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Abstract

Multiclass classification refers to the problem of assigning labels to
instances where labels belong to some finite set of elements. Often,
however, the instances to be labeled do not occur in isolation, but
rather in observation sequences. One is then interested in predict-
ing the joint label configuration, i.e. the sequence of labels, using
models that take possible interdependencies between label vari-
ables into account. This scenario subsumes problems of sequence
segmentation and annotation. In this paper, we investigate the use
of Gaussian Process (GP) classification for label sequences.

1 Introduction

Multiclass classification refers to the problem of assigning labels to instances where
labels belong to some finite set of elements. Often, however, the instances to be
labeled do not occur in isolation, but rather in observation sequences. One is then
interested in predicting the joint label configuration, i.e. the sequence of labels, using
models that take possible interdependencies between label variables into account.
Notice that this scenario subsumes problems of sequence segmentation and anno-
tation, which are ubiquitous in areas such as natural language processing, speech
recognition, and computational biology.

The most common approach to sequence labeling are Hidden Markov Models
(HMMs), which define a generative probabilistic model of labeled observation se-
quences. HMMs can also be trained discriminatively and in doing so it is possible
to drop some of the restrictive conditional independence assumptions of HMMs, for
example, by allowing a label to depend on features of neighboring instances in the
sequence. The latter was introduced by Lafferty et al. [10] and is often referred
to as Conditional Random Fields (CRFs). In most general terms, CRFs define a
conditional model over label sequences given an observation sequence in terms of an
exponential family; they are thus a natural generalization of logistic regression to
the problem of label sequence prediction. There have also been attempts to extend
other discriminative methods such as AdaBoost [1], perceptron learning [4], and
Support Vector Machines (SVM) [2, 17] to the label sequence learning problem. In
particular, the so-called Hidden Markov Support Vector Machine [2] (HM-SVM)
has experimentally compared favorably to other discriminative methods (including
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CRFs) and has the conceptual advantage of being able to work with implicit data
representations via kernel functions.

In this paper, we investigate the use of Gaussian Process (GP) classification [20, 7]
for label sequences. The main motivation for pursuing this direction is to combine
the best of both worlds from CRFs and HM-SVMs. More specifically, we would like
to preserve the main strength of CRF's, which we see in the probabilistic interpre-
tation of the outputs: in addition to predicting the best labels, one can compute
posterior label probabilities. This is a valuable feature in applications that built
on automatically generated annotations. On the other hand, we would also like
to make use of kernel functions to construct and learn over Reproducing Kernel
Hilbert Spaces (RKHS), thereby overcoming the limitations of (finite-dimensional)
parametric statistical models.

A second objective of our work is to get some clarification with respect to two
aspects on which CRFs and HM-SVMs differ, the first aspect being the loss function
(logistic loss vs. hinge loss) and the second aspect being the mechanism used for
constructing the hypothesis space (parametric vs. RKHS).

GPs are non-parametric tools to perform Bayesian inference, which — like SVMs —
make use of the kernel trick to work in high (possibly infinite) dimensional spaces.
While computationally demanding, recent progress on sparse approximation meth-
ods for GPs (e.g. [15, 6, 14, 21]) suggest that scalable GP label sequence learning
may be an achievable goal. In order to accomplish this, we investigate ways of
extending Gaussian Process Classification to label sequence learning problem, by
exploiting sparseness not only in terms of training instances, but also in terms of
the labels considered for every instance.

The rest of the paper is organized as follows: In Section 2, we will first introduce
Gaussian Process Classification and the sparse approximation algorithms that have
been proposed previously. Different formulations of Gaussian Process Sequence
classification (GPS) are discussed in Section 3. Then, we present an approximate
solution for one of these formulations in Section 4 and, finally, report preliminary
results using real-world data from Natural Language Processing in Section 5.

2 (Gaussian Process Classification and Its Sparse Solutions

In a supervised classification problem, we are given a training set of labeled instances
or observations, Z = {(x;,v;) : i =1,...,n} with y; € {1,...,m}, which are drawn
iid. from an unknown, but fixed, distribution P(x,y). In the Gaussian process
approach, we construct a model for the conditional probability distribution P(y|x)
based on the assumption that there are independent stochastic processes u‘(x)
for each class, ¢ = 1,...,m, parameterized by x such that the random variables
(u¢(xh),. .., u¢(x")) are normally distributed with zero mean and covariance matrix
K = (Kjj), where K;; = k(x’,x7) and k is a kernel function. Hence each u¢(x) is
a Gaussian process [13]. Moreover, one uses a so-called link function to model the
dependency between the label variables y and the latent variables u¢(x). In this
paper we focus on the soft-max link functions, which generalizes the logistic link
function from the binary case, i.e.

p(yilus) = PY; = clus) = % 1)

To predict label y of a new test observation x, we use the MAP estimate since the
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integration over p(u|X,y) is computational intractable:

p(yX,y,x) = / p(ylu, ©)p(ulX, y)du ~ p(ylupsap, x) 2)

where upap = argmax, log p(u|X,y). The posterior of u is given by:

p(u|X,y) o< p(ylu, X)p Hp yilu(x;))p(u) (3)

Using the presumed conditional independence assumptions one gets for the negative
log-posterior of u:

n

1
—logp(u|X,y) = Z ( 10gzexp ) + zu’K'u+const.  (4)

i=1

The representer theorem [9] guarantees that the minimizer of (4) can be described
by u(x) = >0, afk(x;j,x). Then, the optimization problem can be rewritten in
terms of a as follows:

RalX.y) = -3 logp(lX.0) + 3 (07 Ka* (5)
c=1

=1

A comparison between (5) and a similar multiclass SVM formulation [18, 5] points
out the connection between GP classification and SVMs. Their difference lies pri-
marily in the utilized loss functions: logistic loss vs. hinge loss. Because hinge loss
truncates values smaller than € to 0, it enforces sparseness in terms of a parameters.
This is not the case for logistic regression as well as other choices of loss functions.!

For non-linear link functions, up;4p cannot be found analytically, but one has
resort to approximate solutions. Various approximating schemes have been studied
to that extend: Laplace approximation [20, 19, 21], Variational Methods [13], Mean
Field Approximations [12], and Expectation Propagation [11, 14]. Here, we briefly
describe the Laplace approximation, since it is the computationally simplest one.
Laplace’s approximation uses a multivariate normal to approximate the posterior
in a way that matches the curvature of the Gaussian and the true posterior at the
mode [11]. Tt can be used in conjunction with Newton’s method to minimize the
negative log posterior distribution.

For binary classification problems, (5) can be rewritten as follows:

R(«|X,y) Z —yi(K(x;,.)a) +log (1 + exp(K(x;,.)a)) + ¢’ Ka (6)
=1

With Laplace’s approximation, the solution to (6) is found iteratively using the
update rule given by the Newton-Raphson method:

a" = (KTWK + K)“'KTW(Ka® + W~l(y — p)) (7)

such that W = diag(pi1(1 — p1),...,pn(1 — pn)) where p; is the probability of x;
labeled with class 1. The update rule can be easily extended to the case of multiclass
classification.

'Several studies focused on finding sparse solutions to optimization problems similar to
(5) ([16, 3, 8, 21]).
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Performing Newton-Raphson update steps involves the inversion of an nm x nm
matrix, which is not tractable for large data sets (of size n) and/or large label sets
(of size m). Several techniques have been proposed to approximate K by some
K = UTK,,,U (see [13] for references on such methods). This approximation is
used for efficient inversion. One can also try to solve (5) using greedy optimization
methods as proposed in [21, 3].

3 Gaussian Process Sequence Classification (GPSC)

In sequence classification, our goal is to learn a discriminant function for sequences,
i.e. a mapping from observation sequences X = (x!,x2,...,x!,...) to label se-
quences y = (y',42,...,y%,...) where y* € Y = {1,...,m}. y' depends on the
observation sequence X and the neighboring y® values. The availability of a train-
ing set of labeled sequences Z = {(X;,y;) : ¢ = 1,...,n} to learn this mapping
from data is assumed. The conditional probability distribution over label sequences
y for every fixed observation sequence X is given by

By(y|X) = exp((®(X,y),0) — 9(6))
where g(0) =log >  exp((®(X,y),0)) is the log-partition function.

We treat the sequence labeling problem as a multiclass classification problem, where
the macro-label set ) consists of the set of all possible micro-label sequence of a given
length I. Obviously, the size of this label set M, is exponentially large in I, M = m!.
Notice that the latter formulation is also the one used in CRFs and HM-SVMs. We
introduce a latent process u € R such that given u(X), X and y are indepen-
dent. The random variables (u(X1),...,u(X,)) (where u(X;) = (u},...,uj"),
uj = u(Xj;,y) is the random variable associated with the relation of s-th label se-
quence candidate y and the j-th observation sequence) are normally distributed
with zero mean and covariance matrix K, K;;(y,y) = k((Xi,y), (X;,¥)), where k
now is a joint kernel function defined over labeled observations sequences. We later

elaborate the joint kernel function.

As described in Section 2, the problem of computing the MAP estimate of u is
equivalent to solving the optimization problem:

n

1
X,y) = i Yi) — i —uTK™!
R(u|X,y) Z Xi,yi) —log ) exp(u(Xs,y))| +5u"K 'u
i=1 yey
(8)
Using the definition of w(X;,y) = >_. > ¢y a;(¥)Ki;(y,y), the loss function can
equivalently be stated in terms of a:

(OZ|X y Z Zaj 'LJ Y1; + 1Og Z exp Zaj ))

=1 yey

+ ZZ% Kij(y,¥) 9)

3y Yy

The set of macro-labels ) is exponentially large in the length of the sequence and
the exact optimization becomes intractable as the length of the sequences get larger.
However, we have not yet taken into consideration that each label y* depends only
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on the neighboring labels. We can decompose the above formulation using the
sparseness of our graph.

First lets be more precise about the kernel function k:

K((X,y),(X,y)) = (2(X,y), 2(X,¥))

Motivated from HMMs, ®(X,y) consists of observation-label features, A(y;)@W(x¢),
and label-label features A(y;) ® A(y;+1) where ® is the tensor product operator.
The entries of covariance matrix K can further be refined as:

l
Kij(y,5) = D (o) AFs)k(x,x1)

s,t=1

-1
+ > (M) AT (Ae), AFs1)) (10)

s,t=1

Now lets revisit the definition u(X;,y):

uWXey) = YY) a()K;(y,y)

i yeEY
= Y lw=ory =10 Y [F=0ry =1]a;(3)
8,0,T 7 t,yeY
+ D =0 D 5" =olloy(y)k(x},x}) (11)
5,0 J,t,yEY

Inspired from [17], we define

(o)=Y o, =09 =1] (12)
yey
Also define
Kisjt((0,7),(3,7)) = [0 = a]k(x{,xj) + [o =g AT =7] (13)

Then u(X,;,y) can be rewritten as:

WXiy) = 3 alen) (v =0 ny ™ =7+ [y = olk(x.x)
s it (o,7)
= 3 Y DKy ). (0,7) (14)
s it (o,7)

It is interesting to note that using the decomposition is equivalent to the fol-
lowing formulation: we introduce a latent variable u € R™*™. wu(x;) defines a
probability distribution for (y:,y:—1) label pairs. The label y; thus depends on
u(x;) and the previous label y;_; For the sake of notational simplicity, assum-
ing that the observation sequences are of a fixed length [ for notational conve-
nience. The random variables (u(x11),...,u(x1),...,u(Xn1),...,u(Xn)) ( where
u(xit) = (u(xit)", ..., w(Xit)rr), u(x5; is the random variable associated with the
relation of (o,7) = s-th label pair with x;-th observation) are normally dis-
tributed with zero mean and covariance K as defined in Equation 13.
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4 Sparse Approximation Algorithm

4.1 Method 1

The storage of K matrix in Equation 10, let alone calculating its inverse to be used
in a Newton-Raphson update is not possible for any reasonable data set.

As in the case of standard Gaussian Process Classification discussed in Section 2,
we want to achieve sparseness in terms of the a parameters. This means that we
want sparse solutions not only in terms of data points, but also in terms of the
possible labels each data point can be labeled with, i.e. we enforce the probability
distribution P(Y|X) to be skewed where only a small number of labels are possible
for each data point.

One way is to use Newton-Raphson method iteratively as described by [21] in the
import vector machine algorithm. However, adding a (X,y) pair into the ensemble
involves inversion of the incremental K iteratively, which may still be very expen-
sive. Alternatively, one can use a steepest gradient descent direction for column
generation. We can fix the training example j that you want to include in the en-
semble and find the labeling Y that maximizes the gradient of R. Before explaining
how to calculate these values, let us first consider the optimal decoding with respect
to parameters a.

The score of a labeling of an observation sequence X is given by

w(X,y) =YY i)y (v, ¥)ka (X, X))

=1y

The score u can be decomposed into two contributions (u; and ug) due to the
additivity of the sequence feature map.

ui(X,y) =Y n(0,7) > [y 1=0ry=7], (15a)
n(o,7) =3 0il) Y 51 =0 A g =] (15b)

and where

uQ(Xv Y) = Z[[YS :U]] Z ﬁ(la t O’)k‘(XS, Xit)v (16&)

Bli.t,0) =3 [y = ol ouly). (16D)

The best label of an observation is find by performing a Viterbi decoding on obser-
vation cost matrix ), , 8(4,t,0)k(xs, Xi) and label cost matrix 7.

In order to find the steepest descent direction, we need to calculate the gradient:

N n
Va,mft =~ Z Ky, yi) + Y Eg[Kji(y, 9 + 7Y an(y ) Kis (v, ) (17)

i=1 ky’

where the expectation is over all possible labels of the training example 7. Again



CS-03-23 8

using the additivity of the feature map:

ZE iy, g)] = ZEy [Z[{ysl =Yt-1NYs = yt]]]

+ ZES' [Z[[ys = G| ke (st,xit)]
= Y=o Ay =D Y Elg =0 np=1]

o, s it
+ Z Ys =0 sz staxzt yt = U] (18)

The labeling y that maximlzes Va, (y)R can be found by using the Viterbi decoding
again. Since the bottleneck of this algorithm is the calculation of the expectations,
after this calculation, we choose r pairs of (X,y) to include in the ensemble and
then use Conjugate Gradient Descent method to find the optimal « for the current
iteration.

4.2 Method 2

The score of a labeling of an observation Sequence X is given by
zay Z Z 157jt((y87y871)7 (Ua T))
s jt.(o,7)

The score u can be decomposed into two contributions (u; and ug) due to the
additivity of the sequence feature map.

ul X y ZU o, T Z ys—1=U/\ys=T]]7 (19&)

T) = Zaj (o,7) (19b)
jit

and where

(X y) = Z[[ys :U]] Z ﬁ(l, 2 U)k(xsv Xit)? (203“)

it

B8(j,t,0) Za 0,7T) (20b)

The best label of an observation is find by performing a Viterbi decoding on obser-
vation cost matrix )., B(4,t, 0)k(xs,X;) and label cost matrix n.

The loss function can be rewritten in terms of cumulative @ parameters as follows:

n

Ra|X,y) = > |-u(Xiyi)+log(d exp(u(X;,y))

=1 y

+ Y Y a (@,7)Kis,je((0,7), (0,7))  (21)
J.t,(o,7) 4,8,(5,7)
In order to find the steepest descent direction, we need to calculate the gradient:

VatomR = ZZ Kis e (2,95 71), (0,7)) + Byl Kis e (45,557 ), (0,7))])
+ Z 0k(e,7)Kis 3t((5,7), (0,7)) (22)

,8,(5,7)
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where the expectation is over all possible labels of the training example i. Again
using the additivity of the feature map:

N
22 BylKise(lyf i ) (o] = 3By [y = o ny* =1]]

+ D Bylly =ollk(x X)) (28)

The above expectations can be calculated with a forward-backward pass over the
training data. The number of a parameters is i * [ * n * n. One can use conjugate
gradient descent method for this optimization problem.

To apply Newtons method, one need to calculate the second derivatives. However,
that involves finding the expectation of [[y* = o A y* = 7]] over all possible labeling
of example X;, which cannot be calculated efficiently.

5 Experiments

We used the algorithm described above for some preliminary experiment on Named
Entity Recognition task.

Named Entity Recognition (NER) is an information extraction problem which deals
with finding phrases containing person, location and organization names, as well
as temporal and number expressions. Each entry is annotated with the type of its
expression and its position in the expression, i.e. the beginning or the continuation
of the expression.

We generated a sub-corpus consisting of 100 sentences from the Spanish news wire
article corpus which was provided for the Special Session of CoNLL2002 on NER.
The expression types in this corpus are limited to person names, organizations,
locations and miscellaneous names, resulting in a total of |X| = 9 different labels.

All input features are simple binary features. Most features are indicator functions
for a word occurring within a fixed size window centered on the word being labeled.
In addition there are features that do not only encode the identity of the word,
but also more detailed properties (e.g. spelling features). Notice that these features
are combined with particular label indicator functions in the joint feature map
framework. Some example features are: Is the two previous word = 'Mr.” and the
current tag="Person-Beginning’?, Does the next word end with a dot and the current
tag="Non-name’?, and Is the previous tag="Non-name’ and current tag="Location-
Intermediate?’.

The Gaussian Process model optimized as described above achieved an accuracy
of 91.4% whereas HM-SVMs achieved 91.9%. The nature of the extracted support
sequences chosen by the GPS classification are very different than the ones chosen
by HM-SVMs. In HM-SMVs, most of the support sequences only differ in a few
positions from the correct label sequence, resulting in sparse solutions, whereas
in GPS classification the support sequences are different from the correct label
sequence in many positions. The number of the support sequences are comparable.
There are on average 30 support sequences per sequence, which shows the sparseness
of the problem.

We aim to perform experiments with more data and on different applications, com-
paring GPS, HM-SVMs and CRFs.
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