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tIn this paper, we show how 
ertain problems 
an be re
ast in terms of equationsinvolving matri
es and ve
tors that are represented impli
itly. These matri
es andve
tors have large expli
it representations in the sense that it is pra
ti
ally impossibleto even enumerate their indi
es. Instead, the indi
es are expressed using a set of indexvariables that des
ribe the distinguishing features of the problem domain. The matri
esand ve
tors are represented in fa
tored form using 
ompa
t, easily 
omputed fun
tionsof the index variables. The entries of these matri
es and ve
tors are re
onstitutedon an as-needed basis, often in su
h a way that 
omputations 
an be performed onlarge sets of indi
es with no more e�ort than that required for a single index and its
orresponding entry. We show how elementary ve
tor and matrix operations 
an beperformed on these impli
itly represented matri
es and ve
tors (e.g., s
alar and dotprodu
ts, raising a matrix to a power) and how these basi
 operations 
an then be
ombined to perform more 
omplex 
al
ulations (e.g., solving a system of equations).Our motivating examples involve solving Markov de
ision pro
esses and planning underun
ertainty, but the methods des
ribed in this paper apply to a wide range of problems.1 Introdu
tionThere is a large 
lass of numeri
al optimization problems that 
an be des
ribed in termsof equations involving ve
tors and matri
es. One example that we use throughout thisshort overview is the problem of �nding an optimal or near-optimal poli
y for a Markovde
ision problem (MDP). MDPs 
onstitute a sto
hasti
 generalization of the deterministi
propositional planning problems studied in arti�
ial intelligen
e [Fikes and Nilsson, 1971℄.The obje
tive fun
tions and solution methods for MDPs are often 
hara
terized in terms ofmatrix-ve
tor equations [Puterman, 1994℄.Consider 
al
ulating ~v de�ned as ~v = A~u (1)1



in whi
h A is an n � n matrix and ~u and ~v are ve
tors of length n. The matrix A mightbe the adja
en
y matrix for a graph representing a database relation or the state-transitionmatrix for a planning problem and ~u might be the spe
i�
ation of verti
es 
orresponding toa query or the initial-state distribution. What if (as is often the 
ase in problems of interestto arti�
ial intelligen
e) n = km for some m and k � 2 ? Well, for one thing, if m is large,we probably 
an't represent Equation 1 expli
itly by allo
ating spa
e for ea
h entry of A, ~u,and ~v. But what if A, ~u, and ~v are \symmetri
al" or \regular" in some sense? For example,sparse matrix representations exploit 
ertain types of symmetries for problems in whi
h O(n)is a

eptable (and hen
e m is relatively small) but O(n2) is not. In this paper, we 
onsidera di�erent 
lass of regularities for problems in whi
h m is large and O(n) time or spa
e isout of the question.In many of the optimization problems en
ountered in arti�
ial intelligen
e, in
luding theproblem of �nding optimal poli
ies for MDPs, the matri
es and ve
tors 
an be quite large.In parti
ular, it is often the 
ase that the number of indi
es (and hen
e the size of a matrix,say, if represented as simple table) is exponential in the size of the problem des
ription.For example, in the 
ase of fa
tored MDPs [Boutilier et al., 1999℄, if we were to allo
atespa
e for ea
h entry, the sizes of the state-transition matrix and the reward ve
tor would beexponential in the number of state variables used to des
ribe the domain. In many 
ases,however, there are representations for these large matri
es and ve
tors that allow us toen
ode these obje
ts in a 
ompa
t and tra
table form.Let's suppose that our matri
es and ve
tors 
orrespond to fun
tions and relations on adomain 
. Suppose further that we 
an des
ribe ea
h element of 
 in terms of a set of mfeatures of the domain denoted Z1; : : : ; Zm where ea
h feature Zi 
an take on values from
Zi and 
 =Qmi=1
Zi.Let ~z = (z1; : : : ; zm) be an element of 
 and let I(~z) be the integer index for ~z. We referto fZ1; : : : ; Zmg as the set of index variables for 
.Consider representing a fun
tion f : 
 � 
 ! < as a matrix A = faijg and suppose thatthere exists a partition P of 
�
 su
h that for ea
h blo
k B 2 P there exists aB 2 < su
hthat for all (~z; ~z0) 2 B if I(~z) = i and I(~z0) = j then aij = f(~z; ~z0) = aB.If jP j, the number of blo
ks in P , is small, say polynomial in m, and it is possible torepresent ea
h blo
k as a 
ompa
t, easily 
omputed fun
tion of the fZig, then at least we
an represent A 
ompa
tly and 
ompute the value of any aij eÆ
iently. This is the sortof regularity that we are 
on
erned with in this paper. In parti
ular, we're interested inanswering (at least partially) the following questions:� How would this sort of regularity help in terms of writing down A, ~u, and ~v and interms of 
al
ulating A~u or solving for ~u in A~u = ~v given A and ~v?� Are there interesting 
ases of matri
es and ve
tors for whi
h small partitions of thesort des
ribed above exist and su
h that 
an we �nd them (e.g., eli
it the 
ompa
trepresentations and requisite numbers from experts) and exploit their regularities?� If we 
an 
arry out 
al
ulations like A~u, why not AT~u (where T denotes matrix trans-pose), and raising A to a power, et
.? 2



Our initial motivation for this work was to extend iterative methods based on matrix andve
tor operations to solve large Markov de
ision pro
esses. In the following, we address thegeneral problem of de�ning elementary matrix and ve
tor operations involving very highdimensional ve
tor spa
es, but we draw on examples that arise in solving Markov de
isionpro
esses with very large, high-dimensional state spa
es.12 Exploiting Stru
tural RegularitiesConsider representing a fun
tion f : 
 ! < as a ve
tor ~u and assume that there exists apartition P of 
 = (
Z1 ; : : : ;
Zm) su
h that for ea
h blo
k (i.e., equivalen
e 
lass) B 2 P9uB 2 <; 8~z 2 B; if I(~z) = i then ui = f(~z) = uB (2)where we denote by uB the value 
ommon to any index I(~z) su
h that ~z 2 B. Assumefurther that for the matrix A = faijg whi
h represents a fun
tion g : 
 � 
 ! < and ea
hpair of blo
ks (B1; B2) 2 P � P9aB1B2 2 <; 8~z1 2 B1; 8~z2 2 B2;if I(~z1) = i and I(~z2) = j then aij = g(~z1; ~z2) = aB1B2 (3)where we denote by aB1B2 the value 
ommon to any pair of indi
es (I(~z1); I(~z2)) su
h that(~z1; ~z2) 2 (B1; B2). Under these assumptions we 
an 
ompute ~v = A~u as follows8B 2 P; vB = XB02P jB0jaBB0uB0so that vi = vB for all i = I(~z) su
h that ~z 2 B. The running time in this 
ase is O(jP j2)whi
h is a

eptable if jP j is small. In some sense, the size of the partition provides a boundon the intrinsi
 
omplexity of the problem de�ned in the domain.It will turn out that other elementary matrix-ve
tor operations, e.g., s
alar and dot prod-u
ts, sums and di�eren
es, 
an also be performed in time polynomial in jP j. In some 
ases,we 
an even a
hieve polynomial performan
e for more 
ompli
ated operations. For example,we 
an 
al
ulate Ak~u given A, ~u, and an integer k in O(kjP j2) time. We 
an also solve for ~uin A~u = ~v given A and ~v using an iterative s
heme in whi
h ea
h iteration takes O(jP j2) and
onvergen
e is independent of n. The tri
k is that we need to 
arve up the domain �nelyenough to ensure that the operands, A and ~u in this 
ase, are uniform on P (in the senseof satisfying Equation 2 and Equation 3). If A satis�es Equation 3 for the partition P 0,and ~v satis�es Equation 2 for a di�erent partition P 00, then, in the worst 
ase, the 
oarsestuniform partition (in the sense of being the partition with the fewest blo
ks that satis�esboth Equation 2 and Equation 3) will be of size O(jP 0jjP 00j).Unfortunately, not all ve
tor equations 
an be so easily 
omputed. For example, given ourpreviously stated initial motivation for this work, an equation that is of parti
ular interest1By \very large, high-dimensional state spa
es" we mean state spa
es whose size is exponential in m; by\very high-dimension ve
tor spa
es" we mean ve
tor spa
es with a number of dimensions exponential in m.3



to us is the ve
tor version of the Bellman equation for a Markov de
ision pro
ess~v = max� f~r� + 
A�~vg (4)in whi
h ~v is the ve
tor representing the optimal value fun
tion, 
 is a s
alar-valued dis
ountrate, ~r� is the ve
tor representing the reward fun
tion with respe
t to a
tion �, A� is thestate-transition probability matrix with respe
t to a
tion �, and the max over a
tions is on astate-by-state basis (or blo
k-by-blo
k basis in our 
ase) [Puterman, 1994℄. In the worst-
ase,solving this system of equations using the methods des
ribed above (essentially generalizingon the work of [Boutilier et al., 1995℄ and [Dean and Givan, 1997℄) takes time proportionalto the produ
t of the sizes of the representations for ~r� and A�, i.e., exponential in thenumber of a
tions.Simplifying somewhat, if we have an equation involving h distin
t terms (matri
es andve
tors) ea
h of whi
h satis�es some variant of Equation 2 or Equation 3 for some partitionPi, then, in the worst 
ase, solving the equation will require O(Qhi=1 jPij). To avoid thispotential blowup, we 
an take advantage of 
ases where the Pi agree on blo
ks or performapproximations that involve 
ombining blo
ks in partitions whose asso
iated values are ap-proximately the same and then doing additional bookkeeping to keep 
areful tra
k of theresulting errors. One parti
ular te
hnique in the 
ontext of Markov de
ision pro
esses 
anbe found in [Boutilier and Dearden, 1996℄.In the remainder of this paper, we des
ribe pro
edures implementing elementary operationson matri
es and ve
tors, appli
ations using these elementary operations to solve problemsposed in terms of linear algebra, and the use of a ma
hine learning te
hnique (tree pruning)to avoid potential blowups by trading spa
e for a

ura
y.3 Representing Very Large Matri
es and Ve
torsTo illustrate our main points, we borrow the representation for a toy robot planning problempresented in [Boutilier et al., 1995℄. Let R;U;W;HC;WC denote our index variables (whi
hwe assume to be boolean in order to keep the examples simple) representing, respe
tively,the weather outside being rainy, the robot having an umbrella, the robot being wet, therobot holding 
o�ee, and the robot's boss wanting 
o�ee. The details of this problem arenot 
riti
al for this paper but it will be somewhat easier to follow the examples with thesedistin
tive variable names. Let Z = (R;U;W;HC;WC) denote a ve
tor of variables ranging
 = f0; 1g5.In this paper, we use de
ision trees as our basi
 data stru
ture for en
oding fun
tions,i.e., matri
es and ve
tors. There are other methods for 
ompa
tly representing fun
tions,e.g., rule-based methods that are often used in arti�
ial intelligen
e to a
hieve 
ompa
trepresentations [Boutilier et al., 1999℄, and generalized versions of binary de
ision diagramsthat are used in a number of appli
ations in
luding VLSI design [Hoey et al., 1999℄.As an example, we 
an represent the ve
tor ~v = (v1; : : : ; v32) 
orresponding to the rewardfun
tion for a parti
ular a
tion in the robot planning problem as shown in Figure 1. In thisexample, I(0; 0; 1; 0; 1) = 5 and v5 = 4. Note that ea
h leaf in the tree represents a set of4
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Figure 2: Compa
t representation for a robot a
tionindi
es for the ve
tor. This basi
 idea of representing the values 
orresponding to sets ofindi
es is important for 
ompa
tly representing large ve
tors and matri
es.The te
hniques that we 
onsider in this paper work by 
ompa
tly representing sets ofindi
es whose 
orresponding entries in a matrix or ve
tor have the same value. Two indi
esare said to be equivalent with respe
t to value if their 
orresponding entries are the same. Thisequivalen
e relation indu
es a partition on the set of all indi
es. Ideally, we would only wantto allo
ate an amount of spa
e polynomial in the number of index variables for ea
h blo
k inthis partition | this amount of spa
e would have to suÆ
e for both the value of the entry(
ommon to all of the entries) and for the representation of the blo
k. Fortunately, in some
ases, we 
an represent large blo
ks of indi
es quite 
ompa
tly, e.g., we might interpret theformulaWC^HC as representing the set of all indi
es in whi
hWC is assigned 1 and HC isassigned 0. Note that in Figure 1 we have a
hieved e
onomy of representation by exploitingindependen
e involving the index variables, e.g., if WC is 1, then f(x) is independent of thevalue of W given a value for HC.We 
an represent large matri
es in a similar manner. The state-transition probabili-ties for the a
tion of our robot going outside for a 
up of 
o�ee 
an be spe
i�ed as atwo-stage temporal Bayesian network [Dean and Kanazawa, 1989℄ as shown in Figure 2.This network provides an en
oding of the 2n � 2n state-transition matrix. Ea
h of the
onditional probability tables, one for ea
h index variable, is en
oded as a tree as sug-gested in [Boutilier et al., 1995℄. The probability of ending up in one state having startedfrom another is determined by the produ
t of the values found in the trees shown inFigure 3, where, if i = I(1; 1; 1; 0; 0) = 28 and j = I(1; 1; 0; 0; 0) = 24, then aij =Pr[Rt+1 ^ Ut+1 ^Wt+1 ^HCt+1 ^WCt+1jRt ^ Ut ^W t ^HCt ^WCt℄ = 0:01.5



0 0 0 0 0, , , ,[ ]

0 0 0 1 0, , , ,[ ]

0
0

0
0

0
,

,
,

,
[

]

1
1

0
0

0
,

,
,

,
[

]

1
1

1
1

1
,

,
,

,
[

]

0
0

0
0

1
,

,
,

,
[

]
0

0
0

1
0

,
,

,
,

[
]

0

2
0 0 0 0 1, , , ,[ ] 1

1 1 1 0 0, , , ,[ ] i

1 1 1 1 1, , , ,[ ] 31

0

1 2 j 31

aij Pr Rt+1 Rt( )=

Pr Wt+1 Rt,U t,Wt( )×
Pr U t+1 U t( )×

Pr HCt+1 HCt( )×

R
U

W

WC
HC

Pr WCt+1 WCt( )×

……

… …

…
……

…

Figure 3: Transition matrix for a robot a
tionLet A = faijg so that aij 
an be represented as a fun
tion of the index variablesf(Z1; : : : ; Zm;Z 01; : : : ; Z 0m)where i = I(Z1; : : : ; Zm) and j = I(Z 01; : : : ; Z 0m). In general, if we wish to represent a lineartransformation from <2m to <2m as a 2m � 2m matrix, we assume that the 
orrespondingfun
tion on 
�
 
an be fa
tored as a simple 
ombination (e.g., sum or produ
t) of fun
tionsde�ned on mu
h smaller spa
es. Spe
i�
ally, by analogy with Bayesian networks we assumethat f 
an be rewritten as �kfk(Zk;Yk) where � is a binary operator and Yk denotes a(hopefully small) subset of the fZ 0ig.2 In the example above, � is s
alar multipli
ation butother operations 
an used in other appli
ations (e.g., maximum in the 
ase of 
omputing thetransitive 
losure of a large impli
itly spe
i�ed graph represented as an adja
en
y matrix, andsum in the 
ase of representing additive, multi-attribute value fun
tions). In the following,we assume that ea
h of the fk is represented as a tree.4 Elementary Stru
tured OperationsOne of the most basi
 operations on trees will be to graft one tree onto another by atta
hinga 
opy of the se
ond to all of the leaves of the �rst then simplifying the resulting treeby removing redundant or useless bran
hes. In terms of partitions, ea
h tree represents apartition and grafting one tree onto another is equivalent to interse
ting the two partitions.2To be 
ompletely general, we would have to represent ea
h fk in the form fk(Zk;Uk;Wk) where Uk �fZ1; : : : ; Zmg nZk and Wk � fZ 01; : : : ; Z 0mg | Uk is a subset of feature variables used for index i ex
ludingZk, andWk is a subset of feature variables used for index j. Using the less expressive representation simpli�esour presentation without losing important details. 6
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Figure 4: Adding two ve
tors represented as treesThe following pseudo
ode for the fun
tion TreeAtta
h implements this operation minus thesteps for simpli�
ation.fun
 TreeAtta
h(upper : leaf, lower : leaf, f : fun
)return f(upper; lower)fun
 TreeAtta
h(upper : leaf, lower : tree, f : fun
)let newresult :=forea
h 
hildren 
hild of root(lower) doTreeAtta
h(upper, 
hild, f)return newresultfun
 TreeAtta
h(upper : tree, lower : leaf or tree, f : fun
)let newresult :=forea
h 
hildren 
hild of root(upper)TreeAtta
h(
hild, lower, f)return newresultUsing the fun
tion TreeAtta
h we 
an easily implement ve
tor addition, subtra
tion, andinner produ
t. Ve
tor addition is illustrated in Figure 4 with an example from the robotdomain. Our implementation takes as its inspiration the algorithm des
ribed in Boutilier etal. [1995℄ for performing \stru
tured" value iteration to solve large Markov de
ision pro-
esses. Here we adapt their basi
 methods for manipulating trees representing 
onditionalprobability tables to implement many of the basi
 ve
tor and matrix operations familiar inlinear algebra.The term \stru
tured" refers to the fa
t that in order to represent the transition matri
esand value fun
tions e
onomi
ally Boutilier et al. had to exploit stru
ture in the form ofregularities in the domain. Following their lead, we refer to both our elementary ve
tor-ve
tor and matrix-ve
tor operations and the 
omposite methods based on them as stru
turedmethods.
7
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Figure 5: Building intermediate tree for taking inner produ
t of two ve
tors represented astrees.fun
 Stru
turedPlus(domain : des
, a : leaf or tree, b : leaf or tree)return TreeAtta
h(a, b, +)fun
 Stru
turedSubtra
t(domain : des
, a : leaf or tree, b : leaf or tree)return TreeAtta
h(a, b, �)Inner produ
t is handled similarly. We des
ribe how the operation is done by using theexample in Figure 5 in the framework of the 
o�ee robot 2TBN (Figure 2). When graftingone tree to the other, instead of taking the sum as in ve
tor addition, we multiply the itemstored in the grafted node to ea
h item in the leaf of the grafting tree. For the example inFigure 5, we multiply �1 stored in WC to ea
h item in the leaf of b. We keep doing this forea
h leaf node of a, until we get the resulting tree on the rightmost side.The �nal step is to take the sum of the items in the leaves of the tree, taking into a

ountthat the leaves represent blo
ks of indi
es. Sin
e we know the index variables de�ning theproblem, and we know the des
ription of the blo
k 
orresponding to ea
h leaf node, we 
an
al
ulate the number of individual indi
es for ea
h leaf node. In the 
o�ee robot domainexample (Figure 2), we had 5 boolean index variables. Thus, aT b = 22(�3) + 22(�2) +23(1) + 22(15) + 22(10) + 23(1) = 96.We note that given two ve
tors a and b with the number of leaves na and nb respe
tively,the inner produ
t 
an be done in O(nanb) time. Shown below is the algorithm for the innerprodu
t operation.fun
 Stru
turedInnerProdu
t(domain : des
, a; b : leaf or tree)let result := TreeAtta
h(a, b, �)forea
h leaf leaf in result doleaf = leaf � Arity(IndexVars(domain) - Path(result, leaf))let sum := 0forea
h leaf leaf in result dosum = sum + leafreturn sum 8
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Figure 7: Ve
tor resulting from Figure 6Another important stru
tured operation is the multipli
ation of the transpose of a matrixand a ve
tor. In the 
ase in whi
h the matrix 
orresponds to the state-transition matrixfor a Markov de
ision pro
ess and the ve
tor to a reward or value fun
tion, this operationamounts to performing a Bellman ba
kup [Puterman, 1994℄. Figures 6 and 7 illustrate someof the steps in the appli
ation of the following pro
edure with the ve
tor ~a as shown inFigure 6 and the matrix as des
ribed in Figures 2 and 3.Stru
turedTransposeMultiply(ffig : list of tree, a : tree)let result := EmptyTree()forea
h index variable Zk in a doforea
h leaf leaf in result doleaf := TreeAtta
h(leaf, fk, Append)result := Simplify(result)forea
h leaf leaf in result doleaf := Collapse(leaf, a)return resultThe �rst loop of Stru
turedTransposeMultiply 
onstru
ts the rightmost tree in Figure 6.Simplify eliminates leaves that 
orrespond to empty sets of indi
es, i.e., leaves at the endof paths 
orresponding to 
ontradi
tory assignments to the index variables, and removesredundant bran
hes. The last loop in Stru
turedTransposeMultiply 
onstru
ts the �nal output9



using the intermediate result obtained from the �rst loop; here is how Collapse 
al
ulates thevalue stored at a leaf.Let fZk1; : : : ; Zklg be the set of index variables used in the tree representation of ~a; ~aindu
es a partition P on the indi
es and hen
e on 
. Asso
iated with ea
h blo
k B 2 Pis an assignment to the fZkig; let zki;B be the value assigned to Zki by B and aB be the
ommon value assigned to all the indi
es in B. Let ffk1(Zk1;Yk1); : : : ; fkl(Zkl;Ykl)g be theset of fun
tions represented as trees asso
iated with the fZkig, and without loss of generalitylet 
Zki = f0; : : : ; j
Zki j � 1g. Finally, let yki;h be the (ve
tor) assignment of values to Ykiin fki(Zki;Yki) determined by the path from the root of the tree to the h-th leaf of the treeresulting from the �rst loop. Just prior to the �nal loop, the h-th leaf 
ontains the followinginformation: [fk1(0; yk1;h); : : : ; fk1(j
k1j � 1; yk1;h)℄...[fkl(0; ykl;h); : : : ; fkl(j
klj � 1; ykl;h)℄The pro
edure Collapse takes a leaf and repla
es the above information with a single number:PB2P Qli=1 fki(zki;B; yki;h)aB.3Finally, we de�ne a stru
tured operator for the multipli
ation of a matrix and a ve
tor.Given that we are multiplying matrix M with ve
tor ~a, the i-th 
omponent of the ve
torobtained by multiplying matrix M and ve
tor a is given as(M~a)i =Xj Mijaj=Xj f(I�1(i); I�1(j))aj=Xj Yk fk(I�1(i)k; I�1(j))aj:The algorithm for 
arrying out above equation is another tree-manipulation algorithm.Again, we explain the algorithm in terms of the 2TBN in Figure 2 with the example shownin Figure 8. Assume that the ve
tor we are given as input is the leftmost tree in Figure 8.We want to 
al
ulate how the next time-step index variables will be a�e
ted after the ve
toris multiplied by the transition probability matrix. We set an ordering for the next time-stepindex variables; let's say we have [W;U;R;HC;WC℄. We denote next time-step index vari-ables as primed variables, [W 0; U 0; R0; HC 0;WC 0℄. We 
hoose the �rst index variable in theordering, W 0, and atta
h its 
onditional probability tree to ea
h leaf of the ve
tor tree toobtain the tree shown in the se
ond 
olumn of Figure 8.Eventually we will have to add two subtrees of W by the de�nition of matrix-ve
tormultipli
ation. Sin
e no other index variable depends on W , we 
an safely add the twosubtrees resulting in the tree shown in the third 
olumn; if some other index variable depends3Note that for the leaves in Figure 6, given that the index variables are binary and the fun
tions areprobability distributions, we need only indi
ate a value for Zk, say p, sin
e the value for Zk is 1� p.10
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ation of the transition probability matrix with a ve
tor (Step 2).on W , we 
an't simply add subtrees sin
e in adding subtrees we are taking advantage of thefa
t (xy + zy) = (x + z)y. In this 
ase, we sele
t U 0 and repeat the same operation. Theresult is shown in the last 
olumn of Figure 8.The left 
olumn in Figure 9 shows the tree after the 
onditional probability tree for R0 isgrafted. Exploiting 
onditional independen
e we perform some simpli�
ations. HC 0 is thengrafted and the result is shown in the right side of Figure 9. Sin
e the last index variableWC 0 does not depend on any other variable and it is persistent, we 
an skip grafting its
onditional probability tree.The �nal result is shown in Figure 10 where we eliminate the primes sin
e every indexvariable in the tree is the next-time step index variable, and the next time step has be
omethe 
urrent time step.
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The following is a high-level des
ription of the algorithm for impli
it matrix-ve
tor multi-pli
ation:fun
 Stru
turedMultiply(domain : des
, a : leaf or tree)let result := aforea
h k = 1; : : : ; n doresult := TreeAtta
h(result, domain[k℄, �)forea
h node node in result doif the subtrees of node 
an be added thenrepla
e node by Stru
turedPlus of subtreesreturn result5 Approximating Large Matri
es and Ve
torsWe mentioned that the intermediate or �nal values of a 
al
ulation involving stru
turedoperations 
ould explode su
h that the size of the representation of the 
oarsest uniformpartition with respe
t to the terms involved in the 
al
ulation 
ould grow to be of a sizeexponential in the total number of terms. This is not a problem in the 
ase of 
al
ulating[A~u℄(i) or [Ak~u℄(i), but 
an, for example, lead to problems in solving Equation 4.To avoid su
h 
ombinatorial explosions, we use approximation methods to make sure thatthe sizes of intermediate results remain tra
table. These methods involve 
ombining blo
ksin partitions whose asso
iated values are approximately the same. Spe
i�
ally, we applystandard pruning te
hnique similar to those used in learning de
ision trees [Quinlan, 1992℄.The basi
 idea when applied to elementary stru
tured operations on trees is that wheneverthe varian
e of the values in the leaves in a parti
ular subtree is less than some threshold,we repla
e that subtree by a leaf 
ontaining the average. Sin
e some indi
es are treated thesame whose entries are in fa
t di�erent, these methods introdu
e errors into 
al
ulations.Our methods are heuristi
 as it is easily shown that �nding the smallest representation thata
hieves a given error is NP-hard [Dean et al., 1997℄. However, by keeping tra
k of boundson the values of the entries for indi
es in ea
h blo
k of the partitions (the partitions areimpli
it in the tree data stru
tures), we 
an report bounds on the error in the �nal results.Whenever we deal with numeri
al 
al
ulations that introdu
e errors, we have to addressissues of numeri
al stability, 
onvergen
e, and pre
ision. In Se
tion 6, we 
onsider severalappli
ations of our stru
tured methods a

ompanied by appropriate numeri
al analyses. Inparti
ular, we show how to make use of traditional methods for analyzing the 
onsequen
es of
oating point under
ow and over
ow [Wilkinson, 1963℄ to study 
onvergen
e and pre
isionin the use of stru
tured operations. We also look at some ideas from learning theory and
onsider how they 
an be used to analyze the result of applying pruning te
hniques to treerepresentations of ve
tors and matri
es.In preparation for the analyses of Se
tion 6, the following two subse
tions provide somevery basi
 ba
kground on modern error analysis and a qui
k introdu
tion to some usefulideas from ma
hine learning and fun
tion approximation theory.12



5.1 Error Analysis from Numeri
al Te
hniquesA great deal of attention in numeri
al analysis has been fo
used on solving systems of lin-ear equations. Sin
e not all real numbers 
an be represented exa
tly (or 
ompa
tly) on
omputers, resear
hers in numeri
al analysis must 
arefully 
onsider the e�e
t of round-ing errors in ea
h algorithm proposed for solving systems of linear equations. The basi
theory makes use of the 
ondition number of a matrix. Given a matrix norm k � k (referto [Kin
aid and Cheney, 1991℄ for detailed introdu
tion), the 
ondition number of matrix Ais de�ned as �(A) � kAk kA�1k:The meaning of this quantity is revealed by the following question: Given a system of linearequations Ax = b, suppose that by perturbation, b be
omes ~b. If ~x satis�es A~x = ~b, how mu
hdo x and ~x di�er in terms of norm k � k? Assuming that A�1 exists, we havekx� ~xk = kA�1b� A�1~bk � kA�1kkb� ~bk = kA�1kkAxkkb� ~bkkbk� kA�1kkAkkxkkb� ~bkkbkwhi
h leads to kx� ~xkkxk � kA�1kkAkkb� ~bkkbk = �(A)kb� ~bkkbk :From the above inequality, we see that �(A) serves as an upper bound on the di�eren
ebetween the solutions, x and ~x, with respe
t to perturbations in the right-hand side ofthe equation Ax = b. If �(A) is large, small perturbations lead to big di�eren
es in thesolutions. Often, the perturbations are formulated in terms of a matrix E (parti
ularly forthose methods that 
al
ulate A�1 dire
tly), so that we are solving(A + E)~x = bsu
h that E~x = b � ~b. The advantage of using a matrix E is that in some 
ases, we 
aneasily denote the error in
urred by ina

urate arithmeti
 operations. For example, when weuse the Gaussian elimination method to solve a system of equations, where we 
ompute Land U matri
es, we set LU � A + E :If every element of U is in [�1; 1℄, then every element of E is guaranteed to be between[�12�; 12�℄, where � denotes the ma
hine pre
ision [Wilkinson, 1963℄. The relative di�eren
ein the solutions 
an be also derived using E:kx� ~xkkxk � kI � (A + E)�1Ak � kEkkA�1k1� kEkkA�1kNote that �(A) denotes a property of the matrix A whi
h is independent of the a

ura
y ofthe arithmeti
 operations, whereas E denotes the error in
urred during the method, whi
his dependent on both �(A) and the a

ura
y of the arithmeti
 operations. Although thestandard use of E deals with ma
hine pre
ision [Wilkinson, 1963℄, the basi
 approa
h 
aneasily be extended to analyze the errors that result from pruning.13
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Figure 11: An example illustrating the pruning pro
ess and the resulting averager matrix.The example follows the domain given in Figure 2. The four diagonal blo
ks are 8� 8.5.2 Averagers and Stable ApproximationsAnother way to 
apture 
ertain types of approximation is developed in the work of Gor-don [1995℄. Gordon's method is espe
ially well suited for our analysis given that our approx-imation method, pruning, 
an be seen as a parti
ular 
ase of an averager. Given an exa
tve
tor ~x, the approximate ve
tor ~x0 is 
al
ulated by the following formula:~x0(i) = [M�~x℄(i) �Xj �ij~x(j)We de�ne an averager to be a matrix M� 
onsisting of the elements f�ijg 
orrespondingto nonnegative reals and satisfying Pj �ij = 1 for all j. To see that our pruning methodis an averager, we refer to the example shown in Figure 11. In this example, the non-zeroelements are gathered along the diagonal. The ordering of the index variables in the matrixand those in the tree are 
hosen to be the same in this example. In general, we won't �ndsu
h a ni
e diagonal de
omposition; however, any approximation 
arried out by pruning hasits asso
iated averager matrix M�.Gordon [1995℄ shows that under 
ertain 
onditions the use of an averager results in anapproximation whi
h is stable in the sense that it 
onverges to an approximate solutionwhose error with respe
t to the exa
t solution is ni
ely bounded.6 Appli
ations and AnalysisThere is a large 
lass of numeri
al algorithms that are des
ribed and implemented in terms ofelementary operations on matri
es and ve
tors. With the stru
tured operations for impli
itmatri
es and ve
tors de�ned in the previous se
tions, we 
an extend many of these algorithmsto handle large impli
it matri
es and ve
tors. In this se
tion, we provide examples of theseextensions and analyze the resulting algorithms.We note that some algorithms su
h as Gaussian elimination 
annot easily be implementedusing the data stru
tures and basi
 operations that we develop in this paper. In parti
ular14



some operations 
ommon in manipulating expli
it matri
es, e.g., ex
hanging 
olumns orrows, are made diÆ
ult by tree representations. We do not 
onsider extending some popularalgorithms that are known for being eÆ
ient and numeri
ally stable, e.g., those involving LUde
ompositions, be
ause of the diÆ
ulty of implementing su
h operations. Instead, we fo
uson algorithms based on the elementary operations for expli
it matri
es and ve
tors that weextended to impli
it matri
es and ve
tors in Se
tion 4.6.1 Solving Systems of Linear EquationsSolving systems of linear equations is the most fundamental problem in linear algebra andan often required subroutine in many numeri
al pro
edures. Algorithms for solving systemsof linear equations are used in a wide range of problems in AI, OR, e
onomi
s, and s
ienti�

omputing.There are many algorithms suggested for solving systems of linear equations, e.g., Gaussianelimination method, matrix de
omposition methods, and iterative methods. However, we
on
entrate on iterative methods that only require matrix-ve
tor multipli
ation and ve
tor-ve
tor addition operations, sin
e we want to solve large problems en
oded impli
itly. Webegin with one of the simplest iterative algorithms used in the solution of Markov de
isionpro
esses.6.1.1 Poli
y Evaluation using Bellman Ba
kupSuppose we are given an MDP M = (Q;A; P;~r), a dis
ount rate 
, and a poli
y � : Q! Aand we wish to evaluate the poli
y. The value of the poli
y �, denoted ~v�, is de�ned asthe ve
tor of s
alars whose kth 
omponent is the dis
ounted 
umulative reward for startingin state k and hen
eforth a
ting a

ording to the poli
y �. This ve
tor is de�ned by thefollowing system of equations represented in matrix form.(I � 
(P �)T ) ~v� = ~r:where P � is the transition probability matrix 
orresponding to the poli
y �. It 
an easily beshown that ~v� satis�es ~v� = ~r + 
(P �)T ~v� (5)and that ~v� is the unique �xed point of the following iterative method~v�i+1 = ~r + 
(P �)T ~v�idue to Bellman [1957℄. Note if P � and ~r are represented as trees and the matrix andve
tor operations are de�ned as in Se
tion 4, then the 
omputational 
ost of ea
h iterationis polynomial in the produ
t of the sizes of P � and ~r. The following pseudo-
ode is theBellman ba
kup pro
edure using stru
tured linear algebra operators:fun
 Stru
turedBellmanBa
kup(domain : des
, r : leaf or tree, v : leaf or tree)let result := Stru
turedTransposeMultiply(domain, 
 � v)return Stru
turedPlus(result, r) 15



By the way, in the earlier se
tions, we did not des
ribe how to multiply ve
tor representedas a tree by a 
onstant. This is done by multiplying every leaf item with the 
onstant.6.1.1.1 Error analysis using rounding error te
hnique We 
arry out the analysisof the Bellman ba
kup as follows. By using approximate operators, i.e., stru
tured linearalgebra operators with pruning, the Bellman ba
kup 
an be viewed as~v�i+1 = ~r + 
[(P �)T + E℄ ~v�i + ~ewhere matrix E and ve
tor ~e denote the errors in
urred during matrix-ve
tor multipli
ationand ve
tor-ve
tor addition, respe
tively. Sin
e the true solution satis�es Equation (5), wehave k~v�i+1 � ~v�k � 
k(P �)Tkk ~v�i � ~v�k+ k
E~v�i + ~ekwhi
h leads to k~v�1 � ~v�k � maxi k
E~v�i + ~ek1� 
k(P �)TkThis inequality indi
ates that the approximate solution ~v�1 is within maxi k
E~v�i +~ek1�
k(P�)T k of theexa
t solution ~v�.Above analysis provides an alternative way to derive the error bound reported in [Dearden and Boutilier, 1997℄for evaluating poli
ies for MDPs. Their error bound is de�ned in terms of abstra
tion errordue to pruning (~e in our analysis) and inexa
t transition probabilities (E in our analysis).6.1.2 Ri
hardson's MethodBellman ba
kup method in the previous se
tion is a spe
ial 
ase of more general method
alled Ri
hardson's method applied to 
al
ulating the value fun
tion of an MDP. We returnto the general problem of solving a system of linear equations. Assume that we want to solvesystems of linear equations given in a matrix-ve
tor formA~u = ~v:Many iterative methods are de�ned in terms of a splitting of A su
h that A =M�N . Usingthis splitting, the above equation is rewritten in an equivalent form:M~u = N~u+ ~v:This equation readily suggests an iterative pro
ess, de�ned byM~u(k+1) = N~u(k) + ~v: (6)Iterative methods are based on the following fundamental theorem:16



Theorem 1 If kM�1Nk < 1 for some subordinate matrix norm, then the sequen
e produ
edby Equation 6 
onverges to the solution of A~u = ~v for any initial ve
tor ~u(0). 2The simplest of the iterative methods is the Ri
hardson method where M � I and N �I �A [Kin
aid and Cheney, 1991℄. If we know that kI �Ak < 1, we 
an apply the followingalgorithm for the impli
itly represented matrix A and ve
tor ~v (the Max is over the absolutevalue of the entries stored in the leaves of the tree).fun
 Stru
turedRi
hardson(ffig : list of tree, b : tree, � : real)let old := 0, new := bwhile Max(jStru
turedSubtra
t(new,old)j) > � doold := newnew := Stru
turedSubtra
t(new,Stru
turedMultiply(ffig, new))new := Stru
turedPlus(new, b)return newThe simpli
ity of the above spe
i�
ation should give you some appre
iation of the potentialpower of applying stru
tured operators. In a similar manner, we 
an implement variants ofiterative methods su
h as Ja
obi, Gauss-Seidel, and su

essive over relaxation using elemen-tary stru
tured operations and some spe
ial operators to handle the splittings. We 
an alsoimplement stru
tured versions of the bi-
onjugate gradient des
ent method, whi
h falls intoanother 
ategory of algorithms for solving linear equations.6.1.2.1 Error analysis using rounding error te
hnique To apply rounding erroranalysis to Ri
hardson's method, we simply repla
e 
(P �)T in the previous analysis byI � A. Thus, for the error asso
iated with approximate stru
tured Ri
hardson's methodde�ned by ~ui+1 = ~ui � (A+ E)~ui + ~v + ~e;we have following inequality for the error asso
iated with the approximate stru
tured Ri
hard-son's method: k~u1 � ~uk � maxi kE~ui + ~ek1� kI � AkThe result 
omputed by the approximate Ri
hardson's method, ~u1, will remain 
lose to ~u,the true solution, as long as kI � Ak < 1. The error bound depends on E and ~e, as well askI � Ak. This 
omes from the fa
t that the overall error depends on how mu
h the errorsare propagated from one iteration to the next | smaller kI � Ak means a smaller rate ofpropagation.
17



6.1.3 A

eleration Te
hniquesEquation 6 shows that k~ui+1 � ~uk � kM�1Nkk~ui � ~uk;This means that the speed of 
onvergen
e is determined by kM�1Nk. It is natural to tryto �nd the best M and N su
h that kM�1Nk is minimal. Many a

eleration te
hniquesattempt to do just this.The following is a general a

eleration te
hnique 
alled the extrapolation method that 
anbe applied to any iterative formula derived from Equation 6:~u(k+1) =M�1N~u(k) +M�1~v:We introdu
e an a

eleration parameter � 6= 0 to the above equation to obtain~u(k+1) = �(M�1N~u(k) +M�1~v) + (1� �)~u(k)= G�~u(k) + �~
where G� � �M�1N + (1 � �)I and ~
 � M�1~v. If the only information available aboutthe eigenvalues of M�1N is that they lie in the interval [a; b℄, then the best 
hoi
e for � is2=(2� a� b) [Kin
aid and Cheney, 1991℄. We 
al
ulate the interval [a; b℄ as a prepro
essingstep using stru
tured versions of the power and inverse power methods (see Se
tion 6.2) todetermine � for our experiments.Algorithms for solving a system of linear equations are used in Markov de
ision pro
essesfor a number of purposes. In this paper, we 
on
entrate on applying equation-solving te
h-niques to 
al
ulate the value fun
tion for a parti
ular poli
y �, a mapping from states toa
tions. The value fun
tion for � is the ve
tor ~v� that satis�es the equation(I � 
T�)~v� = ~r�;where ~v�(i) denotes the expe
ted dis
ounted 
umulative reward starting in state i and a
tinga

ording to � for the in�nite horizon 
ase with dis
ount rate 
. We assume that T�, thestate-transition probability matrix for �, and ~r�, the reward ve
tor for � are spe
i�ed instru
tured matrix representation. The iterative formula for the Ri
hardson method redu
esto ~v(k+1)� = 
T�~v(k)� + ~r�;whereas the extrapolation method is spe
i�ed by~v(k+1)� = �
T�~v(k)� + (1� �)~v(k)� + �~r�:6.1.3.1 Error analysis in terms of averagers The asymptoti
 behavior of ~v(k)� in thepresen
e of approximate operators 
an be analyzed in the 
ontext of MDPs. We 
an show18



that a 
ertain 
lass of approximations a
hieves stable approximation [Gordon, 1995℄. De�nethe Bellman ba
kup operator T� as a mapping from ~v(k)� to ~v(k+1)� su
h that~v(k+1)� (i) = [T�~v(k)� ℄(i) � ~r(i) + 
Xj pij~v(k)� (j):It 
an be shown that the 
ombined mapping T� ÆM� is a stable approximation in the sensethatTheorem 2 (stable approximation) Let the iteration T� 
onverges to ve
tor ~v�, and letve
tor ~v+ be any �xed point of M�, i.e., ~v+ = M�~v+. Suppose that k~v+ � ~v�k1 = �. Then,the iteration of T� ÆM� 
onverges to the ve
tor ~v0 so that k~v0 � ~v�k � 2
�1�
 .Similar theoreti
al results 
an be also found in [Tsitsiklis and Van Roy, 1996℄.The key idea of establishing stable approximation for approximate stru
tured operatorsis that the tree pruning pro
edure is a spe
ial 
ase of the averager assuming that (1) thevariables appear in a �xed order when we follow the paths from root to leaves and (2) thepruning 
riterion is 
hanged so that leaves at depth less than, say, h never gets pruned,whereas leaves at depth at least h always gets pruned, i.e., the depth of the whole tree isalways at most h.When the above assumptions are satis�ed, we 
an formulate the approximate Bellmanba
kup as ~v(k+1)� = A(~r + 
AP�~v(k)� )where matrix A represents the averager indu
ed by pruning after ea
h stru
tured operator.Using the fa
t that ~v� = ~r + 
P�~v�, we have the following inequality.k~v(k+1)� � A~v��k = k
A2P~v(k�1)� � 
AP~v��k= k
A2P~v(k�1)� � 
A3P~v�� + 
A3P~v�� � 
AP~v��k� k
A2Pkk~v(k)� � A~v��k+ kA2 � Ikk
AP~v��kWe immediately noti
e that k~v(k+1)� �A~v��k is bounded for all k due to the fa
t that k
A2Pk <1. Thus, k~v1� � A~v��k � kA2 � Ikk
AP~v��k1� k
A2Pk :Similar analysis 
an be 
arried out under the extrapolation method. However, there is no
onvergen
e guarantee for the approximate extrapolation method with � > 1.6.1.4 ExperimentsAs a simple experiment, we 
ompare the performan
e of the stru
tured Ri
hardson methodwith the stru
tured version of the a

eleration te
hnique both of whi
h were des
ribed in19



Ri
hardson method Extrapolation method� 
 # of iterations Run time (se
) # of iterations Run time (se
)0:1 0:8 31 37:02 11 13:480:1 0:9 72 87:97 23 29:630:1 0:95 160 197:66 49 64:570:05 0:8 34 40:80 12 14:760:05 0:9 78 95:43 25 32:130:05 0:95 174 215:05 53 69:76Figure 12: Experimental results with exa
t operations.Se
tion 6.1. The task was to estimate the value of always exe
uting the a
tion stay inBoutilier and Dearden [1996℄'s Co�ee Robot domain. Figures 12 and 13 show the number ofiterations and exe
ution time for the Ri
hardson method and the extrapolation method withvarying target absolute error � and dis
ount rate 
. The stopping 
riteria for the Ri
hardsonmethod is given by k~v(k+1)� � ~v(k)� k � �1� 
2
and the extrapolation method byk~v(k+1)� � ~v(k)� k � �1� [1� �(1� 
)℄2[1� �(1� 
)℄ :The latter inequality is derived from the fa
t that kG�k � 1 � �(1 � 
) for our parti
ular
hoi
e of �.For the Ri
hardson method, one matrix-ve
tor multipli
ation, one ve
tor-ve
tor addition,and one s
alar-ve
tor multipli
ation are performed at ea
h iteration. For the extrapolationmethod, one matrix-ve
tor multipli
ation, two ve
tor-ve
tor additions, and three s
alar-ve
tor multipli
ations are performed per iteration. This explains why the extrapolationmethod takes slightly longer running time per iteration than the Ri
hardson method. How-ever, we 
an see that the information about the largest and smallest eigenvalues allows usto apply the extrapolation method in stru
tured domains, whi
h is a 
lear advantage.Figure 13 shows the results for the same set of problems as in Figure 12 but in this 
aseusing the Ri
hardson and extrapolation methods implemented with the pruning te
hniques.After ea
h exa
t elementary stru
tured operation, TreePrune takes the (possibly large) treeas an input and examines the leaves of the subtree rooted at ea
h internal node. TreePrunegoes through ea
h node in a re
ursively bottom-up fashion. If the varian
e of the leaves issmaller than some threshold value given as input, the algorithm 
ontra
ts the whole subtreeto a single leaf node 
ontaining the average. Otherwise, it pro
eeds to the parent nodewithout any 
hanges:fun
 TreePrune(T : tree, � : real)let result :=forea
h 
hildren 
hild of T do 20



Ri
hardson method� 
 # of iterations Run time (se
) Rel err0:1 0:8 30 7:49 0:220:1 0:9 71 17:91 0:170:1 0:95 158 40:16 0:140:05 0:8 34 8:54 0:220:05 0:9 77 19:57 0:170:05 0:95 171 43:48 0:14Extrapolation method� 
 # of iterations Run time (se
) Rel err0:1 0:8 11 2:89 0:260:1 0:9 22 5:99 0:210:1 0:95 48 13:39 0:160:05 0:8 12 3:17 0:260:05 0:9 24 6:61 0:210:05 0:95 52 14:54 0:16Figure 13: Experimental results with approximate operations. \Rel err" denotes the relativeerror in
urred by approximating the ve
tor. The threshold used for tree pruning algorithmheuristi
 was set to 1.0 throughout the experiments on the Ri
hardson method and 5.0 onthe extrapolation method.TreePrune(
hild, �);let average := Average of leaf items in result;let varian
e := Varian
e of leaf items in result;if varian
e < � doreturn average;else return T ;Figure 13 also lists the relative error for the approximations. The relative error is de�nedas k(~v� � ~v0�)=~v�k1 where ~v� and ~v0� represent, respe
tively, the exa
t solution and theapproximate value fun
tions.The e�e
tiveness of this pruning te
hnique is sensitive to the threshold (at least in thedomain we looked at). In Figure 14, we show the number of leaves in the tree representingthe value fun
tion produ
ed as output and the relative error a
hieved by this tree. Note thatthe number of leaves in trees produ
ed as output is sensitive to the threshold; moreover,the relative error is di�erent among trees with the same number of leaves. There are severalreasons for this variation [Boutilier and Dearden, 1996, Singh and Yee, 1994℄. In some 
ases,there are trees that are di�erent in shape but have the same number of leaves. In other 
ases,there are trees with same shape but di�erent values at the leaves due to di�erent pruningsat intermediate steps.
21



Ri
hardson method Extrapolation method� # of leaves Rel err # of leaves Rel err0.0 30 0.003 30 0:0030.1 30 0.003 30 0:0030.5 30 0.157 30 0:0871.0 6 0.218 30 0:1042.0 6 0.519 30 0:1733.0 6 0.519 6 0:2614.0 1 0.885 6 0:2615.0 1 0.878 6 0:261Figure 14: Experimental results with approximate operations. � is the threshold used forpruning. \Rel err" denotes the relative error in
urred by approximating the ve
tor. � and 
were set 0.1 and 0.8, respe
tively.6.2 Cal
ulating EigensystemsThe eigensystem (eigenvalues and eigenve
tors) of a matrix reveal a lot of useful informationabout problems des
ribed in terms of the matrix. For example, in a Markov 
hain, these
ond largest eigenvalue provides a measure of the mixing rate of the pro
ess: how fast arandom walk 
onverges to the steady state distribution. Also, if none of the eigenvalues is�1, then the 
hain is 
alled ergodi
 and is thus known to have several desirable properties.In this se
tion, we show how to 
al
ulate the eigensystem of a large matrix using stru
turedlinear algebra operators. We also show its appli
ation to 
ompuate singular values of a largematrix.6.2.1 Power MethodThere are a lot of numeri
al algorithms for 
al
ulating the eigensystem of a matrix. Inthe following, we illustrate a stru
tured version of the power method, whi
h is an iterativemethod for �nding largest eigenvalue and its 
orresponding eigenve
tor. The power methodutilizes the following property:Theorem 3 (Power Method) For an arbitrary matrix M and an initial ve
tor x(0), theve
tor x(k) =Mx(k�1)aligns with the eigenve
tor u1 
orresponding to the largest eigenvalue �1. Moreover,r(k) = kx(k+1)kkx(k)kapproa
hes to the eigenvalue �1.The following pseudo-
ode is the stru
tured version of the power method:22



fun
 Stru
turedPowerMethod(domain : des
, b : leaf or tree, � : real)let oldx := b, newx := 0, � := 0while Max(jStru
turedSubtra
t(domain, newx, oldx)j) > � dooldx := newxnewx := Stru
turedMultiply(domain, oldx)� := pStru
turedInnerProdu
t(domain, newx, newx)newx := Stru
turedTimes(domain, 1=�, newx)return f�, newxgAt the termination of the program, � provides an estimate of the largest eigenvalue andan estimate of the asso
iated eigenve
tor is stored at newx for any trial ve
tor b. Variants ofthe power method su
h as the inverse power method to 
al
ulate the smallest eigenvalue andits eigenve
tor, and the shifted power method to get the eigenvalue farthest from a spe
i�
value given as the input, et
., are implementable using stru
tured operations. For a detaileddes
ription of numeri
al issues 
on
erning the 
lassi
al power method and its variants, referto [Press et al., 1993℄.We 
an extend the power method so that it makes the set of trial ve
tors 
onverge to thedominant set of eigenvalues/eigenve
tors of the matrix. This is 
alled the simultaneous iter-ation method. It works for an arbitrary matrix but it solves m systems of linear equations inea
h iteration when �nding m dominant eigenvalues/eigenve
tors. Stru
tured versions of thesimultaneous iteration method 
an be derived from the 
lassi
al version in a straightforwardway. Detailed analysis of the 
lassi
al version of simultaneous iteration method 
an be foundin [Jennings and M
Keown, 1992℄.6.2.2 Singular Value De
ompositionA singular value de
omposition (SVD) of a matrix also reveals useful information about amatrix. SVD is applied in various tasks su
h as linear regression and prin
ipal 
omponentanalysis. We start with the basi
 singular value de
omposition theorem:Theorem 4 (SVD) An arbitrary (sto
hasti
) n� n matrix M 
an be fa
tored asM = PDQwhere P is an n �m unitary matrix, D is an m �m diagonal matrix, and Q is an m � nunitary matrix.The non-zero diagonal entries inD are 
alled singular values of matrixM . They are exa
tlythe square root of eigenvalues of the matrix MTM . This property shows that to 
al
ulatesingular value de
omposition on the matrixM , we �rst 
al
ulate eigenvalues/eigenve
tors ofsymmetri
 matrixMTM . We extend the power method des
ribed in the previous se
tion to
al
ulate all eigenvalues/eigenve
tors of MTM .Sin
e symmetri
 matri
es have nonnegative eigenvalues, let's say MTM has eigenvalues�1 � �2 � : : : � �n � 0. We denote ui as the eigenve
tor 
orresponding to the eigenvalue23



�i, i = 1; : : : ; n. A symmetri
 matrix has another property [Strang, 1980℄ that there existsa set of orthonormal eigenve
tors ui's su
h thatMTM = �1u1uT1 + � � �+ �nunuTn :The power method 
al
ulates �1 and u1. Suppose that we reapply the power method toMTM � �1u1uT1 :This will yield the eigenvalue �2 and asso
iated eigenve
tor u02. If �2 = �1, there is noguarantee that u02 is perpendi
ular to u1, we need to �nd u2 that is both the eigenve
tor
orresponding to �2 and perpendi
ular to u1. This 
an be done by proje
tion:v2 = u02 � uT1 u02uT1 u1u1;u2 = v2=kv2k:We 
an easily verify that MTMu2 = �2u2. In general, if we know eigenvalues/eigenve
torsf�i; uiji = 1; : : : ; kg, we 
an 
al
ulate �k+1 and u0k+1 by applying the power method toMTM � �1u1uT1 � � � � � �kukuTk : (7)>From that, we orthnormalize u0k+1 with respe
t to u1; : : : ; uk:vk+1 = u0k+1 � uT1 u0k+1uT1 u1 u1 � � � � � uTk u0k+1uTk uk uk;uk+1 = vk+1=kvk+1k: (8)Suppose that we have 
omputed m non-zero eigenvalue/eigenve
tor pairs of MTM :f(�i; ui)ji = 1; : : : ; mg:We are ready to build matri
es P;D and Q that form singular value de
omposition of M :D = diag(p�1; : : : ;p�m);P = 264| u1 |...| um |375 ;Q = 24 j j1p�1Mu1 � � � 1p�nMumj j 35 :Instead of 
al
ulating all of m non-zero singular values, we 
an 
ompute some (m0 < m)of them, building m0�m0 matrix D, n�m0 matrix P and m0�n matrix Q. This is one wayof approximating the matrix M [Press et al., 1993℄. The following is the stru
tured versionof singular value de
omposition algorithm whi
h 
al
ulates m0 singular values:24



fun
 Stru
turedSVD(domain : des
, m0 : integer, � : real)let eigensystem := fg, P := fg, D := fg, Q := fgdo i = 1; : : : ; m0let eigenpair := Stru
turedPowerMethod(domain, eigensystem,Stru
turedRandomVe
tor(), �)eigenpair := Stru
turedOrthonormalize(domain, eigensystem,eigenpair)eigensystem := Append(eigensystem, eigenpair)do i = 1; : : : ; m0D := Append(D, peigensystem[i℄[1℄)Q := Append(Q, eigensystem[i℄[2℄)P := Append(P , Stru
turedTimes(domain, 1=D[i℄,Stru
turedMultiply(domain, eigensystem[i℄[2℄)))return fP;D;QgNote that we impli
itly extended Stru
turedPowerMethod to 
al
ulate the i-th eigenvalue-eigenve
tor pair in the way shown in Equation 7. Stru
turedOrthonormalize orthonormalizesthe i-th eigenve
tor with respe
t to those eigenve
tors already 
al
ulated a

ording to Equa-tion 8.6.2.3 ExperimentsIn this se
tion, we summarize some experiments to illustrate the stru
tured version of powermethod. The task was to �nd the dominant eigenvalue-eigenve
tor pair for a stru
turedsto
hasti
 transition matrix. Figure 15 des
ribes the result for three sto
hasti
 transitionmatri
es 
orresponding to di�erent a
tions in the 
o�ee robot domain. Sin
e it is known thatthe dominant eigenvalue of a sto
hasti
 transition matrix is 1, we de�ne relative error in theeigenvalue as 1��, where � is the eigenvalue 
al
ulated by the (approximate) power method.For ea
h � = 0:00; 0:01; 0:05; 0:10, we get possibly di�erent eigenve
tors. Thus, in the lastfour 
olumns of Figure 15, we show the inner produ
ts between eigenve
tors. Ex
ept for� = 0:1, the eigenve
tors were 
lose to the true eigenve
tor. In the 
ase of go1 with � = 0:05,the obtained eigenve
tor was indeed very 
lose to the true eigenve
tor | it just 
onvergedto some eigenve
tor di�erent from those with � = 0:00; 0:01. Note that multiple eigenve
tors
an share the same eigenvalue.7 Related WorkPress et al. [1993℄ des
ribe a wide range of numeri
al methods. To the extent that thisbody of work is 
on
erned with exploiting stru
ture, the emphasis is on sparse matrix meth-ods. For a good introdu
tion to iterative methods for solving systems of linear equations,see [Kin
aid and Cheney, 1991℄. The pioneering work by Wilkinson [1963℄ gives anotherperspe
tive in analyzing dire
t methods su
h as Gaussian elimination in the presen
e ofapproximate operators. 25



~x � ~x�a
tion � T # of leaves rel err in eigenvalue 0:00 0:01 0:05 0:10.00 1128.22 400 0.0258 1.0 0.996 0.959 0.2820.01 44.58 12 0.0160 1.0 0.975 0.2590.05 14.46 7 0.0000 1.0 0.224stay 0.10 5.24 1 0.9975 1.00.00 1124.7 400 0.0258 1.0 0.982 0.503 0.2820.01 29.83 9 0.0154 1.0 0.493 0.2580.05 8.9 5 0.0000 1.0 0.447go1 0.10 4.86 1 0.9975 1.00.00 1142.96 400 0.0258 1.0 0.996 0.959 0.2820.01 44.02 12 0.0160 1.0 0.975 0.2590.05 14.13 7 0.0000 1.0 0.224go2 0.10 5.15 1 0.9975 1.0Figure 15: Results of the stru
tured power method on Co�ee Robot domain. For the tran-sition probability matri
es 
orresponding to a
tions stay, go1, and go2, we 
al
ulated thedominant eigenvalue/eigenve
tor for ea
h a
tion. For varying degree of approximation (�),we ran power method for 20 iterations. T is the running time in terms of se
onds. Notethat the number of leaves for the eigenve
tor de
reases dramati
ally as we in
reased �, thussa
ri�
ing the a

ura
y of ea
h stru
tured linear operator. The method to 
al
ulate therelative errors in eigenvalues and 
ompare the eigenve
tors 
an be found in the text.Work on Markov de
ision pro
esses dates ba
k to the 1950's and there are several ex
ellentup-to-date referen
es available that summarize the resear
h 
arried out in operations resear
hand adaptive 
ontrol [Puterman, 1994, Bertsekas, 1987℄. Mu
h of the emphasis in these �eldswas on the use of iterative, dynami
 programming methods for solving dis
rete problems (ordis
retized versions of 
ontinuous problems); unfortunately, sin
e these methods requiredsumming over the state and a
tions spa
es, they did not s
ale to most of the problemsen
ountered in pra
ti
e [Littman et al., 1995℄.Dean and Kanazawa [1989℄ and Tatman and Sha
hter [1990℄ introdu
ed the idea of stru
-tured Markov pro
esses and suggested how they might be used for representing and solvingplanning and 
ontrol problems with very large state and a
tion spa
es [Dean and Wellman, 1991℄.In re
ent years, a great deal of progress has been made exploring stru
tured versions ofearlier, unstru
tured algorithms [Boutilier et al., 1995, Dean et al., 1997℄. Tsitsiklis andVan Roy [1996℄ also dis
uss approximation methods for solving fa
tored MDPs. The ap-proa
h des
ribed in this paper was inspired in part by the stru
tured methods presentedin [Boutilier et al., 1995℄ and the subsequent analysis of the underlying redu
ed models inDean et al. [1997℄. Boutilier et al. [1999℄ provide a re
ent survey of stru
tured methods forrepresenting and solving very large MDPs.The work on solving MDPs is also 
losely related to work on reinfor
ement learning algo-rithms. A survey by Kaelbling et al. [1996℄ and a book by Sutton and Barto [1998℄ provideex
ellent introdu
tions to reinfor
ement learning and its relationship to MDPs. The bookby Bertsekas and Tsitsiklis [1996℄ 
onne
ts the traditional work on dynami
 programming,26



resear
h on reinfor
ement learning, and work on fun
tion approximation and ma
hine learn-ing. The most relevant aspe
ts of this work 
on
ern the 
onvergen
e and error analysisof reinfor
ement learning te
hniques whi
h make use of fun
tion approximation s
hemes.Gordon [1995℄ provides a good overview of this work as does the text by Bertsekas andTsitsiklis [1996℄.8 Con
lusionThis paper des
ribes pro
edures for implementing linear algebra operators that apply tomatri
es and ve
tors represented in fa
tored form. These pro
edures 
an be used to extendnumeri
al methods to handle very high dimensional ve
tor spa
es. In this paper, we empha-sized fa
tored representations based on trees, thereby generalizing on the sort of graphi
almodels popular in arti�
ial intelligen
e and operations resear
h.In terms of future work, we are parti
ularly ex
ited about the prospe
ts for using ma
hinelearning te
hniques based on sampling to �nd small, approximate representations. In termsof the general approa
h, we are 
urrently pursuing answers to the following question: Given�xed 
omputational resour
es, what are the best points in the 
al
ulations to apply approxi-mation? We've been 
onsidering a number of possibilities: We 
ould \
a
he out" the resultof ea
h ea
h elementary operation by applying TreePrune to obtain an intermediate result.Alternatively, we might perform a number of exa
t binary operations, monitoring the sizeof the intermediate results, and then, when the intermediate results threaten to be
ome toolarge, apply pruning to obtain a 
ompa
t, approximate intermediate result.We are also working on methods that involve sampling from the indi
es of large matri
esand ve
tors and then using ma
hine learning te
hniques to the sample to indu
e a 
ompa
tmodel of the intermediate results of the binary operations. In analogy to the idea in the pre-vious paragraph of performing sequen
es of binary operations before 
a
hing out the results,we might also sample 
omputational threads or trees 
orresponding to partial 
al
ulationsfrom sequen
es of binary operations. In this 
ase, the question of how long or 
ompli
atedthese sequen
es are allowed to be
ome may be resolved in some 
ases by an appeal to uniformsampling theory. For the task of solving fa
tored Markov de
ision pro
esses, the resultingalgorithm would be a hybrid of the approximate stru
tured value iteration of Boutilier andDearden [1996℄ and the sparse sampling planner of Kearns et al. [1999℄.While our initial motivation was to expedite the solution of Markov de
ision pro
esses,in this paper we have attempted to push the generality of our methods as far as possible.This exer
ise serves to (a) in
rease the 
lass of problems that 
an be solved using stru
turedmethods and (b) in
rease the 
lass of methods that 
an be extended and brought to bearon the problems that motivated us in the �rst pla
e. One of the most important advantagesof our approa
h over earlier, more spe
ialized approa
hes is that we 
an now easily takeadvantage of a wealth of knowledge from numeri
al analysis and related dis
iplines in devisingnew algorithms.By keeping tra
k of bounds on the values of the entries for indi
es in ea
h blo
k of the par-titions, we 
an report bounds on the error in the �nal results. Standard pruning te
hniques27




an be applied to elementary stru
tured operations to produ
e approximate stru
tured op-erations. In mu
h the same way as �nite-pre
ision arithmeti
 introdu
es errors in 
omputerimplementations of numeri
al methods, approximate operations on matri
es and ve
tors in-trodu
e errors and thus require 
areful analysis with respe
t to 
onvergen
e and pre
ision.Under reasonable assumptions, we 
an guarantee that the resulting approximations 
on-verge and the error (the di�eren
e between result from the algorithm using the approximatestru
tured operators and the true answer) is bounded.The 
ontributions of this work in
lude data stru
tures for representing very large matri
esand ve
tors, a set of pro
edures that operate on these data stru
tures, and a set of analyti
almethods that enable us to apply a wide range of numeri
al methods based on linear algebradire
tly to the solution of 
ombinatorial optimization problems involving very large matri
esand ve
tors.A
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