
Solving Stable Matching
-

:

A matching is stable iff no unmatched pair wants to deviate
.

* A stable matching always exists

* n men and n women , we can compute it in poly Cn) time .

= =

Algorithm :

Initially ,
all MEN and WEW are free .

{
While ⇒m_wEe and tdW .

Lee w be the highest-ranked women on m 's list ←
for which m has not proposed to

.

If w is free ⇒ cm , w) is engaged . ←

Else w is engaged to m
'

If w prefers m
' fo m ⇒ nothing happens\ If w prefers an to m'

⇒ mcm !ewm5"fI%gaged←
Return all engaged pairs .

m
'
becomes free .

Analysis .

-

Lemma 1. i w becomes engaged after she receives
- "

←
"

her fire proposal , and stays engaged .
Her partner gets better ( according to her !.is)

.

←
Lemma 1.2 m proposes to worse and worse w
- "

←
" (according to

'

m 's list)
.

theorem} The algorithm terminates after
at most of iteration of WHILE loop .

Proof . By Lemma 1.2
, a man never proposes

-
be the same woman twice .

At most n
'

proposals .

In each iteration "e
"

a new proposal happens.



theorem.6 Algorithm returns a stable matching .

Prodi ,① It returns a perfect matching .

✓

Suppose m proposed to every woman but im is free .

Every w that m proposed to muse be in

some engagement .

Contradiction !

② The output matching is stable .

Assume this is not the case .

He

7- ( mi w) and Cml , w1 ) see . ( red pairwants
they are matched but to deviate⑨-0W
- m : w

'
s w

.In
- WH m

"
>m s m

'

⑨-⑤ -163 can never happen

Did m propose to w
' at some point ?

Case l : He didn't .
&

This contradicts the fact that

M likes w
'
over w

.

Case 2 : He did .

w
'
is engaged with m

"

who she likes more than m
.

This contradicts the face that

w
' is engaged with m

'
at

( see blue texts). the end .


