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t. Global optimization problems are often approa
hed by bran
hand bound algorithms whi
h use linear relaxations of the nonlinear 
on-straints 
omputed from the 
urrent variable bounds. This paper studieshow to derive safe linear relaxations to a

ount for numeri
al errors aris-ing when 
omputing the linear 
oeÆ
ients. It �rst proposes two 
lassesof safe linear estimators for univariate fun
tions. Class-1 estimators gen-eralize previously suggested estimators from quadrati
 to arbitrary fun
-tions, while 
lass-2 estimators are novel. Class-2 estimators are shown tobe tighter theoreti
ally (in a 
ertain sense) and almost always tighter nu-meri
ally. The paper then generalizes these results to multivariate fun
-tions. It shows how to derive estimators for multivariate fun
tions by
ombining univariate estimators derived for ea
h variable independently.Moreover, it shows that the 
ombination of tight 
lass-1 safe univariateestimators gives a tight 
lass-1 safe multivariate estimators.1 Introdu
tionGlobal optimization problems arise naturally in many appli
ation areas, in
lud-ing 
hemi
al and ele
tri
al engineering, biology, e
onomi
s, and roboti
s to nameonly a few. They 
onsist of �nding all solutions or the global optima to nonlinearprogramming problems. These problems are inherently diÆ
ult 
omputationally(i.e., they are PSPACE-hard) and may also be 
hallenging numeri
ally. In ad-dition, there has been 
onsiderable interest in re
ent years to produ
e rigorousor reliable results, i.e., to make sure that the exa
t solutions are en
losed in theresults of the algorithms.Global optimization problems are often approa
hed by bran
h and boundalgorithms whi
h use linear relaxations of the nonlinear 
onstraints 
omputedfrom the 
urrent bounds for the variables at ea
h node of the sear
h tree (e.g., [3,5, 6, 11, 12, 15, 16℄). The linear relaxation 
an be used to obtain a lower bound onthe obje
tive fun
tion (in minimization problems) and/or to update the variablebounds. This approa
h 
an also be 
ombined with 
onstraint satisfa
tion te
h-niques for global optimization whi
h are also e�e
tive in redu
ing the variablebounds (e.g., [1, 2, 7, 13, 14℄).
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kThe linear relaxation is generally obtained by linearizing nonlinear terms in-dependently, giving what is often 
alled linear over- and under-estimators. Whenrigorous and reliable results are desired, it is 
riti
al to generate a safe linear re-laxation whi
h overapproximates the solution to the nonlinear problem at hand(e.g., [9, 10℄). Indeed, the 
oeÆ
ients in the linear 
onstraints are generally givenby real fun
tions whi
h are subje
t to rounding errors when evaluated. As a
onsequen
e, the resulting linear relaxation may not be safe. Moreover, naiveapproa
hes (e.g., upward rounding for overestimators) are not safe either in gen-eral. On
e a safe linear relaxation is available, it 
an be solved exa
tly or safebounds on the obje
tive fun
tion 
an be obtained using duality as in [10, 4℄ forinstan
e. Experimental results (e.g., [9℄) have shown that both of these two 
or-re
tions are 
riti
al in pra
ti
e, even on simple problems, to �nd all solutions tononlinear polynomial systems.This paper fo
uses on obtaining safe linear relaxations for global optimizationproblems and 
ontains two main 
ontributions:1. The paper presents two 
lasses of safe estimators of univariate fun
tions.The �rst 
lass of estimators generalizes the results of [9℄ from quadrati
to arbitrary fun
tions, while the se
ond 
lass is entirely novel. Theoreti
altightness results are given for both 
lasses, giving the relative strengths of thepresented estimators. In parti
ular, the results show that 
lass-2 estimators(when they apply) are theoreti
ally tighter than 
lass-1 estimators (in a
ertain sense to be de�ned). Moreover, the numeri
al results indi
ate that
lass-2 estimators are almost always tighter in pra
ti
e in our experiments.2. The paper then generalizes the univariate results to multivariate fun
tions.It shows how to derive estimators for multivariate fun
tions by 
ombiningunivariate estimators derived for ea
h variable independently. Moreover, itproves that the 
ombination of tight 
lass-1 safe univariate estimators is atight 
lass-1 safe multivariate estimator.As a 
onsequen
e, these results provide a systemati
, 
omprehensive, and elegantframework to derive safe linear estimators for global optimization problems. In
onjun
tion with the safe bounds on the linear relaxations derived in [10, 4℄,they provide the theoreti
al foundation for rigorous results of bran
h and boundapproa
hes to global optimization based on linear programming.The rest of this paper is organized as follows: Se
tion 2 de�nes the 
on
ept ofsafe estimators and the problems arising in deriving them. Se
tion 3 derives thetwo 
lasses of linear estimators for univariate fun
tions. Se
tion 4 presents thetheoreti
al and numeri
al tightness results. Se
tion 5 presents the multivariateresults.2 De�nitions and Problem StatementThis se
tion de�nes the 
on
epts of linear estimators and safe linear overesti-mators, as well as the problem ta
kled in this paper. For simpli
ity, the def-initions are given for univariate fun
tions only, but they generalize naturally
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tions. We only 
onsider overestimators, sin
e the treatmentfor underestimators is similar. A linear overestimator is a linear fun
tion whi
hprovides an upper bound to a univariate fun
tion over an interval.De�nition 1 (Linear Overestimators). Let g be a univariate fun
tion < !<. A linear overestimator of g over the interval [x; x℄ is a linear fun
tion mx+ bsatisfying 8x 2 [x; x℄ : mx+ b � g(x):In general, given a univariate fun
tion g, linear overestimators are obtainedthrough tangent or se
ant lines. These are impli
itly spe
i�ed by two fun
tionsfm(x; x; g) and fb(x; x; g) 
omputing the slope m and the inter
ept b of theestimator.1 For instan
e, the se
ant line for the fun
tion xn (n even) is thelinear overestimator mx+ b over [x; x℄ spe
i�ed bym = xn�xnx�x b = xxn�xxnx�xUnfortunately, given an underlying 
oating-point sytem F and a representationof fm and fb, the 
omputation of these fun
tions is subje
t to rounding errors andwill produ
e the approximations ~m and ~b. However, the linear fun
tion ~mx+~bis not guaranteed to be a linear estimator of g in [x; x℄.The main issue addressed in this paper is how to 
ompute safe linear overes-timators, i.e., linear overestimatorsm�x+ b� where m� and b� are 
oating-pointnumbers in the underlying 
oating-point system F .De�nition 2 (Safe Linear Overestimators). Let g be a univariate fun
tion< ! <. A safe linear overestimator of g over interval [x; x℄ is a linear overesti-mator m�x+ b� for g over [x; x℄ where m�; b� 2 F .Notations In the following, we often abuse notation and use m and b to rep-resent the fun
tions fm and fb. The 
riti
al point to remember is that m and b
annot be 
omputed exa
tly and may involve signi�
ant rounding errors. Also,given an expression e, we use be
 and dee to denote the most pre
ise lower andupper approximation of e at our disposal given F and the representation of e.2The Problem At �rst sight, it may seem that the problem of �nding a safelinear overestimator m�x+ b� is trivial: simply 
hoose the fun
tion dmex+ dbe,i.e., 
hoose m� = dme and b� = dbe. Unfortunately, as shown in Figure 1, this isnot 
orre
t. The �gure shows g and its linear overestimator mx + b over [x; x℄.The estimator is 
orre
t in the <+ region, but not in the <� region where theslope dme is too strong. Similarly, bm
x+dbe is not a safe overestimator be
auseits slope is too weak in the <+ region. The value b� must be 
hosen 
arefullyeven when m� = dme or when m� = bm
. The �gure shows su
h a 
hoi
e of b�.1 More pre
isely, they are spe
i�ed by a representation (e.g., the text) of these twofun
tions.2 Note the safety results presented in this paper hold even if the approximations arenot the most pre
ise.
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Fig. 1. Why dmex+ dbe is not a Safe Linear Overestimator.Tightness In addition to safety, one is generally interested in linear overesti-mators whi
h are as tight as possible given F and the representation of fm andfb.De�nition 3 (Error of Linear Overestimators). Let g be a univariate fun
-tion < ! <. The error of a linear overestimator mx+ b for g over [x; x℄ is givenby Z xx mx+ b � g(x) dx:De�nition 4 (Tightness of Linear Overestimators). Let g be a univariatefun
tion < ! <. Let l1 and l2 be two linear overestimators of g over [x; x℄. l1 istighter than l2 wrt g and [x; x℄ if l1 has a smaller error than l2,3 Safe Linear Overestimators for Univariate Fun
tionsThis se
tion des
ribes two 
lasses of safe overestimators. These estimators arederived from the linear overestimator mx+ b. In other words, the goal is to �ndm� and b� in F su
h thatm�x+ b� � mx+ b; 8x 2 [x; x℄: (1)As mentioned, the �rst 
lass generalizes the results of Mi
hel et al. [9℄ who gavesafe estimators for x2. The se
ond 
lass is entirely new and enjoys some ni
etheoreti
al and numeri
al properties.
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Fig. 2. A Safe Overestimator when x � 0.3.1 A First Class of Safe OverestimatorsTo obtain a safe linear overestimator m�x+ b� from mx+ b, there are only tworeasonable 
hoi
es for m�: bm
 and dme. Other 
hoi
es would ne
essarily be lesstight. We derive the safe overestimators for dme only, the derivation for bm
being similar. The problem thus redu
es to �nding b� su
h thatdmex+ b� � mx+ b: (2)Sin
e dme � m, it is suÆ
ient to satisfy (2) at x = x, whi
h implies b� �b� (dme�m)x. The overestimator 
an now be derived by a 
ase analysis on thesign of x. If x � 0, we haveb� (dme �m)x � b� (dme � bm
)x = b� err(m)xwhere err(m) = dme�bm
. Therefore, 
hoosing b� = db�err(m)xe satis�es (2).If x � 0, it is suÆ
ient to 
hoose b� = dbe, as shown in Figure 2. The followingtheorem summarizes the results.Theorem 1 (Safe Linear Overestimators for Univariate Fun
tions, Class1). Let g be a univariate fun
tion g and let mx+ b be a linear overestimator forg in [x; x℄. We have thatmx+ b � 8>>><>>>:bm
x+ db+ err(m)xe if x � 0bm
x+ dbe if x � 0dmex+ db� err(m)xe if x � 0dmex+ dbe if x � 0:
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Fig. 3. Choosing b� = dg(x)� dmexe whi
h is almost always tighter than dmex+ dbe.As a 
onsequen
e, the four right-hand sides are safe linear overestimators for gin [x; x℄ under the spe
i�ed 
onditions.Proof. We give the proofs for the �rst two 
ases. The proofs are similar for thesymmetri
 
ases. In the �rst 
ase, we havebm
x+ db+ err(m)xe= bm
(x� s) + db+ err(m)xe letting x = x� s with s � 0� bm
(x� s) + b+ err(m)x= bm
(x� s) + b+ (dme � bm
)x= dmex� bm
s+ b� mx� bm
s+ b dmex � mx sin
e x � 0� mx�ms+ b bm
s � ms sin
e s � 0= mx+ bIn the se
ond 
ase, sin
e x � x � 0, we have that mx � bm
x and hen
emx+ b � bm
x+ dbe. ut3.2 A Se
ond Class of Safe OverestimatorsIn general, the overestimators used in global optimization are either se
ant linesof g (as in Figure 1) or tangent lines to g at x or x (see, for instan
e, [5℄). Asa 
onsequen
e, we have that g(x) = mx + b and/or g(x) = mx + b. In these
ir
umstan
es, it is possible to �nd a b� satisfying (2) whi
h does not depend on
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e b� must satisfy dmex + b� �mx+ b = g(x), it follows that b� � g(x)� dmex. Choosing b� = dg(x)� dmexealso satis�es (2). This 
hoi
e for b� enjoys some ni
e theoreti
al and experimentalproperties as detailed in Se
tion 4. Figure 3 illustrates this situation.Theorem 2 (Safe Linear Overestimators of Univariate Fun
tions, Class2). Let g be a univariate fun
tion g and let mx+ b be a linear overestimator forg in [x; x℄. We have thatmx+ b � (bm
x+ dg(x)� bm
xe if g(x) = mx+ bdmex+ dg(x)� dmexe if g(x) = mx+ bAs a 
onsequen
e, the right-hand sides are safe linear overestimators for g in[x; x℄ under the spe
i�ed 
onditions.Proof. We give the proof for the �rst 
ase. The proof is similar for the symmetri

ase. We havebm
x+ dg(x)� bm
xe= bm
(x� s) + dg(x)� bm
xe letting x = x� s with s � 0� bm
(x� s) + g(x)� bm
x= mx+ b� bm
s sin
e g(x) = mx+ b� mx+ b�ms bm
s � ms sin
e s � 0= mx+ b: ut4 Tightness of Safe Linear OverestimatorsTheorems 1 and 2 provide us with six safe overestimators of a univariate fun
-tion. Several of the 
onditions for these estimators are not mutually ex
lusiveand it is natural to study their relative tightness. Of 
ourse, it is possible to useall appli
able safe estimators in the linear relaxation, but this may be undesir-able for numeri
al and eÆ
ien
y reasons. This se
tion presents theoreti
al andexperimental results on the tightness of the estimators.4.1 Theoreti
al Results on Class 1 EstimatorsThis se
tion studies the tightness of 
lass-1 estimators. We �rst 
ompare theestimators bm
x + db + err(m)xe and dmex + db � err(m)xe whi
h are bothappli
able when 0 2 [x; x℄. The result shows whi
h estimators to 
hoose a

ordingto the magnitude of x and x.Theorem 3 (Tightness of Class 1 Safe Linear Overestimators when 0 2[x; x℄). Let g be a univariate fun
tion g, mx+b be a linear overestimator for g in
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Fig. 4. Finding the optimal 
oating point representation. In this 
ase bm
x + b�2 is atighter estimator than dmex+ b�1.[x; x℄, and x < 0 and x > 0. The safe linear overestimator bm
x+db+err(m)xeis tighter than the safe linear overestimator dmex + db� err(m)xe if jxj < jxj.Similarly, the safe linear overestimator dmex+db�err(m)xe is tighter than thesafe linear overestimator bm
x+ db+ err(m)xe if jxj < jxj.Proof. To 
ompare the estimators bm
x + db + err(m)xe and dmex + db �err(m)xe, we 
ompare the relative tightness of the slightly tighter estimatorsbm
x + b + err(m)x and dmex + b � err(m)x. Their tightness is easier to de-termine and approximates well the a
tual relative tightness, sin
e the roundingerrors in 
omputing db + err(m)xe and db � err(m)xe are 
omparable. First
onsider the error of bm
x+ b+ err(m)x:E1 = Z xx bm
x+ b+ err(m)x� g(x)dx= Z xx bm
x+ b+ err(m)x� (mx+ b) +mx+ b� g(x)dx= Z xx (bm
 �m)x+ err(m)xdx+ Z xx mx+ b� g(x)dx| {z }E= (x � x) �x�dme � 12bm
 � 12m�+ x�12bm
 � 12m��+E



Safe and Optimal Hyperplane Approximations 9The error of dmex+ b� err(m)x is similarly given by:E2 = Z xx dmex+ b� err(m)x� g(x)dx= (x � x) �x�12dme � 12m�+ x�bm
 � 12dme � 12m��+EEstimator bm
x + b + err(m)x is tighter than estimator dmex + b � err(m)xwhen E1 < E2, i.e., when jxj < jxj. Similarly, estimator dmex+ b� err(m)x istighter than estimator bm
x+ b+ err(m)x when jxj < jxj. utWhen x � 0, it is interesting to 
ompare estimators bm
x+ db+ err(m)xe withdmex+ dbe and bm
x+ dbe with dmex+ db� err(m)xe.Theorem 4 (Tightness of Class 1 Safe Linear Overestimators when0 =2 [x; x℄). Let g be a univariate fun
tion g and mx+b be a linear overestimatorfor g in [x; x℄. When x � 0, dmex + b is tighter than bm
x + db + err(m)xe.When x � 0, bm
x+ dbe is tighter than dmex+ db� err(m)xe.Proof. Consider the slightly tighter and easily 
omparable estimators dmex+ band bm
x+ b+ err(m)x. The error of bm
x+ b+ err(m)x is:E1 = Z xx bm
x+ b+ err(m)x � g(x)dx= 12(x� x) [x (2dme � bm
 �m) + x (bm
 �m)℄ +Ewhere E is the error in mx+ b. Likewise the error of dmex+ b is:E2 = Z xx bm
x+ b� g(x)dx= 12(x� x)(dme �m)(x + x) +Edmex + b is tighter than bm
x + b + err(m)x when E2 < E1 whi
h redu
esto x < x. Sin
e this 
ondition is always met, dmex + b is always tighter thanbm
x+ b+err(m)x. Similarly, bm
x+ dbe is tighter than dmex+ db�err(m)xewhen x � 0. utTheorems 3 and 4 generalize and provide the theoreti
al justi�
ation for theheuristi
 used by Mi
hel et al. [9℄.4.2 Theoreti
al Results on Class 2 EstimatorsWe now study the tightness of Class-2 estimators. The next theorem 
omparesthe \real" 
ounterparts of the two 
lass-2 operators.
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tion with linear overestimator mx + b over [x; x℄ su
h thatg(x) = mx+ b, g(x) = mx+ b. bm
x+ g(x)� bm
x is a tighter estimator thandmex+ g(x)� dmex when m� bm
 < dme �m.Proof. The error of the g(x) = mx+ b. bm
x+ g(x)� bm
x is given byE1 = Z xx bm
x+ g(x)� bm
x� g(x)= 12(x� x)2(m� bm
) +Ewhere E is the error of mx+ b. Likewise the error in dmex+ g(x)� dmex isE2 = 12(x� x)2(dme �m) +E:The bm
 formulation is tighter when E1 < E2 whi
h redu
es to m � bm
 <dme �m, i.e., when bm
 is a better approximation of m than dme. utOf 
ourse, this result is not useful in pra
ti
e, sin
em is not known and there is noway to evaluate the 
ondition stated in Theorem 5. The theorem only 
onsidersthe \real" 
ounterparts of the estimators, i.e., it ignores the rounding errors inthe a
tual evaluation of the operators. In other words, sin
e these operators 
anbe rewritten as dbm
(x�x)+g(x)e and ddme(x�x)+g(x)e, Theorem 5 appliesto the Class-2 estimators whenever the rounding errors in these two terms aresimilar whi
h in turn requires that g(x) � g(x). Fortunately, the next se
tion,whi
h relates both 
lasses, gives a 
riterion to 
hoose between them.4.3 Theoreti
al Results on Class 1 and Class 2 EstimatorsThis se
tion 
ompares the Class 1 and Class 2 overestimators and des
ribes themain result of this paper. The theorem states that Class-2 estimators are tighterthan Class-1 estimators (modulo rounding errors). The theorem is given for thedme estimators, but a similar theorem 
an be proven for the bm
 estimators.Theorem 6 (Relative Tightness of Class 1 and Class 2 Safe LinearOverestimators). Let g be a univariate fun
tion with linear overestimator mx+b over [x; x℄ su
h that g(x) = mx + b. The 
lass-2 estimators are tighter thanthe 
lass-1 estimators (modulo rounding errors).Proof. We prove the result modulo rounding errors. When x � 0, we havedmex+ dg(x)� dmexe� dmex+ dg(x)� (m+ err(m))xe� dmex+ db� err(m)xe
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h is the 
lass-1 estimator when x � 0. When x � 0, we havedmex+ dg(x)� dmexe� dmex+ dg(x)�mxe� dmex+ dbewhi
h is the 
lass-1 estimator when x � 0. utTheorem 6 is interesting for many reasons. First, although it abstra
ts the round-ing errors, it should hold in pra
ti
e sin
e the rounding errors in g(x) should besmaller than, or similar to, those in b. (There are of 
ourse other terms but theerrors 
annot be radi
ally di�erent in the remaining parts). The experimentalresults in Se
tion 4.4 
on�rms this. Se
ond, it provides intuition as to why 
lass-2estimators are tighter than 
lass-1 estimators. A 
lass-1 operator systemati
allya

ounts for an error err(m) = dme�bm
 in the slope, while a 
lass-2 estimatoronly adds an error dme�m (resp.m�bm
). Third, sin
e 
lass-2 operators 
an beviewed as tighter versions of the 
lass-1 operators, similar 
riteria 
an be appliedto 
hoose between them, solving the problem left open in the previous se
tion.4.4 Numeri
al ResultsWe now 
ompare numeri
ally 
lass-1 and 
lass-2 estimators to 
on�rm the �nd-ings of Theorem 6. More pre
isely, we 
ompare bm
x + dg(x) � bm
xe withbm
x+ db+ err(m)xe and dmex+ dg(x) � dmexe with dmex+ db� err(m)xenumeri
ally for 0 2 [x; x℄ using the above heuristi
s to 
hoose between the pairs.We use even powers for 
omparison purposes for whi
h linear overestimators aregiven as follows.g(x) = xn � xn � xnx� x| {z }m x+ xxn � xxnx� x| {z }b ; n even; x 2 [x; x℄ (3)This general term 
an be simpli�ed using m = x+ x and b = �xx when n = 2.Moreover, sin
e (3) is a se
ant of xn, g(x) = mx+ b at both x = x and x = x.Given the theoreti
al results, it is easy to derive a set of numeri
al exper-iments. When jxj � jxj, we only 
ompare the inter
epts dg(x) � bm
xe anddb+err(m)xe, using the estimators with the same slopes. The smallest inter
eptgives the tightest estimator. Likewise when jxj < jxj, we 
ompare the inter
eptsdg(x)� dmexe and db� err(m)xe.Figures 5 and 6 depi
t the experimental results. To 
ompute b, our numeri
alresults use the spe
ialized form for n = 2 (Figure 5) and the general form(Figure 6) otherwise. Random values were generated for x and x in a widerange of values. The results were 
olle
ted region by region. We 
omputed theper
entage of 
ases where 
lass-2 estimators were stri
tly tighter than 
lass-1 estimators (%C21) and vi
e-versa (%C12). The �gures report the di�eren
e(%C21 - %C12). For the quadrati
 
ase, Figure 5 shows that 
lass-2 estimators
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Fig. 5. Numeri
al Results for x2.are very often tighter than 
lass-1 operators. Typi
ally, 
lass-2 estimators aretighter in about 40-50% of the 
ases, while 
lass-1 estimators are tighter in about0-10% of the 
ases (they have equal tightness in the remaining 
ases). It is onlywhen the two bounds are about the same size that 
lass-1 improves over 
lass-2in about 40-50% of the 
ases. Figure 6 depi
ts the results for n4 to n10. Theimprovements of 
lass-2 estimators here is striking. Class-2 estimators improveover 
lass-1 estimators in more than 99% of the 
ases. Of 
ourse, this is notsurprising in light of the proof of Theorem 6 sin
e the slope is mu
h steeper andhen
e the bene�ts of 
lass-2 operators be
ome more pronoun
ed. Note also theimprovement in tighness is proportional to the magnitude of the bounds. Overall,the experimental results 
on�rm the theoreti
al results and 
learly demonstratethe value of 
lass-2 estimators.5 Safe Linear Overestimators for Multivariate Fun
tionsWe now turn our attention to safe linear overestimators for multivariate fun
-tions. Multivariate fun
tions frequently appear in global optimization. They 
anbe estimated using a hyperplane in n dimensions. For example, a linear overes-timator for the bilinear term xy (e.g., [5, 11℄) is given by two planes:xy � minfyx+ xy � xy; yx+ xy � xyg; (x; y) 2 [x; x℄� [y; y℄ (4)Sin
e slopes of the two planes given in (4) are 
oating-point numbers, safe es-timators for this 
ase are given simply by rounding up the inter
epts �xy and�xy. The overestimator for the term xy used by [11, 16℄ have slopes that are
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Fig. 6. Numeri
al Results for x4 to x10.nonlinear fun
tions of 
oating point numbers:xy � min� yy2x+ xy2 y + xyy2 ; yy2x+ xy2 y + xyy2 � ; (x; y) 2 [x; x℄� [y; y℄; y > 0(5)In order to represent (5) with 
oating point numbers, spe
ial 
are must be takenin order to satisfy the two dimensional version of (1). More generally, estimatorsfor multivariate fun
tions 
an be obtained through estimators for fa
torablefun
tions (see, for instan
e, [8℄).The above dis
ussion indi
ates that it is 
riti
al in pra
ti
e to generalize ourresults to multivariate fun
tions. The problem 
an be formalized as follows (foroverestimators): given an n-dimensional hyperplane overestimating an n-variatefun
tion g(x) : <n ! <, x = (x1; : : : ; xn), over [x1; x1℄� � � � � [xn; xn℄, the goalis to �nd m�1; : : : ;m�n; b� 2 F su
h that:nXi=1m�i xi + b� � nXi=1mixi + b � g(x); 8x 2 [x1; x1℄� � � � � [xn; xn℄ (6)The �rst key result in this se
tion is to show that safe linear estimators formultivariate fun
tions 
an be derived naturally by 
ombining univariate linear
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kestimators. In other words, the result makes it possible to 
onsider ea
h variableindependently in the estimator nXi=1mixi + b;repla
e mi and b by their safe 
ounterparts m�i and b�i , and 
ombine all theindividual 
oeÆ
ients into a safe estimator for the multivariate fun
tion. One ofthe interesting aspe
ts of this result is the ability to fa
tor b out from the b�i s toobtain a tight estimator.Theorem 7 (Safe Linear Overestimators for Multivariate Fun
tions).Let g be an n-variate fun
tion and letPni=1mixi+b be an overestimator for g in[x1; x1℄� � � � � [xn; xn℄. Let m�i xi + b�i be a safe linear overestimator of mixi + bin [xi; xi℄ and Æ�i = db�i � be, 1 � i � n. Then, the hyperplanenXi=1m�i xi + db+ nXi=1 Æ�i eis a safe linear overestimator for g in [x1; x1℄� � � � � [xn; xn℄.Proof. We show thatnXi=1m�i xi + db+ nXi=1 Æ�i e � nXi=1mixi + b:We have nXi=1m�i xi + db+ nXi=1 Æ�i e � nXi=1m�i xi + b+ nXi=1 Æ�i� nXi=1(m�i xi + b�i � b) + b= nXi=1(m�i xi + b�i )� (n� 1)b� nXi=1(mixi + b)� (n� 1)b= nXi=1mixi + b: utNote that 
lass-1 estimators trivially satisfy the hypotheses of this theorem.As a 
onsequen
e, the theorem gives an elegant and simple way to obtain safeoverestimators for multivariate fun
tions. (A similar result 
an be derived forunderestimators).



Safe and Optimal Hyperplane Approximations 15We now investigate the tightness of multivariate estimators derived usingTheorem 7. For simpli
ity, we restri
t attention to multivariate estimators de-rived by 
ombining 
lass-1 univariate estimators, whi
h we 
all 
lass-1 multi-variate estimators. Our �rst result shows that 
lass-1 multivariate estimatorsderived using Theorem 7 are as tight as possible for a given 
hoi
e of roundingdire
tion for ea
h dimension (i.e., bmi
 or dmie).Theorem 8 (Tightness of Class-1 Safe Multivariate Overestimators).Class-1 multivariate overestimators derived using Theorem 7 are as tight as pos-sible for a given 
hoi
e of rounding dire
tion for ea
h variable (i.e., bmi
 ordmie).Proof. The safe overestimating hyperplane given by Theorem 7 
an be writtenas: Xi2I[Kdmiexi + Xj2J[Lbmj
xj + db�Xk2K err(mk)xk +Xl2L err(ml)xlewhere sets I , J ,K and L partition f1; : : : ; ng. Using the same 
hoi
es for dme andbm
 de�ned by this partition, we now 
al
ulate b� su
h that Pi2I[Kdmiexi +Pj2J[Lbmj
xj + b� �Pni=1mixi+ b. It is suÆ
ient to satisfy this inequality at(~x1; : : : ; ~xn) where ~xi = (xi : i 2 J [ Lxi : otherwisedue to the 
ombination of bm
 and dme given by the partition. b� must satisfyXi2I[Kdmiexi + Xj2J[Lbmj
xj + b� � Xi2I[Kmixi + Xj2J[Lmjxj + b:By a 
ase analysis on the sign of ~xi for ea
h i:Xi2I[Kmixi + Xj2J[Lmjxj + b�Xi2I dmiexi +Xj2Jbmj
xj + Xk2Kbmk
xk +Xl2Ldmlexl + bTherefore, Xi2I[Kdmiexi + Xj2J[Lbmj
xj + b��Xi2I dmiexi +Xj2Jbmj
xj +Xk2Kbmk
xk +Xl2Ldmlexl + b:Colle
ting terms: b� � b�Pk2K err(mk)xk+Pl2L err(ml)xl. Corre
tly round-ing this results in the same hyperplane as 
onstru
ted by the theorem. ut
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kIt remains to 
hoose appropriate rounding dire
tions for ea
h variable. The nexttheorem shows that the 
ombination of tight 
lass-1 univariate estimators givesa tight 
lass-1 multivariate estimator.Theorem 9 (Optimality of Class-1 Safe Multivariate Overestimators).A multivariate 
lass-1 safe estimators derived using Theorem 7 by 
hoosing op-timal 
lass-1 univariate safe estimators for ea
h variable is an optimal 
lass-1multivariate safe estimator.Proof. Consider the hyperplane:H = Xi2I[Kdmiexi + Xj2J[Lbmj
xj + db�Xk2K err(mk)xk +Xl2L err(ml)xle (7)where I = fi : xi � 0g, J = fj : xj � 0g, K = fk : 0 2 (xk; xk); jxkj < jxkjgand L = fl : 0 2 (xl; xl); jxlj � jxljg. By theorem 7, H is safe. By theo-rem 8, H is as tight as possible given the 
hoi
es of dme and bm
 de�nedby the partition. Consider the error between a slightly tighter version of (7),given by an unrounded inter
ept, and Pni=1mixi + b. The remaining error(R x1x1 dx1 � � � R xnxn dxnPni=1mixi+b�g) is 
onstant over all 2n possible safe 
lass-1 overestimating hyperplanes. The error is de�ned by the natural extension ofde�nition 3 to higher dimensions:E = Z x1x1 dx1 � � �Z xnxn dxn8<: Xi2I[Kdmiexi + Xj2J[Lbmj
xj + b�Xk2K err(mk)xk+Xl2L err(ml)xl � nXi=1mixi + b!)= Z x1x1 dx1 � � �Z xnxn dxn8<: Xi2I[K(dmie �mi)xi + Xj2J[L(bmj
 �mj)xj�Xk2K err(mk)xk +Xl2L err(ml)xl)Using the integralsZ x1x1 dx1 � � � Z xnxn dxn 1 = nYj=1(xj � xj) = PZ x1x1 dx1 � � � Z xnxn dxn xi = 12(x2i � x2i )Yj 6=i(xj � xj)= 12(xi + xi)P



Safe and Optimal Hyperplane Approximations 17the error is rewritten as:E = P 8<: Xi2I[K 12(dmie �mi)(xi + xi) + Xj2J[L 12(bmj
 �mj)(xi + xi)�Xk2K err(mk)xk +Xl2L err(ml)xl)= P2 8<:Xi2I (dmie �mi)(xi + xi) +Xj2J(bmj
 �mj)(xi + xi)+Xk2Kf(dmie �mi)xi + (2bmi
 � dmie �mi)xig (8)+Xl2Lf(bmi
 �mi)xi + (2dmie � bmi
 �mi)xig)De�ne the type of a variable as the set (one of I , J , K, or L) to whi
h it belongs.We show that another partition, fI 0; J 0; K 0; L0g, does not de�ne a tighterhyperplane, H 0. Sin
e the error given by (8) is linear in the type of variable,we 
an 
onsider ea
h variable independently. H and H 0 
an di�er in any of thefollowing four ways while remaining safe:{ A variable, xi, in set I 
an be moved to set L produ
ing I 0 = Infxig andL0 = L[fxig. This will add the term P �err(ml)xl � 0 to the error, therebyin
reasing the total error. H remains tighter than H 0.{ A variable, xi, in set J 
an be moved to set K produ
ing J 0 = Jnfxig andK 0 = K [ fxig. This will add the term �P � err(ml)xl � 0 to the error,thereby in
reasing the total error. H remains tighter than H 0.{ A variable, xi in set K 
an move to set L produ
ing K 0 = Knfxig andL0 = L [ fxig. The di�eren
e in error is:P2 f(bmi
 �mi)xi + (2dmie � bmi
 �mi)xi� (dmie �mi)xi � (2bmi
 � dmie �mi)xig= P � err(m)fxi + xig� 0 sin
e the variable in K satis�es jxj > jxj.Sin
e the error in
reases with this 
hange, H remains tighter than H 0.{ Likewise, a variable moving from set L to set K in
reases the error of theoverestimating hyperplane.By the above arguments, the hyperplane de�ned by theorem 7 
reated by 
om-bining tight safe 
lass-1 univariate overestimators is the tightest 
lass-1 overes-timator for an n-variate fun
tion. ut
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k6 Con
lusionGlobal optimization problems are often approa
hed by bran
h and bound algo-rithms whi
h use linear relaxations of the nonlinear 
onstraints 
omputed fromthe 
urrent variable bounds at ea
h node of the sear
h tree. This paper 
onsid-ered the problem of obtaining safe linear relaxations whi
h are guaranteed toen
lose the solutions of the nonlinear problem. It made two main 
ontributions.On the one hand, it studied two 
lasses of linear estimators univariate fun
-tions. The �rst 
lass of estimators generalizes the results in [9℄ from quadrati
to arbitrary fun
tions, while the se
ond 
lass is entirely novel. Theoreti
al andnumeri
al results indi
ated that 
lass-2 estimators, when they apply, are tighterthan 
lass-1 estimators. On the other hand, the paper generalized the univariateresults to multivariate fun
tions. It indi
ated how to derive estimators for mul-tivariate fun
tions by 
ombining univariate estimators derived for ea
h variableindependently. Moreover, it showed that the 
ombination of tight 
lass-1 safeunivariate estimators is a tight 
lass-1 safe multivariate estimators. Togetherthese results provide a systemati
, 
omprehensive, and elegant framework toderive safe linear estimators for global optimization problems. In 
onjun
tionwith the safe bounds on the linear relaxations derived in [10, 4℄, they provide thetheoreti
al foundation for rigorous results of bran
h and bound approa
hes toglobal optimization based on linear programming. Future work aims at studyinghow to generalize the mutivariate tightness results to 
lass-2 estimators.Referen
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