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Chapter 1

Proofs and Auxilliary Definitions

1.1 Full Typing Relation

tyi(typeot) = T — Str
tya(===) = T x T — Bool
ty2(-) = Num x Num — Bool
X;'ke:S--- tyn(opp) =S+ =T

X oppte--) 1 T
;T F num : Num
;T str: Str
3T+ bool : Bool
3; Tt undefined : Undef

)=T
»I'HIL:T

MNx)=T
»;I'Fax:T

IV x:S,---Fe: T I'Y =T with labels removed

;T F func(@z--) :S--=»T{e}: S =T

»I'ke:S--- »r+-f:8-—=T
Ik fe-n: T
1

(T-PrRIMAPP)

(T-Num)
(T-STR)
(T-Boor)

(T-UNDEF)

(T-Loc)

(T-Ip)

(T-ABS)

(T-App)
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;Tke: S Six: S They: T

(T-LET)
E;Fl—let xr = e1 in 821T
;I'ke:T
(T-REF)
Z;Fl—ref e:Ref T
Y;I'Fe:RefT
(T-DEREF)
E;Fl—deref e: T
;T e :Ref S ;T key: T T<:S
(T-SETREF)
Z;F b setref e] eg . Ref T
>;T'F ey : Bool Yi;I'key: T Y;I'kes: T
(T-Ir)
E;F}_if (e1) { ez } else { e3 y: T

;D,label : THe: T
(T-LABEL)

;T Flabel:T { e }: T

I(label) =T X, T'ke:T

(T-BREAK)

;' break label e: L

Y»;I'ke:S S<:T
(T-SuB)

;I'ke:T

Vi e dom(%).5;- Fo(l) : £(I) dom(X) = dom(o) (T-0)
-0

YFo

1.2 Type Safety

Lemma 1 (Progress) IfX,-Fe: T and X & o then either:
1. e € v, or
1. There exists o', €', such that ce — o'€e’, or

iii. There exists an E, such that e = E(tagerr).

Proof: By lemma 3, cases (i.) and (iii.) are immediate, leaving only the the case where
e = F(ae). By lemma 4, there exist S and T', such that ;T F ae : S. By case-analysis on ae,

applying inversion (lemma 8) and canonical forms (lemma 9) where indicated:

e Case ae = ref v. By E-Ref, 0 E(ref ¢} — o, (I,v)(l) where | ¢ dom(o).
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e Case ae = deref v. By inversion, ;' v : Ref S’. By canonical forms, v =1 and | € dom(X).
By T-0, 1 € dom(c). By E-Deref, o E(deref 1) — o E{o(l)).

e Case ae = setref v; vo. By inversion, X;T" - v; : Ref S;. By canonical forms, v; = [, hence
| € dom(o). By E-SetRef, o E(setref | va) — o[l := vo] E(l).

e Case ae = label: T{ E1(break label v) }. By E-Break, o FE(label:T{ E1(break label v) }) — o E(v).
e Case ae = label:T { v }. By E-Label-Pop, o E(label:T { v }) — o E{(v).
e Case ae =let = = v in e. By E-Let, cF(let « = v in ¢) = cE{e[z/v]).

e Case ae = vs(v---). By canonical forms, ;T - vy : S’--- — S. By inversion (lemma 8),

vy =func(z--) { e }. By E-Abs, cE{func(z---) { e }w--)) = gE(e/[x/v]---).
e Case ae = op, (v---) 1s similar to the case above.

e Case ae = tagcheck R v. If §1(typeof,v) € R, then o F(tagcheck R v) — o E{(v) by E-TagCheck.
If not, then o F(tagcheck R v — o Etagerr) by E-TagCheck-Err.

Lemma 2 (Preservation) If ;- F e : T, X1 F 01, and og1e; — ogea, then there exists a Xo,
such that:

i. 22; -F €9 ! T,
. 22 - g2, and
11, 21 C Xo.

Proof: By case-analysis of the reduction rules, there exists an evaluation context (E), an active

expression (ae), and an expression (€’), such that e; = F{ae) and es = E{e’). Hence,
o1E{ae) — oy E{e)

By lemma 4, there exist I' and S, such that 31;T' F ae : S and T" only contains labels. We will prove
that Xo;T'F €’ : S, so that Xo; T F E{e’) : T.

We proceed by case-analysis on ae, using inversion (lemma 8) where specified:

e let z = v in e. By inversion, X1;'Fv: U and ¥y;2 : U,T' F e: S. By E-Let, ae — e[z /v]. By
substitution (lemma 7), 3;T' F e[z/v] : S.

e (func (z---) { e }H)(w---). By inversion and canonical forms, ¥1;I' - v : U--- and ;2 :
U---Fe:S. By E-App, o(func (z--) { e })(w---) = ge[x/v]---. By substitution (lemma 7),
Y- Felz/u]--- 0 S,
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e label:S’ { v }. By inversion, Xq;label : S, T + v : §" and S’ <: S. By E-Label-Pop,
olabel:S{ v } — ov. Typing values does not require labels in the environment (lemma 6),
hence ¥1;T' F v : S’. The conclusion follows by T-Sub.

e label:S' { E'(break label v)}. By inversion, Xq;label : S',T' b E'(break label v) : S” and S’ <: S.
By E-Break, o E’(break label v) — ov. Since the evaluation context, E’ cannot bind identifiers

and values can be typed without labels (lemma 6), X1; T F v : S’

e ref v. By inversion, ¥1;T'F v : U and Ref U <: S. By E-Ref, for an l ¢ dom(o1), 02 = 01, (I,v)
and ojref v — o3l. Let Xo =1: U,3;. By T-Loc, 3g;- F [ : Ref U, followed by T-Sub with
Ref U <: S.

e deref . By inversion, ¥1;T' [ : Ref U with U <: S. By hypothesis and T-Loc, ¥;(I) = U. By
31 F o1, there exists a v such that o1(I) = v and ;T F v : U. By E-Deref, o1deref | — oyv.
By T-Sub, ¥1;T'Fwv: S.

e setref | v. By inversion, ¥1;T F [ : Ref S/ YX;T'Fo: U, U <: 5, and Ref S’ <: S. By
T-Loc, ¥1(1) = S’. By E-SetRef, oysetref | v — o1[l/v]l. Since I" does not bind identifiers and
by lemma 6, ¥1;-F v : U. By T-Sub, ;- F v : S". Hence, X1 F o1[l/v].

® tagcheck R wv.
— o01E (tagcheck R v) — o1 E(v), and d1(typeof,v) € R. By inversion, X1;T' F v : U and
S" = static(R,U) for S’ <: S. By definition of static, S" <: U. By case-analysis of v:
* v =func (x--) :Tp---—Tr{ el hence Xy;-Fv:Ty--- =T, and T, --- = T, <: U.
By lemma 10, static(R, Ty, - -+ — T,.) <: static(R,U) <: S. By lemma 11, "function" €
runtime(U). Hence, static(R,, T, - —T,) =Ty -+ — T).

* Constants are symmetric to functions.

— 01 E (tagcheck R v) — o1 E(tagerr). Apply T-TagErr and T-Sub.

Definition 1 (Active Expressions) An active expression, ae is one of:

ae = letxz =vine
vp(w---)
OPn, w---)
label: T { v }
deref v

setref v vy

|

|

|

| ref v
|

|

| label:T{ E(break v) } where label ¢ E
|

tagcheck R v
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Lemma 3 For all closed expressions e, either:
1. e €,
ii. there exist e and ae such that e = E{ae), or
iti. e = E{tagerr), for some E.
Proof: By definition of e, v, and F. |

Lemma 4 (Closed Active Expressions) For all ¥, T, F,ae, if ¥;- F E{ae) : T, then there exist
S and T, where T only contains labels, such that ;T F ae : S.

Proof: there exists a subdeduction of the typing derivation, such that X;I" - ae : S. Suppose
an identifier, z € dom(T"). Then, ae is in a program context C(let = = e1 in o) or C'(func(z---) { o }).

However, this cannot occur since ae is in an evaluation context. |
Lemma 5 For all E, if 0167 — o2ea, then o1E(e1) — 03E(ea).

/!

1>7
es = F'(e}y), and o1 FE'(e}) — 02F"(e}). By the same reduction rule, o1 E(E'(€})) — oaE(E’(e})).
]

Proof: by case-analysis of the reduction rules, there exist E’ e}, e}, such that e; = F’'{e

Lemma 6 IfX; T Fv: T then X;TV Fv: T, where IV =T with labels removed.

Proof: the only interesting case is v = func(z---) { e }, where e is typed in an extension of I

with labels removed, i.e., T". [ ]
Lemma 7 (Substitution) If 3;z: S, Tke:T and 3;T Fov: S, then ;T Fefz/v] : T.
Proof: by induction on the typing derivation. |

Lemma 8 (Inversion) If:

e X;'ref e:T, then Ref S<:T and X;T'Fe: S,

;U b deref e: T, then ;T Fe: Ref S with S <: T,

;T b setref e1 ex : T, then ;T e; : Ref S, 3T ey : U, U <: S, and Ref S <: T,

SiTkepte-):T, thenE;T'kep: S =T, 5T'kFe: S, andT' <: T.

;T label:S e }: T, then S <:T and o;label : S,TFe:S.

il hletz =epinex: T, then ;e : S and ;2 : S, T Heq: T.

;T F tagcheck R e: T, then X;T' e =S and static(R,S) =T', where T' <: T.
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Proof: by induction on the typing derivation. In all cases, only T-Sub and one other typing rule

apply. T-Sub requires induction and the other latter is immediate.

Only T-Ref and T-Sub apply. T-Ref is immediate with Ref S = T. For T-Sub, by inversion,
S;Ikvref e: T and T" <: T. By induction, 7/ = Ref S and ;T Fe: S.

Only T-Deref and T-Sub apply. T-Deref is immediate with T" <: T. For case T-Sub, by
inversion ;T I deref e : S and S <: T. By induction, ¥;T" F e : Ref S’ with S’ <: S. By
S-Trans, S' <: T

Only T-SetRef and T-Sub apply. T-SetRef is immediate, with Ref S = T. For T-Sub, by
inversion, ;" | setref e; ep : T/ and T <: T. By induction, ;T ey : Ref S, 3T F ey : U,
U <: S, and Ref S <:T’. By S-Trans, Ref § <:T.

Only cases T-App and T-Sub apply. T-App is immediate. For T-Sub, the conclusion follows
by induction and S-Arr.

Only cases T-Sub and T-Label apply. T-Label follows immediately with S = T and S-Refl.
For T-Sub, X;T" F label:S { e ¥ : T and T’ <: T. By induction, X;label : S,T' F e : S and
S <:T'. Hence, by S-Trans, S <: T

Only T-Let and T-Sub apply. T-Let is immediate. For T-Sub, by induction, ;" F e; : S,
S;x: S Thkey: T, and T' <: T. Apply T-Sub.

Only T-TagCheck and T-Sub apply. T-TagCheck is immediate. For T-Sub, by induction, it
holds for a T" <: T.

Lemma 9 (Canonical Forms) For 5;T'Fov:T:

1.

If T = Ref S then v = loc and X(loc) <: S.

IfT=U---— S thenv=func(@---) {e }

Proof: By induction on the typing derivation.

i.

ii.

Only T-Loc and T-Sub apply. T-Loc is immediate. For T-Sub, ¥;T' v : T/ with T <: T.. By
induction, v = loc, T = Ref S’, and X(loc) <: S’.

Only T-Abs and T-Sub apply. T-Abs is immediate, and T-Sub follows by induction.

Lemma 10 (static commutes with subtyping) If S <: T, then static(R,S) <: static(R,T).

Proof: by induction on S <: T. ]

Lemma 11 If¥;T'F v : T, then 6 (typeof,v) € runtime(T).

Proof: by case analysis of v. ]
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1.3 CPS Transformation

The following four mutually-recursive functions define our CPS transformation: Cy transforms ex-
pressions, ® transforms values, KCj transforms evaluation contexts, and Pj transforms program
states (expressions with stores). This style of transformation is due to Sabry and Felleisen [1]. Our

presentation has a few minor distinctions:

e The semantics of our source language directly specifies the evaluation of break, which is a very
restricted form of call/cc. Hence, break is an expression transformed by C, instead of a value

transformed by ®.
e We use a global store instead of a syntactic store, hence the need for Py.
e We use let-expressions to avoid continuation-passing operators.

e We do not employ a fully-compacting transformation. For example, we do not have a special-
case for CL[E((func(z--):T { e D (v--)], as it would introduce interprocedural flows in the

source language. (In contrast, see [1, Definition 5].)

Celv] = k(®[v])

Cr[E(let (z = v) e)] = let (x = B[])Ck[E(e)]
Ci[E{vsw--0)] = &[vs](KelE], @[]
Ci[E{opn(w--)] = let z = opp(®[v]--) in Ki[E]()
Cr[E(f () {e2 Yelse { e3 })] = (func (k) {if (®[v]) { Clea] } else { Ciles] } }) (Ki[ED
Cr[E1{label: { Ez(break label v) }] = Ki[E1](@[v]), when label ¢ Es
Ci[E(label:{ v })] = Cp[E(v)]
Ck[E(ref v)] = let = = ref ®[v] in Ki[E]()
Cr[E(deref v)] = let = = deref ®[v] in Ky[E](x)
Ci[E(setref | v)] let = = setref | ®v] in Ki[E]W)
Cr[E(tagcheck R v)] = let = = tagcheck R ®[v] in Ki[E](x)

Oz] = =z
Dffunc(z--):S--- =T {e} = funclk,z--):(T = L)xS---— L { Cxle] }
D] = ¢

o] = 1
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Kile] = k
Kr[FE(et (x = o) €)] = func(z) { Cx[E(e)] ¥
Kr[E(ete--))] = func(f) { Ck[E{fCe--))] ¥
KilE{vsw---ee--)] func(z) { Cx[E(vf(v---ze -] }
Ki[E(opn(w---e0e--2)] = func(@) { Cx[E{opn(v---ze--))] }
Kr[E(if (o) {ex Yelse { e3 })] = func@) { CL[EGf (@) { ex } else { e3 )] }
Ki[E(ref o)] = func(zx) { Cx[E(ref )] }
Kr[E(deref o)] = func(z) { Cy[E(deref z)] ¥
K[ E(setref o ¢)] func(z) { Cx[E(z = )] }
Ki[E(setref v )] = func(z) { Cx[E(w = )] ¥
Kr[E(break label )] = func(z) { Cp[E(break label x)] }
Kr[E(label: { o })] = func(z) { Cyx[E{label: { = } ] }
K[ E(tagcheck R o)] = func(z) { C[E(tagcheck R z)]}

(o) €] = (0,8(0)) - Crle]

Lemma 12 (Soundness of Py) If oe —g o’¢’, then Pyloe] (R, E-Let, B} Pk [o’e’].

Proof: The proof is by induction on the size of ce and proceeds by case-analysis of the definition
of —. To prove that only R, E-Let, and B are applied, we simply examine the reduction sequences

below. Note that the auxilliary lemma 13 only employs B

e Case E-Let.
S Ck[[E<Iet (x = v) e)]]

Slet (z = ®[v]) Cpl[E(e)]

— S Cx[E(e)][z/P[v]] E-Let

= S Ci[E(e)[z/v]] lemma 14
which is Cg, applied to the the RHS of E-Let.

e Case E-Break.

S Ci[[Er{label:T { Ea(break label v) })]
= S Ky[Er](@[]D
— S Ci[E1(v)] lemma 13

e Case E-Label-Pop.
S Ck[[E<label:T {wv }>]]
= SCG[EW)]
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o Case E-Ref.
S Ck[[E<ref v)]]

S let z = ref O[] in Kp[E] ()

= S, (I, ®[v]) tet = = 1 in Kx[E](z) E-Ref

— S, (1, 2[v]) KplEIW E-Let

= S, (1, ®[v]) Kp[EI@I)

—- S, (1, ®[v]) CL[E{)] lemma 13

e Case E-Deref.

S Ci[E({deref 1)]
S let z
Slet z = S(I) in Ki[E](x)
S Kr[ET(S 1))

S Ce[E(v)]

Ll

o Case E-SetRef.
S Ck[[E<setref l v>]]

(1, ®[v])S
(I, @[v])S KrlE]ID
(, 2[v])S Ce[ED)]

Ll

e Case E-TagCheck.

S Ci[E(tagcheck R v)]

S let = = tagcheck R ®[v] in Ki[E](x)
S Ki[E] (@[]

S Cr[E()]

Ll

Lemma 13 SKi[E] @[v]) —5 SCk[E(v)].

deref | in Kp[E](x)

E-Deref and dom(S) = dom(o)
E-Let

lemma 13, where S(1) = ®(v)

S let z = setref | ®v] in Kp[E]D)
let z =1 in Ki[E]D

since z is unused

by lemma 13, since ¢(I) =1

E-TagCheck, by hypothesis and since typeof(v) = typeof(®[v])

lemma 13

Proof: The proof is by case analysis of E. We elide S in the steps below as it remains constant.

o Case E(ref ).
Kr[E(ref o)](D[v])

1

Ci[E(ref z)[z/v]]
Cr[E(ref v)]

(func(z) { Ci[E(ref
Cr[E(ref o)][x/@[v]]

)] P (@[]
B
by lemma 14
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e Case E(break label ).

Ki[E(break label o)](P[v])

(func(z) { Cy[E(break label z)] })(P[v])

Ci [ E (break label z)][z/®[v]] ]

= Ci[E(break label z)[z/v]] by lemma 14
= Ci[E(break label v)]

1

Case E(if (o) { M1 } else { Mz }).

KLIE(f (o) { e2 } else { e3 }](®[o])

func(z) { CL[EGf () { ez } else { ez })] }(®[v])

CrlEGf (x) { ea ¥ else { e B][z/P[v]] B

= Ci[E(if () { e2 } else { e3 })[z/v]] lemma 14
= Cp[E(f (v) { e2 } else { e3 })]

il

Case E(e(e--).
Kr[E(e(e-- )] (@[v])
func(f) { CR[E(f(e-- )] @]

= CelE(fCe-- NIf/O[0]] By
= Cp[E{v(e--))] lemma 14

Cases E{vf(v---ee---)) and E(op,(v---ee--)) are similar.

Case E(label: { o }).

Kr[E(label:{ o }H](2[v])

func(z) { Cx[E(label: { = } )] H@[v])

—  Cr[E(label: { = } )(@[v]) B;
Cr[E(label: { v } )] lemma 14

Case FE/(deref o).

Ki[E(deref )] (D[v])
(func(z) { Ci[E(deref z)] }) (P[v])

5 Cu[E(deref z)][z/®[v]] By
= Ci[E(deref z)[x/v]] by lemma 14
= Cp[E(deref v)]
o Case E(setref o ¢).
Kr[E(setref o e)] (®[v])
= (func(z) { Cy[E(setref = €)] }) (P[v])
5 Cu[E(setref = ¢)][z/®[v]] By

=  Ci[E(setref z e)[z/v]] by lemma 14
= C [[E<setref v e>]]
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Case E(setref v o) is similar.
e Case E(tagcheck R o).

Kr[E(tagcheck R )] (®[v])
= (func(z) { C[E(tagcheck R z)] }) (®[v])
= Ci [[E(tagcheck R :p)]][a:/@[[v]]]
= Ci [[E<tagcheck R :r:) [x/v]]]
= Ci[E(tagcheck R )]

Lemma 14 (Substitution Commutes with C;) Cile][z/®(v)] =

11
By
by lemma 14

|
Cr[e[z/v]].

Proof: by induction on the structure of e. For each inductive case of Ci, expand the definitions

of ® and K on the RHS to get a term with C applied to subterms of e. The inductive hypotheses

now trivially apply.

1.4 Additional Rules for Flow Analysis

For soundness of flow analysis, we need to reason about intermediate terms with concrete locations,

l. Hence, we extend abstract heaps to the type:

§:[+l—>R

§; ToV o~V
S()=R runtime(V) = R
§;fDV ~~ Deref [ R
§;f>V ~~ Deref [
§; T 91 (typeof, V') ~~ LocTypeof [

§;f>V1~=>LocType[ \/geg(Z)

S;T> 6y(===, V4, Va) ~ LocType | R
ST ESM

§;AI>V->V §;z:r,fﬁSM
r

E S et (z = deref V) M

(V-DEREF)

(V-TYPEOF)

(V-TyPpEIS)

(F-DEREF-UNK)

S'\;fDVW‘? g;l‘:{“string"},f':SM
E

S let (z = typeof V) M

(F-TYPEOF-UNK)
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~Vi STeVa~T,

§; >V
§;CL’ : {"boolean"},f FESM
;T

(F-Eq)

ESlet (x =V, === Vo) M

§;fDY/iWRefi1 §;fl>V2->ReflAg
[:R,S;z:rdel(ly,del(ly,T)) E S M

— (F-SETREF-ALIAS])
S;T'E S let (z = setref Vi Vo) M

§;fl>V1->f/\1 §;fDV2WRefZ2
i:R,g;x:r,del(ig,f)):SM

— (F-SETREF-ALIAS2)
S;F E S et (z = setref Vi Vo) M

S;TeV~V
= (F-IF)
S;TESf (V) { My } else { M2 }
(F-Ir-TRUE)

S;TESif (true) { My } else { My }

S:TE M,

— (F-IF-FALSE)
S;T'E Sif (false) { My } else { M }

1.5 Flow Analysis

Furthermore, flow analysis is sound:

Lemma 15 (Soundness of Flow Analysis) If S, & SM and SM — S'M’, then either:

e S' -ES'M, or
e M isa B, redex, func(z---) : T---L { N }(V---), where for some V', 51 (typeof, V') ¢ runtime(T).
Proof: by case-analysis on M.

e Case S func(z--) : T---L { N }(V--) > SN[z/V]---.
By inversion, -;z : runtime(T)--- E N (V-Restart) and there exist R---, such that - >V ~»
R---. Since V --- are all closed, d;(typeof, V) --- is defined. By case analysis on V', ;- >V ~
{01 (typeof, V)} - - - . There are two cases:
— If {01 (typeof, V) } C runtime(T) - - -, then by substitution (lemma 16), -;- F N[z/V ---].

— Otherwise, for some V, T, ¢;(typeof, V) & runtime(T).
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e Case S let = = Vin M — SM([z/V].
By F-LetVal, §;~ F S let x = Vin M. By hypothesis, g;x .V E SM and §;-I>V V. By
substitution (lemma 16), S;- F SM[z/V].
e Case S'let = ref Vin M — ([,V)S let = = lin M.
There are two applicable rules.
— By F-Alloc, S;->V ~ Rand [ : R, S;z : Ref [ E SM. By V-Loc, (I,V),S;->1 ~ Ref .

Renaming Ttol (lemma 17), [ : R, §;x : Ref [ E SM. Hence by F-LetVal, [ : R; §;- E
(I,V),S let = = lin M.

— By F-Ref-Alias, §;~ >V ~ Ref [ and g;x :r F SM. By V-Loc, followed by V-Sub,
(l,v),g; -~ 7. Hence by F-LetVal, [ : r, S; - F (1,V),S let = = lin M.
e Case S'let z = deref [ in M — S let = = S(I) in M.
— By F-Deref, S;->1 ~ Refl, S(I) = R, and S;2 : Derefl R £ S M. By V-Deref,
S;-> S(1) ~ Deref I R. Apply F-LetVal to the RHS.
— By F-Deref-Unk, S;z : r £ SM and S;-> S(I) ~ V. By V-Sub and F-LetVal, the
conclusion follows.
e Case S'let z = typeof V in M — S let z = §;(typeof,V) in M
— By F-Typeof, - >V ~ Derefl R and S;z : LocTypeof [ £ M. By V-Typeof, S;- >
91 (typeof, V') ~~ LocTypeof [. Apply F-LetVal to the RHS.
— By F-Typeof-Unk, §;x : {"string"} F SM and §; >V~ V. By definition of §; (typeof),
§; - > 01 (typeof, V') ~> {"string"}. Apply F-LetVal.
e Case S'let z = (V4 === Vo) in M — S Slet z = da(===,V1,V2) in M.
— By F-Typels-Str, Vo = "string", §; > V; ~» LocTypeof [, and §;x : LocType [{"string"} E
M. By V-Typels, §; - 09 (===, V1, Vo) ~» LocTypeof [. Apply F-LetVal to the RHS.
— By F-Eq, §;x : {"boolean"} E SM, §; >V f/:, and §;~|> Vo ~ @ By definition of
02 (===>, §; > 0o (===, V7, VQ) ~> {“boolean"}. Apply F-LetVal.
e Case S let = = tagcheck RV in M — S'let z = V in M.

By F-TagCheck, S;- >V ~ R. Apply F-LetVal to the RHS.
e Case S'let = = setref [ V in M.
— By F-SetRef, S; -1 ~ Ref [, S; -5V ~ R, and S[l := R],z : Ref [ £ SM. Apply F-LetVal.
— By F-SetRef-Alias2, S; -0 ~ Ref [, §;->V ~» Ref I/, and S;z : r E SM. Apply F-LetVal.
e Case S if (true) { My } else { My } — S Mj.

By F-If-True, S;- >V ~» LocType [ R, R C S(I), and S;- F M;.
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e Case S if (false) { My } else { My } — S M.

By F-If-False, S;- >V ~ LocType [ R, R T S(I), and S;- E M.

Lemma 16 (Substitution) If §;x : ‘7,? E M and §;fl>V ~ \//\’, with V! C V then §,f =
Mz /V].

Proof by induction on §; T ‘A/, TE M.

The key to this proof is substituting values W that occur in expressions M. i.e., we must show
that if §;x : ‘A/,fDW ~ W, then g;fDW[x/V’] - W,

The interesting case is when W = func(y--):T--- = 1L { M }. So, by V-Restart:

sy runtime(T) -+ reset(z : V,T) E M’
= reset(z: V"), y: runtime(T) - - reset(T) £ M’
By definition of reset, Ve V7. Since M’ is smaller than M , the inductive hypothesis applies.

~

Lemma 17 (Renaming Locations) If 1 : V,S:T' £ SM and | ¢ dom(S), then [ : V,S: T[] &
SM.

Proof by induction on the size of T. ]

1.6 Combined Soundness Theorems
Theorem 1 (Strengthened Progress) If:
. X-Fe: T,
. %o, and
iii. 8- Prloe],
then either:
1. e €, or
1. There exist o' and €', such that ce — o'€’.

Proof: This follows from lemma 1, with the possibility of tagerrs eliminated by inspection of the

acceptability relation—flow analysis does not admit expressions with tagerrs. |
Theorem 2 (Combined Preservation) If:

. X Fe: T,

. Xk o,

i. S;-F Piloe], and



CHAPTER 1. PROOFS AND AUXILLIARY DEFINITIONS 15

w. ce —o'e,
then there exist ¥/ and §’, such that:
. Xi-ke T,
. X +o,
. X CY, and
w. ;- E Ppo’e].

Proof: Conclusions (i.), (ii.), and (iii.) follow immediately from lemma 2. For conclusion (iv.), apply
lemma 12 to hypothesis (iv.) to get a reduction sequence, Pi[oe] — Prlo’e’]. Apply lemma 15 at
each step, eliminating case (ii.) of the lemma as follows. By lemma 12, intermediate expressions are

not (,-redexes, so case (ii.) does not apply. Suppose e itself has an active 3,-redex:
e=FE{func(z--) : U---— S { e Hv--2))
Transform e to CPS:
Crle] = @[func(z--) : U--- =S { ey HUKIE] O[] )
Since e is typable, there exists a I' such that:
Y;I'kfunc@--) : U > S {e Yw--): 8

Furthermore, by inversion (lemma 8), 3;I' = v : U---. For all v, d;(typeof,v) € runtime(U)
(lemma 11). By inspection of ®, d;(typeof,v) = d1(typeof, P[v]), case (ii.) of lemma 15 does not
apply. ]
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