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Using Pyramids in Mixed Meshes - PointPla
ement and Basis Fun
tions �Vasiliki Chatzi and Fran
o P. Preparata yAbstra
tFor mixed 3D �nite element meshes (meshes that 
ontain 
ubesand tetrahedra) pyramids are very 
onvenient be
ause they have bothsquare and triangular fa
es and 
an therefore be used in implementing
onformal transitions between regions that 
ontain 
ubes and regionsthat 
ontain tetrahedra. However, pyramids are rarely used, be
ausethe spe
i�
ation of basis fun
tions for them is known to be problem-ati
. Of spe
i�
 importan
e it the development of Lagrangian basisfun
tions for pyramids, sin
e Lagrangian standard elements are themost 
ommonly used type of elements today.In this paper, we present basis fun
tions for pyramidal �nite ele-ments that 
an be used in Lagrangian meshes. The fun
tions are ratiosof polynomials, but redu
e to polynomials on the boundaries of theshape. We also prove that polynomial basis fun
tions for Lagrangianpyramids do not exist, and therefore the basis fun
tions shown hereare the simplest ones possible. We des
ribe in detail a 
onvenient andelegant method to obtain the basis fun
tions for the order-k pyramid(for any k > 0), whi
h uses the fun
tions for the order-(k�1) pyramid.A valid set of basis fun
tions for the order-1 pyramid (whi
h 
an beused as the basis of the 
onstru
tion) are also presented.1 Introdu
tionProblems in physi
s and engineering de�ned on a given physi
al domainare often modeled by a system of partial di�erential equations, togetherwith appropriate boundary 
onditions. This data 
ompletely des
ribesthe physi
al phenomenon and solving the partial di�erential equationsresults in the values of the physi
al quantities of interest in the de�ned�Resear
h supported in part by the National S
ien
e Foundation under grand CCR9400232 and by the U.S. Army resear
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region. However, obtaining a 
losed-form solution for the equation isoften impossible. In these 
ases we have to settle for using a numeri
almethod to obtain approximate results.The �nite element method is one of the tools 
ommonly used todayfor these types of problems. During the �rst step, we dis
retize thedomain by partitioning it into a set of simpler shapes, 
alled elements.The resulting 
olle
tion of elements is 
alled the �nite element meshand the pro
ess of 
reating the mesh from the domain is 
alled meshgeneration. On
e the mesh has been 
reated, nodal points are de�nedon the elements, a basis fun
tion is asso
iated with ea
h nodal pointand a system of linear equations is 
onstru
ted and solved. The typeof an element depends both on the pla
ement of nodal points on itand the basis fun
tions asso
iated with ea
h nodal point. Lagrangianelements that have the same number of nodal points pla
ed on ea
hedge and internal points pla
ed on a grid are 
ommonly used today.In a previous paper [4℄ we have justi�ed in detail, on the basisof simpli
ity and 
omputational eÆ
ien
y the adoption of a 
exible,highly stru
tured, 
onformal new type of meshes 
alled \
rystallinemeshes". One problem not dis
ussed in [4℄ was the form of the ba-sis fun
tions asso
iated with the nodal points pla
ed on the elementsof 
rystalline meshes. The de�nition of su
h fun
tions is parti
ularlysigni�
ant be
ause (see below) 3D 
rystalline meshes have pyramidalelements, for whi
h the spe
i�
ation of basis fun
tions is known to beproblemati
. In this paper we exhibit an eÆ
ient and, in our opinion,elegant answer to this important question whi
h provides added in
en-tive to the adoption of 
rystalline meshes. Spe
i�
ally, we present amethod for 
onstru
ting basis fun
tions for the Lagrangian pyramidsof order k > 0.A set of basis fun
tions for the �rst-order and se
ond-order pyra-mids have been previously developed and are used [9, 8, 10℄. Our worksubsumes that, sin
e we 
an generate basis fun
tions for the kth orderpyramid, where k is any positive integer.The rest of this paper is organized as follows. Se
tion 2 reviews thede�nition of 
rystalline meshes. Se
tion 3 fo
uses on basis fun
tions,and it explains how they are used and what properties they should ex-hibit. It also des
ribes standard Lagrangian elements (both in 2D and3D) and the basis fun
tions asso
iated with them. Se
tion 4 gives thenode pla
ement on Lagrangian pyramids and des
ribes the templatepyramid we will use. Se
tion 5 is the heart of this paper. It 
ontainsa des
ription of the method that we propose to obtain basis fun
tionsfor the kth order pyramid. Finally, Se
tion 6 gives the 
on
lusions andsome future work. 2



2 Crystalline MeshesCrystalline meshes are a new type of �nite element meshes that 
om-bine the advantages of both stru
tured and unstru
tured meshes, byo�ering the 
exibility of di�erent element densities in di�erent regionsof the domain and the ability to generate the system of linear equationsqui
kly and a

urately.We now review the basi
 properties of 3D 
rystalline meshes.1. The basi
 element type in 3D 
rystalline meshes is the 
ube, andin this respe
t, 
rystalline meshes are related to o
tree meshes[14, 7, 11, 13℄ and Cartesian meshes (see for example [6℄). It iswell known that 
ubes outperform tetrahedra for many types ofproblems [1, 5℄.2. Crystalline meshes allow di�erent element densities in di�erentregions of the domain. In general, if we use smaller elements inthe mesh, we obtain a more a

urate solution,but also in
reasethe size of the mesh (and of the 
orresponding system of equa-tions). Ideally, we would like to 
over \regions of interest", wherethe value of the solution 
hanges rapidly, either stati
ally or dy-nami
ally, with smaller elements.3. Crystalline meshes are 
onformal. An element is said to be 
on-formal if its interse
tion with any other element in the mesh isempty, or a vertex, or an edge or a fa
e. A mesh is 
onformal ifall its elements are 
onformal [3, 12℄. Non-
onformal points 
re-ate numeri
al problems whi
h 
an only be solved by using 
om-pli
ated spe
ialized te
hniques, and therefore should be avoidedwhenever possible.4. Crystalline meshes 
onsist of elements that have only few distin
tshapes. This allows us to pre
ompute the matri
es asso
iatedwith the elements [15℄ and generate the system of linear equationsby assembling them, thereby simplifying the generation of thesystem of equations and improving the a

ura
y of the solution.Noti
e that sin
e the mesh is 
onformal, 
ubes of di�erent size 
an-not share a fa
e or an edge. Therefore, if the mesh 
ontains two regionswith di�erent element density, there will be a (possibly very shallow)transition layer of non-
ubi
al elements between them. Pyramids areideal shapes to be used as transitional elements, be
ause they have asquare fa
e, whi
h 
an be 
onformally atta
hed to a 
ube, and fourtriangular fa
es that 
an be atta
hed to tetrahedra (for an illustration,see Figure 1).Although pyramids are very powerful as transitional elements, 
om-putational s
ientists avoid using them, due to the diÆ
ulty of �ndingbasis fun
tions. In parti
ular, to our knowledge, there is no previous3



Figure 1: Realizing a 
onformal transition between 
ubes of two di�erentsizes. Five pyramids and four tetrahedra 
an be 
onformally atta
hed to thelarger 
ube. The resulting surfa
e is partitioned into four square fa
es, that
an be shared with smaller 
ubes.work des
ribing how to 
onstru
t basis fun
tions for pyramids, so thatthey 
an be used in a mixed mesh, together with Lagrangian 
ubesand tetrahedra.Before des
ribing the stru
ture of our basis fun
tions for the pyra-mids however, we brie
y review their required properties, and the basisfun
tions asso
iated with standard Lagrangian elements.3 Basis Fun
tions and Lagrangian ElementsGiven a partial di�erential equation de�ned on a domain, the �niteelement method 
omputes an approximate solution whi
h is of theform: f(x; y; z) = nXi=1 xi�i(x; y; z)The �i's are fun
tions asso
iated with the nodal points, that havebeen previously de�ned (
alled basis fun
tions) and the xi's are values
omputed by solving the system of linear equations.The pro
ess starts by de�ning nodal points on ea
h of the elementsin the mesh and asso
iating a basis fun
tion with ea
h of them. As iswell known (eg. [15℄) basis fun
tions should have the following prop-erties:� Property 1.Ea
h basis fun
tion �i asso
iated with a nodal pointpi evaluates to 0 on all the points in the physi
al domain lyingoutside the elements 
ontaining pi. This requirement is easy toa
hieve, by 
onstru
ting �i as a pie
ewise de�ned fun
tion whi
his identi
ally 0 outside the relevant elements.4



� Property 2.The fun
tion �i evaluates to 1 on pi and to 0 on allother nodal points. Noti
e that nodal points outside the elements
ontaining pi do not pose a problem, sin
e the fun
tion has beende�ned to evaluate to 0 outside these elements. Thus, the fun
-tion has to be 
arefully 
onstru
ted so that it also evaluates to 0on nodal points that belong to the elements 
ontaining pi.� Property 3.The fun
tion �i is 
ontinuous. Sin
e solutions ofthe PDE are typi
ally 
ontinuous it is reasonable to require thatthey be approximated by 
ontinuous fun
tions. The derivativesof the basis fun
tions, however, are not required to be 
ontinuous(C0-
ontinuity).Let basis fun
tion �i be asso
iated with point pi. Property 3 re-quires that �i be C0-
ontinuous. This, in 
onjun
tion with Property 1requiring that �i evaluate to 0 outside of elements 
ontaining pi, yieldsthe following (nonindependent) property:Property 4.For ea
h element 
ontaining pi, �i must be 0 on theportions of the element's boundary not 
ontaining pi.Moreover, Property 1 and Property 2 yield:Property 5 For ea
h element's fa
e 
ontaining pi, �i must redu
eto a 
orre
t 2D basis fun
tion for that fa
e.A 
ommon pra
ti
e when designing basis fun
tions for the nodalpoints de�ned on a mesh is to restri
t our attention to one elementat a time. Every time an element ei is pro
essed, appropriate basisfun
tions for all nodal points in the element are de�ned. These basisfun
tions are valid only within the element ei. When using this poli
y,however, we have to be 
areful so that the resulting basis fun
tionsexhibit C0-
ontinuity. Nodal points pla
ed on shared verti
es, edges orfa
es will have several partial fun
tions asso
iated with them, one forea
h element they belong to. These fun
tions should have the samevalue on every point on the shared edges and fa
es.Mesh elements are 
hara
terized by both the pla
ement of nodalpoints on them and the basis fun
tions asso
iated with the nodalpoints. The elements most 
ommonly used today are elements of theLagrange family, named so be
ause the asso
iated basis fun
tions 
anbe expressed as the produ
t of 2 (3 for 3D elements) Lagrange inter-polation polynomials.2D Lagrangian elements of order k have k + 1 nodal points pla
edon ea
h of their edges at regular intervals. These points de�ne a gridin a natural way, and additional nodal points are pla
ed on the ver-5



�
�
�
�

�
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

��
��
��

��
��
��

�
�
�
�

��
��
��
��

�
�
�
�

�
�
�
�

��
��
��

��
��
��

�
�
�
�

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�
�

�
�
�
�(a) (b)Figure 2: Standard 2D Lagrangian elements of order 4. (a) Triangle. (b)Square. Dashed lines denote the grid used for the pla
ement of the internalnodal points.ti
es of this grid. The basis fun
tions asso
iated with ea
h one of thenodal points 
an be 
onstru
ted by using the produ
t of Lagrangianpolynomials, or any of the standard methods found in literature [15, 2℄.Ea
h of the resulting basis fun
tions 
orre
tly redu
es to a k-th degreepolynomial on ea
h of the edges of the element (sin
e it must evaluateto 0 in k points of the edge). Figure 2 shows the node pla
ement on aLagrangian triangle and a Lagrangian square of order 4.Standard 3D Lagrangian elements have fa
es that are valid 2D La-grangian elements. Nodal points on the fa
es de�ne a grid in the inte-rior of the elements in a natural way, and internal points are pla
ed onthe verti
es of this grid. Basis fun
tions for ea
h of the nodal points
an be 
onstru
ted by using generalizations of the methods used for2D elements. An important property of the resulting basis fun
tionsis that the redu
tion of the fun
tion �i on one of the fa
es of the 3Delement is identi
ally 0 if pi is not lo
ated on that fa
e and, other-wise, it 
oin
ides with the valid 2D Lagrangian basis fun
tion for pion the fa
e. This automati
ally ensures C0-
ontinuity on the elementboundaries.Another important 
hara
teristi
 of standard Lagrangian elementsis that the basis fun
tion �i asso
iated with the nodal point pi 
analso be expressed as a produ
t of fun
tions des
ribing lines (for 2Delements) or planes (for 3D elements) when equated to 0. With aslight abuse of language we shall say that �i is respe
tively \a produ
tof lines" or \a produ
t of planes". These geometri
 primitives 
overall nodal points in the element besides pi, thereby ensuring that thefun
tion evaluates to 0 on every nodal point pj with i 6= j, in theelement. A normalizing fa
tor ensures that the fun
tion evaluates to1 on pi.Lagrangian elements are widely used today be
ause of 
omputa-tional simpli
ity, guaranteed C0-
ontinuity and good numeri
al perfor-6
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�������������(a) (b) (
) (d)Figure 3: Low order Lagrangian pyramids : (a) �rst order (b) se
ond order(
) third order (d) fourth order.man
e. For this reason we 
onsider obtaining a pyramid that 
an beused in mixed (i.e. not ne
essarily 
rystalline) meshes together withstandard Lagrangian elements of parti
ular importan
e. In the nextse
tion we des
ribe the node pla
ement on su
h a pyramid.4 Lagrangian PyramidThe pyramids that we 
onsider in this paper are polyhedra one fa
eof whi
h is a parallelogram and the other four fa
es are triangular.Sin
e they are 
on
eived as 
onformal transition elements in mesheswhose standard elements are Lagrangian, we shall refer to them asLagrangian pyramids. The node pla
ement on the fa
es is the sameas on Lagrangian parallelograms and triangles. Sin
e internal nodesare not required for C0-
ontinuity, we 
hose not to use any internalpoints. This simpli�es both the a
tual basis fun
tions and the pro
e-dure used in 
onstru
ting them. Figure 3 shows the node pla
ementon Lagrangian pyramids of order 1, 2, 3 and 4. It is easily establishedthat an order k pyramid has 3k2 + 2 nodes (all on its surfa
e).A 
ommon pra
ti
e in 
onstru
ting basis fun
tions is to use a stan-dard element (template), in a standard frame of referen
e, �, �, � andbije
tively proje
ted to an element of the same shape in the frame ofthe mesh. The reverse transformation maps any basis fun
tion for anodal point of the template to a valid basis fun
tion for the 
orre-sponding nodal point on any mesh element. This bije
tion allows us to
on
entrate on �nding basis fun
tions for the template whose verti
eshave 
onventionally the 
oordinates shown in Figure 4.The template and a generi
 mesh pyramid are shown in Figure 5.Sin
e the base of the mesh pyramid is 
onstrained to be a parallelo-gram, four points uniquely de�ne it (homologous to template pointsp0, p1, p3 and p4), so that the bije
tion is uniquely spe
i�ed as:7
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ζFigure 4: The pyramid 
hosen as a template. Next to ea
h vertex we denoteits number and its 
oordinates.
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ξ

η
ζ(a) (b)Figure 5: (a) An arbitrary pyramid in the 
oordinate system (x; y; z). (b)The template pyramid in the 
oordinate system (�; �; �)
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(0, 1, 0) (1,1,0)Figure 6: First order template pyramid.x = x0 + (x1 � x0)� + (x3 � x0)� + (�x1 � x3 + 2x4)�y = y0 + (y1 � y0)� + (y3 � y0)� + (�y1 � y3 + 2y4)�z = z0 + (z1 � z0)� + (z3 � z0)� + (�z1 � z3 + 2z4)�For 
rystalline meshes the bije
tion is a 
omposition of a (restri
ted)homothety and a (restri
ted) rigid motion.8



Di�erently from standard Lagrangian elements (
ubes and tetrahe-dra), whi
h have polynomial basis fun
tions, we now show that basisfun
tions for Lagrangian pyramids 
annot be polynomials. In fa
t,without loss of generality, 
onsider point p0 on the �rst order pyramidshown in Figure 6. Fun
tion �0 must:1. redu
e to 0 on the two triangular fa
es that do not 
ontain p0.2. redu
e to a linear fun
tion on the two triangular fa
es 
ontainingp0 (sin
e the basis fun
tions for the nodal points of �rst-ordertriangles are linear).3. redu
e to a bilinear fun
tion on the square fa
e (sin
e the basisfun
tions for nodal points on �rst-order squares are bilinear).By Requirement 1 a polynomial basis fun
tion must 
ontain bothfa
tors (� + � � 1) and (� + � � 1) (whi
h, equated to 0 des
ribe theplanes of the two fa
es). But on fa
e (p0; p1; p4) this produ
t be
omes(� + � � 1)(2� � 1)and remains quadrati
. Thus we have proved:Theorem 4.1 It is impossible to 
onstru
t polynomial basis fun
tionsfor the �rst order Lagrangian pyramid.5 Basis Fun
tions for Lagrangian PyramidsIn the previous se
tion we proved that we 
annot 
onstru
t polynomialbasis fun
tions for the order-1 pyramid. However, there is no reasonto restri
t the basis fun
tions to polynomials, sin
e to enfor
e C0-
ontinuity we only have to ensure that the basis fun
tions redu
e to 0on the fa
es not 
ontaining the 
orresponding nodal point, and to the
orre
t 2D basis fun
tion on the fa
es 
ontaining it. Indeed, we willshow that by allowing the basis fun
tions to be ratios of polynomials,we 
an 
onstru
t basis fun
tions for a template pyramid of order k, forany integer k > 0.5.1 Basis Fun
tions for the order-1 PyramidWe begin by 
onstru
ting the basis fun
tions for the order-1 templatepyramid, and later generalize the 
onstru
tion to arbitrary order k.Referring to Figure 8, the order-1 pyramid has �ve nodal points,ea
h one of whi
h 
oin
ides with one of its verti
es. Fun
tion �i(�; �; �)asso
iated with the point pi = (�i; �i; �i) must satisfy the general re-quirements for 3D Lagrangian basis. Sin
e fun
tions �0, �1, �2, and�3 are equivalent, it suÆ
es to 
onsider in detail �0 and �4. Fun
tion�0(�; �; �) must: 9



1. evaluate to 0 on fa
es p1p2p4 and p2p3p4,2. redu
e to a line passing through p1 and p4 on fa
e p0p1p4 and toa line passing through p3 and p4 on fa
e p0p4p3,3. on the base of the pyramid, redu
e to the produ
t of two lines,one passing through p1 and p2 and the other passing through p2and p3.By 1.) the expression of �0 must 
ontain the fa
tors � + � � 1 and� + � � 1 ( 
orresponding respe
tively to the planes 
ontaining fa
esp1p2p4 and p2p3p4). On fa
es p0p1p4 (of equation ��� = 0) and p0p4p3(of equation � � � = 0) this produ
t be
omes (� + � � 1)(2� � 1) and(2� � 1)(�+ � � 1), respe
tively, so that Requirement 2.) is satis�ed ifwe divide the produ
t by the fa
tor 2� � 1. The expression(� + � � 1)(� + � � 1)2� � 1 (1)on the base plane � = 0 be
omes (� � 1)(� � 1), i.e., it assume value0 on edges p1p2 and p2p3, thus satisfying Requirement 3. Therefore,after normalization by a 
onstant fa
tor to ensure the value of 1 onthe asso
iated nodal point, the above is a valid expression of �0. Weobserve that, although the denominator 2� � 1 be
omes 0 at p4 =(12 ; 12 ; 12), the value of (1) is 0, as 
an be veri�ed by applying the ruleof L'Hospital. It is now a simple exer
ise to verify that�i(�; �; �) = (�1)i+1 ((�1)�i� + � � 1 + �i)((�1)�i� + � � 1 + �i)2� � 1 ; i = 0::3sin
e it is obtained from �0 by displa
ing the origin by (�i; �i) andappropriately reversing the signs of the variables involved in the dis-pla
ement.We now 
onsider fun
tion �4, whi
h must redu
e to 0 on the baseof the pyramid, and to a line passing through the two verti
es on thebase on ea
h of the triangular fa
es (e.g., to line (� � 1) = 0 on fa
e� + � � 1 = 0). It is immediate that (normalized)�4(�; �; �) = 2�is the desired fun
tion. We 
on
ludeLemma 5.1 There exist basis fun
tions for the order-1 Lagrangianpyramid, whi
h are ratios of polynomials.5.2 Generalization to Arbitrary Order kWe now des
ribe an indu
tive 
onstru
tion pro
ess, whi
h, taking asbasis the order-1 basis fun
tions, and assuming as a premise the order-(k � 1) fu
tions, produ
es the desired order-k basis fun
tions. We10
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���������Figure 7: A kth order pyramid for k = 4.The nodal points not on the baseform a order- (k�1) pyramid. The nodes that are verti
es of the order-(k�1)pyramid are shown marked.begin by 
lassifying the nodal points of the order-k pyramid a

ordingto their 
ommon requirements. Spe
i�
ally, we shall distinguish andtreat separately:1. points not on the base (the simpler 
ase);2. points on the base.We begin with the points not on the base.Lemma 5.2 Given basis fun
tions for the (k � 1)-st order pyramidwhi
h are ratios of polynomials, we 
an 
onstru
t basis fun
tions, alsoratios of polynomials, for nodal point not on the base of the order-kpyramid.Proof: The nodal points not lying on the base (that is, the pointsfor whi
h � 6= 0) form a (non-template) order-(k�1) pyramid (see Fig-ure 7). We 
an map to the present spatial 
on�guration, as indi
atedin Se
tion 4, the basis fun
tions for the order-(k�1) template pyramid(indu
tively assumed to be available).The mapping 
onsists of a translation by ( 12k ; 12k ; 12k ) followed by ahomothety along the three axes by a fa
tor (k � 1)=k. It follows thatthe mapping 
onsists in repla
ing 
oordinates (�; �; �) with (�0; �0; �0)given by: �0 = 2k� � 12k � 2 ; �0 = 2k� � 12k � 2 ; �0 = 2k� � 12k � 2The fun
tions so obtained have most of the required properties:they redu
e to 0 on the triangular fa
es not 
ontaining the asso
iatednodal point, evaluate to 1 on the latter, and to 0 on all the other nodalpoints lying above the base. However, they have two short
omings:they don't redu
e to 0 on the base of the pyramid, and, on the trian-gular fa
es 
ontaining the asso
iated point they redu
e to a polynomialthat is the produ
t of k � 1 (instead of k) lines. Fortunately, this in-adequa
y 
an be remedied by multiplying the fun
tions by �. Sin
e11
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����������������������������������������������������Figure 8: Set of nonequivalent points on the base of a 5th order pyramid.this multipli
ation 
auses the basis fun
tion �i to evaluate to �i on itsasso
iated point pi, the fun
tion must be normalized by the fa
tor 1�i .2 We now turn our attention to the more 
omplex 
ase of nodal pointson the pyramid's base.It is 
onvenient to use two indi
es to denote the points, so thatfor 0 � i; j � k, pi;j = ( ik ; jk ; 0). The 
orresponding basis fun
tion�i;j(�; �; �), when set equal to 0, de�nes a surfa
e in three-dimensionalspa
e, whi
h we shall spe
ify by means of its interse
tions with thepyramid fa
es that 
ontains the given point (either in their interior oron their boundary). Due to the symmetries of the square, we shall limitour 
onsiderations to nonequivalent points, as illustrated in Figure 8.Our obje
tive is to design fun
tions �i;j(�; �; �) that are ratios ofpolynomials. Their numerators, therefore, will 
ontain as fa
tors poly-nomials (
alled primitives), ea
h of whi
h, equated to 0, de�nes a three-dimensional surfa
e (referred to as a primitive 
onstru
t). By Property5 of basis fun
tions and the spe
i�
 properties of Lagrangian elements,the interse
tion of any su
h primitive 
onstru
t with a surfa
e of thepyramid must be a line where the redu
tion of �i;j has value 0. Weshall �rst des
ribe the various primitive 
onstru
ts to be used.De�nition 5.1 For ea
h i, i = 0; 1; : : : ; k,let�Li = � + � � ik and �Ri = � � � � ik :Both �Li = 0 and �Ri = 0 des
ribe planes and redu
e on the baseto the line � � ik = 0 passing by pi;0 and pi;k. On fa
e p0p1p4 of thepyramid (in the plane �� � = 0) they redu
e to the lines �+�� ik = 0and �� �� ik = 0, respe
tively. We 
on
lude that �Li and �Ri are validprimitives, sin
e the latter lines, ea
h of whi
h is parallel to one of theedges of the triangular fa
e, are primitives for 2D Lagrangian basisfun
tions.By the symmetry of the � and � dire
tions, we analogously de�ne:De�nition 5.2 For ea
h j, j = 0; 1; : : : ; k, let12



�Lj = � + � � jk and �Rj = � � � � jk :Adapting the pre
eding dis
ussion to this situation, both �Lj and �Rjare veri�ed to be valid primitives.Convenient additional 
onstru
ts (
orresponding to sheaves of 
on-tiguous parallel planes) are given in the following de�nition:De�nition 5.3 Let�L = k�1Yi=1 �Li ; �R = k�1Yi=1 �Ri ; HL = k�1Yj=1 �Lj ; and HR = k�1Yj=1 �Rj :Our 
atalog of primitive 
onstru
ts is 
ompleted by a set of quadri
surfa
es:De�nition 5.4 For ea
h i, 0 � i � k letqi = 2�(� + � � ik )� (� + � � ik )(� + � � ik )= ��2 � �� + �� + �� + � ik + � ik � i2k2Noti
e that qi = 0 belongs to the pen
il of quadri
s sharing four linesin 3D spa
e, spe
i�
ally the lines 
ontaining pi;0pi;k and p0;ipk;i in thebase plane, the line by pi0 parallel to edge p1p4 on fa
e p0p1p4, andthe line by p0;i parallel to edge p3p4 on fa
e p0p4p3. All four lines areprimitives in the 
orresponding Lagrangian squares and triangles, sothat the quadri
 is a valid primitive 
onstru
t. Whereas the generatorsof the pen
il are degenerate quadri
s (pairs of planes), qi = 0 is ahyperboli
 paraboloid.Using the de�ned primitives we 
an now ta
kle the 
onstru
tion ofthe fun
tions �i;j(�; �; �).Lemma 5.3 There exist basis fun
tions that are ratios of polynomialsfor nodal point lying on the base of the order-k pyramid.Proof: We shall restri
t the analysis to nonequivalent points, sin
efrom the basis fun
tion for ea
h of the 
hosen representatives, by stan-dard linear transformation of 
oordinates, we 
an generate the basisfun
tion for any point on the pyramid's base.We distinguish three 
ases:1. Points in the interior of the base( pi;j, 0 < j � i < k). Su
hpoints belong to a single fa
e (the base) of the pyramid. By Property4 the basis fun
tion �i;j must redu
e to 0 on all triangular fa
es of the13
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iFigure 9: The lines resulting in from fa
toring the redu
tion of �i;j on theplane � = 0.pyramid and, therefore, it must 
ontain the four fa
tors �R0 ; �Lk ; �R0 ; �Lk
orresponding to the four planes of the lateral fa
es. By Property 5,on the base it must redu
e to the appropriate two-dimensional basisfun
tion for the 
orresponding nodal point on the Lagrangian square.As dis
ussed in Se
tion 3 the latter is a produ
t of 2k lines, 
overingall the 
olumns and rows de�ned by the nodal points di�erent frompi;j, i.e., to the produ
t 0B� kYl=0l6=i �Rl kYm=0m 6=j �Rm1CA�=0It follows that a valid expression for �ij is�i;j = 
i;j�R0 �Lk �R0 �Lk �R�Ri HR�Rjwhere 
i;j is a normalizing fa
tor enfor
ing the value 1 at pi;j. Theexa
t value of the fa
tor 
an be easily 
omputed as being:
i;j = (�1)i+j k2ki!(k � i)!j!(k � j)!2. Points in the interior of an edge (pi0, i > 0). Su
h points belongto two fa
es, the base and the fa
e on plane � � � = 0. By Property4, �i;0, i > 0, must redu
e to 0 on ea
h of the three triangular fa
esnot 
ontaining the edge, i.e, it must 
ontain the fa
tors �R0 = � � �,14



�Lk = �+��1, and �k = �+��1. By Property 5, on the triangular fa
e
ontaining the point, the fun
tion redu
es to the produ
t of k lines,adequately represented by the expression0�i�1Yj=0 �Rj kYj=i+1 �Lj 1A�=�and, on the base, to the produ
t of 2k lines, adequately represented bythe expression 0�i�1Yj=0 �Rj kYj=i+1 �Lj �Lk kYj=1 �Rj 1A�=0The union of these two sets of fa
tors satisfy the requirements of bothfa
es. However in the redu
tion to fa
e p0p1p4 (� = �), fa
tor �Lk yieldsan unwanted (2�� 1) fa
tor. This term, however, 
an be 
an
elled bya divisor (2� � 1), whi
h does not a�e
t the redu
tion to the base. We
on
lude that the following expression satis�es all requirements:�i;0(�; �; �) = 
i;0 �R0 �Lk �Lk2��1 HRQi�1j=1 �Rj Qk�1j=i+1 �Ljwhere, again, 
i;0 is a normalizing 
onstant with value:
i;0 = (�1)i+1 k2k�1((k � 1)!)23. Point on the vertex(p0;0). Su
h points belongs to three fa
es,the base and the two lateral fa
es on planes � � � = 0 and � � � = 0.By Property 4 �00 must redu
e to 0 on ea
h of the two triangular fa
esnot 
ontaining the point, i.e, it must 
ontain the fa
tors �Lk and �Lk .By Property 5, it must also redu
e to a produ
t of 2k lines on the baseof the pyramid and to a produ
t of k lines on ea
h of the triangularfa
es 
ontaining the point. The de�ned quadri
s 
an be used to jointlysatisfy these requirements, due to their straight-line interse
tions withthe surfa
e of the pyramid. The union of the enumerated fa
tors is theprodu
t �Lk �Lk k�1Yj=1 qjwhi
h, for exa
tly the same reason as in 
ase 2. above, is to be dividedby the fa
tor (2� � 1). We 
on
lude that the following expressionsatis�es all requirements: 15



�0;0(�; �; �) = 
0;0 �Lk �Lk2��1 Qk�1j=1 qj
0;0 being the normalizing fa
tor with value:.
0;0 = (�1)k k2k�1i!(k � i)!(k � 1)! 2From Lemmas 2 and 3 we draw the following 
on
lusion:Theorem 5.4 For any k > 0 there exist basis fun
tions for the order-k Lagrangian pyramid, whi
h are ratios of polynomials.6 Con
lusionsIn this paper we have proven that polynomial basis fun
tions for La-grangian pyramids do not exist. However, if we allow ratios of poly-nomials, it is possible to 
onstru
t basis fun
tions for the kth orderLagrangian pyramid, for any positive integer k. The pro
edure 
an bereadily automated.The element matri
es 
onstru
ted from these basis fun
tions havereasonably good numeri
al behavior. We have used meshes 
onsistingonly of Lagrangian pyramids to solve several ben
hmark problems andwe noti
ed that, although the system of equations resulting from themis not as well 
onditioned as the one resulting from meshes 
ontainingonly 
ubes, the time needed to obtain the solution is 
omparable.Finally, having these basis fun
tions allows us to use pyramids astransitional elements, and it must be noted that transitional elementsof 
rystalline meshes represent a small fra
tion of the total element set.7 A
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9Figure 10: Node pla
ement on the se
ond order Lagrangian pyramid. Thestandard numbering of the nodes is also shown. Only the set of nonequiva-lent nodes is shown. The nodes whose basis fun
tions 
an be obtained fromthe basis fun
tions of the order-1 pyramid are shown in gray.A AppendixIn this appendix, we 
al
ulate, as an illustration of the method, thebasis fun
tions for order-2 and order-3 pyramids.A.1 Order-2 PyramidThe order-2 pyramid is shown in Figure 11, where we have highlightedthe nonequivalent nodal points whose basis fun
tions are to be 
om-puted (the fun
tions for all other points 
an be obtained by standard
oordinate transformations).Let �i(�; �; �) denote the basis fun
tion for point pi (i = 0; 4; 5; 9; 13).Fun
tions �4 and �9 are obtained by s
aling the 
orresponding basisfun
tions �04 and �00, respe
tively, of the order-1 pyramid.Sin
e k = 2the 
oordinate transformations are:�0 = 4� � 12 ; �0 = 4� � 12 ; �0 = 4� � 12�4(�; �; �) = 11=2��04(�0; �0; �0)= 2�(4� � 1)�9(�; �; �) = 11=4��00(�0; �0; �0)= �8� (� + � � 1)(� + � � 1)2� � 118



Next we 
onsider the basis fun
tions of points p0 = p0;0; p5 = p1;0and p13 = p1;1 on the base. Spe
ializing the general formula and notingthat:�L = (� + � � 12);�R = (� � � � 12);HL = (� + � � 12);HR = (� � � � 12)we obtain:�0;0(�; �; �) = 
0;0 �L2 �L22� � 1 1Yj=1 qj= 4(� + � � 1)(� + � � 1)2� � 1���2 + �� + �� � �� + 12� + 12� � 14��1;0(�; �; �) = 
1;0 �R0 �L2 �L22� � 1 HR 0Yj=1 �Rj iYj=2 �Lj= 8(� � �)(� + � � 1)(� � �)2� � 1 (� � � � 12)�1;1(�; �; �) = 
1;1�R0 �L2 �R0 �L2 �R�R1 HR�R1= 16(� � �)(� + � � 1)(� � �)(� + � � 1)sin
e
0;0 = (�1)2 22(1!)2 = 4; 
1;0 = (�1)2 231!1!1! = 8; 
1;1 = (�1)2 241!1!1!1! = 16A.2 Order-3 PyramidWe now turn our attention to the order-3 pyramid, illustrated in Figure??, with the nonequivalent points appropriately highlighted (points onthe base, whose basis fun
tions are not obtained by s
aling are shownsolid).Fun
tions �4; phi14; �13 and �25 are obtained by s
aling the 
orre-sponding fun
tions �04; �09; �00 and �05 of the order-2 pyramid. With the
oordinate transformation (k = 3) we obtain:�0 = 6� � 14 ; �0 = 6� � 14 ; �0 = 6� � 1419



�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

0

4

5

24

6

13

14

21 22
25

���
���
���
���
���

���
���
���
���
���

�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������

����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
������������������������������������������

����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

����
����
����
����
����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����
����
����
����
����Figure 11: Node pla
ement on the third order Lagrangian pyramid. Thestandard numbering of the nodes is also shown. Only the set of nonequiva-lent nodes is shown. The nodes whose basis fun
tions 
an be obtained fromthe basis fun
tions of the order-2 pyramid are shown in gray.�4(�; �; �) = 11=2��04(�0; �0; �0)= 2�(4� � 1)(2� � 1)�14(�; �; �) = 11=3��0(�0; �0; �0)= �9�(6� � 1)(� + � � 1)(� + � � 1)2� � 1�13(�; �; �) = 11=6��00(�0; �0; �0)= 9� (� + � � 1)(� + � � 1)2� � 1(�9�2 + 9�� � 9�� + 9�� + 3� + 3� � 2)�25(�; �; �) = 11=6��05(�0; �0; �0)= 54� (� � �)(� + � � 1)(� + � � 1)2� � 1 (3� � 3� � 1)Finally, we 
onsider points p0 = p0;0; p5 = p1;0; p6 = p2;0; p21 =p2;1; p24 = p2;2.Nothing that:�L = �� + � � 13��� + � � 23� ; �R = �� � � � 13��� � � � 23�HL = �� + � � 13��� + � � 23� ; HR = �� � � � 13��� � � � 23�20



we have:�0;0(�; �; �) = 
0;0 �L3 �L32� � 1 2Yj=1 qj= �814 (� + � � 1)(� + � � 1)2� � 1(��2 + �� + �� � �� + 13� + 13� � 19)(��2 + �� + �� � �� + 23� + 23� � 49)�1;0(�; �; �) = 
1;0 �R0 �L3 �L32� � 1 HR 0Yj=1 �Rj 2Yj=2 �Lj= 2434 (� � �)(� + � � 1)(� + � � 1)2� � 1 (� � � � 13)(� � � � 23)(� + � � 23)�1;1(�; �; �) = 
1;1�R0 �L3 �R0 �L3 �R�R1 HR�R1= 7294 (� � �)(� + � � 1)(� � �)(� + � � 1)(� � � � 23)(� � � � 23)�2;0(�; �; �) = 
2;0 �R0 �Lk �Lk2� � 1 HR 1Yj=1 �Rj 2Yj=3 �Lj= �2434 (� � �)(� + � � 1)(� + � � 1)2� � 1 (� � � � 13)(� � � � 23)(� � � � 13)�2;2(�; �; �) = 
2;2�R0 �L3 �R0 �L3 �R�R2 HR�R2= 7294 (� � �)(� + � � 1)(� � �)(� + � � 1)(� � � � 13)(� � � � 13)sin
e
0;0 = (�1)3 34(2!)2 = �814 
1;0 = (�1)2 351!2!2! = 2434
1;1 = (�1)2 361!2!1!2! = 7294 
2;0 = (�1)3 352!1!2! = �2434
2;2 = (�1)4 362!1!2!1! = 7294 21


