
Minimumspannhgree (MST)
Input :(undirected connected) G -- CV, E. c)

Ce is the cost of the edge e
,

Ce> o and w.l.org all Ce 's are distinct .

Output : a subset TEE so that G- LV
,
T > is connected

.

and the total cost ⇒ Ce is minimized
.

Claim Gilb) : T is a tree .

Proof : suppose T contains a cycle C ,

then if we any edge EEC
,
the graph

( V , T
- Ee 's ) is still connected

.

kruskat-sagorithms.tn
.

Start with -1=0 .

2
.

Sort edges in E by cost in ascending order
.

3
.

Iterate over all edges ,
add e to T as long as it

does not create a cycle .

Example : ① y
10 ③ ET

¥14 ET

4/9340
⑨-15 Output :

7608/112 T= all green edges

↳⑦
Cost =3 -14 t5-16+7-111=36

.

Correctness
-

:

Theorem (4.18 ) : Kruskal 's algorithm produces an MST
.

(page 146 )

Lemma (417) :
Assume Ce 's are distinct

.

Fix SEV .

Let e be the minimum cost edge with

one end in S and one end in KS
.

Then e must appear in every MST .



-

Proof .. ! %-O v
e
'

w
'

forest
→

°
- ← /

O O
S

v-s

suppose e=Cv, w) is the cheapest edge
between S and V- S

.

Suppose there is an MST T S.t. e#T
.

Because T is a spanning tree .

there is a path P from v to w in T
.

Since VES and wet S
.

P must leave s at some point .

Let e
' be the first edge in P that leaves
11 S

.

(v1
,
w

' )
Tt {e3 - { e' 3 is a spanning tree with smaller

• the cost is smaller because Ces Ce ,
.

Cost
.

• Tt se}
.

contains a unique cycle . C

and moreover e' EC
.

⇒ Tt Ee) - Ee's is connected
.

"

T + Ees - Ees
"

has Cn- D edges .

proofs (correctness of Kruskal ) :

consider an edge e=Cv , w ) added by Kruskal's algorithm.

Let s be v 's connected component just before adding e.

• WIE S (ow . adding e creates a cycle ) .
•

mane!.IE?nyssnonteedgevw-ou9dahav:sseebn7ddedj
f e D Thus

,
e must be the cheapest edge that leaves S.

• so it is safe to include e .

⑥-0 Moreover , Kruskal 's output must be connected
.

→



Prim 's algorithm .

-

I . Pick a root SEV .

2
.

S - {s }
. (All nodes in S are connected .)

3
. Repeat the following until S=V :

Add v to S where vets minimizes the
"

attachment cost
"

.

min ( breaking ties arbitrarily)
E-Cu, v) .

UES
Ce

.

Add e-tu.us to T
.

4
.

Return T
.

Example :

① y co ③ Correctness :
\ t

4
-519¥34 ) • Every time the algorithm adds

④#⑤ an edge e
, e is the

¥189112 cheapest edge between S and KS
.

¥ • T is a spanning tree

at the end
.

Runtime of Prim : (mlogn) .

--

similar to Dijkstra 's algorithm .

We will use a min - heap H .

Ocn) . H
.
min C ) each call takes OLD timeoverall

- {
0cm, H

. changekeyl ) each call takes Ollogh) time
i

f-

Overall runtime =O(n 't t m - login)
Runtime of Kruskal : = ocmiogn) .
# I

i. sort all edges : Ocmlogm) = Ocmlogn) (men)
2

.
Check (in total 0cm) times) whether adding e

would cause a cycle . How ? @(n) via DFS)
The Union - Find data structure

.

Can we do it faster ?

-

(page 152)

• Init : all element are in separate sets
.

.

.

union (x. y) : merge the set containing X with the set containing y .
Find (x) : return the

"

name
"

of the set that x is in
.

We use this data structure to maintain the set of connected components
(which are changing over time) in Kruskal 's algorithm .



representative
① ③ -

I ②
\ )

{143%35} {E3 EIS . eterne

④ ⑤
When we consider any edge e=Cu , v)
If Cfindcu) # finder )) then

⑥ Add e te T

⑦ union cu , v) .

End if .

Union - Find First Attempt .

-

arrays
→ name[is : name of the set that contains i

.
.

↳ size Ej ] . size of the set with name j .

g.
Init C ) : name -Li3=i

.

size [ i]=l ;
functions→ find : return name-1×3 ;

↳
UnionG. y ) : X -- name -43 ; .

y = name [y ) ;

If (size L sizeEy) ) swap Cx, y ) ;

(so w. I - og size -63 > sizeEg])
For every element i in see

"

y
'
'

:

name -47 = x ;
End For

Before
size Ex] = size[x) t sizeEy] ;

Example : I 2 3 4 5 6 7 Cindex)

hameiazz.AZ
size : 2 3 l l

X=4
, 4=5 ⇒ X= I 9=2 .Unione ,5) a

11=2 9=1 ( swapped so that size size

For it {1143
.

End frame-47=2

After .

size [ 2) = size t size [ I ] ,

I 2 3 4 5 f 7 (index)
-

name 2 2 2 2 2 6 7
size 5 I 1

We always merge the smaller see into the bigger one !
x OU) x 0cm)

Re .
.

Init : OG)
. Find : OCI ) k=n

Claim : The first k union operations run in total time Ocklogk)
.

-

⇒ Kruskal runs in time : ocmsiojnn-tinndtnioignnz-ocmn.gg



Proof sketch :

Af¥ , union operations , the largest set has size Olk)
.

How many times can name Ei ) change ?

Once per union CA , B ) if IEB and IBIEIAII .

At most Oclogk) times because the size of the set

name Ei ) at least doubles each time
.

At most 2K name -Li ) are changed .

I
Ocklogk ) .

Not very ideal because sometimes Unioncxiy )
can take sun) time

.

Example :
name = II. r . 11 22 . - - - Z

- -

"(z M2

Union - Find second Attempt
-

if ②

④ ③^I⑤
⑧ ① .

index I 2 3 4 5 6 7 Gi if no parent)

parent -I - I 2 I 2 - I - I

find :

zniec ) : parent I -= - l fi . while (parent t - i)
find Cx) : return the root of X .

x = parentEx]
end while

return x

Union(x. y) : X= FindCx)
, y= Find Cy ) .

merge the smaller set into the bigger one .

If size-673 size-Ly)

parent [y] -_ x : size -43 -- size t size Ey]
Else

parent -43=9 .
. size - - - -

Example : Union (4.5) .
Runtime :

② Init C ) : Ocn)

①/z⑤
⑥ ⑦

Find C ) : Occogn)
the depth of any free

T' is at most Oclogh)
Runtime of ④

sorting find anion
Union C ) : Oci)

Kruskal under this Union - find implementation -_ Olmlogntmtogntn) after a-fandom and f-finally) .



Union - find Third Attempt (the real version)
#

Building on the second attempt , we add one more optimization .

Pathum : After find , point all the elements

we traversed to the root .

②

9idq.ieiiiiain.o@E7.o,
A ⑥ → ④p ⑥

⑦ ⑧ ⑦ ⑧
a T
⑨ ⑨

Implementation : int FindCx) .
{

If Cx- parent-63 ) return x ;

root = FindC parent -63) : ← recursion
.

parent = root :

}
,

return root

findG) → find (4) → find → finds) - 2

parent-177=2← parent-KD=2← parents -2 ←

Upshot : Next time we call findG) before any union operation
-

takes out time .

¥e : First K Union (Find operations
[Hopcrofe and Ullman '733

A
"

simple
"

proof ( available on Union - find Wikipedia page) h
shows that these K operations runs in OCK . Login) .

login : iterated logarithm . : # of times log needs to be

applied for n to become 2
.

log'I2
! ) -- s
a
19728

(O

0cm - acm) [Tarja
'
75 ) Q (m - kn)) [ Fredman

'd
Saks '89)

inverse Ackermann function ( grows even slower than login )
.


