
Integer Multiplication

Q : How fast can we multiply two n - bite integers ?

Example : l l O o

→ Adding n bitstrings of
l l 00 I length Ocn) .

o o o o
l
⇒

Runtime -- O (NZ )
.

I l O O O

l

l O O l l l O 0

A faster OCn'
' 59
) algorithm .

X = Xi . 2% + Xo

Y = Yi
- 2h12 + yo

X. y = (x, . 242 + Xo) - (Yi - Ik t yo)

= x1
- 2
"

t (Iyo t XII) - Ik t Edo .

4 multiplications !

Tcn) = 4. Tcnlz) t Oth) ⇒ Tcn ) =QCn2)

Notice that

* Yo t Xo 'll = (Xo -1 Xi) . ( Yo+Yi) - Yo-Yo - we
3 multiplications !

TG) =3 - Tok) t OG) ⇒ Tcn) = ⑦ (n'923)
x Q ( n

' -59 )
.

Example .
1100 X 1101 .

X , = 11 Xo= 00

Y , = 11 Yo = 01
Xi - Y , = 1-001 Xo -

40=0000×1- Yo t Xo
' Yp = (Xotxt) - ( Yo -141) - XiYi - Xo Yo
= ( 11 too) . ( Il to l ) - fool - 0000 -

= l l - 100 - 1001 = 1100 - 1001 =001/0000
Final answerI

,
OIF

(0010-000

100-11 100



Ocn log n) via Fast Fourier Transform .

We give some high - level intuition

(see chapter 5.6 of textbook for more details)

consider an integer multiplication problem Can. .
.

an.z . . . .

.
ao) n bits

Define two polynomials .

× Cbn- i. bn-2 . - -

i.
bo) ) each .

acx) = am ,
- X
""

t .
- -

- t Ao

buy = bn- i - X
"

t .
. - t too

.

We will show how to compute 4×7=96) - BG) in Ocnlgn) time.

Example .

.

1100 X 1101
.

atx) = X't XZ bcx) = X
'
-1×2+1

.

A(2) = (110072=12 b (2) = ( 110 1) z = 13

can = atx) . bag = Xb -12×5-1×4 -1×3-1×2 .

The final answer = CG) = 156=12×13 .

Qi How to compute cCx7=aCx) - bad ?

A : ccx) has degree E 2n - 2
.

So 2n points can uniquely determine the polynomial CGD
^

Upshot : we can choose which 2n points Xi
•

(for which we can evaluate all ccxi ) very fast) •

•

In this lecture . We will focus only on

>

.

how to compute a on 2n points in f- (nlogn) time.

Intuition : let acx ) = Cleven + dodd
.

Example : if atx) = 3×3+5×2- X t 2 To evaluate a and atx)
,

then Aevenlx) = 5×2+2 we only need to evaluate
°
aevenlx) and aodd (x)

.Aoddcx) = 3×3- X .

y

Then
,
atx) = aevenfx) taoddfx) Moreover

.

= deven - aoddcx) Aevencx)= PCXZ)

PC . ) and qt) are both degree rn iz Aoddcx) = 947 - X .

polynomials ,
so roughly speaking Tln ) -- 2.TLE ) t Oln) .

⇒ Tcn ) -_ n log n . Gone . 2)



Suppose 2n=4 and we chose x = It
,
1=2

.

AC-2)
912)
Xs

Pet)

914) I

aafi,
" 'm :{Y,

Eeaenpnogtoins
.

Intuition : use complex numbers
.

in FFT ,
we evaluate at) at 2n points on the unit circle .

•
A.
•

• i • This way .

od B

• •

'
x

.

ati)y→ pti)
• • aci) 9k¥ can continue to
• •

solve recursively• • do

act)y→ Pll)

all, all) (same for QED)
.


