
Ford - Fulkerson Algorithm :

f- ← 0

WHILE ( there is an augmenting path P in Gif)

[ augmentCf , p)
this is

Runtime : we assume all capacities are integers .

t
necessary .

If the value of the maxflow is F
,

Ford - Fulkerson runs in 0cm F) time

Proof : Each iteration takes 0cm) time

- build Gf ,
which has Ezm edges

- run BESIDES on Gf .
- (possibly) augment f .

In each iteration the value of f increases by 71 ,
so # of iterations E F

.

Runtime = 01mF) .

Correctness ( cuts and flows)

Definition ( directed cut) a set SEV defines a cute
.

The cut CS
,
V-s) contains all edges that leave S

.

ECS ,5) = ECS , V- S) = {Luis EE : UES
,
vets}

.

u→v

Value of a cut : total capacity of edges in the cut
.

S-t cut : a cue where SES and E # s .

Minimum s-t cut : an S -t cut with minimum value
.

Example : S={SY
,
ECS,5)={Csu)

,
Csv)}

7
U

10 value = 30 .

>

G
,
C = S 30 ts-fs.v3.ECS.is)- {cs.us, cuts}

✓ 7

10 j ✓
20 value = 40 .

S -_ {Siu}
.
ECS.57-fcs.D.cu.D.lu ,-43

value = 50 .



Max -flow Min - cut Theorem

Max .
S-t flow = min

.
S-t cut .

Proof : (for more detail
,
see Chapter 72 of textbook) .

Let f be
any s-t flow .

Lee CS , 5) be any s-e cut .

fats) = total amount of
>

flow on edges that leave S .

<

S s t
fin Cs) = total amount of

t -

flow on edges that go into S .

value(f) = fates) - fines)
⇐ font (s)
= value (ECS,5 )) .

Note that this
"

E
"

holds for any St flow lout .

So if we can find a flow f*
and a cut s

't

with valueCf
't

) -_ value CECE
,

then f
't
must be a maximum flow

and s
't
must be a minimum cut .

Let f
't
be the flow when Ford- Fulkerson terminates

.

Let s
't
be the set of all nodes reachable from s

in the residue graph Gf 't
.

Then I t¢s* because there is no s-t path in Gif

2 f*inCs*)=o .

otherwise we would have added

backward edges in Gft
,

but I has

no outgoing edge in Gift .



Faster Algorithms for Maximum S-t Flow
.

Ford - Fulkerson : 01mF) A- IEI
n - IVI

.

assuming edge capacity is poly Cn) :

Dinic " Ocn'm){ push - relabel : Ocrim)

>
Both can be improved to Ocmnlogn)
using dynamic trees etc .

[Lee and Sidford 2014] : 8cm rn)

where Fcf ) means Ocf - polylogcfs) .

The tight runtime for maximum ft flow remains open .

There are faster algorithms for

approximate undirect St flow

directed s - t flow with unit capacity .

I
.


