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Suppose Alice  Wants to §enal Bob a 4 -bit orl:j,\nal message Vé[o‘(jAr
Alice  sends ((VG) mod Z)é {o(li7 as  the e,nc,oolt}\g of v
Say N= (\100)
VG is the sum of frst od  cecod row of G

UG = (1000010) + (0(00|01)

= (\\oo0o\) (mod 2

Firsk & bits are. a\wa\’g 'H\Q of L\ﬁ(\f\dl MCSSO\%.
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Su‘)Pose_ we vecel\/eo\ an C(’°$${bl~/ Oorrup‘tzd) c’mwa//’fj
C € {,01 [Bm

We compute C - HT (€ € s eélual to the kth clumn of H.
’ We conclude the k-th bit ic fliged.

Example L. c =C \(DOODl)
c H = (110)+((o]) +(001) The decodn a\ﬁom‘ﬂ\m

;CO, O) WL\\\CL\ (\S ‘H\Q $ C/OV\C\\AA_QS ‘t\/\a:l: ‘dAZ 6’ tl’\ bft

b-th  slumn — of  H 3 E\?\opeo\ | DOOJ( = V = |(o0.
Example 2. €= (10000 | 1) = c-H' =(10) = 2nd Coumn of H

coffect ¢ = (looell = V= |00
exomple 3 == CHOOOH) = C‘HTT\(DOOD = No <rco
Remark . The Hommin e [7,4) wde ctan correct up ta | bE of ecror

N\ore eff[c?ent than 3- re?efif(,'\or\ ode (7 < IZ)



Linear Codes

h
A subspace  of  Jou1} is a set S of vectere Such that
Vs, %2€8, (Si%S) mod 2 is al in S

(T he todewords of) An [n kK] -hnear code is a k-dimensional
subspace  of fo.\jn.
— orignal  meage  has length K
— QY\cooQ?f\j has |ength h.

— if ¢ and Co are beth codewords
then So s (C +Cs) mod 2.

Examples. 3~ repetition
Porﬁ/g check
2D parity check
(7.4] Hamm\aj

We con  write down the <et of  codewords and>
verify -Hne/q {orm O Subspace. .

Thece ore ol Wnear codes,

We. can O\U\{C\Lbﬂ Compute the. mMminimum distance o-f 2 lisene eadin.

Lemmoa-  The minimum  distance of & [fhear  cCode C
IS equel fo  the minimum  Homming wex‘gkt o{l all  non-zero
c/mleworo\g. (i.ev/ ﬂ °f TS>
( C,+C, = 0, So fwr (\neor @Aeg) (OO. .0) (S aluumig 0 md@worﬂ()t

Prooﬁ Let w be & todeword  with  minimum Ho\mm"nﬁ l/vej?ht W‘téu)

0\(C> < wi(w) . becouse  wt(W) =d(u,0) (s the distance
\between two  codewords.
dle) =z wtluw) . for ony  tajo  (odewords V. and W,
(yv=w) is a codeword.
dlv, w) = wt(V—w) = wtluw)

Tkexe’f;fe ; d(<) = wt(w)



Construction .
To Construct an [N k] linear code, we need to Construct

& k—dimensional Sn\ospace of $o, \\J'\,

The enSiect way (s 1o Pfok k )‘nﬂlependent yectors
oand take therr span.

The  encoding /ﬁe,ﬂemtf‘ry matrix G s o kxn  matmx
J%ormeﬁ loy these Vectors (oe  Touws ).

L'\r\e.av Knaepe,r\o(e,r\t
A set S of vectors s Nneor independent  iff
one Cannot @rpress any vector (n S
as &  |tnear  Combmation Of other Vectors (n S,
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the pust be « Codeword
by the definction  of [thear codeg
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‘Déwo“r\ﬁz 1{ the. @\OOOQI‘(\ﬁ matrix e [Ik Pj
then the decoding matrix RN =[—p" 7]

Cl& = ‘bL\Q Q\Kd \\&Qﬂﬁ‘t/j YV\ODU‘CX> = {PT In_k] ‘gor \ox\ﬁo\r:] Code -
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Example  Z H= (il 1)



Ervor detection

Theorem. VR = 0 (f{ velC .
(proved on  poge 41\ of the torcbooh )

Treor CorCectioN.
Let v be +he veceived en@oﬂfﬁj (pogs\“H\/ OorruFth)

A\gor (thm \: “F(r\A WQ code word céC

Thot s cClogest to v
: S\'W\p\e . but <low \‘

Alﬂor(ﬂ\m 2

Firet \Wist  all codeworde on the ]C:‘rst ow

Then Gmon ’(7‘1\@, T\emm\m\nﬁ \}QC‘{:OFS, QL\'DDQ& one

with  Smallest Hamm)hj wo\ﬂwc, add  this
Vector to e@ach vector a the -E\‘rst Tow
‘o detain the second row.

Cinally  we  decode by changing  the receed
vector o the one ot “he top Of ke column.
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exco i on Hn = <| o O ‘

= (10) —,fs(oo) S0 \/%C,

exror (rrcection (o + ollo.
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So \OQ[ — \\O\ — \\ = “‘he Qr{g(‘nal mesgo«j,é.



