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tLo
al sear
h is one of the fundamental approa
hes to ta
kle large 
ombinatorial optimizationproblems. Yet relatively little support is available to fa
ilitate the design and implementationof lo
al sear
h algorithms. This paper introdu
es Lo
alizer++, an extensible obje
t-orientedlibrary for lo
al sear
h. Lo
alizer++ supports both de
larative abstra
tions to des
ribe theneighborhood and high-level sear
h 
onstru
ts to spe
ify lo
al moves and meta-heuristi
s. Italso supports a variety of features typi
ally found only in modeling languages and its extensibilityallows for an easy integration of new, user-de�ned, abstra
tions. Of parti
ular interest is the
on
iseness and readability of Lo
alizer++ statements and the eÆ
ien
y of the Lo
alizer++implementation.1 Introdu
tionCombinatorial optimization problems are ubiquitous in many pra
ti
al appli
ations, in
ludings
heduling, resour
e allo
ation, planning, and 
on�guration problems. These problems are 
om-putationally diÆ
ult (i.e., they are NP-hard) and require 
onsiderable expertise in optimization,software engineering, and the appli
ation domain.The last two de
ades have witnessed signi�
ant progress in optimization tools in order to simplifythe design and implementation of 
ombinatorial optimization problems. Their goal is to de
reasedevelopment time substantially while preserving most of the eÆ
ien
y of spe
ialized programs.Mu
h of this e�ort was devoted to mathemati
al and 
onstraint programming systems for whi
hthere are now advan
ed modeling languages (e.g., [10, 3, 38℄), 
onstraint programming languages(e.g., [6, 4, 7, 33, 36, 20℄) and libraries (e.g., [14, 26℄). Less attention was paid to lo
al sear
h,although it has been shown parti
ularly e�e
tive for many 
lasses of appli
ations. However, theimplementation of lo
al sear
h algorithms may present interesting 
hallenges in order to obtain high-quality solutions in reasonable time. Indeed, these algorithms often require maintaining 
omplexdata stru
tures in
rementally to obtain good performan
e (e.g., [18, 21, 23℄). They may alsorequire an important programming e�ort to implement the meta-heuristi
s needed to obtain good-quality solutions. In addition, despite 
onsiderable resear
h (e.g., [1℄), the design of lo
al sear
halgorithms remains an art and 
onsiderable experimentation is often ne
essary before 
onvergingto a satisfa
tory solution. As a 
onsequen
e, there is a strong need for expressive and eÆ
ientoptimization tools for lo
al sear
h.This la
k of support is in
reasingly re
ognized and re
ent work has started to address it. Mostof the work in this area (e.g., [32, 5, 9, 2℄) has fo
used on providing frameworks for lo
al sear
h.These frameworks o�er a general stru
ture for lo
al sear
h algorithms and fa
torize generi
 aspe
ts1



of meta-heuristi
s. In addition, a number of domain-spe
i�
 languages were also proposed tosimplify the spe
i�
ation of the neighborhood and of lo
al moves. Lo
alizer [23, 24, 25℄, the�rst modeling language for lo
al sear
h, introdu
ed the 
on
ept of invariants to spe
ify in
rementaldata stru
tures and supported a number of high-level abstra
tions to des
ribe lo
al move and meta-heuristi
s. Lo
alizer demonstrated that a modeling language may greatly redu
e the developmenttime of lo
al sear
h appli
ations, while indu
ing a reasonable overhead in eÆ
ien
y. Unfortunately,Lo
alizer is a 
losed system whi
h is not easy to extend or integrate in a larger appli
ation. Salsa[20℄ is another interesting domain-spe
i�
 language o�ering high-level abstra
tions for spe
ifyingglobal and lo
al sear
h pro
edures. Some of these abstra
tions were 
losely related to those of OPL[38℄ and Lo
alizer [24℄ and were shown to des
ribe sear
h pro
edures 
on
isely and naturally.Finally, a small 
onstraint language, whose implementation is based on lo
al sear
h, is presentedin [11℄. Unfortunately, this system is a bla
k-box where users have no 
ontrol over the sear
hpro
edure and have limited ways of expressing their 
onstraints.The purpose of this paper is to show that lo
al sear
h algorithms 
an be supported elegantlyin an obje
t-oriented programming library. In parti
ular, it presents the design of Lo
alizer++,an extensible C++ library for lo
al sear
h whi
h supports both de
larative abstra
tions to des
ribethe neighborhood and high-level sear
h 
onstru
ts to spe
ify lo
al moves and meta-heuristi
s 
on-
isely. In addition, sin
e it is based on the OPL++ modeling layer for optimization libraries [26℄,Lo
alizer++ supports a variety of features typi
ally found only in modeling languages, su
h ashigh-level set, algebrai
, logi
al, and array operators, multi-dimensional arrays, and sparse datastru
tures. The extensibility of Lo
alizer++ also enables users to implement their own invariantsand sear
h 
onstru
ts easily.Lo
alizer++ o�ers a number of signi�
ant bene�ts. First, it automates, inside a mainstreamobje
t-oriented programming language, some of the most tedious and error-prone aspe
ts of manylo
al sear
h algorithms. As 
onsequen
e, it leads to higher-level programs that are easier to imple-ment and to maintain. Se
ond, Lo
alizer++ programs, being implemented dire
tly in a traditionallanguage, are easy to integrate within a larger appli
ation. Third, its extensibility eases the imple-mentation of verti
al extensions for spe
i�
 domains. Finally, Lo
alizer++ may greatly simplifythe implementation of modeling languages for lo
al sear
h as well as their integration inside largerappli
ations, sin
e the modeling language and the library may now share the same data and 
ontrolstru
tures.The rest of this paper illustrates Lo
alizer++ through a number of traditional lo
al sear
happli
ations, starting with simple examples su
h as the queens problem and 
on
luding with themore realisti
 graph-partioning problem. It also shows how to extend Lo
alizer++ with newinvariants and sear
h 
onstru
ts. The main fo
us of the paper is to report preliminary eviden
ethat the approa
h taken in Lo
alizer++ may greatly simplify the implementation of many lo
alsear
h algorithms, while retaining ex
ellent performan
e. Se
tion 2 presents a high-level overviewof Lo
alizer++. The next three se
tions des
ribe three appli
ations of Lo
alizer++. Se
tion3 presents a lo
al sear
h algorithm solving the n-queens in linear spa
e and quadrati
 time. Thealgorithm is presented in stepwise re�nements to 
ulminate in a 
onstraint-based formulation whi
hsolves very large instan
es of this problem (e.g., n � 250; 000). Se
tion 4 presents a tabu sear
halgorithm for the magi
 square problem, an appli
ation whi
h is extremely diÆ
ult for mathemati
al2



and 
onstraint programming systems. It des
ribes a short algorithm solving large instan
es (over2500 variables). Se
tion 5 des
ribes an algorithm for graph-partitioning inspired by the linearheuristi
 of [8℄ and the very large s
ale neighborhood te
hnique of Kernighan and Lin [17℄. Se
tion6 shows how to add new invariants and sear
h pro
edures and Se
tion 7 
on
ludes the paper.It is important to stress that the purpose of these appli
ations is to illustrate Lo
alizer++, notto present the best possible algorithms for these problems. For instan
e, it is simple to express,in Lo
alizer++, the simulated annealing algorithm for graph-partitioning presented in [15℄. Theresulting Lo
alizer++ program runs with an eÆ
ien
y 
omparable to the spe
i�
 programs (as wealready showed in [25℄) but it does not illustrate as many features of Lo
alizer++ as the algorithmpresented here.2 A Brief Overview of Lo
alizer++The stru
ture of Lo
alizer++ is similar in spirit to that of 
onstraint programming languages.It is a two-level ar
hite
ture 
omposed of a de
larative and a sear
h 
omponent. At a very highlevel, the de
larative 
omponent 
an be thought of as spe
ifying the neighborhood, while the sear
h
omponent indi
ates how to explore it. Lo
alizer++ is also built on top of the OPL++modeling layer[26℄. As a 
onsequen
e, it inherits many modeling features typi
ally found in modeling languagessu
h as multidimensional arrays, sparse data stru
tures, and high-level set, algebrai
, and arraynotations. Finally, Lo
alizer++ is an extensible library whi
h lets users extend the de
larativeand the sear
h 
omponents.The De
larative Component The de
larative 
omponent is the 
ore of the ar
hite
ture. It ismotivated by the re
ognition that many lo
al sear
h algorithms maintain 
omplex data stru
turesin
rementally in order to a
hieve a reasonable eÆ
ien
y (e.g., [16, 18℄). These data stru
turesdes
ribe the 
urrent node of the sear
h spa
e as well as its neighborhood. Sin
e two neighboringnodes generally have many 
ommonalities, in
remental algorithms and data stru
tures may produ
eorders of magnitude improvement in eÆ
ien
y 
ompared to naive implementations. The goal ofthe de
larative 
omponent is to simplify this tedious and error-prone aspe
t of lo
al sear
h. Themain abstra
tion of the de
larative 
omponent is the 
on
ept of invariant [23, 24℄. Invariantsspe
ify, in a de
larative way, the data stru
tures to maintain without de�ning how to update themin
rementally. Lo
alizer++ features a wide range of invariants whi
h in
lude arithmeti
, array,and set invariants. For instan
e, the arithmeti
 invariantsum << OplSum(i,Size,a[i℄))spe
i�es that sum is the summation of all elements in array a and the set invariantBestMoves << OplSetOf(m,Moves,gain[m℄ == bestGain)spe
i�es that BestMoves is the set of elements in set Moves whose gains are equal to bestGain.Lo
alizer++ applies in
remental algorithms to maintain these invariants under 
hanges to theirvariables. These algorithms are, in general, optimal in the size of the input and output 
hanges,a model of 
omputational 
omplexity proposed in [30, 31℄ to analyze in
remental algorithms. For3



instan
e, when an element of a is 
hanged in the above invariant, Lo
alizer++ updates variablesum in 
onstant time. Similarly, the set variable BestMoves is updated in 
onstant time whenelements are added or deleted from set Moves or when an element in array gain is updated. As a
onsequen
e, Lo
alizer++ lets users fo
us on de�ning an appropriate neighborhood and relievesthem from spe
ifying how it should be maintained.On
e invariants are available as �rst-
lass obje
ts, it be
omes natural to support high-level
onstraints in Lo
alizer++. These 
onstraints 
apture interesting substru
tures that arise fre-quently in pra
ti
e and are amenable to eÆ
ient implementation. They play a similar role to global
onstraints in 
onstraint programming. Of 
ourse, 
onstraints in lo
al sear
h and in 
onstraint pro-gramming often have fundamentally di�erent fun
tionalities.1 Instead of pruning the sear
h spa
e,
onstraints in lo
al sear
h maintain, in an in
remental manner, information su
h as their satis�a-bility status, their degree of violation, as well as how this information is a�e
ted by lo
al moves.They are generally implemented in terms of a 
olle
tion of invariants. Lo
alizer++ supports avariety of 
onstraints to simplify the implementation of lo
al sear
h algorithms. For instan
e, the
onstraintOplLSAlldifferent alldiff(queen)spe
i�es that all variables in array queen must be given a di�erent value. The satis�ability statusand the degree of violation of this 
onstraint as well as other useful information to guide the lo
alsear
h 
an be obtained by invoking methods on alldiff. For instan
e, the expressionalldiff.isTrue()return true (1) if the 
onstraint is satis�ed in the 
urrent node and false (0) otherwise, while theexpressionalldiff.getNumberOfViolations()represents how many 
onstraints are violated by the 
urrent node. Note that these expressions aremaintained in
rementally during the exe
ution. The appli
ations presented in this paper illustrate avariety of invariants and some high-level 
onstraints sin
e these are more problem-spe
i�
. Se
tion6.1 also shows how to extend the library with new invariants.The Sear
h Component The sear
h 
omponent operates around the de
larative 
omponentand is pro
edural in nature. Its main purpose is to 
hoose a neighbor of the 
urrent node andto perform the move. On
e the move is applied, Lo
alizer++ updates the invariants automati-
ally. Observe that, although the de
larative and sear
h 
omponents are physi
ally separated inthe Lo
alizer++ 
ode, they are interleaved during the a
tual 
omputation. Substantial resear
hin 
ombinatorial optimization was devoted to designing good strategies to sele
t the next move.These meta-heuristi
s, whi
h in
lude the variable-depth pro
edure of Kernighan & Lin, simulated1Very large s
ale neighborhood sear
h based on 
onstraint programming (e.g., [35℄) somewhat blurs this distin
-tion. However, invariants seem also to be natural abstra
tions to implement the propagation rules needed in thesealgorithms. 4



annealing [19℄ and tabu sear
h [12, 13℄ to name only three, are often 
riti
al in obtaining goodquality solutions but they may also indu
e signi�
ant programming e�ort and experimentation.The sear
h 
omponent of Lo
alizer++ aims at providing high-level abstra
tions to spe
ify lo
almoves, to simplify the implementation of these meta-heuristi
s, and to en
ourage experimentation.It features multidimensional sele
tion operators to 
hoose potential moves, simulation operators toevaluate the 
onsequen
e of a given move, as well as 
ounters whi
h simplify the bookkeeping typi-
ally involved in maintaining forbidden moves in meta-heuristi
s. For instan
e, a sear
h pro
eduremay feature a sele
tion operatorOplSele
tMax(e,Set,violations[e℄)to sele
t an element e of Set maximizing violations[e℄. Note that sele
tion operators inLo
alizer++ are sto
hasti
 in nature: ties are broken using a uniform distribution, sin
e thisis often 
riti
al in pra
ti
al appli
ations. They are also multidimensional, i.e., the sele
tion mayinvolve several parameters, as illustrated later in the paper. A sear
h pro
edure may also 
ontaina simulation operator of the formOplLookahead(Obj,Move)to evaluate the e�e
t of a move Move on the expression Obj. On
e again, the appli
ations in thispaper illustrate a variety of sear
h abstra
tions of Lo
alizer++ and Se
tion 6.2 also shows how toextend the library with new ones.3 The Queens ProblemThis se
tion des
ribes lo
al sear
h algorithms for the n-queens problem, i.e., the problem of pla
ingn queens on a 
hessboard of size n � n so that no two queens atta
k ea
h other. The simpli
ityof n-queens problem makes it an ex
ellent vehi
le to introdu
e many aspe
ts of Lo
alizer++. Inaddition, it allows us to demonstrate the time and memory eÆ
ien
y of the implementation sin
ethe Lo
alizer++ statement runs in linear spa
e and quadrati
 time and solves very large instan
esof this problem. This rest of this se
tion is organized as follows. Se
tion 3.1 presents a high-levelmodeling of the problem, Se
tion 3.2 des
ribes a �rst Lo
alizer++ statement whi
h is quadrati
in spa
e and 
ubi
 in time, Se
tion 3.3 shows a linear-spa
e and quadrati
-time implementation,and Se
tion 3.4 gives a 
onstraint-based implementation with the same 
omplexities. This stepwisepresentation should give readers pre
ise insights on how invariants are instrumental in de�ninghigh-level 
onstraints.3.1 High-Level ModelingThe lo
al sear
h algorithm presented in this se
tion is based on the min-
on
i
t heuristi
 [27℄. Thealgorithm starts with an initial random 
on�guration. Then, at ea
h iteration, it 
hooses the queenviolating the largest number of 
onstraints and moves it to a position minimizing its violations.This step is iterated until a solution is found or the algorithm rea
hes a limit on the number of5



iterations. Sin
e a queen must be pla
ed on every 
olumn, the algorithm uses an array queen ofvariables and queen[i℄ denotes the row of the queen pla
ed on 
olumn i.The de
larative 
omponent of the Lo
alizer++ statement maintains the number of 
on
i
tsfor all possible positions of the queens. Sin
e the problem 
onstraints are given byqueen[i℄ <> queen[j℄queen[i℄ + i <> queen[j℄ + jqueen[i℄ - i <> queen[j℄ - jfor all 1 � i < j � n, the algorithm uses three arrays of variables: queen[i℄ denotes the rowof the queen pla
ed on 
olumn i as mentioned earlier, queenPos[i℄ denotes queen[i℄ + i andqueenNeg[i℄ denotes queen[i℄ - i. For ea
h of these arrays, the algorithm maintains the numberof o

urren
es of ea
h possible value. Obviously, a 
on
i
t arises as soon as a value o

urs morethan on
e, sin
e su
h a 
on�guration violates the above 
onstraints. More pre
isely, an array r
ontains the number of o

urren
es of ea
h value v in array queen. The value r[v℄, whi
h denoteshow many queens are assigned to row v, 
an be de�ned asr[v℄ = nXq=1(queen[q℄ = v)where the expression queen[q℄ = v evaluates to 1 if queen[q℄ is equal to v and 0 otherwise. Similarde�nitions 
an be given for the se
ond and third types of 
onstraints; they use the queenPos andqueenNeg arrays and store the violations in array ld and ud respe
tively.The sear
h 
omponent of the Lo
alizer++ statements simply sele
ts a queen with the largestnumber of 
on
i
ts and moves it to a position minimizing its number of violations. The 
on
i
t ofa queen q is given by the formular[queen[q℄℄ + ld[queenPos[q℄℄ + ud[queenNeg[q℄℄and its new position is a row v minimizingr[v℄ + ld[v+q℄ + ud[v-q℄.3.2 A First Lo
alizer++ StatementWe are now in position to des
ribe a �rst Lo
alizer++ statement for this lo
al sear
h algorithm.The statement, whi
h is depi
ted in Figure 1, follows 
losely the high-level des
ription just presentedand serves as a good vehi
le to introdu
e many fundamental 
on
epts of Lo
alizer++. The �rstinstru
tionsOplLSManager mgr;OplIntRange Size(mgr,1,n), SizeP(mgr,2,2*n), SizeN(mgr,1-n,n+1);OplIntParameter q(mgr),v(mgr); 6



void queens(int n)f OplLSManager mgr;OplIntRange Size(mgr,1,n), SizeP(mgr,2,2*n), SizeN(mgr,1-n,n+1);OplIntParameter q(mgr),v(mgr);OplIntIn
Array queen(mgr,Size,"queen");OplUniformDistribution d(mgr,Size);for (int k = 1; k <= n ; k++)queen[k℄ = d.get();OplIntIn
Array queenPos(mgr,Size,"queenPos");OplIntIn
Array queenNeg(mgr,Size,"queenNeg");OplIntIn
Array r(mgr,Size,"r"), ld(mgr,SizeP,"ld"), ud(mgr,SizeN,"ud");OplIntIn
 su

ess(mgr);mgr.post(OplForall(q,Size,queenPos[q℄ << queen[q℄ + q));mgr.post(OplForall(q,Size,queenNeg[q℄ << queen[q℄ - q));mgr.post(OplForall(v,Size,r[v℄ << OplSum(q,Size,queen[q℄ == v)));mgr.post(OplForall(v,SizeP,ld[v℄ << OplSum(q,Size,queenPos[q℄ == v)));mgr.post(OplForall(v,SizeN,ud[v℄ << OplSum(q,Size,queenNeg[q℄ == v)));mgr.post(su

ess <<(OplAnd(v,Size,r[v℄<=1) && OplAnd(v,SizeP,ld[v℄<=1) && OplAnd(v,SizeN,ud[v℄<=1)));OplLSAtom move =OplAnd(OplSele
tMax(q,Size,r[queen[q℄℄+ld[queenPos[q℄℄+ud[queenNeg[q℄℄),OplSele
tMin(v,Size,r[v℄+ld[v+q℄+ud[v-q℄),queen[q℄ <<= v);OplLSSear
h sear
h = mgr.newSear
h();for(int it = 0; it <= 20*n; it++) fif (su

ess.getValue()) break;sear
h.
ommit(move);gg Figure 1: The Queens Problem in Lo
alizer++ (First Version).
7



de
lare a lo
al sear
h manager, three ranges, and two parameters. The lo
al sear
h manager isthe entry point of Lo
alizer++. It manages the de
larative and sear
h 
omponents. Parameters,whi
h are inherited from OPL++, are fundamental tools to express invariants and sear
h pro
eduresas will be
ome 
lear shortly. The next instru
tionOplIntIn
Array queen(mgr,Size,"queen");de
lares the array queen of in
remental integer variables to represent the solutions. In
rementalvariables are one of the fundamental 
on
epts of Lo
alizer++ and they 
an be of various types,in
luding integer, tuple, set of integers, or set of tuples. From a user standpoint, in
rementalvariables behave very mu
h like ordinary variables. From an implementation standpoint, they areof 
ourse the 
ornerstone of the de
larative and sear
h 
omponents. The instru
tionsOplUniformDistribution d(mgr,Size);for (int k = 1; k <= n ; k++)queen[k℄ = d.get();de
lares a uniform distribution and uses it to initialize the array queen. As 
an be seen, probabilitydistributions are �rst-
lass obje
ts in Lo
alizer++. The next instru
tionsOplIntIn
Array queenPos(mgr,Size,"queenPos");OplIntIn
Array queenNeg(mgr,Size,"queenNeg");OplIntIn
Array r(mgr,Size,"r"), ld(mgr,SizeP,"ld"), ud(mgr,SizeN,"ud");OplIntIn
 su

ess(mgr);de
lare the remaining arrays of in
remental variables, whi
h help in keeping tra
k of 
onstraintviolations as well as the variable su

ess whose value is 1 if the 
on�guration is a solution and is0 otherwise.The De
larative Component The next instru
tions are the de
larative 
omponent: they ex-press the invariants and post them to the lo
al sear
h manager whi
h maintains them in
rementallyunder 
hanges to the queen variables. Observe that they are almost dire
t en
odings of the formulasgiven in the high-level des
ription and let us review some of them. The invariantOplForall(q,Size,queenPos[q℄ << queen[q℄ + q)de�nes the values in array queenPos in terms of the variables of queen. The invariantOplForall(v,Size,r[v℄ << OplSum(q,Size,queen[q℄ == v))de�nes r[v℄ as the number of queens pla
ed on row v. It is a dire
t en
oding of the formula givenpreviously. The invariantsu

ess << (OplAnd(v,Size,r[v℄<=1) && OplAnd(v,SizeP,ld[v℄<=1) && OplAnd(v,SizeN,ud[v℄<=1))de�nes su

ess to be true (1) whenever no value o

urs more than on
e in ea
h of the arrays r,ld, and ud. 8



The Sear
h Component The rest of the statement is the sear
h 
omponent. The instru
tionOplLSAtom move =OplAnd(OplSele
tMax(q,Size,r[queen[q℄℄+ld[queenPos[q℄℄+ud[queenNeg[q℄℄),OplSele
tMin(v,Size,r[v℄+ld[v+q℄+ud[v-q℄),queen[q℄ <<= v);de
lares the move of the lo
al sear
h. It 
onsists of sele
ting a queen q with the largest numberof 
on
i
ts, of sele
ting a new value v whi
h indu
es the smallest number of 
on
i
ts for queen q,and of assigning the value v to queen q. It is important to mention that operators OplSele
tMaxand OplSele
tMin break ties randomly, sin
e this is an important feature for many appli
ations.Observe also the 
on
iseness of the move spe
i�
ation. The remaining instru
tionsOplLSSear
h sear
h = mgr.newSear
h();for(int it = 0; it <= 20*n; it++) fif (su

ess.getValue()) break;sear
h.
ommit(move);gspe
ify the meta-heuristi
. The �rst instru
tion de�nes a lo
al sear
h sear
h. The remaininginstru
tions apply a series of moves. The 
omputation terminates when a solution is found or whenthe limit on the number of iterations is rea
hed. The instru
tionsear
h.
ommit(move);performs a move. The move is 
ommitted, whi
h means that Lo
alizer++ will not be able to 
omeba
k to a previous 
on�guration. Note that Se
tion 6.2 will illustrate other operations on lo
almoves.3.3 A Linear-Spa
e and Quadrati
-Time Lo
alizer++ ImplementationThe Lo
alizer++ statement just presented behaves reasonably well in pra
ti
e. Unfortunately, itis quadrati
 in spa
e and 
ubi
 in time.2 The 
ulprits are the invariants of the formOplForall(v,Size,r[v℄ << OplSum(q,Size,queen[q℄ == v))whi
h iterate over all queens and over all their possible values. The key idea to obtain a linearimplementation is to 
luster these invariants together to obtain a global invariantOplCardIndi
esOf(queen,r)whose semanti
s is exa
tly the same as the above invariants. The global invariant OplCardIndi
esOfarises in many appli
ations (e.g., [24℄) and 
an easily be implemented in linear time and spa
e asshown later in this paper. The resulting Lo
alizer++ statement is shown in Figure 2. It solvesthe queens problem in linear spa
e and quadrati
 time. In general, it requires a linear number ofiterations to 
onverge to a solution and ea
h iteration takes linear time, sin
e it must sele
t a queenwith the largest number of 
on
i
ts and a value minimizing the 
on
i
ts of the sele
ted queen.2As shown in [22℄, invariants 
an be analyzed systemati
ally for spa
e and time requirements.9



void queens(int n)f OplLSManager mgr;OplIntRange Size(mgr,1,n), SizeP(mgr,2,2*n), SizeN(mgr,1-n,n+1);OplIntParameter q(mgr),v(mgr);OplIntIn
Array queen(mgr,Size,"queen");OplUniformDistribution d(mgr,Size);for (int k = 1; k <= n ; k++)queen[k℄ = d.get();OplIntIn
Array queenPos(mgr,Size,"queenPos");OplIntIn
Array queenNeg(mgr,Size,"queenNeg");OplIntIn
Array r(mgr,Size,"r"), ld(mgr,SizeP,"ld"), ud(mgr,SizeN,"ud");OplIntIn
 su

ess(mgr);mgr.post(OplForall(q,Size,queenPos[q℄ << queen[q℄ + q));mgr.post(OplForall(q,Size,queenNeg[q℄ << queen[q℄ - q));mgr.post(OplCardIndi
esOf(queen,r));mgr.post(OplCardIndi
esOf(queenPos,ld));mgr.post(OplCardIndi
esOf(queenNeg,ud));mgr.post(su

ess <<(OplAnd(v,Size,r[v℄<=1) && OplAnd(v,SizeP,ld[v℄<=1) && OplAnd(v,SizeN,ud[v℄<=1)));OplLSAtom move =OplAnd(OplSele
tMax(q,Size,r[queen[q℄℄+ld[queenPos[q℄℄+ud[queenNeg[q℄℄),OplSele
tMin(v,Size,r[v℄+ld[v+q℄+ud[v-q℄),queen[q℄ <<= v);OplLSSear
h sear
h = mgr.newSear
h();for(int it = 0; it <= 20*n; it++) fif (su

ess.getValue()) break;sear
h.
ommit(move);ggFigure 2: The Queens Problem in Lo
alizer++ (A Linear-Spa
e and Quadrati
-Time Version).
10



Ben
h 8 16 32 64 128 256 512 1024 2048 4096 8192 16384 32768 65536CBS 0.00 0.01 0.01 0.02 0.07 0.15 0.67 2.63 10.96 47.82 185.91 736.22 2977 16726ICBS 0.01 0.02 0.01 0.02 0.06 0.16 0.43 1.39 5.04 18.58 68.58 260.77 1001 10096Table 1: Computation Times for Queens Problem in Se
onds.3.4 A Constraint-Based Lo
alizer++ StatementA solution to the queens problem 
an be seen as an assignment of values to the variables inqueen su
h that all variables in array queen, in array queenPos, and in array queenNeg are givendistin
t values. Alldi�erent 
onstraints, and more generally 
ardinality 
onstraints, arise naturallyin many 
ombinatorial optimization problems and they are building blo
ks of modern 
onstraintprogramming languages. It is thus not surprising that Lo
alizer++ supports them dire
tly as well.Figure 3 depi
ts a 
onstraint-based statement for the queens problem. The instru
tionsOplLSAllDifferent r(queen);OplLSAllDifferent ld(queenPos);OplLSAllDifferent ud(queenNeg);de
lares the alldi�erent 
onstraints. Observe that, 
ontrary to typi
al 
onstraint programs, it isimportant to name them sin
e the sear
h pro
edure makes use of various information on these
onstraints. The instru
tionsmgr.post(r); mgr.post(ld); mgr.post(ud);post the 
onstraints to the lo
al sear
h manager. The invariantsu

ess << (r.isTrue() && ld.isTrue() && ud.isTrue())de�nes su

ess to be true when all three 
onstraints are satis�ed in the 
urrent state. The spe
i-�
ation of the lo
al move remains the same as before, sin
e an expression of the form alldiff[v℄on an alldi�erent 
onstraint alldiff represents the violation degree of value v.Observe the resulting simpli
ity of the de
larative 
omponent whi
h 
losely resembles a 
on-straint programming statement of the problem. Of 
ourse, the sear
h 
omponents are fundamen-tally di�erent be
ause of the nature of these two approa
hes. Note also that this implementation issimilar in eÆ
ien
y to the linear implementation presented earlier, sin
e the alldi�erent 
onstraintsare essentially rewritten into these invariants.3.5 Experimental ResultsWe brie
y dis
uss experimental results of the 
onstraint-based statement (similar observations 
anbe made for the se
ond statement as well). As mentioned, the algorithm was expe
ted to run inquadrati
 time. The experimental results, plotted in Figure 4, 
on�rm the theoreti
al analysis.The �gure shows the running times of the algorithm (red 
urve) and the fun
tion x2=350000 that11



void queens(int n)f OplLSManager mgr;OplIntRange Size(mgr,1,n), SizeP(mgr,2,2*n), SizeN(mgr,1-n,n+1);OplIntParameter q(mgr),v(mgr);OplIntIn
Array queen(mgr,Size,Size,"queen");OplUniformDistribution d(mgr,Size);for (int k = 1; k <= n ; k++)queen[k℄ = d.get();OplIntIn
Array queenPos(mgr,Size,SizeP,"queenPos");OplIntIn
Array queenNeg(mgr,Size,SizeN,"queenNeg");OplIntIn
 su

ess(mgr);mgr.post(OplForall(q,Size,queenPos[q℄ << queen[q℄ + q));mgr.post(OplForall(q,Size,queenNeg[q℄ << queen[q℄ - q));OplLSAllDifferent r(queen);OplLSAllDifferent ld(queenPos);OplLSAllDifferent ud(queenNeg);mgr.post(r); mgr.post(ld); mgr.post(ud);mgr.post(su

ess << (r.isTrue() && ld.isTrue() && ud.isTrue()));OplLSAtom move =OplAnd(OplSele
tMax(q,Size,r[queen[q℄℄+ld[queenPos[q℄℄+ud[queenNeg[q℄℄),OplSele
tMin(v,Size,r[v℄+ld[v+q℄+ud[v-q℄),queen[q℄ <<= v);OplLSSear
h sear
h = mgr.newSear
h();for(int it = 0; it <= 20*n; it++) fif (su

ess.getValue()) break;sear
h.
ommit(move);gg Figure 3: The Queens Problem in Lo
alizer++ (A Constraint-Based Version).
12



0

2000

4000

6000

8000

10000

12000

0 10000 20000 30000 40000 50000 60000

tim
e(

se
c)

size

Queens

’queens.txt’ using 1:7
’queensFast.txt’ using 1:7

x**2/350000
x**2/(3*350000)

Figure 4: Experimental Results for the Queens Problem.�ts them. Table 3.5 reports the 
omputation times for the 
onstraint-based statement (line CBS) inse
onds a 800mhz PC running linux. It 
an be seen that this Lo
alizer++ statement solves verylarge instan
es of this problem qui
kly. For instan
e, it takes 2.63 se
onds for 1024 queens, about4.6 hours for 65536 queens and about 56 hours for 262,144 queens.In fa
t, a small optimization may further redu
e these times. The key idea is to maintain thequeens with maximal 
on
i
ts in
rementally. It suÆ
es to de
lare the in
remental set variableOplIntSetIn
 MaxConfli
t(mgr);to de
lare the new invariantMaxConfli
t << OplArgMax(q,Size,r[queen[q℄℄+ld[queenPos[q℄℄+ud[queenNeg[q℄℄));and to modify the sear
h pro
edure to be
omeOplLSAtom move =OplAnd(OplSele
t(q,MaxConfli
t),OplSele
tMin(v,Size,r[v℄+ld[v+q℄+ud[v-q℄),queen[q℄ <<= v);The invariant maintains the set of queens whose number of 
on
i
ts is maximal. Observe that theexpression to maximize involves arrays of in
remental variables whi
h are indexed by in
remental13



variables.3 The lo
al move simply sele
ts a queen in set MaxConfli
t and 
hooses a value thatminimizes its 
on
i
ts. Observe how easy it is to introdu
e this extension. Figure 4 also plots theseresults and the fun
tion x2=(3 � 350000) that �ts them. The line ICBS in Table 3.5 reports the
omputation times of the improved version in se
onds. The statement takes 1.39 se
onds for 1024queens and about 2.8 hours for 65536 queens.4 The Magi
 Square ProblemThe magi
 square problem 
onsists of assigning numbers between 1 and n2 to a square matrix sothat all its rows, 
olumns, and upper and lower diagonals sum to the same value and all numbers aredistin
t. This apparently simple problem is extremely diÆ
ult for state-of-the-art mathemati
al and
onstraint programming systems. This se
tion presents a tabu sear
h algorithm in Lo
alizer++whi
h solves large instan
es of this problem in reasonable spa
e and time.The magi
 square problem illustrates several interesting aspe
ts of Lo
alizer++. It introdu
esequation systems, multidimensional sele
tors, simulation operators, and 
ounters. On
e again, wepresent several implementations whi
h illustrate di�erent aspe
ts of Lo
alizer++. Se
tion 4.1des
ribes a high-level modeling of the problem, Se
tion 4.2 presents the basi
 tabu sear
h imple-mentation, Se
tion 4.3 shows how to use a more 
ompa
t representation of the tabu list, and Se
tion4.4 shows how to integrate several moves and strategies within a Lo
alizer++ implementation.4.1 High-Level ModelingThe tabu sear
h algorithm is expressed in terms of an n� n matrix. Sin
e the rows, the 
olumns,and the upward and downward diagonals must sum up toT = n� (n2 + 1)=2;the problem 
onstraints are given by8>>><>>>: Pnj=1magi
[i; j℄ = T (1 � i � n)Pni=1magi
[i; j℄ = T (1 � j � n)Pni=1magi
[i; i℄ = TPni=1magi
[i; n� i+ 1℄ = TThe basi
 idea underlying the lo
al sear
h 
onsists of swapping two entries in the matrix, i.e., tosele
t two pairs (i; j) and (i1; j1) and to swap the values of magi
[i ; j ℄ and magi
[i1 ; j1 ℄. In addition,progress is measured by the violation degree of the equations. The violation degree of a 
onstraintl = r is given by j l � r j and the violation degree of an equation system is the summation of theviolation degrees of all its equations.A simple lo
al improvement meta-heuristi
 is not suÆ
ient for this problem and our algorithmuses a tabu sear
h heuristi
 to es
ape lo
al minima. Square elements whi
h are swapped are markedtabu for a number of iterations. In addition, the length of the tabu list is dynami
: it is de
reasedwhen a lo
al move improves the violation degree and it is in
reased when it indu
es a degradation.3This is equivalent to an element 
onstraint in 
onstraint programming [37℄.14



4.2 A Basi
 Tabu Sear
h StatementFigure 5 depi
ts a basi
 Lo
alizer++ statement for the magi
 square. The general stru
ture issimilar to the queens problem. It mainly 
onsists of the de
larative and sear
h 
omponents.The De
larative Component The �rst instru
tions de
lare the manager, the value Tmentionedpreviously, and the parameters and range used in the implementation. The instru
tionsOplIntIn
Matrix<2> magi
(mgr,Size,Size,"magi
");OplIntIn
Matrix<2> tabu(mgr,Size,Size,"tabu");de
lare two matri
es of in
remental variables. Matrix magi
 represents the solution. Matrix tabuis used to implement the tabu list and memorizes the last iteration where a square element wasswapped. The next instru
tions initialize these two matri
es. Observe that the initial 
on�gurationsimply assigns magi
[i℄[j℄ to i*(n-1)-j. The instru
tionsOplSystemEquation E(mgr);for (int k = 1; k <= n ; k++) fE.add(T == OplSum(i,Size,magi
[k℄[i℄));E.add(T == OplSum(i,Size,magi
[i℄[k℄));gE.add(T == OplSum(i,Size,magi
[i℄[i℄));E.add(T == OplSum(i,Size,magi
[i℄[n-i+1℄));mgr.post(E);OplIntIn
 vd = E.getViolationDegree();are the de
larative 
omponent of the appli
ation. They de
lare the equation system E and thein
remental variable vd whi
h represents the violation degree of E at the 
urrent node. Observethe simpli
ity of this part of the implementation.The Sear
h Component The rest of the statement des
ribes the sear
h pro
edure. The in-stru
tionOplIntIn
 tabuLength(mgr,2);de
lares an in
remental variable to represent the length of the tabu list. Its initial value is 2. Theinstru
tionOplCounter it(mgr,0);de
lares a 
ounter. Counters are a novel abstra
tion of Lo
alizer++ whi
h en
apsulates an in
re-mental variable and a variety of data-driven operations. Counters are parti
ularly 
onvenient toimplement advan
ed meta-heuristi
s, although the basi
 statement only uses it in a limited way.The next instru
tion de
lares the lo
al move and is one of the most interesting features of thismodel. Let us analyze its parts in some detail. The instru
tion15



void magi
(int n)f OplLSManager mgr;int T = (n * (n*n + 1))/2;OplIntParameter i(mgr), j(mgr), e(mgr), i1(mgr), j1(mgr), old(mgr);OplIntRange Size(mgr,1,n);OplIntIn
Matrix<2> magi
(mgr,Size,Size,"magi
");OplIntIn
Matrix<2> tabu(mgr,Size,Size,"tabu");for (int k = 1; k <= n ; k++)for (int l = 1; l <= n ; l++) fmagi
[k℄[l℄ = (k-1)*n + l;tabu[l℄[k℄ = -1;gOplSystemEquation E(mgr);for (int k = 1; k <= n ; k++) fE.add(T == OplSum(i,Size,magi
[k℄[i℄));E.add(T == OplSum(i,Size,magi
[i℄[k℄));gE.add(T == OplSum(i,Size,magi
[i℄[i℄));E.add(T == OplSum(i,Size,magi
[i℄[n-i+1℄));mgr.post(E);OplIntIn
 vd = E.getViolationDegree();OplIntIn
 tabuLength(mgr,2);OplCounter it(mgr,0);OplLSAtom tabumove =OplAnd(OplLet(old,vd),OplSele
tMin(i,Size,j,OplSetOf(e,Size,tabu[i℄[e℄ <= it),i1,OplSetOf(e,Size,e>= i),j1,OplSetOf(e,Size,tabu[i1℄[e℄<=it && (i1>i||e>j)),OplLookahead(vd,magi
[i℄[j℄ ^= magi
[i1℄[j1℄)),magi
[i℄[j℄ ^= magi
[i1℄[j1℄,tabu[i1℄[j1℄ <<= it + tabuLength, tabu[i℄[j℄ <<= it + tabuLength,OplIf(vd < old && tabuLength > 2,tabuLength <<= tabuLength - 1),OplIf(vd >= old && tabuLength < 10,tabuLength <<= tabuLength + 1));OplLSSear
h sear
h = mgr.newSear
h();for( ; it.getValue() < 10000; it++) fif (vd.getValue() == 0) break;sear
h.
ommit(tabumove);gg Figure 5: A Tabu Algorithm for the Magi
 Square Problem in Lo
alizer++ (First Version).16



OplSele
tMin(i,Size,j,OplSetOf(e,Size,tabu[i℄[e℄ <= it),i1,OplSetOf(e,Size,e>= i),j1,OplSetOf(e,Size,tabu[i1℄[e℄<=it && (i1>i||e>j)),OplLookahead(vd,magi
[i℄[j℄ ^= magi
[i1℄[j1℄))sele
ts the pairs to swap. It illustrates a multidimensional sele
tor as well as a simulation operator.It sele
ts two pairs (i,j) and (i1,j1) whi
h are not tabu (i.e., their tabu mark is smaller thanthe 
urrent iteration) and whi
h produ
es the smallest violation degree when magi
[i℄[j℄ andmagi
[i1℄[j1℄ are swapped. The instru
tionmagi
[i℄[j℄ ^= magi
[i1℄[j1℄)swaps the values of magi
[i℄[j℄ and magi
[i1℄[j1℄. Instru
tion OplLoookahead(E,M) is a simu-lation operator. It performs move M, evaluates expression E in the new state, and undoes the move.It returns the result of the evaluation. The expression OplSetOf(e,S,C) return the set of elementse in set S satisfying 
ondition C. The remaining instru
tionsmagi
[i℄[j℄ ^= magi
[i1℄[j1℄,tabu[i1℄[j1℄ <<= it + tabuLength, tabu[i℄[j℄ <<= it + tabuLength,OplIf(vd < old && tabuLength > 2,tabuLength <<= tabuLength - 1),OplIf(vd >= old && tabuLength < 10,tabuLength <<= tabuLength + 1));perform the move and update the tabu list. Both pairs (i,j) and (i1,j1) are marked tabu byspe
ifying that they 
annot be sele
ted until iteration it + tabuLength. The length of the tabulist is then modi�ed a

ording to whether the move has produ
ed an improvement or a degradationin the violation degree. Note that the instru
tion OplLet(old,vd) had saved the old value of vdin old. The rest of the statement should not raise mu
h diÆ
ulty. A new lo
al sear
h is 
reatedand the lo
al move is applied for a number of iterations or until a solution is found. The 
ounterdrives the iteration sin
e it is used in the lo
al move. On
e again, observe the 
on
iseness of boththe de
larative and the sear
h parts of this implementation.4.3 A Sparse Implementation of the Tabu ListThe previous implementation uses a matrix to represent the tabu statuses of the elements of thesquare. Although this is perfe
tly a

eptable for this appli
ation (sin
e a matrix is already neededfor the solution), many appli
ations require a sparser representation of the tabu list. Figure 6 showsan implementation where the tabu list is implemented with a set. Most of the implementation isleft un
hanged and we fo
us only on the di�eren
es. Instru
tionOplTupleSet tabuSet(mgr);de
lares an empty set of tuples. The multidimensional sele
tor 
ontains expressions of the formOplMember(tabuSet,OplTuple(i,j)) 17



void magi
(int n)f OplLSManager mgr;int T = (n * (n*n + 1))/2;OplIntParameter i(mgr), j(mgr), e(mgr), i1(mgr), j1(mgr), old(mgr);OplIntRange Size(mgr,1,n);OplIntIn
Matrix<2> magi
(mgr,Size,Size,"magi
");OplTupleSet tabuSet(mgr);for (int k = 1; k <= n ; k++)for (int l = 1; l <= n ; l++)magi
[k℄[l℄ = (k-1)*n + l;OplSystemEquation E(mgr);for (int k = 1; k <= n ; k++) fE.add(T == OplSum(i,Size,magi
[k℄[i℄));E.add(T == OplSum(i,Size,magi
[i℄[k℄));gE.add(T == OplSum(i,Size,magi
[i℄[i℄));E.add(T == OplSum(i,Size,magi
[i℄[n-i+1℄));mgr.post(E);OplIntIn
 vd = E.getViolationDegree();OplIntIn
 tabuLength(mgr,2);OplCounter it(mgr,0);OplLSAtom tabumove = OplAnd(OplLet(old,vd),OplSele
tMin(i,Size,j,OplSetOf(e,Size,!OplMember(tabuSet,OplTuple(i,e))),i1,OplSetOf(e,Size,e>= i),j1,OplSetOf(e,Size,!OplMember(tabuSet,OplTuple(i1,e)) && (i1>i||e>j)),OplLookahead(vd,magi
[i℄[j℄ ^= magi
[i1℄[j1℄)),magi
[i℄[j℄ ^= magi
[i1℄[j1℄,OplInsert(tabuSet,OplTuple(i,j)), OplInsert(tabuSet,OplTuple(i1,j1)),it.whenValue(it+tabuLength,OplRemove(tabuSet,OplTuple(i,j))),it.whenValue(it+tabuLength,OplRemove(tabuSet,OplTuple(i1,j1))),OplIf(vd < old && tabuLength > 2,tabuLength <<= tabuLength - 1),OplIf(vd >= old && tabuLength < 10,tabuLength <<= tabuLength + 1));OplLSSear
h sear
h = mgr.newSear
h();for( ; it.getValue() < 10000; it++) fif (vd.getValue() == 0) break;sear
h.
ommit(tabumove);gg Figure 6: A Tabu Algorithm for the Magi
 Square Problem in Lo
alizer++ (Se
ond Version).18



whi
h tests if a pair (i,j) is in the tabu set. Marking a pair as tabu simply 
onsists in adding itto the tabu set using instru
tions of the formOplInsert(tabuSet,OplTuple(i,j))The instru
tionsit.whenValue(it+tabuLength,OplRemove(tabuSet,OplTuple(i,j))),it.whenValue(it+tabuLength,OplRemove(tabuSet,OplTuple(i1,j1))),are most interesting and are responsible for removing the pairs (i,j) and (i1,j1) from the tabulist at the appropriate iteration. They use the 
ounter it and spe
ify that the pairs (i,j) and(i1,j1) must be removed from the tabu list when the 
ounter value rea
hes the summation ofits 
urrent value and the length of the tabu list. The whenValue 
onstru
t simpli�es greatly themanagement of the tabu list and produ
es more readable sear
h pro
edures, sin
e the managementof the tabu list is isolated in a 
ouple of instru
tions.4.4 Adding a First Improvement StrategyMany lo
al sear
h algorithms explore a 
ombination of lo
al moves or apply a sequen
e of meta-heuristi
s (e.g., [34℄) to improve eÆ
ien
y and/or to produ
e higher-quality solutions. It is simpleto implement these strategies in Lo
alizer++. It suÆ
es to de�ne several lo
al moves and to applythem appropriately. To illustrate this feature, we show how to enhan
e the previous implementationof the magi
 square by adding a �rst improvement iteration before starting the tabu sear
h. Figure7 shows the sear
h 
omponent of the new implementation, the de
larative 
omponent remainingthe same. The �rst part of the �gure is most interesting, sin
e it 
ontains the novel instru
tions.It features a 
ir
ular sele
torOplSele
tCir
ular(i,Size,j,Size,i1,OplSetOf(e,Size,e>= i),j1,OplSetOf(e,Size,(i1>i||e>j)),vd > OplLookahead(vd,magi
[i℄[j℄ ^= magi
[i1℄[j1℄))whi
h sele
ts the �rst swap improving the violation degree. The sele
tor fails if there is no su
hswap, i.e., if there exists no pairs (i,j) and (i1,j1) su
h thatvd > OplLookahead(vd,magi
[i℄[j℄ ^= magi
[i1℄[j1℄))in whi
h 
ase the lo
al move itself fails. The sele
tor is 
ir
ular whi
h means that an appli
ationof the sele
tor restarts from where the previous su

essful appli
ation exited. More pre
isely, if the
andidate moves are numbered 1; : : : ;m and the previous appli
ation returned move k, the nextappli
ation explores the moves in the order k + 1; : : : ;m; 1; : : : ; k. The instru
tionsint improvement;do f 19



void magi
(int n)f ...OplLSSear
h sear
h = mgr.newSear
h();OplLSAtom imove =OplAnd(OplSele
tCir
ular(i,Size,j,Size,i1,OplSetOf(e,Size,e>= i),j1,OplSetOf(e,Size,(i1>i||e>j)),vd > OplLookahead(vd,magi
[i℄[j℄ ^= magi
[i1℄[j1℄)),magi
[i℄[j℄ ^= magi
[i1℄[j1℄));int improvement;do fif (vd.getValue() == 0) break;improvement = sear
h.
ommit(imove);g while (improvement);OplIntIn
 tabuLength(mgr,2);OplCounter it(mgr,0);OplLSAtom tabumove =OplAnd(OplLet(old,vd),OplSele
tMin(i,Size,j,OplSetOf(e,Size,!OplMember(tabuSet,OplTuple(i,e))),i1,OplSetOf(e,Size,e>= i),j1,OplSetOf(e,Size,!OplMember(tabuSet,OplTuple(i1,e)) && (i1>i||e>j)),OplLookahead(vd,magi
[i℄[j℄ ^= magi
[i1℄[j1℄)),magi
[i℄[j℄ ^= magi
[i1℄[j1℄,OplInsert(tabuSet,OplTuple(i,j)), OplInsert(tabuSet,OplTuple(i1,j1)),it.whenValue(it+tabuLength,OplRemove(tabuSet,OplTuple(i,j))),it.whenValue(it+tabuLength,OplRemove(tabuSet,OplTuple(i1,j1))),OplIf(vd < old && tabuLength > 2,tabuLength <<= tabuLength - 1),OplIf(vd >= old && tabuLength < 10,tabuLength <<= tabuLength + 1));for( ; it.getValue() < 10000; it++) fif (vd.getValue() == 0) break;sear
h.
ommit(tabumove);gg Figure 7: The Magi
 Square Problem in Lo
alizer++ (Third Version).
20



Tens 1 2 3 4 5 6 7 8 9 1010 8.16 82.92 13.60 7.52 68.33 50.82 44.80 26.31 224.93 313.2320 50.71 354.47 280.29 1253.27 258.64 261.60 510.37 379.55 611.14 1969.5130 622.92 837.78 1128.40 3646.88 776.03 921.28 7031.08 1825.64 3127.57 8553.9440 2876.31 4113.90 13875.46 4596.70 11805.07 8340.09 10499.32 3497.48 8288.19 23158.58Table 2: Computation Times for Magi
 Square in Se
onds.
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Figure 8: Graphi
al Display of the Experimental Results for Magi
 Square.if (vd.getValue() == 0) break;improvement = sear
h.
ommit(imove);g while (improvement);simply apply the improvement move until it fails. The algorithm then turns to the tabu sear
hpresented earlier.4.5 Experimental ResultsWe brie
y report experimental results on the last Lo
alizer++ statement for magi
 squares of size11 � 11 to sizes 50 � 50 (2500 integer variables with 2500 possible values). Table 4.5 gives the
omputation times in se
onds on a 800mhz PC running linux and Figure 8 plots these results witha log s
ale. As 
an be seen, the running time is essentially quadrati
 in the number of variables and21



�t the fun
tion X2=400. There are however mu
h more variations in the times than for the queensproblems, some instan
es being mu
h harder than others. The statement solves the 11� 11 magi
square in 8.16 se
onds, the 31 � 31 magi
 square in about 10 minutes, and the 50 � 50 square inabout 6.5 hours. It is of 
ourse possible to solve larger instan
es of this problem sin
e the algorithmruns in spa
e linearly proportional to the number of variables.5 The Graph-Partitioning ProblemThis se
tion des
ribes our last appli
ation, the graph-partitioning problem, and presents an algo-rithm based on a linear neighborhood inspired by [8℄. This graph-partitioning algorithm is veryinteresting, sin
e it illustrates in
remental set variables and sophisti
ated invariants involving thesevariables as well as 
ross-produ
ts and dynami
 �lters. It also shows how to implement the large-s
ale neighborhood heuristi
 of Kernighan & Lin [17℄ in a simple way.5.1 High-Level ModelingGiven a graph G = (V;E), the graph-partitioning problem 
onsists of �nding a partition of theverti
es V in two sets V0 and V1 of equal size in order to minimize the number of 
rossings, i.e., thenumber of edges (v0; v1) in E su
h that v0 2 V0 and v1 2 V1.The key idea of the approa
h is to keep the size of the neighborhood manageable in order tota
kle very large partitioning problems. As a 
onsequen
e, the algorithm does not 
onsider all pairsof verti
es v0 2 V0 and v1 2 V1 for swapping. It only 
onsiders those verti
es that appear mostpromising in V0 and V1. More pre
isely, the algorithm 
omputes the set of verti
es in V0 (resp. V1)produ
ing the smallest number of 
rossings when swapped to V1 (resp. V0). Observe that theremay be several verti
es produ
ing this smallest number. In order to maintain these sets eÆ
iently,the algorithm maintains the internal and external 
osts of ea
h vertex as well as their di�eren
e asis traditional in partitioning algorithms (e.g., [28℄). Assuming that the partitions are numbered 0and 1 and that x[v℄ represents the partition of vertex v, the algorithm maintainsext [v℄ = P(v;w)2E(x[v℄ 6= x[w℄)inte[v℄ = P(v;w)2E(x[v℄ = x[w℄)di� [v℄ = ext [v℄� inte[v℄Finding the promising verti
es to swap 
an be obtained using the formula (0 � i � 1)P [i℄ = fv 2 V j x[v℄ = igmaxP [i℄ = maxv2P [i℄ di� [v℄argmaxP [i℄ = fv 2 P [i℄ j di� [v℄ = maxP [i℄gThe swaps 
onsidered by the algorithm are the pairs from the 
ross produ
t of P [0℄ and P [1℄. Thealgorithm sele
ts the best swap, i.e., the swap produ
ing the smallest number of 
rossings. Notethat the number of 
rossings is given by the formulaX(v;w)2E(x[v℄ 6= x[w℄):22



The meta-heuristi
 used in the algorithm is the Kernighan & Lin's large-s
ale neighborhood te
h-nique. The basi
 idea is to 
onsider a sequen
e of su

essive swaps(v1; w1); (v2; w2); : : : ; (vn; wn)where all vi and wi are di�erent, to sele
t the subsequen
e(v1; w1); : : : ; (vk; wk)produ
ing the smallest number of 
rossings, and to de�ne the next state as the node obtained byapplying this subsequen
e.5.2 The Lo
alizer++ StatementFigures 9 and 10 depi
t the implementation of the lo
al sear
h algorithm in Lo
alizer++. Figure9 mainly des
ribes the de
larative 
omponent, while Figure 10 shows the sear
h pro
edure.The De
larative Component The statement re
eives as inputs the lo
al sear
h manager, thenumber of verti
es, the number of edges, the adja
en
y matrix, the set of edges, and the adja
en
ylists for the verti
es. It de
lares essentially the same obje
ts as those used in the high-level modelingdes
ription of the lo
al sear
h. In parti
ular, it de
lares new types of in
remental variables. Theinstru
tionOplIntSetIn
Array P(mgr,Sets,"P");de
lares an array of two in
remental set variables whose values are sets of integers. These in
remen-tal variables are used subsequently in 
omplex invariants �ltering, or iterating over, their elements.The instru
tionOplTupleSetIn
 Swaps(mgr);de
lares an in
remental variable whose value is a set of tuples. It is used to store the set ofpairs (v0; v1) 
onsidered for swapping. On
e again, 
omplex invariants will be built on top of thisin
remental variable. The instru
tionsOplIntIn
Array mark(mgr,V,"mark");OplCounter marker(mgr,0);de
lare an array mark of in
remental variables to mark the verti
es and a 
ounter marker. Theyare used to implement the Kernighan & Lin meta-heuristi
. Observe that the statement de
laresan array of set of integers PP. Set PP[i℄ will be used to store the elements of P[i℄ whi
h are notmarked. The statement then states a number of invariants of various 
omplexities. It is useful toexamine some of them, sin
e they illustrate some interesting fun
tionalities of Lo
alizer++. Theinvariantext[i℄ << OplSum(e,adjl[i℄,x[e->get(0)℄ != x[e->get(1)℄)23



void partition(OplLSManager mgr,int n,int m,OplIntMatrix<2> adj,OplTupleSet E,OplTupleSetArray adjl)f OplIntRange V(mgr,1,n), E(mgr,1,m), Sets(mgr,0,1);int h = n/2;OplIntIn
Array x(mgr,V,"x");OplUniformDistribution distr(mgr,Sets);for(int i = 1; i <= h ; i++) fx[i℄ = distr.get(); x[i+h℄ = 1 - x[i℄.getValue();gOplIntParameter I(mgr);OplTupleParameter e(mgr), s(mgr);OplIntIn
Array ext(mgr,V,"ext"), inte(mgr,V,"inte"), diff(mgr,V,"diff");OplIntSetIn
Array P(mgr,Sets,"P"), PP(mgr,Sets,"PP"), argmaxP(mgr,Sets,"argmaxP");OplTupleSetIn
 Swaps(mgr), OplTupleSetIn
 bestSwaps(mgr);OplIntIn
 total(mgr);OplIntIn
Array mark(mgr,V,"mark");OplCounter marker(mgr,0);for(int i = 1; i <= n ; i++) fmgr.post(ext[i℄ << OplSum(J,adjl[i℄,x[e->get(0)℄ != x[e->get(1)℄));mgr.post(inte[i℄ << OplSum(J,adjl[i℄,x[e->get(0)℄ ==x[e->get(1)℄));mgr.post(diff[i℄ << ext[i℄ - inte[i℄);gmgr.post(OplIndi
esOf(x,P));for(int i = 0; i <= 1 ; i++) fmgr.post(PP[i℄ << OplSetOf(I,P[i℄,mark[I℄<=marker));mgr.post(argmaxP[i℄ << OplArgMax(I,PP[i℄,diff[I℄));gmgr.post(Swaps << OplCross(argmaxP[0℄,argmaxP[1℄));mgr.post(bestSwaps <<OplArgMax(s,Swaps,diff[s->get(0)℄+diff[s->get(1)℄-2*adj[s->get(0)℄[s->get(1)℄));mgr.post(total << OplSum(e,E,(x[e.get(0)℄ != x[e.get(1)℄));...g Figure 9: The Graph-Partitioning Implementation in Lo
alizer++ (Part I).
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void partition(OplLSManager mgr,int n,int m,OplIntMatrix<2> adj,OplTupleArray e,OplTupleSetArray al)f ...;for(int i = 1; i <= h ; i++)mark[i℄ = 0;OplLSAtom move = OplSele
tBestInSequen
e(n/4,total,OplAnd(OplSele
t(s,bestSwaps),x[s->get(0)℄ <<= !x[s->get(0)℄,x[s->get(1)℄ <<= !x[s->get(1)℄,mark[s->get(0)℄ <<= marker + 1,mark[s->get(1)℄ <<= marker + 1));int found;do ffound = sear
h.
ommit(move);marker++;g while (found);g Figure 10: The Graph-Partitioning Implementation in Lo
alizer++ (Part II).
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maintains the external 
ost of a vertex as the number of edges in its adja
en
y list whose verti
esare not in the same partition. Observe that the set adjl[i℄ is 
onstant while the 
ondition involvesin
remental variables whose values may 
hange. The invariantOplIndi
esOf(x,P)maintains in P[i℄ the set of verti
es whose partition is i. It 
ould be rewritten intoOplForall(i,Sets,P[i℄ << OplSetOf(j,V,x[j℄ == i))Some of the remaining invariants are parti
ularly interesting. The invariantPP[i℄ << OplSetOf(I,P[i℄,mark[I℄<=marker)maintains the set of \unmarked" elements in P[i℄. Sin
e P[i℄ is an in
remental set variable andsin
e the 
ondition mark[I℄<=marker involves in
remental variables, this invariant is non-trivialto maintain in
rementally. It needs to be updated ea
h time elements are added or removed fromP[i℄ and ea
h time mark[I℄ or marker are updated. The invariantargmaxP[i℄ << OplArgMax(I,PP[i℄,diff[I℄)also illustrates well the expressiveness of Lo
alizer++. It 
omputes the set argmaxP[i℄ des
ribedin the high-level modeling, i.e., argmaxP[i℄ 
omputes the set of elements I in PP[i℄ whose valuediff[I℄ is maximal among the elements of PP[i℄. Sin
e PP[i℄ is an in
remental set variables andsin
e diff is an array of in
remental variables, this invariant is on
e again not obvious to maintainin
rementally. The invariantSwaps << OplCross(argmaxP[0℄,argmaxP[1℄));maintains the set of swaps as the 
ross-produ
t of argmaxP[0℄ and argmaxP[1℄. Set Swaps is anin
remental set variable whose values are pairs as mentioned earlier. Finally, the invariantbestSwaps <<OplArgMax(s,Swaps,diff[s->get(0)℄+diff[s->get(1)℄-2*adj[s->get(0)℄[s->get(1)℄)maintains bestSwaps, an in
remental set variable whose value is the subset of swaps with maximalgain.It is useful to stress the expressiveness of Lo
alizer++ at this point. The invariants in the graph-partitioning statement are not easy to maintain in
rementally and their implementation requiressigni�
ant programming e�ort. Their availability in Lo
alizer++ greatly redu
es the developmenttime of this statement and let users fo
us on high-level aspe
ts of the problem.The Sear
h Component As mentioned, Figure 10 depi
ts the sear
h 
omponent whi
h imple-ments Kernighan & Lin meta-heuristi
. The move is spe
i�ed by the instru
tion
26



OplSele
tBestInSequen
e(n/4,total,OplAnd(OplSele
t(s,bestSwaps),x[s->get(0)℄ <<= !x[s->get(0)℄,x[s->get(1)℄ <<= !x[s->get(1)℄,mark[s->get(0)℄ <<= marker + 1,mark[s->get(1)℄ <<= marker + 1));whi
h features the operator OplSele
tBestInSequen
e. Given an integer n, an expression E, anda move M, operator OplSele
tBestInSequen
e(n,E,M) applies the move M n times to obtain thestates S1; : : : ; Sn. Expression E is evaluated in ea
h of these states to produ
e the values e1; : : : ; en.The state Si with the best value ei be
omes the next state. In the graph-partitioning appli
ation,this operator is applied to a move whi
h sele
ts one of the best swaps, performs the swaps, andmarks the swapped verti
es so that they are not sele
ted again in the sequen
e. Indeed, sin
ethe verti
es are now marked, they do not appear in sets PP[i℄ (i=0,1). Observe that bestSwapsis updated in
rementally and automati
ally on
e verti
es are marked. Note also that operatorOplSele
t is sto
hasti
 in nature, i.e., it sele
ts a random element from its se
ond argument. Therest of the sear
h pro
edure is the loopint found;do ffound = sear
h.
ommit(move);marker++;g while (found);Observe how the 
ounter is in
remented whi
h has the e�e
t of \unmarking" all the verti
es forthe next iteration. On
e again, it is worthwhile stressing the expressiveness of Lo
alizer++: it israther simple to design an eÆ
ient implementation of the meta-heuristi
s.5.3 Experimental ResultsWe now report experimental results on the graph-partitioning problem. On
e again, it is importantto stress that the goal of this paper was not to show the best possible graph-partitioning model that
an be written in Lo
alizer++ but to illustrate the fun
tionalities of Lo
alizer++. It is 
ertainlypossible to write Lo
alizer++ statements produ
ing higher-quality solutions and/or running moreeÆ
iently. The main value of these results is to validate the approa
h and to show that a high-levellibrary for lo
al sear
h 
an be a pra
ti
al and valuable tool.Table 3 depi
ts experimental results on the graph-partitioning problems. It gives results for thestatement just presented as well as the Lo
alizer++ implementation of the simulated annealing of[15℄. This simulated annealing statement is 
omparable in performan
e to the spe
ialized algorithm(this was already the 
ase for Lo
alizer [22℄). Note that the two statements use fundamentallydi�erent neighborhoods: the algorithm in [15℄ swaps verti
es from one set to the other, does notmaintain a balan
ed partition, and uses a penalty term in the obje
tive fun
tion to drive the sear
htoward balan
ed solutions. The 
olumns in the table report the number of verti
es, the density of27




lass OplArrayInvariantI : publi
 OplInvariantI fvoid OplArrayInvariantI(OplIntIn
Array trg,OplIntIn
Array sr
);virtual void eval() = 0;virtual void in
rEval(int k) = 0;g; Figure 11: The API of Array Invariants.the graph and, for ea
h algorithm, the value of the best found solution, the average value of thesolutions and their standard deviation, the average 
omputation time of the solutions and theirstandard deviation. Ea
h line in table represents 100 runs of the two algorithms on a given graph(sin
e the algorithms are randomized).Interestingly, the Kernighan & Lin meta-heuristi
 on the linear neighborhood behaves very well.On our experiments, it generally produ
es higher-quality solutions than simulated annealing. Its
omputation times are slower than simulated annealing, although they remain 
learly a

eptable.On
e again, the goal here is not report results on graph-partitioning algorithms but to show thata library like Lo
alizer++ is a valid addition to the set of optimization tools.6 Extending the LibraryAs mentioned, Lo
alizer++ is an extensible library: users may add their own invariants, 
on-straints, and sear
h pro
edures. This se
tion reviews the basi
 prin
iples to extend the library.6.1 Adding InvariantsNew invariants 
an be added to Lo
alizer++ by sub
lassing a number of abstra
t 
lasses. On
eagain, it is outside the s
ope of this paper to give a 
omprehensive presentation of these 
lasses.This se
tion simply illustrates how to add a new array invariant, sin
e other types of invariantsmay be added in a similar fashion. Figure 11 depi
ts the interfa
e of array invariants. The abstra
t
lass 
ontains a 
onstru
tor and two virtual pure methods. The 
onstru
tor expe
ts the targetarray (i.e., the array maintained by the invariant) and the sour
e array (i.e., the array used bythe invariant). Virtual method eval is 
alled for the �rst evaluation of the invariant, while virtualmethod in
rEval(int k) is 
alled to update the invariant when element sr
[k℄ is modi�ed. TheLo
alizer++ implementation takes 
are of 
alling these methods at appropriate times to guaranteethe 
orre
tness of the propagation.Figure 12 shows how to implement invariant OplCardIndi
esOf, used in the queens problem,as an array invariant. Re
all that this invariant maintains 
ard[i℄ as the number of o

urren
esof i in array vars. Method eval simply initializes the 
ardinalities and then in
rements themappropriately by iterating over array vars. The in
remental method is more interesting. When28



Ben
hmark Kernighan & Lin Simulated AnnealingBen
h Sz D. Best �(S) �(S) �(T ) �(T ) Best �(S) �(S) �(T ) �(T )1 124 5 66 72.88 3.28 0.54 0.21 68 76.64 4.44 0.07 0.012 124 5 52 57.03 2.84 0.42 0.11 53 60.49 3.96 0.07 0.013 124 5 58 62.80 5.07 0.41 0.12 58 68.67 6.05 0.07 0.014 124 5 60 65.63 3.52 0.47 0.16 60 69.71 3.88 0.07 0.015 124 5 55 60.87 3.95 0.45 0.15 55 66.09 4.85 0.07 0.011 124 10 185 189.78 3.76 0.38 0.10 185 197.79 10.42 0.08 0.012 124 10 190 195.60 3.02 0.36 0.09 192 201.68 7.52 0.08 0.013 124 10 191 195.75 3.90 0.37 0.09 191 204.39 11.18 0.09 0.014 124 10 192 197.83 3.98 0.36 0.09 191 204.80 7.65 0.08 0.015 124 10 181 187.30 4.16 0.36 0.09 181 193.45 6.51 0.08 0.011 124 20 454 465.45 5.59 0.48 0.12 457 492.09 34.67 0.12 0.012 124 20 445 451.37 4.65 0.48 0.11 445 467.76 23.36 0.12 0.013 124 20 450 457.50 5.23 0.46 0.10 451 476.06 28.61 0.12 0.014 124 20 443 452.38 6.72 0.48 0.11 444 475.09 33.76 0.12 0.015 124 20 448 454.07 6.69 0.51 0.12 450 477.24 27.80 0.12 0.011 250 5 107 120.63 7.68 2.91 1.01 111 129.80 8.01 0.17 0.032 250 5 114 125.58 5.09 3.60 1.14 117 133.03 5.90 0.16 0.033 250 5 124 132.32 4.37 1.94 0.58 125 138.78 5.92 0.18 0.034 250 5 117 130.14 5.18 2.81 0.86 122 135.69 5.77 0.16 0.025 250 5 123 133.55 5.09 2.61 0.97 125 137.24 5.91 0.17 0.031 250 10 348 362.58 7.59 1.43 0.41 355 374.72 9.03 0.20 0.032 250 10 350 365.74 6.60 1.55 0.47 352 375.79 8.50 0.19 0.033 250 10 327 339.81 7.62 1.58 0.41 334 352.20 8.47 0.19 0.034 250 10 346 356.68 6.01 1.52 0.44 344 365.97 8.77 0.19 0.035 250 10 345 358.50 5.96 1.44 0.37 349 368.27 9.25 0.19 0.031 250 20 876 894.59 8.94 1.54 0.37 885 913.63 17.14 0.25 0.032 250 20 868 883.86 9.09 1.44 0.41 872 901.01 29.01 0.26 0.033 250 20 858 870.27 7.12 1.45 0.28 865 890.59 15.17 0.25 0.034 250 20 885 899.38 9.07 1.52 0.39 885 915.73 20.24 0.26 0.035 250 20 835 847.35 11.02 1.57 0.40 836 869.16 18.44 0.25 0.031 500 5 255 273.78 8.64 32.74 11.81 265 284.78 9.50 0.41 0.082 500 5 249 261.00 6.83 35.27 14.21 247 268.69 8.84 0.41 0.083 500 5 234 249.24 7.38 27.50 8.71 244 258.47 7.21 0.41 0.074 500 5 230 244.78 6.27 22.57 8.21 233 254.45 9.91 0.40 0.075 500 5 211 232.02 9.05 34.22 11.38 228 241.65 7.33 0.40 0.061 500 10 662 680.25 9.94 8.40 2.60 668 700.06 13.59 0.47 0.092 500 10 675 696.53 10.68 7.21 2.27 692 714.69 12.63 0.44 0.063 500 10 697 717.37 9.35 7.67 2.37 711 739.41 12.67 0.47 0.094 500 10 691 713.08 12.10 8.57 2.72 708 733.35 11.23 0.44 0.075 500 10 717 737.45 11.90 8.36 2.42 729 755.65 11.08 0.45 0.061 500 20 1764 1799.47 16.73 5.22 1.37 1783 1831.75 20.02 0.60 0.092 500 20 1702 1733.69 15.55 5.72 1.43 1737 1771.29 17.79 0.57 0.063 500 20 1780 1806.84 14.49 6.13 1.84 1806 1838.12 17.63 0.60 0.084 500 20 1715 1755.22 16.36 5.91 1.50 1745 1790.45 20.04 0.61 0.065 500 20 1741 1766.61 15.96 5.55 1.68 1766 1794.22 15.65 0.60 0.08Table 3: Experimental Results on Graph Partitioning.29




lass OplCardIndi
esOfI : publi
 OplArrayInvariantI fOplIntIn
Array 
ards;OplIntIn
Array vars;publi
:OplCardIndi
esOfI(OplIntIn
Array 
ards,OplIntIn
Array vars): OplArrayInvariantI(
ard,vars), 
ards(
ards), vars(vars) fgvoid eval() f
onst int lowVars = vars.getRange().getLow();
onst int upVars = vars.getRange().getUp();
onst int lowCards = 
ards.getRange().getLow();
onst int upCards = 
ards.getRange().getUp();for(int i=lowCards;i<=upCards;i++)
ards[i℄ = 0;for(int i=lowVars;i<=upVars;i++)
ards[ vars[i℄.getValue()℄++;gvoid in
rEval(int k) f
ards[ vars[k℄.getValue()℄++;
ards[ vars[k℄.getOld()℄--;gg; Figure 12: The Implementation of the Invariant OplCardIndi
esOf.
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lass OplLSUserAtom fOplLSUserAtomI* impl;publi
:OplLSUserAtom(OplLSManager mgr);virtual void apply(OplLSSear
h) = 0;g; Figure 13: The API of Sear
h Pro
edures.method in
rEval is 
alled with an a
tual parameter k, it means that vars[k℄ was updated sin
ethe last propagation of the invariants. To perform the ne
essary in
remental update, Lo
alizer++gives a

ess to the last two values of vars[k℄: its old value o, i.e., its value at the end of the lastpropagation step, and its 
urrent value v. With these two values at hand, it is simple to implementthe in
remental method: it suÆ
es to de
rement 
ards[o℄ and to in
rement 
ards[v℄. This isexa
tly what the implementation in Figure 12 does.6.2 Adding Sear
h Pro
eduresNew sear
h 
onstru
ts 
an also be added to Lo
alizer++ by extending OplLSUserAtom, the ab-stra
t 
lass depi
ted in Figure 13. This 
lass has only one virtual pure method apply whi
hspe
i�es the operational behavior of the 
onstru
t. Method apply re
eives, as argument, a sear
hobje
t whi
h o�ers a number of fun
tionalities to implement 
omplex 
onstru
ts. We use threeof them here: method pushNode() whi
h 
reates a new node in the sear
h spa
e, method applywhi
h exe
utes a move, and method popNode whi
h returns to the previous node in the sear
h.4On
e these methods are available, it be
omes relatively easy to implement 
omplex sear
h 
on-stru
ts. To illustrate this fun
tionality, Figure 14 shows how to implement a simulation operatorOplLookaheadI(v,exp,move) whi
h assigns to parameter v the value of exp after exe
ution ofmove. The apply method �rst pushes a new node, applies the move, evaluates the expression inthe new state and, �nally, pops the 
reated node to restore the initial state.7 Con
lusionThis paper presented the design of Lo
alizer++, an extensible obje
t-oriented library for lo
alsear
h. Lo
alizer++ is based on a two-level ar
hite
ture that supports both de
larative abstra
-tions to des
ribe the neighborhood and high-level sear
h 
onstru
ts to spe
ify lo
al moves andmeta-heuristi
s. The de
larative abstra
tions, whi
h in
lude invariants and 
onstraints, automatethe maintenan
e of in
remental data stru
tures, one of the most tedious and error-prone aspe
ts of4These methods are somewhat related to the 
reation of 
hoi
e points and to ba
ktra
king in mathemati
al and
onstraint programming systems. 31




lass OplLookaheadI : publi
 OplLSUserAtom fOplIntParameter v;OplIntIn
 exp;OplLSAtom move;publi
:OplLookaheadI(OplIntParameter v,OplIntIn
 exp,OplLSAtom move): OplLSUserAtom(move.getMgr()), v(v), exp(exp), move(move) fgvoid apply(OplLSSear
h sear
h) fsear
h.pushNode();sear
h.apply( move);v = expr->getValue();sear
h.popNode();gg; Figure 14: The Implementation of OplLookahead.lo
al sear
h algorithms. The sear
h 
onstru
ts, whi
h in
lude multidimensional sele
tors, simulationoperators, and 
ounters, may greatly simplify the spe
i�
ation of lo
al moves and meta-heuristi
s.In addition, Lo
alizer++ inherits from OPL++ many of the fun
tionalities typi
ally found only inmodeling languages, su
h as multidimensional arrays, sparse data stru
tures, and high-level set,algebrai
, and logi
al operators. Finally, Lo
alizer++ is an open system whi
h makes it easy toadd new invariants, new 
onstraints, and new sear
h 
onstru
ts. The paper illustrated these fea-tures on a number of appli
ations, fo
using on showing the expressiveness and the versatility ofLo
alizer++. Preliminary experimental results also indi
ate that Lo
alizer++ retains mu
h ofthe spa
e and time eÆ
ien
y of spe
ial-purpose implementations.There are, of 
ourse, many opportunities for future work. They in
lude resear
h on high-levelinvariants and 
onstraints, more advan
ed sear
h 
onstru
ts, and integration with lo
al sear
hframeworks. In addition, sin
e OPL++ now supports both a 
onstraint programming and a lo
alsear
h library, it seems natural to study how to best support integrations of lo
al sear
h and
onstraint programming [29, 35℄.A
knowledgmentsSpe
ial thanks to Philippe Codognet for pointing out the magi
 square problem to us.
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