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tThe vehi
le routing problem with time windows is a hard 
ombinatorial optimization problemwhi
h has re
eived 
onsiderable attention in the last de
ades. This paper proposes a two-stagehybrid algorithm for this transportation problem. The algorithm �rst minimizes the number ofvehi
les using simulated annealing. It then minimizes travel 
ost using a large neighborhoodsear
h whi
h may relo
ate a large number of 
ustomers. Experimental results demonstrate thee�e
tiveness of the algorithm whi
h has improved 13 (23%) of the 58 best published solutions tothe Solomon ben
hmarks, while mat
hing or improving the best solutions in 47 problems (84%).More important perhaps, the algorithm is shown to be very robust. With a �xed 
on�gurationof its parameters, it returns either the best published solutions (or improvements thereof) orsolutions very 
lose in quality on all Solomon ben
hmarks. Results on the extended Solomonben
hmarks are also given.1 Introdu
tionVehi
le routing problems are important 
omponents of many distribution and transportation sys-tems, in
luding su
h examples as bank deliveries, postal deliveries, s
hool bus routing, and se
uritypatrol servi
es. They have re
eived 
onsiderable attention in the past de
ades. This paper 
on-siders the vehi
le routing problem with time windows (VRPTW). Given a number of 
ustomerswith known demands and a 
eet of identi
al vehi
les with known 
apa
ities, the problem 
onsists of�nding a set of routes originating and terminating at a 
entral depot and servi
ing all the 
ustomersexa
tly on
e. The routes 
annot violate the 
apa
ity 
onstraints on the vehi
les and, in addition,must meet the time windows of the 
ustomers, whi
h spe
ify the earliest and latest times for thestart of servi
e at a 
ustomer site. The standard obje
tive of the VRPTW problem 
onsists of min-imizing the number of routes or vehi
les (primary 
riterion) and the total travel 
ost (se
ondary
riterion). The VRPTW problem is NP-
omplete [21℄ and instan
es involving 100 
ustomers ormore are very hard to solve optimally. Indeed, very few of the traditional ben
hmarks [29℄ involving100 
ustomers been solved optimally (See [9, 20℄ for some re
ent results). As a 
onsequen
e, lo
alsear
h te
hniques are often used to �nd good solutions in reasonable time.This paper presents a two-stage hybrid algorithm for the VRPTW problem. The overall stru
-ture of the algorithm is motivated by the re
ognition that minimizing the obje
tive fun
tion dire
tlymay not be the most e�e
tive way to de
rease the number of routes. Indeed, the obje
tive fun
-tion often drives the sear
h toward solutions with low travel 
ost, whi
h may make it diÆ
ult torea
h solutions with fewer routes but higher travel 
ost. To over
ome this limitation, our algorithmdivides the sear
h in two steps:1. the minimization of the number of routes; 1



2. the minimization of travel 
ost.This two-step approa
h makes it possible to design algorithms tailored to ea
h sub-optimization.The only other two stage algorithm we are aware of is referen
e [15℄, where the same evolutionarymetaheuristi
 is used with two distin
t obje
tive fun
tions to approa
h the two subproblems. Ouralgorithm uses two distin
t lo
al sear
h pro
edures to exploit the spe
i�
ities of ea
h subproblem.Indeed, the �rst step of our algorithm uses simulated annealing to minimize the number of routes.One 
riti
al aspe
t of our simulated annealing algorithm is its lexi
ographi
 evaluation fun
tionwhi
h minimizes the number of routes (primary 
riterion), maximizes the sum of the squares ofthe route sizes (se
ondary 
riterion), and minimizes minimal delay [15℄ of the routing plan (third
riterion). The se
ond 
riterion was also su

essfully used in other appli
ations (e.g., graph 
oloring[17℄). The se
ond step of our algorithm uses a large neighborhood sear
h (LNS) [28℄ to minimizetotal travel 
ost. It is motivated by our belief that LNS is parti
ularly e�e
tive in minimizingtotal travel 
ost when given a solution that minimizes the number of routes. Note also that ourimplementation of LNS makes it very 
lose to variable neighborhood sear
h [13℄.Experimental results demonstrate the e�e
tiveness of the algorithm. On the standard Solomonben
hmarks, the algorithm improved the best published solutions in 13 of the 56 problems (23%)and mat
hes or improves the best published results in 47 problems (84%). More important perhaps,the experimental results highlight the robustness of the algorithm. With a standard 
on�gurationof its parameters, the algorithm 
onsistently returns either the best published solutions (or im-provements thereof) or solutions that are very 
lose in quality.The rest of this paper is organized as follows. Se
tion 2 des
ribes the problem formulation andspe
i�es the notations used in the paper. Se
tion 3 gives an overview of the overall algorithm.Se
tion 4 presents the simulated annealing algorithm for minimizing routes, while Se
tion 5 de-s
ribes the LNS algorithm for minimizing travel 
osts. Se
tion 6 presents the experimental results.Se
tion 7 dis
usses related work and Se
tion 8 
on
ludes the paper. The appendix 
ontains theimprovements over the best solutions found during the 
ourse of this resear
h.2 Problem Formulation and De�nitionsThis se
tion de�nes the vehi
le routing problem with time windows (VRPTW) and the various
on
epts used in this paper.Customers The problem is de�ned in terms of N 
ustomers who are represented by the numbers1; : : : ; N and a depot represented by the number 0. The set f0; 1; : : : ; Ng thus represents all thesites 
onsidered in the problem. We also use Customers to represent the set of 
ustomers and Sitesto represent the set of sites. The travel 
ost between sites i and j is denoted by 
ij . Travel 
ostssatisfy the triangular inequality 
ij + 
jk � 
ik:The normalized travel 
ost 
0ij between sites i and j is de�ned as
0ij = 
ij = maxi;j2Sites 
ij :2



Every 
ustomer i has a demand qi � 0 and a servi
e time si � 0.Vehi
les The VRPTW problem is de�ned in terms of m identi
al vehi
les. Ea
h vehi
le has a
apa
ity Q.Routes A vehi
le route, or route for short, starts from the depot, visits a number of 
ustomersat most on
e, and returns to the depot. In other words, a route is a sequen
e h0; v1; : : : ; vn; 0i orhv1; : : : ; vni for short, where all vi are di�erent. The 
ustomers of a route r = hv1; : : : ; vni, denotedby 
ust(r), is the set fv1; : : : ; vng. The size of a route, denoted by jrj, is the number of 
ustomersj
ust(r)j. The demand of a route, denoted by q(r), is the sum of the demands of its 
ustomers, i.e.,q(r) = X
2
ust(r) q
:A route satis�es its 
apa
ity 
onstraint if q(r) � Q:The travel 
ost of a route r = hv1; : : : ; vni, denoted by t(r), is the 
ost of visiting all its 
ustomers,i.e., t(r) = 
0v1 + 
v1v2 + : : : + 
vn�1vn + 
vn0:if the route is not empty (n � 1) and is zero otherwise.Routing Plan A routing plan is a set of routes fr1; : : : ; rmg (m � M) visiting every 
ustomerexa
tly on
e, i.e., ( Smi=1 
ust(ri) = Customers
ust(ri) \ 
ust(rj) = ; (1 � i < j � m)Observe that a routing plan assigns a unique su

essor and prede
essor to every 
ustomer. Thesesu

essors and prede
essors are sites. The su

essor and prede
essor of 
ustomer i in routing plan �are denoted by su

(i; �) and pred (i; �). For simpli
ity, our de�nitions often assume an underlyingrouting plan � and we use i+ and i� to denote the su

essor and prede
essor of i in �.Time Windows The 
ustomers and the depot have time windows. The time window of a site i isspe
i�ed by an interval [ei; li℄, where ei represents the earliest and latest arrival times respe
tively.Vehi
les must arrive at a site before the end of the time window li. They may arrive early but theyhave to wait until time ei to be servi
ed. Observe that e0 represents the time when all vehi
les inthe routing plan leave the depot and that l0 represents the time when they must all return to thedepot. The departure time of 
ustomer i, denoted by Æi, is de�ned re
ursively as( Æ0 = 0Æi = max(Æi� + 
i�i ; ei) + si (i 2 Customers):3



The earliest servi
e time of 
ustomer i, denoted by ai, is de�ned asai = max(Æi� + 
i�i ; ei) (i 2 Customers):The earliest arrival time of a route r = hv1; : : : ; vni, denoted by a(r), is given by Ævn + 
vn0 ifthe route is not empty and is e0 otherwise. A routing plan satis�es the time window 
onstraintfor 
ustomer i if ai � li: A routing plan � satis�es the time window 
onstraint for the depot if8r 2 � : a(r) � l0: The latest arrival time for 
ustomer i whi
h does not violate the time window
onstraints of i and the 
ustomers served after i on its route, denoted by zi, is de�ned re
ursivelyas ( z0 = l0zi = min(zi+ � 
ii+ � si ; li) (i 2 Customers):The VRPTW Problem A solution to the VRPTW problem is a routing plan � = fr1; : : : ; rmgsatisfying the 
apa
ity 
onstraints and the time window 
onstraints, i.e.,8><>: q(rj) � Q (1 � j � m)a(rj) � l0 (1 � j � m)ai � li (i 2 Customers)The size of a routing plan �, denoted by j�j, is the number of non-empty routes in �, i.e.,jfr 2 � j 
ust(r) 6= ;g:The VRPTW problem 
onsists of �nding a solution � whi
h minimizes the number of vehi
les and,in 
ase of ties, the total travel 
ost, i.e., a solution � minimizing the obje
tive fun
tion spe
i�ed bythe lexi
ographi
 order f(�) = hj�j;Xr2� t(r)i:3 Overview of the AlgorithmAs mentioned in the introdu
tion, our algorithm is motivated by the re
ognition that minimizingthe obje
tive fun
tion hj�j;Xr2� t(r)i:is not always the most e�e
tive way to approa
h the problem. Indeed, the obje
tive fun
tion oftendrives the sear
h towards solutions with low travel 
osts. The redu
tion in the number of routeso

urs more as a side-e�e
t of the travel 
ost minimization than as a primary feature of the sear
h.In addition, fo
using on travel 
ost may make it extremely diÆ
ult to rea
h solutions with fewerroutes sin
e it may require 
onsiderable degradation of the travel 
ost 
omponent of the obje
tivefun
tion. The situation is further exa
erbated by the dis
overy of more e�e
tive algorithms forminimizing travel 
ost. 4



Fun
tion VRPTWoptimize1. � := RouteMinimize()2. return TravelCostMinimize(�);Figure 1: The Two-Stage Hybrid Algorithm for Minimizing Routes and Travel Costs.To over
ome this limitation, our algorithm separates the optimization into two stages: theminimization of the number of routes and the minimization of travel 
osts. Ea
h of these twostages is optimized by an algorithm exploiting the underlying stru
ture of the subproblem. Theoverall algorithm is depi
ted in Figure 1. The next two se
tions dis
uss ea
h suboptimization indetail. Observe also that [15℄ is the only paper we are aware of where a two-stage algorithm isproposed. Their algorithm uses di�erent obje
tive fun
tions but the same sear
h strategy based onevolutionary algorithms.4 Minimizing the Number of RoutesAs mentioned, the �rst stage of our algorithm 
onsists of minimizing the number of routes or, equiv-alently, the number of vehi
les used in the routing plan. It uses a simulated annealing algorithm[19℄ with a number of interesting features that are now reviewed.4.1 The NeighborhoodThe neighborhood of our simulated annealing algorithm is based on the traditional move operatorsdes
ribed, for instan
e, in [6, 18℄: 2-ex
hange, Or-ex
hange, relo
ation, 
rossover, and ex
hange.We des
ribe these moves informally for 
ompleteness. See [18℄ for a 
omprehensive overview as wellas as in
remental data stru
tures and algorithms to 
ompute them eÆ
iently.2-ex
hange For two 
ustomers i and j on the same route where i is visited before j, remove ar
s(i; i+), (j; j+), add ar
s (i; j), (i+; j+), and reverse the orientation of the ar
s between i+ and j.Or-ex
hange Remove a sequen
e of 1, 2, or 3 
ustomers from a route and reinsert the sequen
eelsewhere on the same or on a di�erent route.Relo
ation For 
ustomers i and j, pla
e i after j, i.e., remove ar
s (i�; i), (i; i+), (j; j+) and addar
s (i�; i+), (j; i), and (i; j+).Ex
hange Ex
hange the positions of 
ustomers i and j, i.e., remove (i�; i), (i; i+), (j�; j), (j; j+)and add (i�; j), (j; i+), (j�; i), (i; j+). 5



Crossover Ex
hange the su

essors of 
ustomers i and j, i.e., remove (i; i+), (j; j+) and add(i; j+), (j; i+).Given a solution �, N (�) denotes the neighborhood of �, i.e., the set of solutions that 
an berea
hed from � by using one of these move operators. We also denote by Operators the set of moveoperators f2-ex
hange, Or-ex
hange, relo
ation, ex
hange, 
rossoverg.A Random Sub-Neighborhood One of the interesting features of our simulated annealingalgorithm is how it explores the neighborhood. Indeed, ea
h iteration of the algorithm fo
useson a (random) sub-neighborhood of N obtained by randomly 
hoosing a move operator o fromOperators and a 
ustomer 
 from Customers and by 
onstru
ting all the moves using operator oand 
ustomer 
. The sub-neighborhood will be explored exhaustively to �nd whether it 
ontainsa solution improving the best available routing plan and to 
hoose the next move. We denote byN (o; 
; �) the subset of N (�) that 
an be rea
hed by using move operator o and 
ustomer 
.4.2 The Evaluation Fun
tionThe evaluation fun
tion is another fundamental aspe
t of our simulated annealing algorithm. Asmentioned earlier, the obje
tive fun
tion hj�j;Xr2� t(r)i:is not always appropriate, sin
e it may lead the sear
h to solutions with a small travel 
ost andmakes it impossible to remove routes. To over
ome this limitation, our simulated algorithm uses amore 
omplex lexi
ographi
 orderinge(�) = hj�j;�Xr2� jrj2;mdl(�)i:espe
ially tailored to minimize the number of routes. The �rst 
omponent is of 
ourse the numberof routes. The se
ond 
omponent maximizes Xr2� jrj2whi
h means that it favors solutions 
ontaining routes with many 
ustomers and routes with few
ustomers over solutions where 
ustomers are distributed more evenly among the routes. Theintuition is to guide the algorithm into removing 
ustomers from some small routes and adding themto larger routes. Components of this type are used in many algorithms, a typi
al example beinggraph 
oloring [17℄. The third 
omponent minimizes the minimal delay of the routing plan. This
on
ept was introdu
ed by [15℄ in the 
ontext of evolutionary algorithms. It favors solutions where
ustomers on the smallest route 
an be relo
ated on other routes with no 
onstraint violations orwith time window violations whi
h are as small as possible. Minimizing minimal delay thus favorssolutions where 
ustomers 
an be relo
ated more easily over solutions where relo
ation is hard.More pre
isely, the minimal delay is de�ned as follows:6



De�nition 1 [Minimal Delay℄ The minimal delay of a solution �, denoted by mdl(�), is de�ned asmdl(�) = mdl(r; �) where jrj = minr02�jr0j:mdl(r; �) =Pi2
ust(r)mdl(i; r; �):mdl(i; r; �) = 8><>: 0 = if N (relo
ation ; i; �) 6= ;1 = if 8r0 2 r : r 6= r0 : q(r0) + qi > Q:minj2Customers n 
ust(r)mdl(i; j; r; �) otherwise.mdl(i; j; r; �) = max(Æj + 
ji � li; 0) +max(Æi + 
ij+ � zj+; 0):In other words, the minimal delay of a solution � is the minimal delay of the route with the smallestnumber of 
ustomers. The delay of a route is the summation of the delay of its 
ustomers. Theminimal delay of a 
ustomer i is 0 if i 
an be relo
ated on another route, 1 if i 
annot be relo
atedwithout violating the 
apa
ity 
onstraints of the vehi
le, or the minimal time window violationsindu
ed by relo
ating i after a 
ustomer j on another route. The time window violation is givenby the summation of the violation of the time window of i and the violation of the time window ofthe su

essors of j.4.3 The Simulated Annealing AlgorithmFigure 2 depi
ts the simulated annealling algorithm. The algorithm 
onsists of a number of lo
alsear
hes (lines 3-23), ea
h of whi
h starts from the best solution found so far and from the startingtemperature. Ea
h lo
al sear
h performs a number of iterations (lines 6-21) and de
reases thetemperature (line 22). These two steps are repeated until the time limit is exhausted or thetemperature has rea
hed its lower bound. Lines 7-20 des
ribe one iteration and are most interesting.Lines 7-9 
ompute the sub-neighborhoodN (o; 
; �) = h�1; : : : ; �si where e(�i) � e(�j) (i < j)for a random move operator and a random 
ustomer. Lines 10-12 sele
t the solution �1 minimizingf in N (o; 
; �) if it improves the best solution found so far. These lines introdu
e an aspiration
riterion [12℄ in the simulated annealing algorithm. Lines 14-19 are the 
ore of the algorithm. Line14 
hooses a random element �r 2 N (o; 
; �) and �r is sele
ted as the nest routing plan if it doesnot degrade the 
urrent solution (line 16) or with the traditional probability of simulated annlealingotherwise (line 18). Observe also line 1414. r := brandom([0; 1℄)� � s
;whi
h biases the sear
h towards \good" moves in N (o; 
; �) when � > 1.5 Minimizing the Travel CostOur algorithm uses a large neighborhood sear
h (LNS) to minimize travel 
ost. LNS was proposedin [28℄ for vehi
le routing problems. It was shown parti
ularly e�e
tive on the 
lass 1 problems fromthe Solomon ben
hmarks, produ
ing several improvements over the then best published solutions.7



Fun
tion RouteMinimize1. �b := getInitialSolution();2. while (time < timeLimit) f3. � := �b;4. t := startingTemperature;5. while (time < timeLimit & t > temperatureLimit) f6. for( i := 1; i � maxIterations; i++) f7. o := random(Operators);8. 
 := random(Customers);9. h�1; : : : ; �si := N(o,
,�) where e(�i) � e(�j) (i < j);10. if e(�1) < e(�b) then f11. �b := �1;12. � := �1;13. g else f14. r := brandom([0; 1℄)� � s
;15. � := e(�) � e(�r);16. if � � 0 then17. � := �r;18. else if random([0; 1℄) � e�=t then19. � := �r;20. g21. g22. t := �� t;23. g24. g25. return �b;Figure 2: The Simulated Annealing Algorithm to Minimize the Number of Routes
8



However, the algorithm performs poorly on the 
lass 2 ben
hmarks where it 
ould not redu
e thenumber of routes satisfa
torily [28℄ (page 426).1 By separating the overall optimization in twostages, our algorithm dire
tly addresses this LNS weakness and exploits its strength in minimizingtravel 
ost. The rest of this se
tion des
ribes the LNS algorithm in detail. In general, the algorithmfollows the heuristi
s and strategies des
ribed in [28℄, although it departs on a number of issuesthat seem important experimentally.5.1 The Neighborhood and the Evaluation Fun
tionGiven a solution �, the neighborhood of the LNS algorithm, denoted by NR(�), is the set ofsolutions that 
an be rea
hed from � by relo
ating at most p 
ustomers (where p is a parameterof the implementation). Sin
e the LNS algorithm also uses subneighborhoods and explores theneighborhood in spe
i�
 order, we use additional notations. In parti
ular, NR(�; S) denotes theset of solutions that 
an be rea
hed from � by relo
ating the 
ustomers in S. Also, given a partialsolution � with 
ustomers Customers n S, NI(�; S) denotes the solutions that 
an be obtained byinserting the 
ustomers S in �. Finally, the LNS algorithm uses the original obje
tive fun
tionhj�j;Xr2� t(r)ias evaluation fun
tion. Observe that the evaluation fun
tion still involves the number of routes.This is important sin
e, in some 
ases, minimizing travel 
osts makes it possible to de
rease thenumber of routes.5.2 The AlgorithmAt a high level, the LNS algorithm 
an be seen as a lo
al sear
h where ea
h iteration sele
ts aneighbor �
 in NR(�b) and a

epts the move if f(�
) < f(�b). It 
an be formalized as follows:for(i := 1;i � maxIterations; i++) fsele
t �
 2 NR(�b);if f(�
) < f(�b) then�b := �
;gIn pra
ti
e, it is important to re�ne and extend the above algorithm in three ways. The �rstmodi�
ation 
onsists of exploring the neighborhood by in
reasing number of allowed relo
ations.The se
ond 
hange generalizes the algorithm to a sequen
e of lo
al sear
hes. At this stage, theoverall algorithm be
omes1. for(l := 1;l � maxSear
hes; l++)2. for(n := 1;n � p; n++)3. for(i := 1;i � maxIterations; i++) f4. S := Sele
tCustomers(�b; n);1Our own experimental results in fa
t 
on�rm the �ndings in [28℄.9



Fun
tion TravelCostMinimize(�b)1. for(l := 1;l � maxSear
hes; l++)2. for(n := 1;n � p; n++)3. for(i := 1;i � maxIterations; i++) f4. S := Sele
tCustomers(�b; n);5. sele
t �
 2 NR(�b; S) su
h that f(�
) = min�2NR(�b;S)f(�);6. if f(�
) < f(�b) then f7. �b := �
;8. i := 1;9. g Figure 3: The LNS Algorithm to Minimize Travel Cost5. sele
t �
 2 NR(�b; S);6. if f(�
) < f(�b) then f7. �b := �
;8. i := 1;9. gObserve line 2 whi
h adds another loop, line 4 whi
h sele
ts a set of 
ustomers S of size n, line 5whi
h sele
ts a neighbor inNR(�b; S), and line 8 whi
h reinitializes the number of allowed iterations.In fa
t, the algorithm is now very 
lose to variable neighborhood sear
h [13℄. The third modi�
ation
onsists of exploring the subneighborhood NR(�b; S) more exhaustively to �nd its best solution.More pre
isely, the idea is to repla
e line 5 in the above algorithm by5. sele
t �
 2 NR(�b; S) su
h that f(�
) = min�2NR(�b;S)f(�);The overall algorithm is depi
ted in Figure 3. It remains to des
ribe how to sele
t 
ustomers andhow to implement line 5 in the above algorithm.5.3 Sele
ting Customers to Relo
ateThe LNS algorithm uses the same strategy as in [28℄ to sele
t the 
ustomers to relo
ate. Theimplementation is depi
ted in Figure 4. It �rst sele
ts a 
ustomer randomly (line 1) and iterateslines 3-6 to remove the n � 1 remaining 
ustomers. Ea
h su
h iteration sele
ts a 
ustomer fromS (the already sele
ted 
ustomers) and ranks the remaining 
ustomers a

ording to a relateness
riterion (lines 3-4). The new 
ustomer to insert is sele
ted in line 5 and, on
e again, the algorithm10



Fun
tion Sele
tCustomers(�,n)1. S := f random(Customers) g;2. for(i := 2;i � n; i++) f3. 
 := random(S);4. h
0; : : : ; 
N�ii := Customers n S su
h that relateness(
; 
i) � relateness(
; 
j) (i � j);5. r := := brandom([0; 1℄)� � jCustomers n Sj
;6. S := S [ f
rg;7. g Figure 4: Sele
ting Customers in the LNS Algorithmbiases the sele
tion toward related neighbors. The relateness measure is de�ned as in [28℄:relateness(i; j) = 1
0ij + vijwhere vij = 1 if 
ustomers i and j are on the same route and is zero otherwise.5.4 The Exploration AlgorithmOur LNS algorithm uses a bran
h and bound algorithm to explore the sele
ted subneighborhood.The algorithm is depi
ted in Figure 5. If the set of 
ustomers to insert is empty, the algorithm
he
ks whether the 
urrent solution improves the best solution found so far. Otherwise, it sele
tsthe 
ustomer whose best insertion degrades the obje
tive fun
tion the most (this heuristi
 is alsoused in [28℄). The algorithm then explores all the partial solutions obtained by inserting 
 byin
reasing order of their travel 
osts. Also, observe that only the partial solutions whose lowerbounds are better than the best solution found so far are explored by the algorithm. The lowerbound satis�es the inequality Bound(�; S) � min�02NI(�;S) f(�0):It remains to dis
uss the lower bound and how to keep the 
omputation times reasonable.Bounding The bounding fun
tion used in the LNS algorithm returns the 
ost of a minimumspanning k-tree [8℄ on the insertion graph with the depot as distinguished vertex, generalizing thewell-known 1-tree bound of the travelling salesman problem. The insertion graph verti
es are the
ustomers. Given a solution � over 
ustomers C = [r2�
ust(r) and a set S of verti
es to insert,the insertion graph edges 
ome from three di�erent sets:11



Fun
tion DFSexplore(�
,S,�b)1. if S = ; then f2. if f(�
) < f(�b) then �b := �
;3. g else f4. 
 := arg-max
2S min�2NI(�;f
g) f(�);5. S
 := S n f
g;6. h�0; : : : ; �ki := NI(�; f
g) where f(�i) � f(�j) (i � j);7. for(i := 1; i � k; i++)9. if Bound(�i; S
) < f(�b) then9. DFSexplore(�i; S
; �b);10. g Figure 5: The Bran
h and Bound Algorithm for the Neighborhood Exploration1. the edges already in �;2. all the edges between 
ustomers in S;3. all the feasible edges 
onne
ting a 
ustomer from C and a 
ustomer from S.More pre
isely, the insertion graph is de�ned as follows.De�nition 2 [Insertion Graph℄ Let � be a partial solution over 
ustomers C and S be the set of
ustomers to insert (Customers = C[S). The insertion graph is the graph G(Customers ; E) whereE = E� [ES [E
;E� = f(i; i+) j i 2 Cg;ES = f(i; j) j i; j 2 Sg;E
 = f(pred (j; �0); j) j j 2 S & pred (j; �0) 2 C & �0 2 NI(�; fjg)g [f(j; su

(j; �0)) j j 2 S & su

(j; �0) 2 C & �0 2 NI(�; fjg)g;In
omplete Sear
h For large number of 
ustomers, �nding the best reinsertion may be tootime-
onsuming. Our algorithm uses limited dis
repan
y sear
h to explore only a small part of thesear
h tree. Limited Dis
repan
y Sear
h (LDS) [14℄ is a sear
h strategy relying on a good heuristi
for the problem at hand. Its basi
 idea is to explore the sear
h tree in waves and ea
h su

essivewave allows the heuristi
 to make more mistakes. Wave 0 simply follows the heuristi
. Wave 1explores the solutions whi
h 
an be rea
hed by assuming that the heuristi
 made one mistake. Moregenerally, wave i explores the solutions whi
h 
an be rea
hed by assuming that the heuristi
 makesi mistakes. 12



Wave 0 Wave 1 Wave 2 Wave 3

Figure 6: The Su

essive Waves of LDS.Figure 6 illustrates these waves graphi
ally on a binary tree. By exploring the sear
h treea

ording to the heuristi
, LDS may rea
h good solutions (and thus an optimal solution) mu
hfaster than depth-�rst and best-�rst sear
h for some appli
ations. Its strength is its ability toexplore diverse parts of the sear
h tree 
ontaining good solutions whi
h are only rea
hed mu
hlater by depth-�rst sear
h. Our implementation uses one phase of limited dis
repan
y sear
h whi
hallows up to d dis
repan
ies. Figure 7 depi
ts the algorithm. Observe that, in the LNS algorithm,the tree is not binary and the heuristi
 sele
ts the insertion points by in
reasing lower bounds.6 Experimental ResultsThis se
tion des
ribes experimental results on our algorithm. The algorithm was implementedin C++ and the entire 
ode is less than 4500 lines. The 
ore of the algorithm is about 2,000lines. They in
lude about 350 lines for the simulated annealing algorithm, 300 lines for the LNSalgorithm, and about 1300 lines for the data stru
tures. All results are given on a Sun Ultra10, 440 MHZ, 256 MB RAM using Sun C++ 
ompiler. All numbers used were double pre
i-sion 
oating points. Our experimental results use the standard Solomon ben
hmarks available athttp://www.
ba.neu.edu/�solomon/problems.html. See [29℄ for their des
riptions.The rest of this se
tion is organized as follows. Se
tion 6.1 
ompares our best solutions with thebest published solutions. Se
tion 6.2 report the best results for minimizing routes and 
omparesthem with other approa
hes. Se
tion 6.3 gives the robustness results. Se
tion 6.4 reports resultson the extended Solomon ben
hmarks. In reporting the results, we use the following abbreviationsto denote existing algorithms: S = [28℄, RT = [26℄, DDS = [7℄, HG = [15℄, RGP = [27℄, TOS =[31℄, CLM = [4℄, CR = [2℄, GTA = [10℄, DFS = [6℄, TBG = [30℄, PB = [24℄, IKP = [16℄.6.1 Best Published ResultsTables 1 and 2 report our best results and 
ompare them to the best published results. Columndata gives the names of the ben
hmark, 
olumn best gives the best published solutions, 
olumnSA+LNS des
ribes the best solution found by our algorithm, and the last two 
olumns report thedistan
es with respe
t to the best solutions, both in absolute terms and in per
entage. We alsoin
lude results from papers using integers or one de
imal point of pre
ision if they are better thanthe double pre
ision 
oating point results. These results 
an be infeasible using double 
oating13



Fun
tion LDSexplore(�
,S,�b,d)1. if d � 0 then f2 if S = ; then f3. if f(�
) < f(�b) then �b := �
;4. g else f5. 
 := arg-max
2S min�2NI (�;f
g) f(�);6. S
 := S n f
g;7. h�0; : : : ; �ki := NI(�; f
g) where f(�i) � f(�j) (i � j);8. for(i := 1; i � k; i++) f9. if Bound(�i; S
) < f(�b) then f10. LDSexplore(�i; S
; �b,d);11. d := d+ 1;12. g13. g14. g15. g Figure 7: The Bran
h and Bound Algorithm with a Limited Dis
repan
y Strategy.
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Data Best Ref Trun. Ref SA+LNS CompareBest
101 828.94 10 RT 827.3 10 DDS 828.937 10 0 0%
102 828.94 10 RT 827.3 10 DDS 828.937 10 0 0%
103 828.06 10 RT 828.065 10 0 0%
104 824.78 10 RT 824.777 10 0 0%
105 828.94 10 PB 828.94 10 0 0%
106 828.94 10 RT 827.3 10 DDS 828.937 10 0 0%
107 828.94 10 RT 827.3 10 DDS 828.937 10 0 0%
108 828.94 10 RT 827.3 10 DDS 828.937 10 0 0%
109 828.94 10 PB 828.937 10 0 0%r101 1650.8 19 RT 1607.7 18 DDS 1650.8 19 0 0%r102 1486.12 17 RT 1434 17 DDS 1486.12 17 0 0%r103 1292.68 13 S 1207 13 TOS 1292.68 13 0 0%r104 1007.31 9 S 1007.31 9 0 0%r105 1377.11 14 RT 1377.11 14 0 0%r106 1252.03 12 RT 1252.03 12 0 0%r107 1104.66 10 S 1104.66 10 0 0%r108 963.99 9 S 960.876 9* -3.1 �0:3%r109 1194.73 11 HG 1194.73 11 0 0%r110 1124.4 10 RGP 1118.84 10* -5.56 �0:5%r111 1096.72 10 RGP 1096.73 10 0.01 0%r112 982.14 9 GTA 991.245 9 9.1 0:9%r
101 1696.94 14 TBG 1669 14 TOS 1696.95 14 0.01 0%r
102 1554.75 12 TBG 1554.75 12 0 0%r
103 1261.67 11 S 1110 11 TOS 1261.67 11 0 0%r
104 1135.48 10 S 1135.48 10 0 0%r
105 1633.72 13 RGP 1629.44 13* -4.3 �0:3%r
106 1427.13 11 CLM 1424.73 11* -2.4 �0:2%r
107 1230.48 11 S 1230.48 11 0 0%r
108 1139.82 10 TBG 1139.82 10 0 0%Table 1: Solomon Ben
hmarks Class 1: Comparison with Best Published Results
15



Data Best Ref Trun. Ref SA+LNS CompareBest
201 591.56 3 PB 591.557 3 0 0%
202 591.56 3 PB 591.557 3 0 0%
203 591.17 3 RT 591.173 3 0 0%
204 590.60 3 PB 590.599 3 0 0%
205 588.88 3 PB 588.876 3 0 0%
206 588.49 3 PB 588.493 3 0 0%
207 588.29 3 RT 588.286 3 0 0%
208 588.32 3 RT 588.324 3 0 0%r201 1252.37 4 HG 1252.37 4 0 0%r202 1191.7 3 RGP 1195.3 3 3.6 0:3%r203 942.64 3 HG 941.408 3* -1.2 �0:1%r204 849.62 2 CLM 825.519 2* -24.1 �2:8%r205 994.42 3 RGP 994.42 3 0 0%r206 912.97 3 RT 833 3 TOS 914.627 3 1.7 0:2%r207 914.39 2 CR 893.328 2* -21.1 �2:3%r208 726.823 2 GTA 726.823 2 0 0%r209 909.86 3 RGP 855 3 TOS 909.163 3* -0.7 0%r210 939.37 3 DFS 951.294 3 11.9 1:3%r211 910.09 2 HG 892.713 2* -17.4 �1:9%r
201 1406.94 4 CLM 1249 4 TOS 1412.45 4 5.5 0:4%r
202 1377.089 3 GTA 1387.38 3 10.3 0:7%r
203 1060.45 3 HG 1064.14 3 3.7 0:3%r
204 798.464 3 GTA 798.464 3 0 0%r
205 1302.42 4 HG 1297.65 4* -4.8 �0:4%r
206 1153.93 3 RGP 1146.32 3* -7.6 �0:7%r
207 1062.05 3 CLM 1061.14 3* -0.9 �0:1%r
208 829.69 3 RGP 828.141 3* -1.5 �0:2%Table 2: Solomon Ben
hmarks Class 2: Comparison with Best Published Results
16



Data RT TBG CR CLM HG DFS GTA S SA+LNS
1 10 10 10 10 10 10 10 10 10
2 3 3 3 3 3 3 3 - 3r1 12.25 12.17 12.17 12.08 11.92 12.5 12 12 11.92r2 2.91 2.82 2.73 2.73 2.73 3 2.73 - 2.73r
1 11.88 11.5 11.88 11.5 11.5 12 11.63 11.75 11.5r
2 3.38 3.38 3.25 3.25 3.25 3.38 3.25 - 3.25Table 3: Comparison of the Number of Routes on the Solomon Ben
hmarks.point pre
ision [30℄. Columns labeled Ref gives referen
es where the best published solutions 
an befound. Finally, bold fa
ed values indi
ate a
hievement of best published solutions, itali
ized/starredresults indi
ate an improvement on the best published results we know of.The results indi
ate that our algorithm improved 13 (23%) of the best published solutions tothe Solomon ben
hmarks, while mat
hing or improving the best solutions in 47 ben
hmarks (84%).The algorithm was able to obtain the minimum number of vehi
les published on all instan
es. Inaddition, on all ben
hmarks but one, the algorithm produ
ed solutions whi
h are less than 1%from the best published solutions and, in a 
ouple 
ases, it improved the best published solutionsby more than 2%. These results seem to indi
ate the bene�ts of de
omposing the optimization intwo stages, the e�e
tiveness of simulated annealing to minimize routes, and the bene�ts of LNS tominimize travel 
ost.6.2 Minimizing RoutesTable 3 
ompares our algorithm to other metaheuristi
s with respe
t to the number of routes. Itgives the average number of vehi
les for the best solution in ea
h 
lass of Solomon's problems. Thebest results are marked in bold. The results shows that our algorithm, together with HG, alwaysprodu
es the best results. Observe that our algorithm and HG use fundamentally di�erent lo
alsear
h te
hniques and yet they both produ
e the best results. Hen
e these results seem to indi
atethe bene�ts of using a separate stage to minimize the number of our routes.6.3 RobustnessRobustness is a fundamental and desirable property of lo
al sear
h algorithms. An algorithm isrobust if it performs well on large 
lasses of problems with the same parameter 
on�gurations. Thisse
tion studies the robustness of our algorithm.Tables 4 and 5 depi
t the results for a spe
i�
 
on�guration of our algorithm. The results
orrespond to �ve runs of our algorithm. For simulated annealing, the parameters are 2000 forstarting temperature, .95 for 
ooling fa
tor �, 2500 iterations per ea
h temperature, .01 minimumtemperature, 10 for the simulated annealing determinism fa
tor �. For LNS, the parameters are35 for the maximum 
ustomers to remove p, 1000 iterations w/o improvement before removing one17



Data Veh 30 CPU Minutes 120 CPU MinutesBest Cmp Avg Comp Worst Best Cmp Avg 
mp Worst
101 10 828.937 0:0% 828.937 0:0% 828.937 828.937 0:0% 828.937 0:0% 828.937
102 10 828.937 0:0% 828.937 0:0% 828.937 828.937 0:0% 828.937 0:0% 828.937
103 10 828.065 0:0% 828.065 0:0% 828.065 828.065 0:0% 828.065 0:0% 828.065
104 10 824.777 0:0% 824.777 0:0% 824.777 824.777 0:0% 824.777 0:0% 824.777
105 10 828.937 0:0% 828.937 0:0% 828.937 828.937 0:0% 828.937 0:0% 828.937
106 10 828.937 0:0% 828.937 0:0% 828.937 828.937 0:0% 828.937 0:0% 828.937
107 10 822.937 0:0% 828.937 0:0% 828.937 828.937 0:0% 828.937 0:0% 828.937
108 10 828.937 0:0% 828.937 0:0% 828.937 828.937 0:0% 828.937 0:0% 828.937
109 10 828.937 0:0% 828.937 0:0% 828.937 828.937 0:0% 828.937 0:0% 828.937r101 19 1650.8 0:0% 1650.8 0:0% 1650.8 1650.8 0:0% 1650.8 0:0% 1650.8r102 17 1486.12 0:0% 1486.12 0:0% 1486.12 1486.12 0:0% 1486.12 0:0% 1486.12r103 13 1292.68 0:0% 1296.17 0:3% 1297.6214 1213.62 1214.48 1217.92r104 9 1017.52 1:0% 1017.52 1 1.0%10 981.232 984.13 989.803 987.38 4 989.056r105 14 1387.14 0:7% 1401.83 1:8% 1426.17 1377.11 0:0% 1380.85 0:3% 1387.14r106 12 1257.96 0:4% 1270.19 1:5% 1292.16 1257.96 0:5% 1258.31 0:5% 1259.71r107 10 1114.78 0:9% 1119.28 4 1.3% 1104.66 0:0% 1111.39 0:6% 1114.2911 1072.12 1 1072.12r108 9 966.86 0:3% 979.75 4 1.6% 966.118 0:2% 968.04 0:4% 973.42410 961.359 1 961.359r109 11 1197.42 0:2% 1219.9 4 2.1% 1197.42 0:2% 1218.54 4 2.0%12 1166.24 1 1166.24 1153.89 1 1153.89r110 10 1126.63 0:2% 1130.76 4 0.6% 1119.14 �0:5% 1125.66 0:1% 1127.9411 1114.28 1 1114.28r111 10 1096.74 0:0% 1107.78 4 1.0% 1096.73 0:0% 1097.49 0:0% 1100.5511 1063.3 1 1063.3r112 9 992.754 1:1% 1001.54 310 966.793 971.79 986.753 967.95 2 968.94r
101 14 1697.43 0:1% 1697.43 1 0.1% 1296.95 0:0% 1697.21 4 0.0%15 1624.51 4 1627.29 1623.58 1 1623.58r
102 12 1554.75 0:0% 1554.75 0:0% 1554.75 1554.75 0:0% 1554.75 4 0.0%13 1477.54 1 1477.54r
103 11 1261.67 0:0% 1267.47 0:5% 1278.55 1261.67 0:0% 1267.17 0:4% 1270.72r
104 10 1135.48 0:0% 1144.97 0:8% 1156.05 1135.48 0:0% 1141.15 0:5% 1159.43r
105 13 1635.9 0:1% 1638.24 2 0.3% 1629.44* �0:3% 1636.86 3 0.2%14 1553.03 3 1563.76 1541.23 2 1542.27r
106 11 1424.73* �0:2% 1435.82 4 0.6 %12 1376.26 1378.52 1387.57 1376.25 1 1376.25r
107 11 1230.95 0:0% 1231.85 0:1% 1232.26 1230.95 0:0% 1231.84 0:1% 1232.26r
108 10 1139.82 0:0% 1162.00 1:9% 1193.45 1139.82 0:0% 1156.04 1:4% 1187.76Table 4: Solomon Ben
hmarks Class 1: Robustness Results.
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Data Veh 30 CPU Minutes 120 CPU MinutesBest Cmp Avg Cmp Worst Best Cmp Avg Cmp Worst
201 3 591.557 0:0% 591.557 0:0% 591.557 591.557 0:0% 591.557 0:0% 591.557
202 3 591.557 0:0% 614.04 3:8% 703.993 591.557 0:0% 591.557 0:0% 591.557
203 3 591.173 0:0% 656.844 11:1% 753.137 591.173 0:0% 607.11 2:7% 670.834
204 3 590.599 0:0% 619.72 4:9% 672.158 590.599 0:0% 590.599 0:0% 590.599
205 3 588.876 0:0% 588.876 0:0% 588.876 588.876 0:0% 588.876 0:0% 588.876
206 3 588.493 0:0% 607.99 3:2% 685.964 588.493 0:0% 588.493 0:0% 588.493
207 3 588.286 0:0% 607.78 3:3% 685.758 588.286 0:0% 588.286 0:0% 588.286
208 3 588.324 0:0% 588.324 0:0% 588.324 588.324 0:0% 588.324 0:0% 588.324r201 4 1287.67 2:8% 1300.26 3:8% 1317.98 1254.72 0:2% 1271.48 1:5% 1284.68r202 3 1237.04 3:8% 1261.89 2 5.9% 1199.17 0:6% 1228.12 3:1% 1245.44 1135.3 3 1166.0r203 3 967.822 2:7% 985.32 4:5% 1026.83 963.66 2:2% 972.94 3:2% 995.084r204 2 833.883 �1:8% 860.03 3 1.2% 838.06 �1:4% 857.11 0:9% 871.6553 793.73 2 798.701r205 3 1036.83 4:3% 1050.06 5:6% 1061.8 1008.55 1:4% 1041.31 4:7% 1070.27r206 3 956.289 4:7% 981.85 7:5% 1018.26 927.724 1:6% 955.70 4:7% 977.019r207 2 901.091 �1:5% 923.73 4 1.0% 893.328* �2:3% 908.51 �0:6% 920.8763 866.577 1 866.577r208 2 737.369 1:5% 758.773 4:4% 773.315 726.823 0:0% 749.17 3:1% 773.681r209 3 943.709 3:7% 955.90 5:1% 980.098 941.318 3:5% 955.30 5:0% 970.167r210 3 967.996 3:0% 982.66 4:6% 1006.61 968.661 3:1% 975.75 3:9% 979.958r211 2 913.752 0:4% 934.30 4 2.6% 908.062 �0:2% 923.53 1:5% 943.143 809.538 1 809.538r
201 4 1466.02 4:2% 1481.45 5:1% 1519.08 1426 1:4% 1438.44 2:2% 1459.07r
202 3 1387.38 0:7% 1424.73 2 3.5 % 1387.38 0:7% 1411.00 4 2.5%4 1238.38 3 1301.23 1162.8 1 1162.8r
203 3 1097.31 3:4% 1109.04 4:6% 1125.8 1068.08 0:7% 1078.96 1:7% 1099.70r
204 3 841.282 5:4% 850.46 6:4% 865.928 818.208 2:5% 833.82 4:4% 851.993r
205 4 1322.64 1:6% 1353.91 4:0% 1395.88 1312.9 0:8% 1325.77 1:8% 1347.59r
206 3 1187.28 2:9% 1217.93 5:5% 1239.49 1170.52 1:4% 1215.85 5:4% 1242.71r
207 3 1093.75 2:9% 1111.6 4:7% 1130.36 1070.85 0:8% 1096.06 3:2% 1115.05r
208 3 875.605 5:5% 900.61 8:5% 914.755 875.977 5:6% 900.85 8:6% 942.997Table 5: Solomon Ben
hmarks Class 2: Robustness Results.
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Data RT TBG GTA S SA+LNS SA+LNS SA+LNS SA+LNS Best1800 3600 1800 3600 5400 7200 Possible
1 10 10 10 - 10 10 10 10 10540 2926
2 3 3 3 - 3 3 3 3 31200 3275r1 12.58 12.33 12.38 12.33 12.25 12.2 12.07 12.03 11.921300 13774r2 3.09 3.00 3.00 - 2.85 2.76 2.75 2.73 2.734900 3372r
1 12.38 11.9 11.92 11.95 11.8 11.7 11.65 11.63 11.52600 11264r
2 3.62 3.38 3.33 - 3.3 3.35 3.33 3.28 3.251300 1933Table 6: Solomon Ben
hmarks: Robustness of the Route Minimization.more 
ustomers, 15 for the determinism fa
tor � and 4 dis
repan
ies. The allowed time is split 13 forSA and 23 for LNS. Bold-fa
ed numbers indi
ate mat
hes with the best published results. Itali
izednumbers indi
ate results better than the best published solutions. Itali
ized and starred numbersindi
ate results better than the best published solutions and equal to best results we found. Wheredi�erent numbers of vehi
les were dis
overed, the number of times ea
h vehi
le result is obtained isindi
ated next to the average results. There are a number of interesting observations to be drawnfrom these results.Best Results The algorithm �nds the best published result (or an improvement thereof) inall 5 runs in 15 problems (27%) after 30 minutes and in 18 problems (32%) after 120 minutes.Furthermore, the best published result (or an improvement thereof) is a
hieved at least on
e in 24problems (43%) after 30 minutes and in 33 problems after 120 minutes (59%). In the 30 minutesruns, the algorithm improves the best published results in two 
ases with the standard 
on�gurationand it is almost always within 5% of the best published solutions. In the 120 minutes runs, thealgorithm improves the best published results in six 
ases with the standard 
on�guration and isalways within 3.5% of the best published solutions ex
ept in one 
ase (5.6%). In general, givingmore time to the algorithm helps produ
e better solutions, although this is not always true (sin
esimulated annealing gives extremely random starting solutions).Average Results The average results are harder to 
ompare systemati
ally sin
e all �ve runsdo not always produ
e the best number of routes. However, it 
an be seen that they are neververy far from the best solutions. For the 30 minutes runs, they are in general within 2% of thebest solutions on 
lass 1 and within 6% on 
lass 2. For the 120 minutes runs, they are always20



within 2% and almost always within 1% on 
lass 1 and almost always within 5% on 
lass 2. It isalso interesting to 
ompare the average results in 120 minutes and the best results in 30 minutes.These results are in fa
t quite similar in quality, whi
h is a good indi
ation of the robustness of thealgorithm.Route Minimization Table 6 reports the average number of vehi
les required over 5 runs and
ompares these results with other approa
hes where the papers gave averages a
ross independentruns of their programs. The results are 
lustered by problem 
lasses. The best results are in bold.CPU time is given in the 
olumn headers or underneath the results. Note, however, that 
omparingtimes is misleading as prior results were a
hieved on less powerful ma
hines. The �nal 
olumn givesthe best possible value for ea
h 
lass, i.e., the average number of vehi
les for the 
lass if the bestpublished number of vehi
les is a
hieved for ea
h ben
hmark.Observe that, after 30 minutes, our algorithm beats the average number of vehi
les of anypublished results using this metri
. On the non-trivial r2 
lass, our algorithm a
hieves the bestpossible value inferred from the published results. On
e again, the results indi
ate the robustnessof our algorithm.Summary Overall, the algorithm appears to be very robust, performing well on all instan
es ofthe ben
hmarks. The algorithm is robust both with respe
t to route minimization and travel 
ostminimization on these ben
hmarks. This is one of the strengths of the algorithm, together with itsability to produ
e ex
ellent solutions on all ben
hmarks.6.4 Extended Solomon Ben
hmarksTable 7 and 8 
ontain our best results for the extended solomon ben
hmark problems. To thebest of our knowledge, there are no results to 
ompare our algorithm to, ex
ept for some minimumnumber of vehi
le results. Results are rounded to 6 signi�
ant digits. The only results we knowon these problems are from [16℄ and 
on
ern only the number of vehi
les. They are given in the
olumn labeled IKP.7 Dis
ussion and Related WorkThis paper presented a two stage hybrid lo
al sear
h algorithm for the vehi
le routing problemwith time windows. To our knowledge, referen
e [15℄ is the only other paper presenting a two stagealgorithm for vehi
le routing. Their algorithm is not hybrid however and uses the same evolutionarymetaheuristi
 with two evaluation fun
tions. Their evolutionary metaheuristi
 uses the uniformorder-based 
rossover of [5℄ and their mutation operators are or-opt from [22℄ (generalized so thatsequen
es of 
ustomers 
an be moved to other vehi
les), �-inter
hange [23℄, and 2-opt* from [25℄.Their evaluation fun
tion to minimize routes is a lexi
ographi
 fun
tion with three 
omponents.Their se
ond 
omponent is the size of the smallest route, while ours is the sum of the squares of theroute sizes. Their third 
omponent is the minimal delay of the routing plan. Their motivation forusing a two-stage algorithm is similar to ours: the re
ognition that minimizing travel 
osts may not21



Data Customers200 400 600 800 1000IKP IKP IKP IKP IKP
1-1 2704.57 20 7152.06 40 14095.6 60 25184.4 80 42479.0 100
1-2 2917.89 18 7435.84 37 15266.1 56 25947.4 75 42920.7 92
1-3 2719.62 18 7291.45 36 14414.5 56 25438.6 72 42571.6 90
1-4 2651.98 18 7231.07 36 14454.2 56 25076.7 72 42678.1 90
1-5 2702.05 20 7152.06 40 14085.7 60 25166.3 80 42469.2 100
1-6 2701.04 20 7153.45 40 14089.7 60 25160.9 80 42471.3 100
1-7 2701.04 20 7149.43 40 14085.7 60 25287.9 80 42486.8 100
1-8 2781.09 19 7302.24 38 14346.8 58 25437.0 76 42564.8 96
1-9 2716.42 18 7173.37 37 14180.6 56 25655.6 73 42428.0 92
1-10 2670.63 18 7168.62 36 14552.2 56 25561.9 73 41984.0 91r1-1 21 4785.96 20 41 10536.5 40 62 22393.8 59 81 39612.2 79 101 58169.5 100r1-2 18 4102.03 18 36 9308.53 36 55 19319.6 55 72 34610.9 72 92 53167.5 92r1-3 18 3473.53 18 36 8119.22 36 54 18812.8 54 72 31534.8 72 91 47668.2 92r1-4 3096.91 18 7674.75 36 16854.8 54 29481.7 72 46203.0 92r1-5 4173.93 18 9722.66 36 20550.9 55 36139.4 72 55531.4 92r1-6 3634.81 18 8594.27 36 18798.0 55 32975.7 72 50778. 3 92r1-7 3211,78 18 8026.80 36 21868.5 54 31009.1 72 48037.7 92r1-8 3032.12 18 7517.22 36 16488.1 54 29268.8 72 45355.1 92r1-9 3874.04 18 9078.99 36 19242.0 55 34824.7 72 54239.3 92r1-10 3394.44 18 8554.75 36 18757.7 55 33921.8 72 52784.7 92r
1-1 3748.24 18 8834.4 37 17682.0 56 32003.5 73 49658.9 91r
1-2 3382.34 18 8294.59 36 16963.2 55 30421.1 73 48537.1 90r
1-3 3066.08 18 7800.79 36 16008.7 55 29305.0 73 46760.4 90r
1-4 2939.02 18 7711.69 36 15455.0 55 28035.1 73 44330.0 90r
1-5 3489.6 18 8805.42 36 18021.0 55 31484.0 73 49398.2 91r
1-6 3465.55 18 8705.25 36 17812.9 55 31579.5 73 51296.2 90r
1-7 3292.33 18 8572.14 36 17444.3 55 30676.9 73 50995.0 90r
1-8 3151.62 18 8369.29 36 17364.5 55 31081.1 73 48380.5 90r
1-9 3181.94 18 8317.05 36 16815.9 55 30333.0 73 48717.4 90r
1-10 3083.21 18 7899.18 36 16791.6 55 30082.3 73 48267.8 90Table 7: Best Results on Extended Solomon Ben
hmarks (Class 1).
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Data Customers200 400 600 800 1000
2-1 1931.44 6 4136.57 12 7935.53 18 12215.2 25 18210.9 32
2-2 1881.67 6 4101.33 12 8427.13 18 13578.1 24 19074.3 30
2-3 1839.39 6 4239.28 12 8105.29 17 13180.0 24 19092.6 30
2-4 1835.66 6 3955.63 12 8081.06 17 13497.4 23 18404.4 29
2-5 1878.85 6 4120.15 12 8536.4 18 12547.8 25 18586.4 31
2-6 1884.06 6 4031.08 12 8405.48 18 25858.7 25 18149.7 30
2-7 1861.58 6 4388.98 12 8482.08 18 13345.3 25 18808.0 31
2-8 1823.88 6 4277.57 12 8139.01 18 12547.6 24 18886.4 30
2-9 1843.49 6 4282.59 12 8316.23 18 13054.2 25 18987.7 30
2-10 1821.65 6 4010.86 12 8162.16 18 12714.0 24 17260.9 30r2-1 4172.92 5 10086.0 8 21154.6 11 33051.1 15 50359.2 19r2-2 3691.67 4 8130.93 8 17549.5 11 26930.0 15 42951.6 19r2-3 3060.13 4 6759.18 8 14111.9 11 24460.6 15 33188.5 19r2-4 2119.99 4 5325.8 8 10840.3 11 18234.6 15 24795.1 19r2-5 3477.5 4 7711.95 8 16829.9 11 28309.2 15 44361.5 19r2-6 3183.23 4 6871.34 8 15333.7 11 24694.7 15 36936.3 19r2-7 2564.58 4 6072.80 8 12610.1 11 21413.3 15 31261.4 19r2-8 2002.80 4 4937.13 8 9837.03 11 17518.4 15 25600.2 19r2-9 3185.23 4 7123.09 8 15939.0 11 26785.3 15 40106.5 19r2-10 2778.13 4 6579.24 8 14348.3 11 24149.1 15 37809.4 19r
2-1 3149.88 6 6752.19 12 13886.4 16 21807.8 20 34133.8 23r
2-2 2941.43 5 6270.38 10 12456.2 14 20022.5 19 29322.2 22r
2-3 2697.49 4 5531.38 8 11561.1 12 17287.7 17 25199.2 19r
2-4 2201.31 4 4680.07 8 9786.24 11 15973.7 15 23639.3 18r
2-5 2796.98 5 6139.65 10 12257.7 14 20028.1 18 31171.8 20r
2-6 2657.67 5 5947.63 9 12817.1 12 20329.3 16 31530.1 19r
2-7 2650.75 4 5841.3 8 12046.5 12 19867.4 16 28461.6 19r
2-8 2441.02 4 5237.78 8 12168.5 11 18105.2 15 30556.4 18r
2-9 2337.28 4 5085.48 8 11685.6 11 18557.3 15 28879.5 18r
2-10 2156.95 4 4831.14 8 11213.6 11 17429.4 15 27903.9 18Table 8: Best Results on Extended Solomon Ben
hmarks (Class 2).
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always be most e�e
tive for minimizing the number of routes. One of the 
ontributions of this paperis to provide eviden
e of the bene�ts of a two-stage approa
h for vehi
le routing with time windows.Indeed, the fundamentally di�erent nature of these two two-stage algorithms, together with theire�e
tiveness, seem to indi
ate that the two-stage approa
h has bene�ts a
ross metaheuristi
s.The �rst stage of our algorithm uses a novel simulated annealing algorithm. The algorithm usestraditional moves operators des
ribed in [6, 18℄: 2-ex
hange, Or-ex
hange, relo
ation, 
rossover,and ex
hange. A 
riti
al aspe
t of the simulated annealing is the lexi
ographi
 evaluation fun
tion.Its se
ond 
omponent, maximizing the sum of the squares of route sizes, was inspired by somegraph-
oloring algorithms [17℄. Its third 
omponent is the minimal delay of [15℄. Our simulatedannealing algorithm also in
ludes some greedy 
omponents typi
al of tabu sear
h [12℄, in
ludingan aspiration 
riterion and a bias towards good solutions in the random pro
ess. These greedyaspe
ts were shown to be bene�
ial experimentally. Of 
ourse, simulated annealing was used forsolving vehi
le routing problems in the past. In parti
ular, referen
e [1℄ des
ribes a simulatedannealing where the neighborhood is de�ned by the �-inter
hange me
hanism of [23℄ and the k-node inter
hange me
hanism of [3℄. The algorithm in [1℄ makes use of a tabu list within thesimulated annealing pro
ess and uses a weighted obje
tive fun
tion in
orporating total time alongwith number of vehi
les and travel 
ost. Probably the main 
ontribution here is the novel evaluationfun
tion and the additional eviden
e that minimal delay is a fundamental 
on
ept in minimizingthe number routes.The se
ond stage of our algorithm uses the LNS te
hnique pioneered by [28℄. In that paper,LNS was shown very e�e
tive on 
lass 1 of the Solomon ben
hmarks. No results were given on
lass 2 be
ause LNS 
ould not redu
e the number of routes satisfa
torily [28℄ (page 426), sin
ethe 
lass 2 ben
hmarks have a high number of 
ustomers per route. This fa
t was also 
on�rmedby our own experimental results. Our implementation adds a restarting strategy, making ouralgorithm essentially similar to a variable neighborhood sear
h [13℄. It also adds a more pre
iselower bound based on minimal spanning k-trees. Both of these 
omponents were shown to havebene�ts experimentally, espe
ially as far as robustness is 
on
erned. But, of 
ourse, there is 
learlymu
h room left for improvements in implementations of LNS. Probably the main 
ontribution here isto show that LNS is parti
ularly e�e
tive for minimizing travel 
ost a
ross all Solomon ben
hmarkswhen given routing plans minimizing the number of routes.There are of 
ourse many other algorithms for vehi
le routing. See, for instan
e, [11℄ for agood overview of te
hniques for solving vehi
le routing problems using lo
al sear
h, [2℄ and [26℄ fortabu-sear
h algorithms, [10℄ for an ant 
olony meta-Heuristi
, [6℄ for guided lo
al sear
h on top oftabu Sear
h, and [30℄ for the problem with soft time-windows.8 Con
lusionThis paper proposed a two-stage hybrid algorithm for multiple vehi
le routing with 
apa
ity andtime-window 
onstraints. The algorithm �rst minimizes the number of vehi
les using a simulatedannealing algorithm. It then minimizes travel 
ost using a large neighborhood sear
h whi
h pos-sibly relo
ates a large number of 
ustomers. Experimental results demonstrate the e�e
tivenessof the algorithm whi
h has improved 13 (23%) of the 58 best published solutions to the Solomon24



ben
hmarks, while mat
hing or improving the best solutions in 47 ben
hmarks (84%). More im-portant perhaps, the algorithm, with a �xed 
on�guration of its parameters, is shown to be veryrobust, returning either the best published solutions (or improvements thereof) or solutions very
lose in quality on all Solomon ben
hmarks. Results on the extended Solomon ben
hmarks are alsogiven. These results seem to indi
ate the bene�ts of using a two-stage approa
h, of using simulatedannealing to minimize the number of routes, and of using LNS for minimizing travel 
osts.A
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A AppendixThis appendix 
ontains our improvements over the best published solutions at the time of writing(September 1st, 2001).Data Vehi
le Customers Routes Capa
ity Distan
er108 1 12 28 12 80 76 3 79 78 34 29 24 68 77 169 106.09762 11 31 88 10 62 11 64 63 90 32 30 70 154 118.55253 13 6 96 59 93 99 5 84 17 45 83 60 18 89 165 84.90834 10 52 7 48 82 8 46 47 36 49 19 155 119.92825 11 2 57 15 43 42 87 97 95 94 13 58 160 84.67296 10 50 33 81 51 9 35 71 65 66 20 153 121.75127 12 92 98 91 44 14 38 86 16 61 85 100 37 200 106.08058 11 73 72 75 56 23 67 39 55 25 54 26 186 112.24569 10 27 69 1 53 40 21 4 74 22 41 116 106.63909 100 1458 960.876Data Vehi
le Customers Routes Capa
ity Distan
er110 1 11 92 98 44 16 86 38 14 37 100 91 93 168 112.05372 10 21 72 75 56 23 67 39 25 55 4 172 107.77133 11 28 76 12 29 81 79 3 50 77 68 80 188 106.96454 9 88 62 19 47 36 49 64 32 70 144 127.51365 10 2 41 22 74 73 40 53 26 54 24 108 117.83996 9 52 7 82 18 8 46 48 60 89 106 103.71997 10 83 45 17 84 5 6 94 96 97 13 138 88.87938 11 27 69 30 51 9 71 35 34 78 33 1 130 106.9199 8 31 11 63 90 10 20 66 65 122 142.386110 11 95 59 99 61 85 87 57 15 43 42 58 182 104.790710 100 1458 1118.84Data Vehi
le Customers Routes Capa
ity Distan
er
105 1 4 90 53 66 56 46 73.45072 7 63 62 67 84 51 85 91 70 129.29313 8 72 71 81 41 54 96 94 93 120 127.54474 9 65 82 12 11 87 59 97 75 58 188 142.50705 7 33 76 89 48 21 25 24 116 167.05306 9 98 14 47 15 16 9 10 13 17 149 121.02117 9 42 61 8 6 46 4 3 1 100 132 144.53498 9 39 36 44 38 40 37 35 43 70 193 132.92809 8 83 19 23 18 22 49 20 77 171 143.053610 10 31 29 27 30 28 26 32 34 50 80 183 134.623211 8 92 95 64 99 52 86 57 74 114 122.759612 5 69 88 78 73 60 95 81.700513 7 2 45 5 7 79 55 68 147 108.966213 100 1724 1629.44Data Vehi
le Customers Routes Capa
ity Distan
er
106 1 9 95 62 63 85 76 51 84 56 66 120 109.97332 9 72 71 67 30 32 34 50 93 80 127 139.64373 11 2 45 5 8 7 6 46 4 3 1 100 193 109.75124 8 92 61 81 90 94 96 54 68 125 119.86485 8 14 11 87 59 75 97 58 74 161 151.83806 9 69 98 88 53 12 10 9 13 17 160 109.36527 10 42 44 39 40 36 38 41 43 37 35 200 131.85058 9 15 16 47 78 73 79 60 55 70 168 132.34849 7 33 31 29 27 28 26 89 125 167.764610 10 82 52 99 86 57 22 49 20 24 91 161 120.099311 10 65 83 64 19 23 21 18 48 25 77 184 132.234511 100 1724 1424.73Data Vehi
le Customers Routes Capa
ity Distan
er203 1 31 27 94 92 42 57 15 43 14 44 38 86 16 85 484 275.282199 96 6 84 8 82 48 47 49 19 63 90 3210 70 31 7 522 40 89 18 60 83 45 46 36 64 11 62 69 88 30 556 368.26651 76 3 79 78 9 51 20 66 71 35 68 1226 13 95 59 93 5 17 61 91 100 98 37 97583 29 50 33 81 65 34 29 24 39 67 23 72 73 21 418 297.859240 53 87 2 41 22 75 56 74 4 55 25 5480 77 283 100 1458 941.40828



Data Vehi
le Customers Routes Capa
ity Distan
er204 1 48 6 94 96 92 97 42 43 15 57 41 22 75 56 712 348.872023 67 39 12 76 79 9 51 50 28 53 26 5455 4 72 74 73 2 13 95 59 93 85 98 37100 91 16 61 5 60 83 18 892 52 27 52 7 88 31 10 30 70 1 69 62 11 19 746 476.647246 45 17 86 44 38 14 99 87 84 8 82 4847 36 49 64 63 90 32 20 66 65 71 35 3478 81 33 3 77 68 80 29 24 25 21 40 582 100 1458 825.519Data Vehi
le Customers Routes Capa
ity Distan
er207 1 55 95 92 42 91 61 45 46 36 64 11 62 7 88 724 418.645369 1 30 51 9 78 79 3 76 28 53 40 287 57 41 22 73 21 72 74 75 56 4 25 5554 80 68 77 12 26 58 13 97 37 100 98 9359 96 942 45 27 50 33 81 65 34 29 24 39 67 23 15 43 734 474.682314 44 38 86 16 85 99 6 5 84 8 82 4847 49 19 10 63 90 32 66 71 35 20 70 3152 18 83 17 60 892 100 1458 893.328Data Vehi
le Customers Routes Capa
ity Distan
er209 1 31 28 76 12 29 39 67 23 75 72 73 21 40 53 433 304.193918 7 62 64 49 36 46 8 45 17 84 96 37100 91 97 13 582 38 52 83 5 59 98 92 95 2 42 14 44 38 86 557 316.345016 61 85 93 99 6 94 87 57 15 43 41 2274 56 4 26 54 55 25 24 80 68 77 13 31 27 69 31 88 82 47 19 11 63 90 70 30 71 468 288.62449 51 81 33 50 3 79 78 34 35 65 66 2032 10 48 60 893 100 1458 909.163Data Vehi
le Customers Routes Capa
ity Distan
er211 1 48 28 27 52 69 31 30 63 64 11 19 62 88 7 709 433.493782 18 83 84 5 99 85 61 16 44 14 38 8617 45 8 46 48 47 36 49 90 32 10 70 150 77 68 24 55 25 4 56 742 52 95 59 92 98 42 15 2 21 73 72 39 67 23 749 459.219175 22 41 57 87 94 6 53 40 12 76 29 7933 81 9 71 65 66 20 51 35 34 78 3 8054 26 58 13 97 96 37 43 100 91 93 60 892 100 1458 892.713Data Vehi
le Customers Routes Capa
ity Distan
er
205 1 29 2 45 5 42 39 36 72 71 62 94 61 44 40 455 400.143638 41 81 90 53 98 55 68 43 35 37 54 9693 91 802 22 92 95 33 28 27 29 31 30 63 76 85 67 84 310 292.301351 49 22 20 24 74 13 17 603 28 65 83 64 19 23 21 18 57 86 52 99 9 87 566 418.425159 75 97 10 66 56 50 34 32 26 89 48 2577 584 21 69 82 11 15 16 47 14 12 88 78 73 79 7 393 186.77776 8 46 4 3 1 70 1004 100 1724 1297.65Data Vehi
le Customers Routes Capa
ity Distan
er
206 1 32 65 83 52 82 12 14 47 16 15 11 59 75 23 621 335.313121 18 19 49 22 57 99 86 87 97 9 10 1317 60 55 100 70 682 35 72 92 95 62 31 29 27 28 30 33 63 85 76 511 476.613251 64 84 67 71 94 81 90 66 56 50 34 3226 89 20 24 48 25 77 58 743 33 69 98 2 45 5 44 42 39 38 36 40 41 61 592 334.390988 53 78 73 79 7 6 8 46 4 3 1 4335 37 54 96 93 91 803 100 1724 1146.32
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Data Vehi
le Customers Routes Capa
ity Distan
er
207 1 38 65 83 64 95 67 31 29 28 30 33 63 76 51 667 408.598419 21 18 23 75 59 87 74 86 57 22 20 4925 77 58 97 13 10 17 60 55 100 70 682 27 82 99 52 9 11 15 16 47 14 12 53 78 73 480 232.717379 7 6 8 46 4 45 3 1 43 36 35 37543 35 69 98 88 2 5 42 44 40 38 39 41 72 71 577 419.828993 81 61 90 56 84 85 94 96 92 62 50 3427 26 32 89 48 24 66 91 803 100 1724 1061.14Data Vehi
le Customers Routes Capa
ity Distan
er
208 1 34 65 83 64 95 92 71 72 38 39 44 42 61 81 519 309.424794 67 62 50 34 31 29 27 26 28 30 32 3376 89 63 85 51 84 56 662 33 69 98 88 53 12 11 15 16 47 78 73 79 7 633 243.31116 2 8 46 4 45 5 3 1 43 40 36 3537 41 54 96 93 91 803 33 90 82 99 52 57 23 21 18 19 49 22 24 20 572 275.405748 25 77 58 75 97 59 87 74 86 9 13 1014 17 60 55 100 70 683 100 1724 828.141
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