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Abstract. Filtering every global constraint of a CSP to arc consisteatcevery
search step can be costly and solvers often compromise loer ¢fte level of
consistency or the frequency at which arc consistency wreedl.

In this paper we propose two randomized filtering schemeddose instances of
AlIDifferent and its generalization, th&lobal Cardinality ConstraintThe first
delayed filteringscheme is a Monte Carlo algorithm: its running time is sugeri
in the worst case, to that of enforcing arc consistency a&ftery domain event,
while its filtering effectiveness is analyzed in the expdctense. The second
scheme is a Las Vegas algorithm usfiitgring triggers Its effectiveness is the
same as enforcing arc consistency after every domain ewdiile its running
time improves in the expected sense.

1 Introduction

At the heart of the propagation-search technique in consgpaogramming is a trade-
off between the amount of resources (space, time) spentomagation and the amount
of pruning that it achieves. One type of propagation is fitigri.e., the task of iden-
tifying useless values in variable domains and removingith@lobal constraints play
an important role in this game by enabling a larger numbersefass values to be
identified compared to the decomposition into a semanyiegjlivalent set of simpler
constraints. A “good” global constraint is a constraint tallows a significant increase
in the amount of filtering with a low computational overhead.

An important question is that aficrementafiltering, i.e., the development of fast
algorithms that re-filter a constraint after a small change bccurred, such as the
removal of a value from a variable domain due to filtering witlspect to another
constraint. ForAllDifferent and its generalization, th€lobal Cardinality Constraint
(GCQ), incremental arc consistency can be performed faster¢barputing arc con-
sistency from scratch. The arc consistency algorithm fimgtsfia solution, i.e., a flow
in the variable-value graph of the constraint (which is aagtad into a flow network
by adding a source and a sink), and then computes the stroaghected components
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(SCCs) of the residual graph w.r.t. this flow [5, 6]. lneitndmbe, respectively, the num-
ber of nodes and edges in the variable-value graph. Themitiméng time is dominated
by the time to find a single solution. Hopcroft and Karp’s aition [1] for maximum bi-
partite matching if©0(m,/n) time applies directly té\lIDifferent, and as recently shown
by Quimper et al. [4], can also be used @&€C.

An incremental arc consistency algorithm fiDifferentandGCC receives an arc
consistent flow network, a flow in it, and an edge that shoule:b®ved. If the removed
edge is a flow edge, a new flow can be constructed after findirmugmenting path
between the edge’s endpoints, which takes linear time. lRpating SCCs also takes
time which is linear in the size of the graph. Although lindiare is much better than
O(my/n), it is still a pity when it is wasted, i.e., when the algoritlimes not discover
any inconsistent edges.

We say that an edge in an arc consistent constraint’s flowarktiwimportantif its
removal would render at least one other edge “inconsisténg’an interesting question
whether there are fast methods to determine whether a gilgeis important, or even
to estimatehow important it is, i.e., how many edges become inconsistene dnis
removed?

In this paper we address a different aspect of this issue. W shat the num-
ber of important edges cannot be very large for the flow-basedtraints mentioned
above. More precisely, it is at most linear in the number afa®in the variable-value
graph. Furthermore, we show that it is possible, in lingaetito identify a set of this
magnitude that contains all important edges (and perhdyes etiges as well), even if
edges outside of this set are removed from the graph. Usegethesults, we derive
two randomized filtering schemes for dense instanc@dIbifferentandGCC, i.e., in-
stances in which the number of edges in the variable-valygtgfthat is, the sum of the
cardinalities of the variable domains) is large comparatiécmumber of variables.

1. The firstdelayed filteringscheme is a Monte Carlo algorithm. Assume that filtering
is random, i.e., the probability of removing an edge fromviigable-value graph is
uniformly distributed. Since most edges are not importanast domain events do
not remove important edges and therefore do not requirdteeiig. The method
computes a filtering frequency that reduces the amount opodetion. Moreover,
important domain events are propagated early in the exgpsetese.

2. The secondiltering triggersscheme is a Las Vegas algorithm. Whenever we filter
the constraint, we also identify a small subSeif the edges which has the follow-
ing property: As long as we do not remove any edg& ébm the variable-value
graph, it is guaranteed that no filtering is necessary. Ihig when one of these
edges is filtered that a re-filtering is triggered. Since tte$§triggers can be iden-
tified in linear time, the asymptotic running time of the Lasgds algorithm is the
same as that of recomputing arc consistency after every idogvant. However,
the expected time spent on filtering is reduced by a factan/of

2 The Important Edges Of A Flow Network

The constraints we address can be modeled by a flow netwadnkisaicthere is a one-to-
one correspondence between the integral feasible flowe indtwork and the solutions



to the constraint. Computing arc consistency then amouoritkentifying edges that do
not belong to any integral feasible flow, and flow theory taighat given a flowf, the
inconsistent edges are exactly the edges that do not beddngrid which connect two
distinct SCCs in the residual graph corresponding b, 6].

In the following we abuse terminology and speak of an edgefiovanetwork as
being consistent if it belongs to at least one integral fdadlow. Furthermore, we say
that the network is arc consistent if all of its edges are istaist and that an edge is
important if its removal from the network would render atdeane other edge incon-
sistent.

Definition 1. Given a strongly connected graph Gdaected ear decompositios a
sequence®Py, ..., R such that Ris a simple directed cycle of G and for every D,
R is a simple directed path in G such that the first and last ndd& are inUj;P; and
the internal nodes ofjRlo not belong taJ;iP;. Each Ris referred to as amarof G.

Clearly, a directed ear decompositionis a strongly corategppanning subgraph (SCSS)
of G. Our key observation is expressed by the following theorem.

Theorem 1. Let G= (V,E) be a flow network and let F be an integral feasible flow in
G. The number of important edges in G is bounded from aboy€|by2|V|, where|F|

is the maximum number of edges participating in a feasible flehich can be bounded
from above by the value of the flow because it is an integra)flow

Proof. We construct a set gF| + 2|V| edges and show that it contains all important
edges. First, we include dIF | flow edges. A non-flow edge between two SCCs of the
residual graph cannot be important. We proceed by analgznl SCC ofs separately.

Let C be an SCC ofG and consider an ear decomposition®from which we
remove every ear that consist of a single edge RoeP1, . .., B be the remaining ears
and letP = U}‘le’l be their union. A simple induction okshows thaP is a strongly
connected subgraph 6f SinceP spansG, we know thatG remains strongly connected
as long a$ is its subgraph. In other words, only edge$ican be important. Finally,
we can show by induction dathat|P| < 2|V|. O

3 Important Edges For AllDifferentand GCC

The flow network corresponding to tiidiDifferentandGCCconstraints contains edges
that do not correspond to variable-value pairs. Therefrefined upper bound is due.
The proof of the following theorem is similar to the proof didorem 1, while counting
only edges between nodes of the network that representblesiaf the constraint or
values in their domains, and noticing that < n.

Theorem 2. Let C be a constraint defined on a set X of n domain variabledetn@
be a flow model for C. The number of important variable-valaiegin C is at mos8n.

Perhaps a more careful analysis could yield a tighter uppend, but we wish to
point out that the upper bound in Theorem 2 is within a corndi@rtor of optimal.
Figure 1 shows the variable-value graph offdiDifferent constraint with 2 important



edges: There are two solutions, and each edge belongs ttyexae of them. Remov-
ing any edge would destroy one of the solutions and turn ther@dges that belong to
it into inconsistent edges.

B ] [ [ J Values

. . . . . Variables

Fig. 1. An AllDifferent variable-value graph withreimportant edges.

4 Delayed Filtering: A Monte-Carlo Algorithm

Assume that when a value is removed from the domain of oneeofdhiables of a con-
straint, it is selected at random among all possibilitiesother words, a random edge
is removed from the variable-value graph. Selection witlreplacement corresponds
to thehypergeometric distributiarif we have a bin withiM balls, of whichN are black
and the remaining are white, and we randomly setduxzlls (without replacement), the
expected number of selected black ballgi§'M. In other words, after selecting /N
balls, we are expected to have selected one black ball. ftetuto our setting, we get
that on expectation, an important edge is lost aft¢8n edges were removed from the
variable-value graph of aAllDifferent or GCC constraint.

If we re-filter with respect to the constraint only after legim/3n edges, we need
to recompute arc consistency from scratch, which ta®es./n) time. On the other
hand, if we re-filter every time an edge is lost, we spend alimenount of time for
each edge, for a total @(m?/n). Wheneveim = w(n/n), the delayed re-filtering is
asymptotically faster.

Corollary 1. For a dense instance of AllDifferent or GCC, re-filteringeaf®(m/n)
edges are lost, is more efficient and its effectivenessgiexbected sense, is compara-
ble to that of re-filtering every time an edge is lost.

5 Filtering Triggers: A Las Vegas Algorithm

As mentioned in the introduction, we wish to identify a sutSef the edges of the
variable-value graph whose removal should trigger a reriiiyy. It may seem natural to
try maintaining the set of important edges under edge rehtfiftering). However, the

removal of a non-important edge can cause an arbitrary nuafilp®n-important edges



procedure DomainEvent{G = (V,E))
(* Input: The variable-value graph G. *)
If EventCount 0 Then
Enforce arc consistency
EventCount— |E|/(3|V])
Else
EventCourt— EventCount-1
Endif
End

Fig. 2. Delayed Filtering foAlIDifferent

to become important. Hence, it is not clear how to do thisieffity. In contrast, the set
of filtering triggers that we identify has a stronger propelt is a setS of edges that
contains all important edges and will contain all importadges under edge removal
as long as no edge froBiis filtered.

Observation 1 Any strongly connected spanning subgraph (SCSS) has tipey.

Finding the minimum SCSS is NP-hard [2]. On the other handhexee already de-
scribed a linear-time algorithm that finds a 2-approximatiéind a directed ear de-
composition by a depth-first search traversal of the graplramove ears that consist
of a single edge. A more sophisticated algorithm achievg8aelpproximationin linear
time [7].

With this in mind, it is possible to implement a Las Vegas aildpon which computes
a perfect pruning but improves the running time in an exgksénse. The algorithm is
shown in Figure 3 and works as follows. After computing arosistency, it computes
an O(n)-size SCSS for the residual graph using one of the above itaadm It then
re-filters the constraint only when a matching or SCSS edgenimved. The filtering
achieved is perfect and equivalent to enforcing arc cosrsist at every search step.
The time spent on filtering is, in the worst case, asymptliyitae same. However, in
the expected case, the Las Vegas algorithm re-filters ordg emery6(m/n) domain
events. Note that the algorithm re-filters every time a singhtching edge is lost, so
we can use the linear-time incremental filtering algoritfiims means that the expected
time spent on filtering is reduced by a factomofn.

Corollary 2. For an instance of AlIDifferent or GCC whose variable-vafjraph has n
nodes and m edges, re-filtering only after a flow edge or an RO§&is lost, achieves
the same amount of filtering as enforcing arc consisten@r afich domain event. On
expectation, the total time spent on filtering is reduced Esctor of nyn.

6 Conclusion and Directions for Further Research

In the design of filtering algorithms for global constraints should take into account
the context in which they are used. For example, it is usuatlye important to find a



procedure ReFilte G, M, S, e)
(* Input: The variable-value graph G, a matching M in G,
an SCSS S of the residual graph and an edge € to be removed. *)
If ee M Then
M «— a matching that excludes €.
Endif
Remove e from G.
Enforce arc consistency
S« a small (O(n)-size) SCSS for the residual graph.
End

procedure DomainEventG, M, e)
(* Input: The variable-value graph G, a matching M in G,
an SCSS S of the residual graph and an edge € to be removed. *)
If e€ SUM Then
ReFilteG, M, S, e
Else
Remove e from G.

End

Fig. 3. Filtering Triggers forAllDifferent

fast incremental algorithm than to fine-tune the algorithat filters a constraint from
scratch. Another example is the analysis of propagaticepet (e.g., [3]), which deals
with the question of how many times a constraint can be rerfitt before a fixpoint
is reached. In this paper we suggested an additional waytodbpropagation in the
context of the search.

The Monte-Carlo algorithm improves the running time but &ynfilter less and its
analysis disregards the propagation of filtering betweerctdnstraints. In other words,
when we delay the removal of a useless edge in the Monte Clgdoithm, we also
delay the propagation of this removal. Furthermore, if ti8P@ontains only complex
constraints and the solver delays filtering for all of thetm;duld take many search
steps beforany propagation is performed, and this is clearly not what werided.
In summary, it is not immediately clear how to apply the Mo@t&rlo algorithm in
practice. An evaluation, and possibly a refinement of our ehodl the propagation-
search process is necessary.

The Las Vegas algorithm we suggest appears to be more pranisipractice,
because it offers a speedup on expectation without any ofsiworst case. Still its
runtime analysis is based on the assumption that the prdlaifiremoving an edge
is uniformly distributed. Is this assumption reasonablgriactice? Again, the model
needs to be evaluated and possible refined. Note, howeetrthiy overhead of the
Las Vegas algorithm is small and does not change the asyimptohplexity. So from
a theoretical standpoint at least, the Las Vegas algorithelegant and appealing. A
fundamental research topic is thus to study how similarriegres can be designed for
other global constraints and the quantify the gains in pract
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