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Abstract

We consider One-Leg Multistep (OLM) methods for initial walproblems in ODEs. These methods
are derived from the functional equatiph(t) = f(t,p(t)), wherep is a polynomial approximation of
the solution. This equation, applied at an evaluation paintproduces a nonlinear multistep formula
p'(te) = f(te,p(te)) which can be used to compute the solution at the next infegrabint. We show
that there exists a point” which leads to an OLM formula which is more precise than BDR&ich
is (almost) precisely A{)-stable (a concept introduced to capture the ideal stabiigion) for ak-step
method & < 6), and whose stability angle is essentially similar to BDF's. We also show how to apply
the corrector idea of Klopfenstein to further improve tredty region.

1 Introduction
This paper considers One-Leg Multistep (OLM) methods ferdblutions of initial value problems
y'(t) = f(t.y(t)) 1)

on a time interval {y. t¢], given initial valuesy(to) = yo. The one-leg multistep formulas (e.g., [2]) are
derived from the functional equation

p'(t) = f(t.p(t)) )

wherep is an approximation of the solutign In the following, we restrict attention to the cases whéee t
approximatiorp is a polynomial of degre€ k that interpolates the points

(tnvyn)v B (tn+k7yn+k)~
Hence equation (2), when applied to a specific timgroduces aimmplicit non-linear multistegormula
P'(te) = f(te. p(te)) 3)

which can be used to approximate the vajig, ). In the following, we denote these formulas by O)LM
for k steps.



The choice oft, has a fundamental impact on the accuracy and stability of Gahulas. Obviously,
Equation (2) at time,,, ; gives a backward differentiation formula (BDF). Moreov@ghlquist [2] showed
that there exists a time™ such that the OLM formula

plt) = f(t,p(tT) (4)

produces a method of ordér+ 1. In fact, it can be shown that the OLMormula has essentially the same
accuracy and stability properties as thetep Adams-Moulton formula.

This paper considers the stability counterpart of the Daibtts accuracy result. It shows that there exists
a timet* such that the OLM formula

pt7) = f(t",p(t")) )
produces a method with the following properties:

1. Itis A(a)-stable, its stability angle is comparable to the one of BRFand its stability region does
(almost) not intersect witlt™ .

2. ltis of orderk and more precise than BRF

In particular, fork = 2, the method is precisely A-stable and is as accurate asahezoidal rule. Assuming
a constant step siZe pointt is defined in terms of a ratie satisfying

t=t,+ 7h.

The ratiosr* andr* definingt™ andt* are roots of polynomials that depend only on the number qfsste
and can thus be computed once for all for eackinally, we also show how to apply the corrector idea from
Klopfenstein [6] to OLM formulas. These corrected formuamificantly improve the stability region while
only degrading accuracy slightly.

We believe that this result is potentially interesting feveral reasons. On the one hand, Lambert ([7],
pages 231) concludes his chapterSiifiness: Linear Stability Thoeoas follows:

“Summarizing the two phenomena described above, we camaagnethods which are A-stable
but not L-stable will, for most problems, produce solutianth slowly damped errors, but these
errors can be satisfactorily controlled by an automaticegddstable methods do not produce
such slowly damped errors but can produce misleading sesulitich will not be easily detected
by an automatic code, when applied to an infrequently mssa¥fproblems. On the whole, there
seems to be something to be said in favour of what we mighpoadisely A-stablenethods, that
is, methods whose regions of absolute stability are priycibe left half-plane; the numerical
solutions of the test systegi = Ay then tend to zero as tends to infinityif and only ifthe
exact solutions tend to zero agends to infinity”

On the other hand, observe that precisely A-stable methedsaav finding their way into commercial tools.
In particular, Shampine [10] writes

“The odel5s code of the original MATLAB ODE Suite solvesfdiiDESs of the form M(t)y’ =
f(t,y). Itis a variable step size, variable order implenatioin of a variant of the BDFs called
NDFs. For some problems of this form, the damping at infinftth@s family of formulas is not
appropriate, so a code based on the trapezoidal rule, gde28added to the Suite.”



Since OLM methods with the ratio* can be viewed as a generalization of the trapezoidal ruéy, tould
thus be of practical interest for some classes of problems.

The rest of the paper characterizes the ratfoas well as the additional parameter arising in the corrected
OLM formulas. Section 2 defines the OLM formulas preciselg presents the main tools to carry out the
analysis. Section 3 characterizes the ratipstudies the accuracy and stability of the correspondiniylOL
formula, and compares it to BDF’'s. Section 4 shows how toafipg corrector idea from [6] to further
improve the stability region.

2 One-Leg Multistep Methods

When the step size is a constdntthe OLM, formula, for a step fronft,+x—1, Yn+r—1) t0 (tntk, Yntk)s
can be written in terms of backward differences as

P/t — f(t.p(t) = 0] (6)
where
pt) = i, GV Yt
P = 3 GOV Y,
t = ty,+rh,
Go(r) = 1, @)
G = FIhe(r+m) (1< <k),
G(r) = G(ne(r) (1<j<k),
8;(7) il (L<i<h).

Whent = t,yx, OLM}, reduces to BDFk:

k
1_.
> 7V]yn+k = hf(tntr, Yntr) = 0. 8
j=1"
Observe that the OLIMformula is parametrized by the raticand hence it defines a class of Ol.Kbrmulas.

In the following, we use OLN(7) to represent the OLMformula for a givenr. The following theorem
characterizes the error of the polynomial interpolatign [1

Theorem 1 (Error in Polynomial Interpolation) Letp(¢) be the polynomial interpolating the functigit)
at the pointgy, ... ,t;. Then,

(k+1)
1. 3¢ € H{to, .t t} 1 y(t) — p(t) = w(r) Lt A

(k+1) (k+2)
2. 36,6 € Hito, -tk t} ¢ () — D (1) = W' (7) St b + w(r) St b

whereH A is the hull of setd and the functionw is defined as follows



OLM formulas are non-linear multistep methods becauseeftik termf (¢, p(¢)). Consider the linear form
of an OLM formula, i.e., the linear multistep method (LMM)

k

Z 'Un+j - h Z ﬂ] fn+j (9)

=0
where ( =0,... k)
a;(r) = @j(7)
T
Jrvi = Fltnags Untg)-

We can easily verify that, for a#t, the formula (9) is normalized, i.ezfzo B;(r) = 1. We now show that
1. Formulas (6) and (9) have order at lefst

2. when either formula (6) or (9) has ordeithe formulas have the same order and the same error constant
(i.e., they have the same accuracy);

3. the formulas (6) and (9) have the same linear stability.

2.1 Accuracy

Consider the linear difference operator

k
h] = Z a;(T)y(tn+j) —h Z Bi(T)y (tn+j) (11)
j=0
of the linear multistep method (9) and let us associate ardiffce operator with OLM
k k
®ly(tn), b, 7] = ZQJ(T)'U bt ) Z (tn+j) (12)
j=0 j=0

From Theorem 1, it follows easily th&tand® can be expanded as

Lly(ta). ] = Cppa (DAY (1) + O(R*+2), 13
Oy(ta).h 7] = Cima (DR (1) + O(HH2). 43
Therefore, wherty. 1 (7) # 0, the OLM,, formula (6) and the LMM formula (9) have the same ordeand
the same error constaft, ;1 (7). WhenCy1(7) = 0, both formulas have order at ledst+ 1 but they do
not have the same error constant in general.

Figure 1 depicts the error constatit, 1 () as a function of the ratie for £k = 1,...6. It also depicts
the ratiost™ and7* mentioned in the introduction. Observe that= k gives the accuracy at the next
interpolation point,,.x. The figure indicates that the error constant decreasesbatw (point¢*) and
k (pointt, ;). The error constant is zero at timé, indicating that the method is of order+ 1 with this
choice. In addition, the method is always more accuratett ré (point¢*) than at ratiok (point#, ).
Observe also that, fdr = 1, 7+ andr* are the same ratios. For completeness, we give the follothizmyrem
which is fundamental in characterizing .
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Figure 1: The Error Constant, 1 (7) as a Function of.
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2 3 4 5 6
7+ 1 05| 1.5774| 2.6180| 3.6444| 4.6634| 5.6781

Table 1: Values of+ for1 < k < 6.

Theorem 2 (Dalhquist, 1983)If the formula OLM.(7) is of orderk + 1, thenr is a root ofw’(7).

Thek roots ofw’(7) are located if0, 1[,]1,2[, ... ,]k — 1, k[. From For stability reasons, it will be become
clear (see Figure 2 to be presented shortly) thatritfetmostroot of w’(7) is the only root of practical
interest, since the OLM formula is not zero-stable for tHeeoroots. As a consequence, we defirieas the
rightmost root ofw’ (7). Table 1 shows the values of for various stepnumbels(1 < k < 6).

2.2 Stability

When the ODE is a linear systegh = Ay, the OLM, formula (6) and the LMM formula (9) become
equivalent. Therefore, the OLMormula has the linear stability of (9).
Consider the first and second characteristic polynomiaisaated with OLM (7):

pna) = Tigay(n)a’

o(rx) = Xj_oBi(r)al.

5



Re hA
o

Re hA
o
J
x~

50 501
1L L ‘ IL
= i : i
k \\

-50
-0.

-50
-0.

1L H‘[ T LE

-50

Re hA
Re hA

50 507

—
—
—
ﬁ
A:?f
—
—
—
—
—
—f‘ﬁ

1 (k=5) T (k=6)

Figure 2: The Function(r, 7) and Stability Interval of OLM as a Function of

We use the definition of [7] for the stability region which fsis anopen set The boundary of the stability
regionR 4 of OLM(7) is (part of) the locus

h(r,0) = p(r,e'?) o (7, e'?) (14)

where0 < 6 < 27. Figure 2 gives a preview of the stability region of OLM forlas.

In the figure, the curves are the real functfdm., 7) and the shaded regions represent the stability interval,
i.e., the intersection oR 4 with the real axis, as a function ef These shaded regions can be determined by
the stability interval of the OLMK)’s and by using the fact that the stability region of any angent linear
multistep method cannot contain the positive real axis ertaighborhood of the origin (e.g., [7]). Figure
2 also indicates the ratias™ andr*. Of course, once again, the next interpolation pejnt;, is given by
T = k for an OLM,, formula. The figure shows that the stability interval inaemwhen the evaluation point
moves fromt,, 1 (7 = k — 1) tot,+ (r = k). Observe also that the valwe specified by ratia™ is an
attractive evaluation point, since its stability interigpreciselyR, (more detailed pictures are given later
in the paper). The stability interval at tim& also does not interse@®™ but is significantly smaller than
the stability interval fort*. Points before the last two interpolation points need natdresidered, since the
corresponding OLM formulas are not zero-stable.

2.3 Linear versus Nonlinear Formulas

It is interesting to note that the formula (9) requires oneerevaluation of the functioii than the formula
(6), because the valugt, .+, ynrr) is needed in the next step to compuytg r+1. WhenCy (1) # 0,



k 1 2 3 4 5 6
7 [ 05| 1.7071| 2.8229| 3.8924| 4.9350| 5.9613

Table 2: Values of* for1 < k < 6.

since the formulas (6) and (9) have same accuracy and sfaffli is to be preferred to (9) for computational
reasons. However, whefy, ., (7) = 0, the formulas do not have the same accuracy in general. litiadd
an error estimate for (6) may be more expensive in this casause its local error does not have a simple
structure like (9) does. Itis thus not clear which of the twmfiulas should be preferred in this case.

3 Precisely Ag)-stable One-Leg Multistep Methods

This section is the core of the paper and it studies Qlfdtmulas of orderk. The error constant 1 (7)
of these formulas is not zero. Hence, in our analysis, we ddistinguish between the OLM formula (6)
and its linear form (9), since they have the same accuracytatlity. We will show that it is possible to
find a ratior* such that the stability region and the accuracy of QI(i) improve upon those of BDF We
first define the concept of precise d¢stability formally. As mentioned in the introduction,ig& motivated
by Lambert who argues that ideal stability region for a mdtiscC, [7]. We will show that OLM, formulas
come close to that ideal.

Definition 1 (Precise Ag)-Stability) A method with stability regioR 4 is said to beprecisely A¢)-stable
0 < a < m/2,ifitis A(a)-stable andR 4 N CT = @; it is said to beprecisely A(0)-stablé it is A(a)-stable
for somex € 10, 7/2[; it is said to beprecisely A-stabléf R4 = C; .

We now show how to choose a ratid to achieve precise A(-Stability. We first give a necessary
condition for precise A(0)-stability.

Lemma 1 If (7,6) is a zero ofr (7, ¢'?), thend = r.

Theorem 3 (Necessary Condition for Precise A()-Stability in OLM) If the method OLM) is precisely
A(0)-stable, then is a root ofo (7, —1).

Proof Precise A(0)-stability requires that the stability regle@an unbounded set. This implies thabe
apole ofh(r,6),i.e., azero ob(r, ') for somed. By Lemma 1; mustbe aroot of (7, e™) = o(r, —1). O

Since the roots of (7, —1) are poles oﬁ(r., ), it follows from Figure 1 that only the rightmost root is of
practical interest since the OLM formulas are not zerolstldy the other roots. As a consequence, we define
7* as the rightmost root of (7, —1). Table 2 shows the values of for various stepnumbeis(l < k < 6).

We now study the properties of OLNI-*). The following proposition is easily verified.

Proposition 1 7 is a root ofo (7, —1) iff lime—~ Im h(7,8) = +oc andlime—~ Im h(r,8) = —cc.

< 6>m

Recall that a method is convergent iff it is zero-stable amubtstent.
Property 1 (Stability Properties of OLM) Letr* be the rightmost root of (7, —1). Then,
1. For1l <k < 6, OLM,(7*) is convergent and A(0)-stable:
(a) OLM;(7*) and OLM:(7*) are precisely A-stable;



Order Error constant Stability angle

k | BDE | OLM(r*) | SIEPIat0 | gnp | o) ey | PerCent
percent change

2 -1/3 —1/12 59% 90° 90° 0%

3 —0.25 -0.11 23% 86° 84° —2%

4 —0.2 —0.12 11% 73° 73° 1%

) —0.17 —0.12 5% 52° 55° 6%

6 —0.14 —0.12 3% 18° 25° 40%

Table 3: Accuracy and stability angle of OLNK) relative to BDF.

(b) OLM;(7*) and OLM,(7*) are precisely A(0)-stable;

(c) OLM;(7*) and OLM;(7*) are almost precisely A(0)-stable, i.e., the boundary & shability
region marginally invade€; ;

2. Fork > 7, OLM,(7*) is not convergent (i.e., it is consistent but not zero-&thb

It is important to emphasize that neither the AM formulas tieg BDF’s are precisely A(0)-stable: the
AM formulas are not A(0)-stable while the stability regioofsthe BDF's contain part of the positive half-
planeC*. As a consequence, the OLMormulas have some appealling stability properties. Nige that,

for k = 1, we haver* = 7T. Finally, the formula OLM(7*) shares three common properties with the
Trapezoidal Rule:

1. itis precisely A-stable;
2. itis of order 2;
3. its error constant is -1/12.

It can also be verified that the linear OLkt*) formula becomes equivalent to the Trapezoidal Rule when
the latter is used as a starting method to compute the yalue

3.1 Comparison to BDF

We now compare the OLM()’'s and BDF's. Table 3 compares the error constant and thdigtaangle of
both formulas for various stepnumbers. It can be seen th(@t) formulas are more precise f2r< k < 6
and that the gain is significant for small stepnumbers. Ot formulas also have a better stability angle in
general (except fak = 3, 4). Figure 3 is also very interesting. It compares the stiglyéigions of OLM¢*)’s
and BDF’s for various stepnumbers. Here we clearly see thdt(@*)'s are much closer to the ideal stability
region than BDF's. OLM(*)'s have almost no intersection wifli- contrary to BDF’s which have significant
intersections.

4 Improving the Stability of OLM

In this section, we show how to use the correction idea froopknstein [6] to improve the stability region
of OLM formulas. We start by reviewing the basic idea and tiverapply it to the OLM'’s.

1By the second Dahlquist barrier (e.g. [7]), this is the sesilpossible error constant (in magnitude) for a secondroestable
linear multistep method.
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Figure 3: Stability regions of OLM{*) and BDF.

4.1 The Numerical Differentiation Formulas

Klopfenstein [6] introduced a variant of the BDF's, callb@& humerical differentiation formulas (NDF’s), by
adding a term to the formula (8):

k
1_.
Z 7V]yn+k = hf(tnsk, Ynir) — KWk (yn+k - yfﬂk) =0 (15)
j=1"
where
k
o .
y = Vi (16)
j=0
is a predictor. In this formulas is a parameter ang, = Zfz] % By noting that
Unik = Yrg = VE g gp m REFT (D (17)



Order Error constant Stability angle
K BDE | NDF Step ratio BDE | NDE Percent
percent change
1 -0.5 | —0.31 26% 90° | 90° 0%
2 -1/3 | —1/6 26% 90° | 90° 0%
3 —-0.25 | —0.1 26% 86° | 80° —7%
4 -0.2 | -0.11 12% 73° 66° —10%

Table 4: Accuracy and stability angle of NDF relative to BDF.

we see that the term added to the formula (8) can be intetpasta correction term which does not decrease
the order of the formula. The corresponding error constagivien by

1

“rr1 KVk- (18)

Shampine and Reichelt [9] proposed valuessdhat make the NDF’s more accurate than the BDF's while
only degrading slightly the stability. Table 4 compares dlceuracy and the stability angles of the NDF'’s
proposed by Shampine and Reichelt and the traditional BD&Sscan be seen, the correction improves the
accuracy (by about 26% in step ratio percentage on order8)1wdile only decreasing the stability angle
slightly.

4.2 Corrected OLM Formulas

We apply the same corrector idea to the OLM formula (6) to iobta

p'(t) — ft,p(t) — K (yn+k - Uﬂk) =0. (19)

The formula (19) is denoted OLMor, more explicitly, OLM:. For any value of, the formula OLM; is of
order at leask and its error constant is given by

Cry1(T) — K7k (20)

The boundary of the stability region of OLUNr) is (part of) the locus

h(7,6) )

pN(T7 eig)/aﬁ (T7 e ) ) )
(e?p(r, ) + po(e®)) /(o7 e) (21)

= h(r,0) + mo(e®) /(o (r,e))

where
k
o) = @ik +1)ad — 2+, (22)
j=0

The correction preserves the main results about the method.

Theorem 4 (Necessary Condition for Precise A()-Stability in OLM *) For all « € R, if the method
OLM*(7) is precisely A(0)-stable, thenis a root ofo (7, —1).

10



E|1]2 3 4 5 6
k* | 0| 0] 0.0129| 0.0213| 0.0257| 0.0274

Table 5: Values of* for1 < k < 6.

Proof By (21), precise A(0)-stability implies thatbe a pole ofi,. (7, 6), i.e., a zero ofr(r, ¢i?) for some#.
By Lemma 1, must be a root of (7, ¢i™) = o (1, —1). O

Propositon2 For all x € R, 7 is a root of o(r,—1) iff limemr IM he(r,6) = +oo and

6<m

limeon 1M hy(7,0) = —

e>m

4.3 Determination of the Parameters in OLM?®

It remains to determine the value of the parameteContrary to [9], our objective is to optimize the stability
region of the OLM’s. We know from Theorem 4 and Propositioh&tfprecise A(0)-stability implies

lim 1M fi(7,6) = +00, lim Im f,(7,0) = —o0. (23)

o<m 0>

To optimize the stability region, we also impose

L = lim Reh,(r,0) = 0. (24)

O—m

This limit L can be computed and is given by

k k
= | Do Ak +1) = Aggr | B+ D Ajpaa(7) (25)
j=0 j=0
where
Aj = Bij(—=1)*"" + By(-1), 0<j<k+1, (26)

. 1
(Z )(j +1)(=1)! ) 7 @27)

_ Bf 1
Zﬁj (j + 1)%(=1)7+1. (28)

As a consequence, there exists a unique vatugatisfying condition (24) and given by

o = Yo Ajpia(7) . 29)

Vi (Ak+1 = Yo Ak + 1))

Table 5 shows the values of for 1 < k < 6. As for the OLM's, we can verify that only the rightmost root
of o(r, —1) is of practical interest for OLNT () since the formula is not zero-stable for the other roots. We
now describe the stability properties of the OFMr*) formulas.

11



Order Error constant Stability angle
K BDF | OLM*" () Step ratio BDF | OLM*" (%) Percent
percent change
3 —0.25 —0.13 17% 86° 86° 0%
4 —0.2 —0.16 4% 73° T7° 5%
5 —0.17 —0.18 -1% 52° 62° 19%
6 —0.14 —0.18 —4% 18° 36° 101%

Table 6: Accuracy and stability angle of OI'Mr*) relative to BDF.

Property 2 (Stability Properties of OLM *") Let7* be the rightmost root of (7, — 1) andx* be defined by
(29). Then,

1. Forl1 <k <6, OLMg*(T*) is convergent and A(O)-stable:

(@) OLM:™(7*) and OLM; ™ (7*) are precisely A-stable;
(b) OLM;™(7*) and OLM;  (7*) are precisely A(0)-stable;

(c) OLME™ (7*) and OLM; (7*) are almost precisely A(0)-stable, i.e., the boundary ef gtability
region marginally invade€; ;

2. OLME™ (7*) is convergent but not A(0)-stable;

3. Fork > 8, OLMg*(T*) is not convergent (i.e., it is consistent but not zero-&tab

4.4 Comparison to BDF/NDF

It is interesting to compare the corrected OLM formulas vBidF's and NDF’s. Table 6 compares the
accuracy and the stability angles of Or,ng*) fork =3..6. (Fork =1..2, OLMg*(T*) = OLMg(7*) since

k* = 0.) Observe that OLIQI* (7*) still compares very well to BDF’s as far as the error conisgooncerned.

In addition, ouv;g* (*) now exhibits significant improvements over BDF's as fartasgtability angles are
concerned. Figure 4 is also particularly interesting. é@acly indicates the benefits of the correction on the
stability region. Foik = 1..4, the stability region of OLM (7*) is essentially the ideal stability region. For
k=5..6, OLMg*(T*) also produces a significant improvement over QI(iW). Clearly, the stability region

of OLMg* (m*) significantly improves over those of BDF’'s and NDF’s.

5 Conclusion

In this paper, we consider one-leg multistep methods fosttetion of initial value problems in ODEs. The
OLM formulas are derived from the functional equatjgt¥) = f(t, p(¢)), wherep is a polynomial approx-
imation of the solution, by carefully choosing an evaluatomintz.. We showed that there exists a paiint
which leads to an OLM formula which is more precise than BD®Which is (almost) precisely A()-stable
for a k-step methodX < 6), and whose stability angle is essentially similar to BDF's. By applying the
corrector idea of Klopfenstein, we showed how to improvestiagility region of OLM formulas significantly,
while only degrading the accuracy slightly. The resultingniulas are of potential theoretical and practical
interest, since precisely Aj-stable methods were advocated by Lambert [7] from a thigatestandpoint
and have found their way into commercial code, since BDFésnaxt always appropriate in practice.

12



8 ssc,
sqc./ SSC./ N
17 2 Ssck
sqck SSC 3
1 2
6
NDF,
s
g4
E NDF, BDF,
2 NDF BDF,
BDF,
0 0
-1 0 1 2 3 -1 0 1 2 3 -1 0 1 2 3
Re hA Re hA Re hA
(k=1) (k=2) (k=3)
30 ssc, SSC, SSCy
BDF/
NDF,
20 —
=
e BDF,/
- NDF,
10 NDF, e
- e SSCX
. 4 e 6
5SC), 5
0 0 0
5 0 5 -5 0 5 5 0 5
Re hA Re hA Re hA
(k=4) (k=5) (k=6)

Figure 4: Stability regions of OLK (7*), BDF, and NDF.

Finally, it is worth mentioning that the idea of using an exaion pointt that is different from the current
integration point,, ., originated from our research on interval methods for pateméifferential equations
[4]. Although the problem and the issues are quite diffeentliscussed in [5], it is interesting to observe
that these non-standard evaluation points have integetbt@oretical and experimental properties in these two

contexts.
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