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tThis paper studies the 
omplexity of the robustspanning tree problem with interval data (RSTID).It settles the 
onje
ture of [9℄ by proving that theproblem is NP-
omplete. The paper also shows thatthe problem remains NP-
omplete for (1) 
ompletegraphs and (2) when the 
ost intervals are all [0; 1℄.The proofs of the results show that the diÆ
ulty ofthe RSTID problem resides in two distin
t aspe
tsof the problem: the topology of the graph and thenumeri
al properties of the 
ost intervals. As a
onsequen
e, the results suggest new dire
tions forimproving and evaluating existing sear
h algorithms[20, 2, 15℄ for the RSTID problem, sin
e they haveonly fo
used on one of these aspe
ts.Keywords: Robust spanning tree, robust optimiza-tion, un
ertainty, interval data.1 Introdu
tionMany pra
ti
al appli
ations, parti
ularly in tele
om-muni
ation networks, 
an be formulated as robust op-timization problems. The goal in robust optimizationis to �nd a solution that hedges against the worstpossible s
enario. Several robustness 
riteria may beused when 
hoosing among solutions, depending on�On leave at Carnegie Mellon University.

the goal and spe
i�
s of the problem. Kouvelis andYu [9℄ dis
uss three important su
h 
riteria, namelyabsolute robustness, robust deviation and relative ro-bustness. In many 
ases, under these 
riteria, therobust equivalent of a polynomially solvable problembe
omesNP-hard. A weaker 
riterion for robustness,whi
h allows 
ontrolling the degree of 
onservatism ofthe solution, was proposed by [3℄. As opposed to the
riteria di
ussed in [9℄, where the target is a solutionwhose worst-
ase value is optimal, the goal in [3℄ isto �nd a solution whose varian
e is optimal { the a
-tual value (
ost) of the solution 
an in fa
t be quitepoor. This approa
h enables robust formulations ofpolynomially solvable (�-approximable) problems toremain polynomially solvable (�-approximable).Our study is fo
used on the robust spanning treeproblem in graphs where the edge 
osts are givenby intervals (RSTID), under the robust deviationframework1. The goal of the RSTID problem is to�nd a spanning tree that minimizes the maximumdeviation of its 
ost from the minimum spanningtrees obtained for all possible realizations of the edge
osts (i.e., 
osts within the given intervals). Theproblem has attra
ted 
onsiderable attention re
ently([10, 9, 20, 2, 15℄), parti
ularly be
ause of its im-portan
e in 
ommuni
ation networks. For instan
e,referen
e [9℄ dis
usses the design of 
ommuni
ation1It is interesting to remark that under the absolute robust-ness framework, the problem is known to have a polynomialtime algorithm.1



networks where the routing delays on the edges areun
ertain, sin
e they depend on the network traÆ
.A robust spanning tree hedges against the worst pos-sible delays and is desirable in this problem.Attempts to solve the problem in
lude a mixed in-teger programming (MIP) formulation by [20℄, a 
on-straint satisfa
tion approa
h by [2℄, and a bran
h andbound approa
h by [15℄. However, no eÆ
ient algo-rithm was dis
overed and the problem was 
onje
-tured to be NP-hard by [9℄.This paper 
loses this 
onje
ture by showing thatthe RSTID problem is at least as hard as the 
en-tral tree (CT) problem introdu
ed by [5℄ and provedNP-
omplete by [4℄. The paper also indi
ates thatthe RSTID problem remains NP-
omplete even in the
ase of 
omplete graphs. This is in 
ontrast to the
entral tree problem whi
h admits eÆ
ient solutionsfor 
omplete graphs [11℄. These results also shed anew light on the algorithms whi
h have been pro-posed for the RSTID problem [20, 2, 15℄. These al-gorithms have fo
used almost ex
lusively on the 
oststru
ture and have ignored the topologi
al propertiesof the graph. Our results show that both the 
oststru
ture and the topology of the graph 
ontributeto the 
omplexity of the problem. As a 
onsequen
e,they provide new dire
tions to improve these algo-rithms and to evaluate them experimentally.The rest of the paper is organized as follows. Se
-tion 2 de�nes the RSTID problem. Se
tion 3 sum-marizes prior work on 
entral trees whi
h dates ba
kto 1966. Se
tion 4 proves that the spe
ial 
ase of theRSTID problem where all the 
ost intervals are [0; 1℄is NP-
omplete. Se
tion 5 shows that the RSTIDproblem remains NP-
omplete for 
omplete graphs.Se
tion 6 
on
ludes the paper.2 The RSTID problemThe RSTID problem is de�ned on undire
ted 
on-ne
ted graphs. Given su
h a graph G = (V;E), theRSTID problem also assumes that ea
h edge e is as-so
iated with a 
ost interval [
e; 
e℄. A s
enario is aparti
ular assignment of 
osts to edges from their 
or-responding intervals. The deviation of a spanningtree T under a given s
enario s, denoted by �T (s),

is the di�eren
e between the 
ost of T and the 
ostof a minimum spanning tree under s
enario s, wherethe 
ost of a tree is simply the sum of its edge 
osts:�T (s) = 
ost(T; s)� 
ost(MSTs; s):The s
enario s�T under whi
h this di�eren
e is max-imized is 
alled the worst 
ase s
enario for thespanning tree T and the 
orresponding deviation isthe robust deviation of T , whi
h is denoted by ��T .In symbols, s�T = argmaxs �T (s)and ��T = �T (s�T ):The following result gives a 
hara
terization of theworst 
ase s
enario for a spanning tree T :Lemma 2.1 ([20℄). The robust deviation of a span-ning tree T is a
hieved when edges in T are at thehighest 
ost and edges in the 
omplement of T in Gare at the lowest 
ost (i.e. 
e = 
e;8 e 2 T and
e = 
e;8 e 2 E n T ).A robust spanning tree is a spanning treewhose robust deviation is minimum. The robustspanning tree problem with interval data isde�ned as the following de
ision problem: Given anundire
ted and 
onne
ted graph G with interval edge
osts and a value D 2 R, is there a spanning tree Tof G whose robust deviation ��T � D?3 Central TreesThe distan
e between two spanning trees of a graphis de�ned as the number of edges whi
h are in onetree but not in the other ([19℄):2d(T1; T2) = jT1 � T2j = jT2 � T1j:Re
all that the 
ospanning tree of a spanning tree Tis the subgraph of G having all the verti
es of G and2The authors of [4℄ and [5℄ use slightly di�erent formula-tions for the notion of distan
e between trees, but it is easyto see that they are equivalent, sin
e the notion refers only to
omplete (i.e., spanning) trees.2



exa
tly those edges of G not in T . Re
all also thatthe rank �(G) of a graph G with n verti
es and k
onne
ted 
omponents is n� k.A 
entral tree ([5℄) of a graph G = (V;E) is atree T0 su
h that the rank r of its 
ospanning tree T �0is minimum, i.e.,r = �(T �0 ) � �(T �i ); for every tree Ti 2 G:Deo [5℄ pointed out that, if r is the rank of the 
ospan-ning tree T � of a spanning tree T , then there is notree in G at a distan
e greater than r from T andthere is at least one tree in G at distan
e exa
tly rfrom T .3 Thus, we have the following 
hara
teriza-tion (and hen
e the name) of 
entral trees:Lemma 3.1 ([5℄). A spanning tree T0 is a 
entraltree of G if and only if the largest distan
e from T0to any other tree in G is minimum, i.e.,maxi d(T0; Ti) � maxi d(Tj ; Ti); for every tree Tj 2 G:Central trees were studied intensively in the liter-ature (e.g., [12, 16, 18, 17℄), primarily due to theirimportan
e in 
ir
uit analysis. Deo's initial study ofthe problem was motivated by the intuition that a
entral tree would provide a better starting point fortree generation methods, su
h as those proposed in[6, 14℄. Unfortunately, no good algorithm for 
on-stru
ting a 
entral tree was found for almost threede
ades,4 although there are some interesting simi-larities with problems for whi
h eÆ
ient algorithmsexist. The dual of the 
entral tree problem, for in-stan
e, whi
h asks for a pair (T1; T2) of maximallydistant trees (i.e., d(T1; T2) � d(Ti; Tj) for any span-ning trees Ti; Tj 2 G), 
an be solved in polynomialtime [8℄. Also, as pointed out in [13℄, the distan
esbetween tree pairs of a graph G are in a one-to-one
orresponden
e with the distan
es between the 
or-responding vertex pairs in the tree-graph TG (re
allthat the verti
es of a tree-graph TG 
orrespond tospanning trees in G, and two verti
es are 
onne
ted3It 
an be shown that the maximum number of edges with-out a 
ir
uit in a graph G equals the rank of G.4Initial attempts to solve the 
entral tree problem resultedin a polynomial time algorithm proposed by [1℄, but a gap inthis algorithm was un
overed by [7℄.

if the original spanning trees are at distan
e 1 of ea
hother in G). Thus, �nding a 
entral tree in G is equiv-alent to �nding a 
entral vertex in TG. However,while the 
entral vertex problem is known to havea polynomial time algorithm (in the number of ver-ti
es), su
h an algorithm 
annot be used to eÆ
iently�nd a 
entral tree, sin
e the number of verti
es in TG
an be exponential. The sear
h for an eÆ
ient algo-rithm for the 
entral tree problem 
on
luded with thefollowing result, due to [4℄:Theorem 3.2 ([4℄). The Central Tree problem isNP-
omplete.4 The Zero-One RSTIDConsider the spe
ial 
ase of the RSTID problemwhere the edges of G take their 
osts in the interval[0; 1℄. We refer to this problem as the Zero-One Ro-bust Spanning Tree Problem (ZO-RSTID). More pre-
isely, given a graph G = (V;E), the RSTID problemwhose underlying graph is G and whose 
ost inter-vals are all in [0; 1℄ is 
alled the ZO-RSTID problemasso
iated with G.The next theorem is the main result of the paper.It shows that robust trees are 
entral trees of theunderlying graph and vi
e-versa.Theorem 4.1. Let G = (V;E) be a 
onne
ted andundire
ted graph and let P be the ZO-RSTID problemasso
iated with G. T is a robust tree of P i� it is a
entral tree of G.Proof. [)℄ Let T be a robust tree for P with robustdeviation D, i.e.,
ost(T; s�T )� 
ost(MSTs�T ; s�T ) = D:We �rst show that the 
ospanning tree of T has rankD. Let s be the worst-
ase s
enario for T . By Lemma2.1, this s
enario assigns 
ost 1 to all edges in T and
ost 0 to all the other edges. Let MSTs be the MSTfor s
enario s. Sin
e 
ost(T; s) = jV j � 1, it followsthat 
ost(MSTs; s) = jV j � 1 � D. Hen
e, T andMSTs must have k = jV j � 1�D edges in 
ommon.Let I = fe1; : : : ; ekg be these edges and take su
h anedge ei = (vi; wi). By de�nition of an MST, verti
es3



vi and wi are not 
onne
ted in G = (V;E n feig). Asa 
onsequen
e, the graph G = (V;E n I) has k + 1
onne
ted 
omponents. By de�nition of a spanningtree, all the k + 1 
omponents are 
onne
ted and,sin
e T \MSTs = I , ea
h of these 
ompoents 
anbe spanned by using edges in MSTs. Hen
e, G =(V;E n T ) has k + 1 
omponents and the rank of the
ospanning tree of T is thus jV j � (k + 1) = D.We now show that all 
ospanning trees of G haveranks at least D. Assume that there exists an-other spanning tree T 0 whose 
ospanning tree hasrank D0 < D. This means that the removal ofT 0 from G 
reates k = n � D0 
onne
ted 
ompo-nents C1; C2; : : : ; Ck. Let t1; t2; : : : ; tk be arbitraryspanning trees of these 
omponents. Sin
e G is
onne
ted, there exist k � 1 uniquely de�ned edgese1; e2; : : : ; ek�1 in T 0 su
h that Ski=1 ti [ Sk�1j=1 ejform a spanning tree T 00 of G (note that this treemay or may not be the same as T 0, but it sharese1; e2; : : : ; ek�1 with T 0). Let s00 be the s
enarioin whi
h all edges of T 00 have 
ost 1 and all otheredges have 
ost 0. By Lemma 2.1, s00 is the worst
ase s
enario for T 00. Sin
e e1; e2; : : : ; ek�1 are theonly ways to 
onne
t C1; C2; : : : ; Ck , it follows thatMSTs00 must 
ontain all of them (otherwise it wouldnot span G). Hen
e, the robust deviation of T 00 sat-is�es
ost(T 00; s00)�
ost(MSTs00 ; s00) � jV j�1�(k�1) < Dwhi
h 
ontradi
ts the fa
t that T is a robust span-ning tree. The result follows.[(℄ Let T be a 
entral tree for G, whose 
ospan-ning tree has rank D. The 
ospanning tree of T hask = jV j � D 
onne
ted 
omponents. We �rst showthat T has robust deviation D for P . By Lemma2.1, the worst-
ase s
enario s for T assigns 
ost 1 toall edges in T and 0 to all other edges. Sin
e the
ospanning tree of T has rank D, it has jV j �D 
on-ne
ted 
omponents. Hen
e, an MST for s
enario smust sele
t jV j�D�1 edges from T to 
onne
t these
omponents and sele
t edges not in T to 
onne
t the
omponents themselves. As a 
onsequen
e,
ost(T; s)�
ost(MSTs; s) = jV j�1�(jV j�D�1) = D:

We now show that no tree 
an have a robust deviationsmaller than D. Assume that there exists a tree Trwith a robust deviation D0 < D. This means thatthere exists a s
enario sr su
h that
ost(Tr; sr)� 
ost(MSTsr ; sr) = D0:Sin
e 
ost(Tr; sr) = jV j � 1, we have that
ost(MSTsr ; sr) = jV j � 1 �D0 and Tr and MSTsrhave k0 edges in 
ommon wherek0 = jV j � 1�D0:Sin
e D0 < D, we have k0 � k. Let I = fe1; : : : ; ek0gbe these edges. Removing I from G produ
es k0 + 1
onne
ted 
omponents. As a 
onsequen
e, any treein
luding I would have at least k0+1 
onne
ted 
om-ponents in its 
ospanning tree, whi
h would have rankjV j � (k0 + 1) < jV j � k = D:This 
ontradi
ts the hypothesis that T is a 
entraltree.The NP-
ompleteness of the robust spanning treewith interval data follows dire
tly from Theorem 4.1.Corollary 4.2. The ZO-RSTID problem is NP-
omplete.Corollary 4.3. The RSTID problem is NP-
omplete.5 RSTID on Complete GraphsIn the 
ase of 
omplete graphs, the 
entral tree prob-lem is known to have a polynomial time algorithm[11℄. This se
tion shows that this is not the 
ase forthe RSTID problem. This result is interesting, sin
eit shows that the topology of the graph is not the onlyreason why the RSTID problem is hard (as Theorem4.1 may seem to suggest).Yaman et al. [20℄ have shown that, in a graph Gwith interval edge 
osts, there exists a well de�ned setof trees whose union 
ontains all the solutions of theRSTID problem. These trees are 
alled weak treesand they are essentially the minimum spanning trees4



of G with respe
t to the s
enario set. More pre
isely,a spanning tree T is weak if there exists at least ones
enario under whi
h T is a minimum spanning treeof G. The following result relates the solutions of theRSTID problem to the weak trees of G:Lemma 5.1 ([20℄). A robust spanning tree is a weaktree.Edges appearing on weak trees are 
alled weakedges and are 
hara
terized by the following prop-erty.Lemma 5.2 ([20℄). An edge e is weak if and only ifthere exists a minimum spanning tree using e whenits 
ost is at the lowest bound and the 
osts of theremaining edges are at their highest bounds.Note that this property, together with Lemma 5.1,
an be used to redu
e the size (i.e., number of edges)of G before attempting to solve RSTID.5 However,this does not 
hange the 
omplexity of the problem,as 
an be seen from the following result:Theorem 5.3. The RSTID problem remains NP-
omplete on 
omplete graphs.Proof. Let G = (V;E) be an arbitrary undire
tedand 
onne
ted graph. We show how to 
onstru
ta RSTID problem P over a 
omplete graph, whoserobust trees are the robust trees of the ZO-RSTIDasso
iated with G. Consider the 
omplete graphG0 = (V;E[E0) and assign a 
ost interval [0; 1℄ to alledges in E and a 
ost interval [1 + �; 1 + 2�℄ (� > 0)for all edges in E0. By 
onstru
tion, the interse
tionof any minimum spanning tree MSTs of G0 and E0 isempty, regardless of the s
enario s. That is, all mini-mum spanning trees of G0 (with respe
t to the set ofs
enarios) take edges only from E. By Lemma 5.2, arobust tree for P only takes edges from E. As a 
on-sequen
e, the robust trees of P are the same as therobust trees for the ZO-RSTID problem asso
iatedwith G. The result follows.5The MIP approa
h proposed by [20℄ a
hieves 
onsiderablespeedup by exploiting these properties to prepro
ess the graph.An enhan
ed algorithm for dete
ting non-weak edges was pro-posed in [2℄ and made it possible to use prepro
essing for sub-problems, whi
h further redu
ed the time to �nd a solution.

6 Con
lusionThis paper re
onsidered the RSTID problem, whi
hhas attra
ted in
reasing attention in re
ent years,due to its parti
ular importan
e in tele
ommuni
a-tion networks. It 
losed the 
onje
ture of Kouvelisand Yu [9℄, by showing that the RSTID problem is aleast as hard as the Central Tree problem [5, 19℄ andtherefore NP-Complete. Furthermore, it showed thatthe RSTID problem remains hard even on 
ompletegraphs, although the Central Tree problem admitspolynomial time solutions on su
h graphs [5℄. Theseresults shed a new light on the algorithms that havebeen proposed for the RSTID problem [20, 2, 15℄.Indeed, these algorithms have fo
used almost ex
lu-sively on the 
ost stru
ture and have ignored thetopologi
al properties of the graph. Our results showthat both aspe
ts 
ontribute to the 
omplexity of theproblem and, as a 
onsequen
e, they suggest new di-re
tions to improve these algorithms and to evaluatethem experimentally.A
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