
Extended Euclidean Algorithm .

Theorem :
Let D= god (a.b) .
-

There exist integers x and y St
. axtby =D .

a b

Example : ⇒D2? + Z "

i . "go + C-2) - 482 ⇐gcd( 180,4821=2 . Step l : 216

Goal : Find X and y . r ,
= I - a t C- 91) - b

. ⇐

1180×-14829=2 . Step 2 : In Euclidean 's Algorithm , we have

482=2.216 + 50

b = 92 - ri t Tz

50 = 1 . 482 t C- 2) - 21£
= C-2) - 1180 t ( 5) . 482

.

rz = I . b t C- 92) - fi

= I. b t C- 92) - ( l - at C- 9,7 . b)
= f- 92) - a + ( It 9,92) - b

.

This allows us to represent ri as a linear

combination of a and b
.

-

god (a.b) =rk ,

the last non-zero remainder
. D

.

Extended Euclidean Algorithm .

Input : a. b .

Output : gcdca . b) . X , y . (sit . axtby-gcdca.bg
.

Method l : Lee ri = Xi . a t Yi - b .

How do we compute Xi and Yi ?J U

b- = Fj-z - Gj . rj- , ⇐ rj - z = Gj - Rj , + rj .

= (Xj- z - at Yjz - b ) - 9J . fxj, -at yjy - b)
Xj = Lj -z - 9J - Y- I

. Xo - o Yo =L

Yj = Yj- z - 9J . Yj- i . b = Xo - at yo - b

( page 69 of the textbook gives an example ) .

Maintain ri = Xi - a t Yi - b
.

E- I . . . . .
K

,
ri becomes smaller .



Solving axtby =D .

Method 2 : Substitution method .

Maintain D= a'xtb.is .

a
'
,
b ' start small,

eventually a '=a
,

b' e- b
.

2 = I ' II t C-3.) - II ( want a
'
-

- a -4180
,
b' - b - 482)

gcdca.to) = al b'

2 = 1.50 t C- 3) - (216-4.50)
= I =

= C- 3) - 216 t ( I + C-3)f-4)) - 50 =

= C- 3) - 216 t 13 - 50 .

= =

Substituting so
,

we get .

2 = C- 33.216 t 13 ( 48£ - 2.2¥) .

= 13 . 482 t C- 29 ) . 216 .

If we replace 216
,

we get the final answer :

2 = f- 29 ) - 1180 + (71 ) . 482
.

Implementing the extended Euclidean Algorithm .

-

int god ( int a ,
int b ) { (assuming a>b)

if Cb ==o) return a 's

return god ( b , a % b) ;

3 T
a mood b

- output of the
D= ax + by

.

1 I function .

D= int extended -god ( che a .
she b

,
int RX

.

the Ry ) {
if ( b ==o) {

when b=o
.

X - l ; 4=0 ; D= a =L - at O - b
.return a :

}
( ee r - a mod

b
. ine nx . ny ;

we get int D= god ( b , a % b
,

nx , ny ) ;

D= nx . btny - r X = ny :

= =

Derive ix. y )
← { Y = nx - my .ca/bgc- quotient . of a divided byb

.

from Cnx, ny )
return d ; Let q -- a/b .

I D= nx.btnyla-q.bj-ny.at b
.


