NP and  NP-complete

So for we hae been focusing on  algorithms .

What  obout  har dnegs ?

Example . Any  comparisen-bosed sorting olgorithm  must take {20019 time,
However , there are pany Problems  in o gy area.

_ , runtime = O(NS)
-~ we do not ‘waow ?Ol\7~ e a»\jonthmg\ (= for seme  c= OO

- we Cannot Preve  there are o pely-tme  algorithms.
A set of problem that ore ‘equivalent S

\f there ex\aXs POL\I‘U\MQ a\ﬂo({fhm -For one of fhc,v.'

then  there exst  poly-time  algorithms  for all of them.

Decision s, Q\D‘tim{zatl\on ;
Example . Whet (& the length of the shortest peth  from < o €72
Vs,
Cvlg there o poth from s to £ with legth < k7

we are gong to werk with  the decision version.

Po\\f noma - Time  Reductions.

Reduction . a4 method for Solving one problem using onother.

Po\ﬂ-t\ne teductim:  Fof  two problems X and Y, we say X ép Y

pead os K is  poly-time veducible to Y
‘Y s at  most as hard as Y
Cwrt poy-time)
q€  there is a poly-time o\lgort\ﬁ/\m that
con ‘bromsform nstones  of Problem X
- 5 - - %mpvrt of the
wto  lostances of ?ro\o\em \{ such —thet ceducti
the answers —to \lboth (nstances are alwa\/g caueren

‘H'\Q, Samé . OLAT,PMt of the (\Q—AUC[:\\OT\,

"

Core\lo\r:ﬁ: I‘E )( con be So\ueo\ wn Poly— tme ,
then se can Y.
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Example  of <e

Vectex Cover . given a  graph &G an  an  integer K,
decide G has  a vertex cover of
S\2e < k.
DeLinition (Vaw Cover) © o Set S of vertices Such that
every edga hes ot |eose  one ef\dpol‘nt n S

Independent Set : guer a  gaph H  ond  an  integqer ¢,
deade § KW has an  hdependent cet of size Z £
Oefinition ( independent <et). a set S of vertices Such that

there ore  no  edgos  between  vertices in S
Theorem . Vertex  Cover(VC) =5 Tndependent  Set (I5)
(2) ve(s,2)?  Nes!
G = 0"@ 0 $23) s a \C.
9 13(6,3)? eS|
(5) {45y s am 15

Proof . we show that S s a vertex cover
If and On\y if V=S s an t\r\dePenalent Set .

S - \C s a VC

v-$ ¢ IS £\
every 2dge  musk have

= | end point N

T
no edge has Loth
endponts In
8
ic an IS
NC <, IS
o ceduction
we are given \/Céﬂ%-
a Vo nstance —5f o [50,0)
C.C'—( J K) { < n-k an 16 instance
that alvays has the

Same anSwer .
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BO% cre Complexf‘bﬂ clasges.

P

NP -

all dectgion ?mb\zms Yhot aon be SOIU@’ CAetzrmfnfsﬁCal’y)_
n - poyromiol  time
ol decision problems  for  which the “\{@5“ instances

have ?Poifs that be \l@?lfieo\ N (&eWminiéﬁC)

\)o&\)l\omm\ thme |

Exarmple . (the decslon Version of )

NST

Shertest  path c P -
Mose Clow
Sorting

( the decision version of )

Vertex (Cover }
€ NP.
Indegendent set P

Theoem \)QJ‘UZX CO\)&'“ € NP‘
PVOO§1 o Peggxl wants te conuince Victor the answer

\( \

to VCC&G, k) & yes
Pegay can Simply Show o vertex cover of size <k
proof . SV  wth Isl<k
verification + Vicor  (an  check  every edgz el

to See I€ @ has at \east one
Q[\A?O\nt in S.

vem . P < NP

T heo

LI

I P(\oo€= ?ﬁ

Open

ver 'E“Bcaﬁan- Solve  the Instance and
Vesify  the answer s s,

Question - P = NP 9



(NPCO)
NP- Complete .~ "All decision preblems X cuch that,

O Y& NP
@ NMYeENP, Y&pX
Intuitavely . NPC  containe the hardest Pr‘ablefns in NP.

Lemma. 18 YXE€NPc , YenP , ond. X<pY,

then  Ye npc.
Proo{ . ® Ye NP
@ \NZewnp, Z <. X ( because X is NPC)_
then Z <Y CF 25X ad X&Y, e Z&Y)
AV\ e,yampke’ oe [\)P - COMP (ete ‘Dr‘ouéw\g : B‘SAT
3-SAT.  Input -~ n boolean  vaciables X, =, Xn.
m clanses. C.. -, Cm.

Qutput -« * s ) e there & on D\ééiqr\ment
% = 10,1} -
%a‘b Qaﬁs{(as all c(augéé ézmu|ta/\€oué(y,
Each clause s the OR. \/
of  three (dterals.

Likeral ¢ i DS -
- “not X .

Exo\mp\a 3 nN=4 Mm=23
C,= X \/ Xz V X3
Co = >_<\ \ E N Xg
C3 =3 ¥V Xy V X

Acswesr = NXg&',  one golution 1S

P(‘o\o\ems k A&r— than NP7 Kz &h&! \(4 can take ony \/mlme\
A .

Genesalized  Chess ¢ NP
lr\PWf/: An  nxn  chess  boord postion C with  watwre generalized  chess rules)

Ouwtgut - Black moves fiost.  Ocgut  EST  {{ Black can win



