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Abstract

The uncapacitated warehouse location problem (UWLP) has btudied heav-
ily in mathematical programming but has received limitegtration from the local
search community. This paper presents an simple, yet rabaisefficient, tabu search
algorithm for the UWLP. The algorithm was evaluated on trendard OR Library
benchmarks and on th& instances which are very challenging for mathematical pro-
gramming approaches. The benchmarks include instancesevgimes aré00 x 1000
and 500 x 500. Despite its simplicity, the algorithm finds optimal sobris to all
benchmarks quickly and with very high frequencies. It alsmpares favorably with
state-of-the-art genetic algorithms.

1 Introduction

Given a set ofv warehouses and a set of stores, the uncapacitated warehouse location
problem (UWLP) consists of choosing a subset of warehousssniinimizes the fixed
costs of the warehouses and the transportation costs fremarehouses to the stores. The
UWLP has attracted considerable attention in mathematrogiramming. (See [5, 7] for
surveys of some of these approaches.) Many specific brarccb@md algorithms were
developed, including dual and primal-dual approaches][éD@al-based and primal-dual
algorithms are very effective on the OR Library benchmarksthie UWLP [3]. How-
ever, they experience significant difficulties and exhilp@nential behaviour on the M*
instances [12]. These instances, which model real sitositivave a large number of sub-
optimal solutions and few useless warehouses.

Interestingly, the UWLP has received little interest in kbeal search community. Ref-
erence [2] presents simulated annealing algorithms whiodyze high-quality solutions



but they are quite expensive in computation times. Refer¢btpresents a tabu-search
algorithm which perform$n random walks at each iteration and selects the best one as
the neighbor to move to. Each of these iterations takesfgignt computing time, which
limits the applicability of the algorithm.

Genetic algorithms have been shown to be very successful@¥WLP. In a series
of papers spanning over several years (e.g., [10, 11, 1&]aminating in [12], Kratica
and al have shown that genetic algorithms find optimal smhstion the OR Library and
the M instances (whenever the optimal solutions are known) wiigh frequencies and
very good efficiency. Their final algorithm uses clever inmpéntation techniques such as
caching and bit vectors to avoid recomputing the objectiveefion which is quite costly
on large-scale problems. Reference [12] also containsalel@tcomparison with math-
ematical programming approaches and shows that the sgeetitbe genetic algorithm
over mathematical programming approaches increases expalty with problem size on
the M instances.

This paper presents a simple tabu-search algorithm whidbrpes amazingly well on
the UWLP. The algorithm uses a linear neighborhood and &sfigriakesO(m log n)
time per iteration. The algorithm finds optimal solutionstbe OR Library and théx
instances (whenever the optimal solution is known) withhhigequencies. It also out-
performs the state-of-the-art genetic algorithm of Katend al, both in efficiency and
robustness. The rest of the paper is organized as follovwetioBe? defines the UWLP and
Section 3 presents the tabu-search algorithm. Sectiorodtsgihe experimental results and
Section 5 concludes the paper.

2 Uncapacitated Warehouse L ocation

We are given a set of warehouse$V and a set ofn storesS. Each warehouse has a
fixed costf, and the transportation cost from warehoust stores is given byc,,. The
problem is to find a subset of warehouses and an assignmerarehauses to the stores
to minimize the fixed and the transportation costs. Obsdrak bnce the warehouses are
selected, it suffices to assign the stores to their closesthesase. As a consequence, the
problem consists of finding a subg@pen of warehouses minimizing the function

obj(Open) = Z fu + Z min cg,.

weOpen se€Stores

3 The Tabu-Search Algorithm

We now describe the tabu-search algorithm. Since the ontybawatorial part is the se-
lection of warehouses, it is natural to represent a statéenldcal search by a vector
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y = (y1,...,yn) Wherey, is 1 if warehousev is open and O otherwise. In the follow-
ing, we use the notation
Open(y) ={w € N | y, =1}

to represent the warehouses that are opened in aystate

3.1 Neighborhood

The neighborhood is extremely simple. It consists of sinflgyping the status of a ware-
house. Given a statg the neighborhood/ (y) of y is defined as

N(y) = {flip(y, w) | w e W}

where
ﬂzp«yla sy Un>: w) = <?J1; - Yw—1, !yw; Yw+1y - - - ;Un>

Obviously, N (y)| = n.

3.2 Tabu Search

The tabu-search algorithm uses a tabu Tistvhich contains the set of warehouses that
cannot be flipped. At each iteration, the algorithm considiee set of neighbors which are
not tabu and whose gains are maximal. In other words, thefseiretabu neighbors is
defined as

NT(y) = {flip(y,w) | we W\T}.
The best objective value of the neighbors is defined as

bestObj(y) = eerf\l/%“)((y) obj(Open(e))

and the set of neighbors considered by the tabu-search mededs
N*(y) ={e € NT(y) | obj(Open(e)) = bestObj(y)}.

If the neighbors inV*(y) do not degrade the current solution, the algorithm randomly
moves to one of these neighbors by flipping, say, warehaus&Varehousev is then
marked tabu for a number of iterations and the length of the liat is updated. Otherwise,

if the neighbors in\V*(y) degrade the current solution, the algorithm performs arslifre
cation. It randomly selects an open warehouse and closEsig.meta-heuristic is closely
related to the method advocated in [4] but it exploits spepifoblem knowledge in the di-
versification phase, which is critical to achieve adequatéopmance and robustness. The
algorithm can also be viewed as a degenerate form of varraatghborhood search [8].



int nbStable = O;
fl oat best = obj;
ST =y;
int tLen = 10;
whil e (nbStable < 500) {
float old = obj;
if (bestGin(y) >= 0) {
w = random( best Fli ps(y));
Yo =1 Yu
t[w =it + tlLen;
if (obj <old & tLen > 2)
tLen = tLen - 1;
if (obj >= old & tLen < 10)
tLen = tLen + 1,

it =it + 1;
} else {
w = random( Qpen(y));
Yo = 0;
}
if (obj < best) {
best = obj;
S* =y,
nbSt abl e = 0O;
} el se
nbSt abl e = nbStable + 1;

Figure 1: A Tabu-Search Algorithm for Uncapacitated WaredelL ocation.



Figure 1 describes the implementation of the tabu-seagdrighm in more detail (in-
cluding the parameters used in our implementation). Therilgn uses the set of best
flips

bestFlips(y) = {w | flip(y,w) € N*(y)}

and the best gain
bestGain(y) = obj(y) — bestObj(y)

to represent the neighbors and their objective value cottyp&de will show how to main-
tain these values incrementally in the next two sectionse Jémarch iterates a number of
steps. At each iteration, if the best gain is nonnegative algorithm randomly selects a
warehouse irbest Fl i ps(y) and flips its value. The tabu-list length is also adjusted
using a standard scheme. When the gain is negative, thatalgarandomly selects an
open warehouse and closes it. The algorithm terminates wieeabjective function has
not improved for 500 iterations.

3.3 Data Structures

To achieve good performance in practice, it is critical tanten the best flips and the best
gain incrementally during the search. As a consequencdanqiementation maintains a
collection of data structures incrementally. For eachestothe algorithm maintains the
closest warehouse and the cost of the closest and the sdosedtovarehouse, i.e.,

(s = argmin ¢y (1)
weOpen(y)

by = min 2

t weOpen(y) ( )

dy = min Cus - 3)

weOpen(y)\{was}

The last two equations make it easy to compute the poteraradfit of opening and closing
a warehouse. The benefif of closing warehouse (assuming thai is opened) is given

by

SESw
whereS,, is the set of stores assigneditoi.e.,

Spy={s€S| a;,=w}

The benefiy; of opening warehouse (assuming that is closed) is given by

gqj:*fw_’_zews- (5)

seS



where
Cws = maX(O; bs - Cws) (6)

The gaing,, of flipping warehouses can then be expressed as

_J 9, & we Open(y)
o = g5 < otherwise

The best gain is given by

bestGain = max g, (7)
weW\T

The best flips can now be defined as

bestFlips = {w € W\T | g, = bestGain}. (8)

3.4 Incremental Algorithms

We now discuss how Equations 1-8 can be maintained increierin the following, we
usea’ to denote the value of before the flip and.' to denote the value of after the flip.
Similar conventions are used fbandc.

Maintaining ¢—: The valuesg;— are updated whenever values b, andd, are modified.
More precisely, for every triplefas, b,, d,) such that

a, #ay V] # bV d) #d,
the following update rules must be applied

Gpo = g,:g + (bg - dg)
G = Gu — (by—dy).

Observe that? may, or may not, be equal tg.

Maintainingg*: The valueg;™ can also be maintained incrementally. From Equations 5

and 6, these values must only be updated when the Yattleanges, since,, is a constant.

We now show which warehouses to consider when a sthes its valué, updated.
Consider store and its value,. The key observation is to notice thatiz(0, by — c,s)

is a monotonically decreasing function for a permutatigrof the vectore,,, (see Figure

2). The permutation is simply obtained by sorting the wausies by increasing order of

the costs:,,;. As a consequence, it is easy to determine which warehovsedfacted by

the change i, and to update the values; (and hence the valugg,) accordingly.
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Figure 2: Updating/*
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Figure 3: Opening a Warehouse.

Consider first the case whebté¢ < »%, which corresponds to opening a warehouse.
Figure 3 depicts this situation. (The top red curve denetes(0,0° — c,), while the
bottom blue curve denotesax(0, b — c,,)). Itis sufficient to update;’ only for thosew
such that,,, < v°. The other warehouses are unaffected. We obtain the faitpwpdate

rules:
gh =gb — (B —b) V¥V w:cy,, <D
gb =gb — (" —cpy) ¥V w:b! <y <.
Consider now the case whebg > 5°, which corresponds to closing a warehouse.
Figure 3 depicts this situation. (The bottom red curve deswtuz (0,5 — ), while the

top blue curve denotesaz(0,b! —¢,,)). Itis sufficient to update;’ only for thosew such
thatc,, < bl. The other warehouses are unaffected. We obtain the follpwpdate rules:

gl =gl + (0 =0 ¥V w:cys <b?
gF =gb + (b —cus) V w0 < ey < b

Complexity Analysis. We analyze the complexity of maintaining Equations 1-8. eNot
that the entries of the arrays b, andd of Equations 1, 2, and 3 can be maintained with
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Figure 4: Closing a Warehouse.

priority queues ir0D(m log n). We now show that updating the entries in Equations 4, 5,
and 6 takes time linear in the number of updated values. Ypésdf analysis was suggested
in [13], since it captures the essence of many incremergaligéhms maintaining an output
under changes. It is particularly appropriate to analyzoallgearch algorithms, since a
move does not change the state much in general.

Updatingg~— does not induce any asymptotic cost. Indeed, the updatefaukeach
triplet takesO(1) time and each triplefa,, by, d,) satisfies

ay # a VO] # by v dy # d,

which means that the update rule only adds a constant faztihret maintenance of the
priority queues.

We now analyze the update gf. Define A(e) as the number of values,, which
needs to be updated because of a flip. We show that the algastlinear inA(e), while
the update ofy™ requiresQ(A(e)), yielding an optimal algorithm. Indeed, the valeig
changes each time a warehouseés considered by the above update rules for a store
Hence the amount of work in the update rules is linear in theber of updated,,;. In
addition, updating;;’ whene,,, changes takes constant time. Note also that the update of
g* is optimal: it is necessary to consider all the updatgd since they cannot cancel out.
This is due to the fact that either all tihg¢ increase (closing a warehouses) or all the
decrease (opening a warehouse).

Once Equations 1-6 are updated, Equations 7 and 8 can easilyommputed in
O(m log m) time andO(m) time respectively. Overall, the maintenance of Equations
1-8 takesO(m log n + A(e)) time, which is optimal. Note that, in practice, this cost is
dominated by updating of the priority queues, as a profilaofrmplementation has shown.



Bench | Size| Opt| BEST| AVG | WST| w(TS) | w(TE) | o(S) | o(TS) | o(TE) |
cap71 16x50| 20| 932615.75] 932615.75] 932615.75] 0.00 0.11| 0.000% 0.00 0.01
cap72 16x50| 20| 977799.40] 977799.40] 977799.40, 0.01 0.12 | 0.000% 0.01 0.01
cap73 16x50| 20| 1010641.45 1010641.45 1010641.45 0.01 0.15| 0.000% 0.01 0.01
cap74 16x50| 20| 1034976.97| 1034976.97| 1034976.97| 0.01 0.15| 0.000% 0.00 0.01
capl01 25x50| 17| 796648.44) 796777.48 797508.72] 0.03 0.16| 0.039% 0.04 0.04
capl02 25x50| 20| 854704.20] 854704.20] 854704.20, 0.01 0.14 | 0.000% 0.01 0.01
capl03 25x50| 20| 893782.11] 893782.11 893782.11 0.05 0.20 | 0.000% 0.04 0.04
capl04 25x50| 20| 928941.75 928941.75 928941.75] 0.01 0.19| 0.000% 0.00 0.01
capl3l 50x50| 16| 793439.56] 793611.62] 794299.85 0.05 0.22| 0.043% 0.03 0.04
capl32 50x50| 20| 851495.32| 851495.32] 851495.32] 0.02 0.21| 0.000% 0.01 0.01
capl33 50x50| 20| 893076.71) 893076.71) 893076.71 0.06 0.27 | 0.000% 0.04 0.05
capl34 50x50| 20| 928941.75] 928941.75 928941.75  0.02 0.31| 0.000% 0.01 0.01
capa 100x1000| 20 | 17156454.4] 17156454.4) 17156454.4  0.47 5.77 | 0.000% 0.30 0.31
capb 100x1000| 14 | 12979071.5 13012432.1) 13214718.1) 0.74 4.37 | 0.458% 0.40 0.41
capc 100x1000{ 13 | 11505594.3| 11512451.7| 11551802.§ 1.64 4.90| 0.127% 1.14 1.15
MO1 100x100| 20 1305.95 1305.95 1305.95| 0.09 1.02 | 0.000% 0.03 0.03
MO2 100x100| 20 1432.36 1432.36 1432.36| 0.16 1.08 | 0.000% 0.13 0.13
MO3 100x100 9 1516.77 1519.36 1521.47| 0.16 1.07| 0.154% 0.16 0.16
MO4 100x100| 20 1442.24 1442.24 1442.24| 0.09 1.02 | 0.000% 0.04 0.04
MO5 100x100| 20 1408.77 1408.77 1408.77| 0.13 1.09 | 0.000% 0.07 0.07
MP1 200x200, 20 2686.48 2686.48 2686.48| 0.35 2.41| 0.000% 0.06 0.06
MP2 200x200| 20 2904.86 2904.86 2904.86) 0.36 2.45| 0.000% 0.13 0.13
MP3 200x200| 20 2623.71 2623.71 2623.71) 0.32 2.39| 0.000% 0.06 0.06
MP4 200x200| 19 2938.75 2938.94 2942.63| 0.83 2.92| 0.029% 0.69 0.69
MP5 200x200, 20 2932.33 2932.33 2932.33| 0.61 2.73| 0.000% 0.42 0.42
MQ1 300x300| [20] 4091.01 4091.01 4091.01| 0.67 4.28 | 0.000% 0.07 0.08
MQ2 300x300| [20] 4028.33 4028.33 4028.33| 0.70 4.26 | 0.000% 0.08 0.15
MQ3 300x300| [20] 4275.43 4275.43 4275.43| 0.71 4.31| 0.000% 0.13 0.13
MQ4 300x300| [20] 4235.15 4235.15 4235.15| 0.76 4.68 | 0.000% 0.16 0.77
MQ5 300x300| [20] 4080.74 4080.74 4080.74 1.08 4.54 | 0.000% 0.42 0.42
MR1 500x500| [20] 2608.15 2608.15 2608.15 2.76 9.40| 0.000% 1.19 1.29
MR2 500x500| [20] 2654.73 2654.73 2654.73 2.03 8.98 | 0.000% 0.38 0.44
MR3 500x500| [19] 2788.25 2788.48 2792.83 2.92 9.83 | 0.036% 2.10 2.07
MR4 500x500| [20] 2756.04 2756.04 2756.04 1.98 8.44 | 0.000% 0.32 0.31
MRS 500x500| [20] 2505.05 2505.05 2505.05 1.83 8.32| 0.000% 0.23 0.28
MS1 1000x1000]| [20] 5283.76 5283.76 5283.76 6.93| 23.50| 0.000% 0.43 0.82
MT1 2000x2000| [19] 10069.80| 10070.79| 10089.46| 33.22| 76.75| 0.043% 8.61 8.98

Table 1: Experimental Results for the Local Search Algaonith




Bench Runs| Opt| u(7) | “221% [ pyaLoc | PUALOCHSS
cap4l-74 260| 260 0.86 A3 <0.01 <0.01
cap81-104 | 240| 240 1.26 19 <0.01 <0.01
capl11-134 240/ 198 2.97 45 <0.01 <0.01
A-C 60| 42 83.1| 12.99 25.17 3.94
O 100| 93 5.49 .85 32.54 5.09
P 100| 100| 16.60 2.59 369.7 57.85
Q 100| 100| 34.97 5.47 2913.7 455.90
R 100 99| 93.69| 14.66 75964 11886.13
S 100| 100| 379.6| 59.38 12279 1921.30
T 100| 100| 1812.3| 283.57 NA NA

Table 2: Experimental Results of the Genetic Algorithm ig][1

4 Experimental Results

Table 1 depicts the experimental results on the standard iy benchmarks for unca-
pacitated warehouse location, as well as\hénstances generated according to the scheme
specified in [12]. Recall that the instances, which capture classes of real UWLPs [12],
are very challenging for mathematical programming apgreadecause they have a large
number of suboptimal solutions. Each benchmark was runr@éstion a 850Mhz Intel
Pentium 11l running Linux. The table reports the number ofds the optimal solution was
found (#Opt), the best (BEST), average (AVG), and worst (W&3lutions found across
the runs, and the average time in seconds to the best soluti@it)) and to complete
the search/((7'F)). The last three columns report the standard deviationh@isblution
(expressed as a percentage #g55)), the time to the best solution, and the time to the
completion of the execution. Theap benchmarks are from the OR Library. The other
problems are th&F instances. On the largéf instances, we have not been able to obtain
the optimal solution using mathematical programming tog@milar problems were expe-
rienced in [12] on these instances). The results in columpt/#&te in between brackets on
these benchmarks, since we are not guaranteed that ouoh&stiss are indeed optimal.

It is useful to note that the algorithm has no prior knowled§éhe optimal solution, i.e.,

it cannot terminate early when the optimum solution is fatvsdcan be seen from Table
1, the algorithm is very robust. It finds optimal solutionglw¥ery high frequencies on
all benchmarks. As predicted by the theoretical resultsatgorithm outperforms the tabu
search in [1] by many orders of magnitude.

It is particularly interesting to compare our algorithm te tstate-of-the-art genetic
algorithm [12]. For reference purposes, the results regart [12] are shown in Table 2,
together with scaled running times to take into account tfferdnce in processor speed.
The table also lists the running times ouBLOC [6], a dual-based procedure reported
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in [12] as the state-of-the-art for mathematical prograngmi(Our experience with state-
of-the-art MIP packages confirms this). Entries in italicsrespond to instances where
Dual oc did not find the optimal solution in the allocated time. Th&t lsolution produced
by DuaLocC is reported to be about 10% above the best solution found &ygémetic
algorithm. Note also that it is not really clear what [12] ogfs as running times. In [11],
the authors state

Maximal number of iterations is 20000. If the optimal sabutis obtained be-
fore 20000 iterations, execution is stopped and resultsrareediately printed.

There is no such remark in [12] but there is no definition ofing times either. It is thus
impossible to determine the exact nature of the runninggireported in this last paper.

Figure 5 plots a histogram comparings the two algorithm yléxis gives the running
times in seconds on a logarithmic scale, th&(.S) column gives the tabu search time to
the best solution, and theS(FE) column gives the running time to the completion. Figure
6 plots a comparison of the robustness of the two algorithtngports the frequency of
finding the optimal solutions for both algorithms.

Our tabu-search algorithm almost always outperforms tinetiealgorithm, while ex-
hibiting essentially the same robustness. For instanctelargest benchmarks from the
OR Library, i.e.,capa, capb, andcapc, our tabu-search algorithm is at least 2.6 times
faster when machines are scaled (and up to 13.7 times fastercompare the time to find
the best solution) and 8.3% more robust. The results seeitasiom the M instances,
although a direct comparison is difficult, since their atinatances are not available. It
should also be mentioned that there is considerable roonmimrovement in our imple-
mentation.

5 Conclusion

The uncapacitated warehouse location problem (UWLP) has seidied heavily in math-
ematical programming but has received limited attentiamfithe local search commu-
nity. This paper presented a simple, yet robust and efficieoal search algorithm for the
UWLP. The algorithm was evaluated on the standard OR Libbarychmarks and on the
M instances proposed in [12]. TIM instances have a large number of suboptimal solu-
tions and are very challenging for mathematical prograngnaipproaches, which exhibit
exponential growth in the problem size on these instancespiie its simplicity, our al-
gorithm outperforms state-of-the-art genetic algoritlim$oth classes of benchmarks and
hence should be of great practical interest.
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