
Information Theory

Recall probability theory definitions :
- random variable X : the outcome of a random experiment .

Example : a fair coin flip .

. .

X = ft if
" heads

0 if
"

tails
"

- probability of an event : pr[X=k] , PG) , Rdx) .

a vector of non - negative numbers
,
one for each outcome

,

that sum up to 1 .

.

Example . pr[x=oJ=Pr[X= 1) =L
.

a.k.a
. PCO) -_ Pll)=L

.

- independence : two random variables X and Y are independent
iff play ) - pcx) . pcy) f x. y .

i. e .
. f- XEX and yell.
Pr[X=uhY=yJ=Pr[x=n] . pr[Y=y]

.

Example : two fair coin flips
Pr -111=1 and Y- I] = Pr -4=1) . pr[4=1]

"

heads
"

t
' '

heads"
= 44

-

( Yz x Yz)
Non - example : Roll a b- sided fair dice . ( one dice ,

one roll )
Define ×= { I odd

0 even
.

Y = { l
small {i. 2.3 }

0 large o - w .

not equal ←{PRIX
-

- l A Y- I ] = 43 (odd and small
,

so I or 3)
,

so X and Y are not independent.fr#lT-PrEY-- 13=1/2 : 42=44 .

- conditional probability : Pr [ Y=y I X=k ) is the probability
of Y=y given that X=k has occurred

.

In the dice example above :

I 3 5

Pr [4--11×-4]=2/3 -

Pr [ Y=y/X=a ] = PrEY=yAX=n#
PRIX -- se]



- Bayes
'

Theorem :

pcxfy ) =
Pcyla) - peg
-

pcy) .

pcx , y )
Proof .. pcxly) = - pcylx ) = Pt×

ply) pcx)

Application : Why multiple tests are used for diagnosis ?

Suppose a test has accuracy 90%
,
that is

- an infected patient tests positive w/ prob . 90% .

- a healthy patient tests negative w/ prob . 90% .

Consider a population of 10K people where 100 of
them has this disease .

tests t tests -

# of infected = too 90 10

# of healthy = 9900 990 8910 .

Define two random variables : X = { I infected
O healthy

The test is 90% accurate

y= { I positive
H O negative .

Pr-14=1 IX- I] = 0.9 ⇐ Pr [4--0111--1]=0.1
Pr -14--01×207=0*9

Pr [4--1]=0.01 → too out of (oooo people are sick .

Pr [4--1]=0.108 → (901-990) people would test positive
1080 out of 10000 .

Pr-4--1/4=1 ] .
.

if a patient tests positive ,

Bayes 11
how likely is he/she infected ?

Me
pr[4=11×-1 ] - Pr -4--17=0.9 • 0.01

yo. 0833 = 8.33% .

Pr -14=1 ] 0.108

Exercise .

.

How likely is a patient infected if
he/she is tested positive twice in a row ?

a. as" Ces:
"'wethes.ca?:mewiai9sriiEioi..o.oss.d


