW] > Eapin+ LE[Ws] > £ amin + 2=E (B[] - 2)
Ep* =W] < z+ X E[u* — amin] < O(kmlogm)(dayn™) + £ (1 + ) (bx — amin)
= Ok n_l) \/(bk — amin) daylogn form =n \/(bk — amin)/ logn.
Finally, note thatE[R 4 5(t)] < 2 E[p* — W] for anyt > m. O

In the rest of this section we prove the following lemma which implies Lemma 2.2:

Lemma 2.3. In the setting of Lemma 2.2, for eveny € N there exists a random variabl&,,, such that:
(@) E[Z, — Y] < m3kdyy foreacht € [m)].
(b) Elp* — Zpn] < O(kmlogm) (daynay?).

We start with a simple but very useful fact about random walkga@rb],,. Essentially, we want to argue
that inm steps the expected value of such random walk is (almost) as large as the initial value. The proof
follows from the Azuma'’s inequality; we defer it to Appendix A.

Claim 2.4. Let{Y;}2, be a random walk ofz; b],, such thaty = p. Fixm € N andt € [m]. Then:

Pr[|Y; —pu| >6] < m™3, wheres =n"'(b—a)\/6mlogm. (7)
E[Y] > min(u, b—8)— (b—a)m"2 ®)



First we prove Lemma 2.3 for a much cleaner homogenous cage of). DefineZ,,, = min(u*, b — ¢),
whereé is from (7). Then part (a) of the lemma follows immediately from (8). For part (b) it suffices to show
that E[u* — Z,,] < ﬁ k&2 /2, which we prove by evaluating the corresponding integral (see Lemma A.2).

For the general case of Lemma 2.3, fixe N, define

pi = min(u;; b; — 6;), where §; = (b; — a;) ni_lx/6m logm (9)
andZ,, = p;». We tame the heterogeneity by claiming the following (see Claim A.3 in Appendix A):

E[bl* — ai*]
E [1{ui=u*} (" = pz)}

As in the homogenous case, Lemma 2.3(a) follows from (8), but here we also use (10)

k day (10)

<
< O(w; 87)/(bi — az). (11)

E[Yi] 1", p]
E[Y]

Zm - (bl* - ai*) ’I’)’L_2

>
> E[Zn) — Ebi- — ap)m™2 > E[Zp] — m % kday.

For Lemma 2.3(b), we use (10) and plug in the definitions (9) and (2-3) to obtain

Bl — 2 € 3 B Ly 07— 0] < 3 T~ Okm logm) (daunzd).  (12)
ic[k] iclk] v

3 The General Dynamic Multi-Armed Bandits

Our first algorithm for general dynamic banditsombines the technique from Section 2 with a very general
result from Auer et al. [3]. For simplicity, here we only state this result for the setting of dynamic bandits; in
what follows letWW 4 5(t) be the average reward collected by algoritbhduring the time interval1; ¢].

Theorem 3.1 ([3]). Consider ak-armed dynamic bandiB. Let.A; be an algorithm that plays armat every
step. Then there is an algorithExP3 such that for any armi and any time € N

E[Wexes, 5(t)] > E(W 4, 5(t)) — O(Xlogt)'/2.

Theorem 3.2. Consider ak-armed dynamic bandiB in the setting of (1-3). Then there is an algorith#h
and timem € N such that for any time > m we have

E[EA,B(t)] < O(dé\//g) (na_v1 klog nav)z/g'

Proof. Fix m € N. We use algorithm kEpr3 from Theorem 3.1 which we restart every steps; letd be the
resulting algorithm. Lefu* be the maximal expected reward at tirieand suppose it is achieved by some
armi*. Let A* be the algorithm that plays this arm at every step. ket= Xt(i*). Then by Lemma 2.2 we
haveE[Y;] > E[u*] — zn, Wherez,, is the right-hand side of (6). Therefore:

EW 4+ 8(m)] = E[EWa-5(m)|Y1, ... Y]]
%E[Zﬁl Y;f] > P =2,
E[Rap(m)] = E[p" =W 5(m)] + E W4 5(m) — W g5(m)]
<z + O(Elogm)!/2. (13)
We used Theorem 3.1 to obtain (13). The theorem follows by minimizing (13) with respeet to O

“We note in passing that we can also get non-trivial guarantees by adapting the greedy algorithm (probe every arm a few times in
the exploration phase) and analyzing it using Lemma 2.2. However, the guarantees are much weaker than the ones in Theorem 3.2.



We proceed to the stronger result where we replace the algorithm from [3] with a new algorithm tailored
to dynamic bandits, which is an extension of the multi-armed bandit algorithm from [2]. For the proof, we
combine the technique from Section 2 with that from [2]; the argument is quite technical because the specific
results from [2] do not directly apply to our setting. We consiéesirmed dynamic bandit on

{[a; b]n, }i—1 with an average given by, = £ >,y ni ~. (14)
Note that the average,, here coincides with the one defined as in (2).

Theorem 3.3. Consider ak-armed dynamic bandiB in the setting of (14). Then there is an algorithzh
such that for any time > ngy v/log nay We have

E[Ra5(t)] < O(kng))(log®? nay) (14 27 log nay). (15)

We define the algorithm using the following notation. For a given multi-armed bandit and a given algo-
rithm, let T;(¢) be the number of times arihas been played in the firssteps, and leX;(¢;) be the average
reward from playing armi the first¢; times. DefineX;(0) = 0.

Definition 3.4 (padding). A paddingis a functionf : [k] x N x N — R; such that for each € [k] the
function f;(¢,t;) := f(i,t,t;) is increasing int and decreasing in;. It is called aB-paddingfor a given
multi-armed bandif3 if for each armi € [k] there exists a numbet; such that for any algorithm we have

Pr[|X;(t;) — | > fi(t, t;)] < O(t™*) forany timet € N and anyt; < t. (16)

For any padding’ we define the following simple algorithm, which we caltB:

Algorithm 3.5 (UcB ). On each step, play any armi € argmax[X;(t;) + f;(t, t;)], wheret; = T;(t).
Claim 3.6 (Auer etal. [2]). Consider a multi-armed bandit and algorithmucB; such thatf is a B-padding.
Lety* = max p; where they;’s are from (16). Then for each ariwe have

film,t;) < $(u" — wi) = E[Ti(m)] <t; 4+ O(1). (17)

This claim is implicitin [2], where itis the crux of the main proof. That proof considers a specific padding
f, and in fact does not explicify the notion of padding. Here we define padding in order to extend the idea
from [2] to our setting.

Consider a dynamic bandi in the setting of (14). We will use algorithmcs; wheref is defined by

fi(t,t:) = /21In(t) /t; + 6;(t), where &;(t) = (b— a)n; ' \/8tlogt. (18)

To show that this is #-padding, we need to prove (16). The first summand in (18) is tuned for an application
of Chernoff-Hoeffding Bounds, whereas the second one corrects for the drift; see Claim B.1 for details.
To argue about algorithracs, we will use the following notation:

Wi = Xéi) for eachi € [k]
S(m) = {i€[k]:p* —p >46;(m)}, wherey* = max;cpy p; (19)
pi(m) = min(u;, b—d;(m))

We will write S andp; when the corresponding: is clear.

Lemma 3.7. Consider ak-armed dynamic bandiB and algorithmucs; in the setting of (14) and (18-19).
Fix timem > k and letT; = T;(m). Then conditioning on; . . . ux we have

ET, Xi(T))] > pEL]—m 2(b—a) for each armi € [k] (20)
- E[Wucsf(m)] < k(b —2 a) +0(1) Z#* —pi| + O(% logm) [Z - i ] . (21)
m igS ies 1 T
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Integrating both sides of (21) with respecttq . . . ju;, and lettingy = 2% log nay We obtain
E[Rycg,](m) < O(klogm)(1++) [m(b —a)(m™ +ng)) + pmay 108(nay) | - (22)

Proof Sketch.The left-hand side of (20) is just the total winnings collected by arnop to timem. If the
bandit algorithm always plays arm thenT;(m) = m and the left-hand side of (20) is simply equal to
Zte[m] E[Xt(’)], so the right-hand side follows from Claim 2.4(b). Therefore one can view (20) as an exten-
sion of that claim. While the intuition from Claim 2.4(b) is relatively simple, the actual proof of (20) is a
rather intricate exercise in conditional expectations and martingales. We note in passing that (20) in fact holds
for any bandit algorithm, not jusicBs;.

DenoteX; = X;(T;) andA; = u* — u; for each arm. Conditioning ory; . . . uz, and using (20) we write

mp* — E[Wocs, (m)] = Yiep Bl — Xa)Ti] < Yiep EIT] (0* = pi) + m™2 (b — a).

We obtain (21) since for eache S(m) we haveu* — p; < 2A,; and (by Claim 3.6)

E[T;) < t; + O(1) wheret; = 32 In(m)/A?.

To obtain (22), we need to integrate the right-hand side of (21) with respeact to. ux. We will take this
expectation conditional op*. We partition the arms into three sets and bound the three corresponding sums
separately. One of these three set$isThe other two, denoted* and ST, are the sets of all armse [k]
such that, respectively); = 0 and0 < A; < 44;. We show that

E[Yies A7 1]
E[Yies+ 1" = pil 0]
E [Zz’es* p— pi]

wherea(u*) = (b —a)/(p* — a). The third inequality is yet another case when we invoke Lemma 2.3(b).
Finally, to obtain (22) we show thaf[a(x*)] < O(1 + 7). O

a(i*) x O(klognay) (b—a)™!
a(p*) x O(kng? mlogm)(b—a)™?
O(b — a)(kng?)(mlogm).
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To obtain Theorem 3.3 from (22), restart algorithuoBs after everym = nay (b — a) ™! /Iog nay Steps.

4 Deterministic Case: Adaptive Exploration

We return to the deterministic dynamic bandits and provide an improved algorithm that matches the lower
bound (5) in terms ofi.. We focus on the homogenous case{@n ;.

Definition 4.1 (notation for the algorithm). At each timet some armL(t) is called theleader Suppose
before a given time each arm was last played; steps ago and at that time its reward wasLety*(t) =
yr() be the reward returned by the leader the last time it was played. Aisrcalledsuspiciousat timet if
vy (t) —y; < cantyt forsomecy = O(logn). When an arm becomes suspicious, it is calietive
until it is played. Armi is calledmax-activeat timet if its ¢; is the largest among the active arms.

The idea is that if an armi is not suspicious at tim¢ then we can prove that with high probability its
current reward is less thayt (¢). The intuition behind our algorithm is that if no arm is suspicious then the
best bet s to play the current leader.

Algorithm 4.2 (adaptive exploration). Consider time slot and assume that the current leadén(t) is
chosen. SeL(t + 1) < L(t). If t is even, play the current leaddr(t). If ¢ is odd, play the max-active arm,
callit 7. If X;(¢) > y*(t), change the leaderL(¢ + 1) < i. For bootstrapping, in the firsk steps each arm
is played once; fot = k£ + 1 the leader is any arm that returned the maximal reward.



It is crucial that if an arm becomes suspicious, it is played within the Béxime steps. Note that there
always is at least one active arm, namely the current leader.

Theorem 4.3. Let B be a deterministic dynamic bandit df; 1],,. Let.A be Algorithm 4.2. Then
E[Rap5(t)] < O(kn~2)(k?* +log?n) for anyt > n?.

In the remainder of this section we will outline the proof of Theorem 4.3. Proofs of all lemmas are moved
to Appendix C. We will denote the reward of arivat timet by X;(¢) instead otXf”.

Let X*(¢) = max X,(t) be the maximal reward at timg and letY*(¢) = X, (t) be the current leader’s
reward. Let us say that a real-valued functifiis well-behavedn an intervalt; ; ¢o] if

If(t) = fF(t)| < cpn ' VE—t whenever; <t <t<ty., (23)

wherecy = ©(logn) will be set later. The bandiB is well-behavedn an interval if all reward functions(;
are well-behaved. Say that the banditisll-behaved around timeif it is well-behaved ont — 3n?; t + n?].
Chooser; so that for any fixed the probability of this event is at lea$t— n~3. We define the constan in
Definition 4.1 to bec4 = 5 ¢y.

It is easy to see that if the bandit is well-behaved on an interval then the maximal reigard well-
behaved, too. Ideally, we want the leader’s rewartito be well-behaved and very close #6*. In fact:

Lemma 4.4. Suppose the bandit is well-behaved on the time intefsal- n? — 2k; t5]. Then for any time
t € [t1;t2) we haveX*(t) — Y*(t) < O(k/n).

Remark.Our analysis is not tight. We conjecture that the right bound for this lemnt(is/n). Once such
bound is established, it is possible to modify the algorithm and analysis to improve the bound in Theorem 4.3
to O(kn=2logn). We omit the details from this version.

For a given timet and army, let 7;(¢) be the set of time¢' < ¢ when this arm was played. Let us split
the average regret into that of every ainwith respect to the leader (denotét]), and that of the leader with
respect to the true maximur* (denotedR"):

Rap(t)=R'(t)+ Z R;(t), where
i€[k]

Ri(t) = 1Y enw Y'(7)—Xi(r)

R (1) P2 rey X)) = YH(T)
We will bound the expectations @t and eachR; separately. First we use Lemma 4.4 to boud
Lemma 4.5. For any givent we haveE[X*(t) — Y*(t)] < O(k)(k/n)>

Proof. Fix timet. If the bandit is well-behaved around tintethen by Lemma 4.4 eitheX *(t) = Y*(t), or
the second largest rewarxi; (¢) is within at mostO(k/n) from X *(¢). Denote the latter event b¥. Itis easy
to see thaPr[F] < O(k/n?). For convenience, denof& = X*(¢) — Y*(t). Then

E[Z*] < E[Z*|Ey) + Pr[Ey] < E[Z*|E; N F) Pr[F|Ey] + Pr[E] < O(k*/n?). O

To upper-bound the expectation & for a fixed armi, we spread this regret over all time slots as follows.
Let 7;(¢) be the last time’ < ¢ when armi was played before time Leto;(t) be the number of time steps
betweenr(t) and the next time armis played. Define theontributionof the time slott as

ci(t) = 20, whereZ(r) = Y™ (r) - Xi(r).

Then the regret w.r.t. the leader is just the mean of these contributirig) = ; >, ¢ ci(t').
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We consider eack[c;(t)] separately. Letting = <, we claim that for any time we have

) .
Elei(t)| Zi(t) = 6 and X,(t) < X*(t)] = {gg;eg 9)(logn) Ztiezrw?s(fe)’ (24)
Pr[ Zi(t) < 3] Xi(t) < X*(8)] < O(6+ ke) (25)
Elci(t) | Xi(t) = X*(t)] < O(ke)? (26)

Elci(t)] < O(?)(k?* +logn) (27)

The proof of (24-27) is very detailed, see Appendix C. For (24), the intuition is that functigt) is not

like
not
X4
i #

ly to change much from the last time arinwas played, s&;(7;(t)) = ©() and consequently armwill

be played for at leas$®(5/¢)? rounds. The most troublesome casé is ke when this intuition falters.

The reason we condition oX;(¢) < X*(¢) is to obtain a clean bound (25). For the exception case
t) = X*(t) we obtain (26) as follows. First we show that eithgft) = 0 or we have both;(¢) < 2¢ and
L(t). Then by Lemma 4.4 some arm (namely, the leader) is very close to the maximal arhich is

very unlikely. Finally, we put together (24-26) and obtain (27). This completes the proof of Theorem 4.3.
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A Proofs from Section 2 (the greedy algorithm)

We start with a simple lower bound (5) on strong regret. We state it for the homogenous case, but it easily
extends to the heterogenous setting of (14).

Theorem A.1. Consider ak-armed RW-bandiB on[0; 1],,. Then for any algorithm4 and any time
E[Rast)] > Qkn™?).

Proof. Lete = 1/n. If attimet an algorithm knows the (expected) rewards of all arms at timel, then it
chooses to play the arm with the best reward. However, there are two or more such arms, then in expectation
the algorithm incurs regre®(e).

We claim that the probability of such a "tie” @(ek). Indeed, let4 ;,, be the eventwhei (" = x\V) = »
and all other arms are less thanThese events are disjoint, abd[A;;,] = €2(;2%)"~2. Therefore the near-
tie happens with probability at least

Zij > Pridija] > Zij Q(e) fol a2 de > Zij Q(e/k) = Q(ek). O

Proof of Claim 2.4: Let us couple the bounded random walk in question with the correspondibgunded
random walk. Specifically, lefY;};2, be the unbounded symmetric random walk with step- "‘Ta and

Yy = psuch thatr; = f(Y;) for some deterministic functioyi (we omit the details). Thefi; — 1| > & only
if |Y; — | > 0. We can apply the well-known Azuma'’s inequality:

Pr[|Y; — p| > ce V] < 2¢7¢/2, foranyc > 1.

We obtain (7) setting = /6 log m.

Now let us prove (8). Letv = "‘Ta and note that ifu < w thenE[Y;] > p. Also, note that the function
f(u) = E[Y|u] is increasing andf(w) = w by symmetry. Therefore, it suffices to prove (8) under the
assumption thaw < p < b — 4.

Let 7* be the first timet such thatY; € {a,b}. Fixt' € [m] and considefl’ = min(¢,7%*). Then
Zy = Yiin(1,1) IS @ martingale for whicl" is a bounded stopping time, so by the Optional Stopping Theorem
we haveZr = Z, = p. Finally, note that by (7) we hav&* > m with probability at leasti — m 2, in which
casel’ =t andy = Zp = Yy. O

Lemma A.2. Let u* be the maximum of independent random variables distributed uniformly @n b,
wherek < n/2. Then:

1

@) E[p]=b—(b—a)(zm=g +7), where—+ <r < + =5.

S|

(b) Elp* — Zs] < s k&%/2, wheres > b_Ta andZs = min(p*, b — 9).

12



Proof. For better typesetting, for this proof we renamie= p*.

For simplicity, let us first prove the lemma for the special cése| = [ 1], and then extend to the
general case by scaling. Let= 1, and denotd’(z) = (1 + ¢)* 2% anda(z) = f“A x)dz. Then:
Pr(Z <ie = (77)"=(;39)" (ie)* = F(ie), for eachi € [n]

1-E[Z] = 1= ePi[Z >id = Zere (0); fi(e)] = [

1 — ke 1—|—€:|' (28)
i—1

k+1’k+1

For the last inequality, we evaluate and bound the corresponding integrals in a straightforward way. This
proves part (a). For part (b), let= 1 — §, and letiy = a/e + 1. Then:

E(Z—-Zs5) = ZePrZ>ze Z (1—F(z’e))zé—ieF(ie)<5—Ia(5).

=10 =10 =10

Now if §(k + 1) < 2 then we have

o = (1= <1 — (k+1)8 + O(k*5?),
k k+1 252
B n 1—a ko (E+1)0—O(k%?) )
Ia(0) = <n+1> k+1 ><1_n—|—1> k+1 =0~ Okd"),

SOFE(Z — Zs) < O(ks?). Otherwise we trivially havels (Z — Zs) < 6 < O(kd?). This completes the proof
for the special case.

Consider the general case. LBt and Zj be the corresponding random variables for the special case.
Then without changing the distribution &f we can writeZ = a + (b — a)Z’. Part (a) follows immediately
from (28). Part (b) follows since

Zst—ay —a = min(Z —a, (b—a)—5(b—a)) = (b—a)Z;.
E(Z = Zsp-o)] = E[Z—a] = E[Zsp—q) — al
= (b—a)E[Z] - (b—a) E[Zs] < (b—a)ké?/2. O
Claim A.3. Consider the setting in Lemma 2.2. Then:
(@) Prjp* = pu; =y] <w;/(1+mn;)foranyi € [k] andy € R.
(b) E[ el —(IZ ] < kdav.
© E [1gp—p=y (0" = pi)] < O(w; 67)/(bi — ai).

Proof. LetS; = [a;; b]n, anda™ = max; a;. If y & [a*; b;] then the probability in part (a) is zero. Otherwise

I+ly—a)fal 1+y-a)a _y-ata

P < = -
r[ < Y] 1+, N R bi—ar+e
1 b; —a; + ¢ wy
Prf ==y = P Pr(y < =
[t = p; =y r{pi = 117:[@ rlp y]_l—l—nzll:[i(bz—az—i-q 1+n;
Elby —ar] = 3 S Prlp" =yandi =i (b —a;) < 3 wilb; — a;) = k day.
i€ k] YES; iclk]

This proves parts (a) and (b). For part (c), dengte- b; — §;, and define the set

Si={x>0: x4z € [a;biln,}-

13



Then, lettingk; = [(z; — a;)/€; |, we have

n; — ki < ni—zi_ai :(bi_ai)_(Zi_ai) :bi_zi :@.

€; €; €; €;
n; n; —k;
Z xr = ((IZ' + j€; — ZZ') < Z Jj€ = O(EZ)(’I’LZ — k‘i)z = 0(52/61) (29)
z€S; j=ki =0

Now using part (a) and (29) we obtain

E [1{ui=u*} (w" = pz')] = Z x Prip’ = p =z + 2]
T€S;
. . 2 82
C oWy, WO _ 0w
n; fercy n; €; bz — a;

B Proofs from Section 3 (the general case)

Claim B.1. Consider a dynamic bandi8 in the setting of (14). Then (18) gived®padding.

Proof. We need to prove (16). Let us prove it for a fixed aine [k] and timet = T. Let us restate the

problem in the notation which is more convenient for this proof. For every tiret Y; = Xt(i) and letY}*

be the winnings from arni at timet. Let {tj}‘;‘;l be the enumeration of all times when airs played. Let
Zj =Y;; andZj =Yy Letus define the sums = > jeim) Zj andS* =37 Z¥, wherem = t;. Letting
w = p; ands = 6;(m), we can rewrite (16) as follows:

Pr[|S* — pm| > V2mInT + ém] < O(T™%). (30)

JE€m]

Let F' be thefailure eventwhen|Y; — p| > 6 for somet € [T]. Recall that by Claim 2.4(a) the probability of
Fis at mostI'*. In the probability space induced by conditioning 4ij .. . Z*_; and the evenf”, we have

E|Z}] = E | E|Z]|tj, Zj] ] = E[E|Z;|t;]] = B[Z)] € [p— 6, u+ ]
Going back to the original probability space, we've just proved that

BIZI\ 25 .. 2y, P € [ — 0, +9). (31)

The Chernoff-Hoeffding bounds (applied to the probability space induced by conditionitit) say precisely
that the condition (31) implies the following tail inequality:

Pr[|S*—pm|>dm+a|F] < 2 =24/ for anya < 0.
We obtain (30) by takings = v2m InT. O

Proof of Lemma 3.7, Eqn. (20): We will prove (20) for any given bandit algorithm. Fix armand let us
introduce a convenient notation that gets rid of the subscripSpecifically, lety = p;, 6 = 6;(m), and

J = T;(m). For every time, letY; = Xt(i), and letY;* be the winnings from arm at timet¢. Let (; be equal
to1if armi is played at time, and0 otherwise. To prove (20), we will show that

E [Zte[m] Gt Y}*} =FK [Zte[m] Gt YZ} > min(p, b — 0) E[J]+m~2(b—a). (32)
Note that(; andY;* are conditionally independent giver). It follows that

E[GY Y] = E[G Y] B[V Y] = E[GIYi] Y = E[GYi[Vi).
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Taking expectations on both sides, we obtaift(; Y;*| = E[{; Y] , which proves the equality in (32).
LetS =3 ,cpy G Yi. Letus consider the cage< b — 6. We claim that

if u<b—othenE[S]> pE[J]—m2(b— a). (33)

Couple{Y;}72, with the correspondingnboundedandom walk with steg = b‘Ta call it {?;}ggo. Define
the corresponding shorthart = Zte[m] (;Y;. Let F be thefailure eventwhenY; = b for somet < m.
Note that if this event does not occur, th&n > Y; for every timet € [m] and therefores > S. We use this

observation to expresg[S] in terms ofE[§]. Letp := Pr[F] and note that it is at most.—* by Azuma’s
inequality. Then:

E[S] = (1-p)E[S|notF]+pE[S|F]
(1—p) E[S | notF] + p(u + me)

E[S] (1— p) E[S| notF] + p E[S|F)
(1

— p) E[S | notF] + pa
E[S] — pme — p(b— a).

(AVAR AVARR VAR VAN

A~

To prove (33), it remains to boun#[S].
Let {t;}72, be the enumeration of all times when atinis played. Note that/ = max{j : t; < m}.

Define Z; = ;, for eachj. We would like to argue thafZ;}32, is a martingale and is a stopping time.
More precisely, claim that this is true for some common filtration. Indeed, one way to define such filtration
{}"j}‘;‘;l is to defineF; as thes-algebra generated by, and all tuples(t;, Z;, Z}, Z) such that < j.

Now using the Optional Stopping Theorem one can show that

E[S) = ¥ jenZ; = ElJ) ElZ0),

which proves (33) sinc&, = p.
Now consider the case > b — §. Specifically, we claim that

if u>0b—dthenE[S] > (b—6)E[J]—m 2(b—a). (34)

Let T' be the smallest time such thatY; = b — 4, and let/NV be the largest indey such thatt; < 7.
Conditioning onT’ and NV, consider the entire problem starting from tirife+ 1. Then by (33) we have:

EYr G Yi|T,N] = (b= 8)(E[J] = N) = m™ (b - a).
LetSy = > /"7, ¢ Y;. Itfollows that

S = ST+Zte[T]CtY;€ZST+(b—5)N

E[S] = E[S7]+ (b—0)E[N]
> (b—6)E[J—N]—m™2(b—a)+ (b—8)E[N]
> (b=08)E[J]-m2(b-a).
This proves (34) and completes the proof of (32). O

Proof of Lemma 3.7, Egn. (22): DenoteA; = u* — u; for each armi. We need to integrate the right-hand

side of (21) with respect t@; . .. ui. To this end, we will condition on:*. From here on we will work in

the probability space induced by this conditioning. We partition the arms into three sets and bound the three
corresponding sums separately. One of these three s8tsTise other two, denotef* andS™, are the sets

of all armsi € [k] such that, respectively); = 0 and0 < A; < 44;.
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Firstly, for any~y < p* let us define a discrete interva;(y) = [a; b],, N [a; u* — ) and observe that
given the even{A; > v} = {u; < p* — v}, the random variablg; is distributed uniformly ony; (). We
claim that

E[A-_1|Ai > ¢;] < O(logn;) (u* —a) ™. (35)
Indeed, let{y;}"_; be a decreasing enumeration)f(e;). Then
_ 1 O(n;logn)
’I’LE[A 1|Ai>€i]: Z Z Z'—:77
— — ; bh—
vevied Y e TV e e ¢

which implies (35) smceﬁ O( —%) by definition ofn. Noting thatn; < maxn; < knqy, we have

E ZA;ll < Yo AT <Y EAT A > ] <O(klognay) (0 —a)”t
€S i A >€; Ze[k]
= a(y*) x O(klognay) (b—a)~", (36)

wherea(p*) = (b—a)/(p* — a).
Secondly, recall that givefi; < p*}, the random variablg; is distributed uniformly);(0). Therefore

Prli € ST p; < p*] = Prlp; > p* — 40i| i < p*] = O(6;) /(1" — a).

Since for anyi € ST we havey* — p; < O(6;), it follows that

2
Zu*pz} < ) O(6) Prli & S| ps < p*] < Z(Z(‘Sji

ieS+ i€ (k] i€[k]
= a(u*) x O(kngZ mlogm)(b—a)~t. (37)

Thirdly, in the proof of Lemma 2.3(b) we have actually shown a slightly stronger statement (12) which in
the present setting can we rewritten as an unconditional expectation of the suri“over

Z#*—Pz’

1€S*

E < O(b—a)(kngy?)(mlogm). (38)

To obtain (22) we observe that right-hand side of (21) is the sum of the left-hand sides of (36), (37)
and (38). Finally, it is straightforward to upper-bound the expectation(@f*) by O(1 + 7). O

C Proofs from Section 4 (adaptive exploration)

In this section we prove Lemma 4.4 and Eqgns. (24-27). We restate the latter as the following lemma:

Lemma C.1. there isy = ©(ke) such that for any time we have

O(e?/5)(logn) if 6>,
Elei(t) | Zi(t) = s and X,(t) < X*(1)] = {ngeg )(logn) Othem;se (39)
Pr[Zi(t) < 6| X;(t) < X*(t)] < O(d + ke) (40)
Elci(t) | Xi(t) = X*(t)] < O(ke)? (41)
Elci(t)] < O(*)(k* + logn) (42)
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Firstly, we need to argue thaf* cannot decrease too fast:
ClaimC.2. Y*(t+1) > Y*(t) — e forany timet.

Proof. This is trivially true whenL(t) = L(t + 1), i.e. there is no change of leader after time stefNow
suppose there is. Lat = L(t) be the current leader at timg and leti # L be the arm played at time
Recall that the change of leader after timkappens if and only ifX;(t) > X (¢t — 1). Therefore,

Y*t)=Xp(t) < Xp(t—1D)4+e< X;(t) < X;(t+ 1) +e=Y"(t+1)+e O
Secondly, we establish a very intuitive and desirable property that any maximal arm is suspicious.

Claim C.3. Fix time ¢ and let3 be a dynamid:-armed bandit on0; 1],, which is well-behaved on a time
interval [t — n?; t]. Leti be an arm such thak(;(t) = X *(¢). Then in any run of Algorithm 4.2 of this arm
is suspicious at time.

Proof. For simplicity assume thatis odd (if ¢ is even, the proof is similar). Let be the last time arm was
played before time. If t — 7 > n? then the claim is trivially true. Assume— 7 < n?. The current leader
L(t) was played at the even tinte- 1, so its reward satisfies

yr(t) = Xpp(t—1) < Xt —1) < Xi(t) + e
Then sinceX; is well-behaved, we have
v ) - Xi(1) < Xi() + e — Xi(7) < etagevt —T<cyueVt—7. O
Now we are ready to prove Lemma 4.4.

Proof of Lemma 4.4: Lete = L and fix timet € [t;;t,]. Lett, = ¢t — 2k and consider an armsuch that
X;(to) = X*(to). Then by Claim C.3 this arm is suspicious at timeso it is played at some timg € [to; ¢].

Then by definition of the algorithm eithex; (') < y*(¢'), or for the next step the leader is resetitdn both
cases we havE*(t' + 1) > X,;(t') — O(e). Therefore due to Claim C.2 we have

Y*(t) > Yt +1) - O(ke) > Xi(t) — O(ke)

>
> Xi(to) — Olke) > X*(t) — O(ke) > X*(t) — O(ke). O

The crux of the proof of Lemma C.1 lies in the following two claims. Once these claims are proved, the
rest of the proof is a relatively straightforward (although quite tedious) exercise in conditional expectations.

Claim C.4 (implies (39)). Let B be a dynamidc-armed bandit on0; 1],, which is well-behaved around a
given timet. Consider a run of Algorithm 4.2 oB8. Fix armi, letd = Z;(t) andr = 7;(¢) and assume that
T >t—n? Lete = 1. Then:

(@) if§ > Q(ke) theno;(t) > Q(6/€)? log ™2 n.
(b) If armi is not active at any time < (7;¢] thenZ;(7) < O(ke + Z;(t')).
(€) Zi(1) < 20 + O(ke).
Proof. Lete = L. For convenience we will omit subscripfor X;(-), Z;(-) ando;(-).

Since the bandit is well-behaved around timdor anyt’ € [t — n?; t + n?] we have

{ X() - X(1)] < epelt — ]2 43)

YV*(t) = Y*(r)| < ecrelt — Y2+ Olke),
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wherec; = O(logn) is from (23). Adding up the two inequalities in (43), we obtain
\Z(t") — Z(7)| < 2¢f elt’ — 7|2 4+ O(ke). (44)
For part (a) we consider two cases. FirstlyZifr) < ¢/2 then by (44) we have
2cr eVt — 7> |Z(t) — Z(1)| — O(ke) > 6/4
and thereforer(t) > t — 7 > Q(5/€)?. Secondly, ifZ(7) > 6/2 then for any time’ € (7; t + n?) we have
V(') — X(r) = Y*(¢') — Y*(r) + Z(1) 2 §/2 — ¢ /T —7 — Olke).

This is atleast 4 v/t — T aslong ag’ — t < O(dn/cy)? Therefore arm is not suspicious at any such time
t'. It follows thato (t) > Q(dn/cs)?. This completes part (a).
For part (b), note that since ariris not suspicious at timg, we have

caeVt — T <Y*() - X(1)=Z({")+ X({t') - X (1) < Z(t') + ¢ eV — 7.
Sincec4 = 5cy and using (44), it follows that
|Z(t') — Z()| < 2cr et/ — 7'|1/2 + O(ke) < %Z(t/) + O(ke), (45)

proving part (b).

For part (c), note that if — 7 < 4k then the bound is trivial. Assume that 7 > 4k. Then in the interval
(7, ] there exists a time when armis not suspicious. Let be the largest such time. By part (b) we have
Z(1) < Z(t') 4+ O(ke). Since arm is active during the time intervat’ + 1, ¢] but has not been played before
timet, it follows thatt — ¢’ < 2k. Thereforet’ — 7 > 2k >t — t'. Now using (44) and (45) we have

Z{t) - Z(t) <2crevt —t 4+ O(ke) < 2cpe vVt — 7+ O(ke) < 2Z(t') + O(ke),
soZ(t') <28 + O(ke) and part (c) follows. O

Claim C.5 (implies (40)). Let B be a dynamid:-armed bandit on0; 1],,. Consider a run of Algorithm 4.2
on B. Leti be an arm such thak;(t) = X*(¢). Then eithek;(t) = 0 or we haver;(t) < 2e¢ andi # L(t).

Proof. Let 7 be the last time arni was played before time If i« = L(7) thenc;(t) = 0 by definition. If
i = L(t) # L(7) then by the specification of the algorithm there was a change of leader after-{imkich
impliesc;(t) < 0. (By the way, it also follows that = ¢ — 1 andt is even.)

Finally, assume that # L(t). Recall thatc;(t) < Z;(7)/(t — 7) whereZ;(7) := Y*(7) — X;(7). By
Claim C.2 on every time step the functi¢f) decreases by at mogt. Therefore Z;(t) > Z;(7) — 2¢(t — 7).
By the choice of armi we haveZ,(t) < 0, which impliesc(t) < 2e. O

Now we are ready for the final push.

Proof of Lemma C.1: Let T = 7;(¢) and recall that;(t) = Z;(7)/o4(t).

Let E; be the event that the bandit is well-behaved around timBuppose this event holds. #f< ¢ — n?
theno(t) > n? and soc(t) < 2. If 7 > t — n? then by Claim C.4(ac}(t) is equal to the right-hand side
of (39) for somey = ©(ke).

Proof of (39).Let I" be the event thaZ (t) = § and X;(t) < X*(¢). We just proved thaE[c;(t) | T' N Ey]
equals the right-hand side of (39). Sinegt) < 1 andPr[I'] > Q(¢), we have

Ele(t) [T
Pr[E| T

Ele(t) | TN Ey] + Pr[Ey| T,

<
< Pr[E{]/Pr[l] < €.

18



Proof of (40).Note that for any), z* € [0; 1],, we have:

p(d, x¥) Pr[Z(t) < 0| X(t) < X*(t) = x]
Priz* — X (t) < d+ O(ke) | X (t) < z*]
O(6 + ke)/a*.

PriZ(t) <5|X() < X ()] = Y PrlX*(t) =2 p(6,2")
z*€[0;1]n

O(8 + ke) E[1/X*(t)]

O(6 + ke)

IAIA i

VANVAN

Proof of (41). For a more efficient notation, let us work in the probability space induced by conditioning
onthe even{ X;(t) = X*(t)}. LetF’ be the event that there exists some grga i such thatX *(t) — X;(t) <
O(ke). In particular, by Lemma 4.4 this event happens (fo= L(t)) if the bandit is well-behaved around

timet andi # L(t). Then

Prli £ L(t)| E] < Pr[F|E)] < O(Pr[F]) < O(k%)
Prli # L(t)] < Prfi # L(t)| B + Pr[E] < O(k%).

Restating Claim C.5, we havgt) < 2c andE|c(t)|i = L(t)] = 0. Therefore,
Ele(t)] < Ele(t)]i # L(t)] Prli # L(t)] + Ele(t)|i = L(t)] < O(ke)?.
Proof of (42).Let f(9) andp(0) be the left-hand sides of (39) and (40), respectively. Then

f(6) = Ele(t)| Z(t) = d and X (t) < X™(t)]
p(6) = P{Z(t) <3| X (1) < X*(1)] < O(5 + ke)
(ke)? if § <~
o

e“logn) otherwise

p(9) f(8) <

foranyo € [0; 1],,. Now it is straightforward to derive (42):

Ele(t) | X(t) < X* (0] = Y [f@© 1) =0[X(t) < X*()]
6€[0;1]n
< + > f(62)p(r?)
Je[logn]
< O())(k* +1logn)
Ele(t)] < Ele(t) | X(t) = X"(t)] Pr[X(¢) = X™(¢)] + Ele(t) | X () < X*(¢)]
< O(?)(k* +logn). O
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