A\aimum Spﬂnnthi Tree ([ MST)

Lnput. (w\o\\rﬂ:w\ cmnected) G=(v,E,c)
Co e the st of the edje e,
Ce>0  ond w.loq al Co's are distiet .

Outpnt . a subset T < E So that G=<V, T?> I3 Comectad

and  the +tota] (st O Co /S prumized .
eeT

Cloim (t.b) - T is a “tree
Peoof . suppose T Contatns  a cycle C,

then i we ony edpe eel the. graph

cv, T—1fet) is stil comected.

(.

W

fjuﬁ'kﬂ\ 's a\gor\’-bl(\m .

1. Start  (with T”——‘—¢
2. Sort edges i E by tost

3. Tterote over all eé@jzs ,odd e t T as long as it
does not  create & cyce.

in ascend:lg order .

Example
eT
&T
Outtput.-
T= all grean edges
st (T)=3+4 + S+b+ 7+
=3b .
Correctness -
Theorem  (41€) «  Kruskal's a(jom‘thm Fmduccs an  MST,
(foge %)
Lemma (4.(7). Aseume  Ce 's oe disthet.

Fix ScCV.
lex e be the mwnmum cost @Qg,z with

e ek S and one ed n V=5,
Then € must appear in €V€rj MST .



S
V=5
Suppose e=(v, w) IS the ckeapect edge
bg_-\;we,e,n S and y—S )
Q“Ppo;a there s an MsT T st. €¥ T -

Becouse T 18 o spannig  tree

there € o Pati/\ P from V To w ™ T,
Stice VES oamd W& S,

P rmuet leswe S  of  ZSome pont,

| et el be the ’Et\r‘g‘t QO‘% in P that \eoyeg
\\ <
I W) |
T35l —5¢'y is o Spoanig  dree  with emdler

Coct.
o whe cost (s Smaller  becauge Ce <Cor

e T +9Se). Contams & um\qme cycle,

ondk  Moreover el e C
=> T+ %ey— el s Connected .

0\ ,
T ~5el— ey has  (n-1) edses .

P(‘mf Coorrect’/ne‘}s of Krus{m\):

— Consider an éAje e={_v,w) added by Kruskal's algorithn

let S be Vs connected Component Just befofe ao[bﬂhj e.
. wé& S (o.uw. Oddthﬂ e Creates a cyele).
c no edjge {rom s 4o V—< has been
Oonsfjot@reo{ (any such edge would have  been sdded )
) 0. O Thus , e must be +the cheapest edge that leaves S.

so tt s safe to include €.
@% Morteoves , keugkal's dutput  Must be connected .




£ﬁ‘m's clﬁnrfd’\m.
. Pik a vt sell

2. S= ‘{S} (AH nodes +h S are connectaa(.>
3 Rerem& the ro“owr‘rﬁ wmtil S=\/:
Add v to S where VES minimizes the "sttachment cost"
P ( breakiny ties ocbitrarily)
e=(uv), ues e, _
C=(uv) Tt . 4’ Return (.

Correctness.

. Euer:) tme  the dﬁ&ra‘ﬁ\m adds
on eolgg e, ¢ X the
Cheﬁngt CAQQ— between S ad V—S

* T s Qa SPO\r\m‘r\j trez
ot the end.

Rucime of Prim : OCm log h>.
Similor o Dt)ks*bm‘g agorithm.

We will use o  min-heas H .
Overall OCn). N. mia () each call takes OL) time

O(m)  H.chogekey( ) each el takes Oltoy) tine

: Overcll funtime = O(0-1 + m-[ogn)
Rum"t{me D{' Krus}ud . =0~ logn).

OCM[Oﬂ \M) = O(m [03n) (ménzj
2 . Cleck Cm total O(M) ‘tl‘me§> whether  addin

|. Sort all QASLQ:

e
would  cauce Qa G,L/cka, HDW? (O(“) Uion DF$>
The Mﬂ;OIﬂ‘Fl\m{ dota.  structure . ( pase IS2) Can we do it faster?

Tait():  oll element are iIn Sepamte  sets
Wnion (%, Y) merge the set con'('a)‘m‘rlj X with the Set @otﬁ/h;‘oj Y.
. Eind(¥) - return the ‘name" of the set that X ¢ /n,

We use +this dota Structure to maintan  the Set of  Conmected Components
(which are changing over tme) i Kruskal's  algorithm.



If Cf(rxol(tk)%fmdc\f)) then
Add e . T

reserfatik
@ When  we  consider any ealgg e=(u,V)
@ Wavon (u, V),
End T’\:
&nioﬂ’ Find Fliret Atht \

e 2 Nome(id - name of the set thet contans [
NS gize [\)":]‘ size of the et with name 7

« /,lm'—tc) ; nome i) =q . size L )=\, J
fonctons s R d (X)) . return  famelx];
\ un{on CX, y) . X = name D‘j,‘ '
= nameLly];

IR (size[x] £ sze(y] ) swap (<. ¥);
(go w.(-09 gfzefx’]%dze_f\jj)
For  every element i set Yy
hame (Y] = X;
End  Tor
size [x] = size[x) + $2ely],

Re ‘Gof‘ﬁ

Example . \ 2 2 4 G L 7] Gndex)
hame. | 2.z I 2 6 7
L2 . 2 > \ L
. K= , =5 — —_ -
Unton (4f9> 4 Y —> X (@ y=12, \
xX=2 Y= Cswaﬂ)ed S0 thet Size[x)zszly
for v ¢ 144},
£nd FQ?MQCI \) = 2 A
5 ‘ 4{m£2_]; §'22L2-:) + 4(26[}3\,
| > 3 4 5 b 7 Cndex)
nome 2. 2 2 Zz 2 6 7
Size 1) l |

We &lw&\lg mesfqe the Smalle Set ito the bi?ﬁer onel
Runtime . Tnit - oY P Rnd - DY O k=n
Cloim : The first K unlon oeperations  run i total time Ok (?’jk)

— Sorting {.‘no{ wunion

—> Xrugkal s in time « O(m lgn + m + r\lqu\)-:O(m log n)



Proof Ske‘fd’\:
Afeer k>\ unton operaﬂons, the lw‘gesf set [/ms Size O(k) .

How wmany times  can  name C) d\ar\je?
Once  per wion(A (B) f {eB  and IBl=lAL
At ™most  O(llogk) +times because the size of the <et
nome(i)  at  least Jdoubles eoch time.

At most 2K  nameli]) are chonged.

NP
OCkleg k),
Not very 'L&eal EeCaMQe Sometimes Mnion(xf\/)
con  take SLln)  time
Cxomple = name = \ Ve 1) 22 2
oy —_———
i N2
Unton- Find ~ Second  Attempt,
(i) ® %)
tndex \ > 3 4 s b (- if no porent)
parent -~ =2 1 = -
= Fini(x)i
el porestli) =-|  yji. while  Cparent(<) & —()
Eind (<) - return  the (oot Df X. X = parent[<]
ernd  while
cefurn X

\Ankonb‘/‘\) ! X = Rind 9 V= Ftndf\}).
merge the Smoller set into the bB\?e,r one
X shelX] = cizely]

Parent [3‘] =% Size [<) =~ sze_(:f] + S’nze Eﬂ]
Tlse - .
parent (X3 = Y, nze - -
6740"‘"@\6 - Union (4. S), Runtime -

the depth of any free
\ s of most O(\gn)
Q(U\'C\W\Q 0% ‘ \ . Sorting  find  union Unton(D: OV

\cudal  undec this  Union- Find \mp\Emev\t stion :O[mltyn + Mogn + n> ofter  X=fnded and Y=fndy)

Int() « O(™)
/Q;\ @ @ Find () - O(log n)
é @
@



\,Lr\ion—‘e(\nﬁ\ Tlr\w{ Aﬁf@mPt Cﬁk@ ceo\ \es 6{0(\3
%\Ai\o\ir\ﬁ on  the <econd attempt , We add  one more Opt[mfzatf‘or\_

Pocthy Compres5ion . ACter WQ\\\&C@. Powt all  the elements
ol we  traversed to  the ceot.

éfdwérﬂ : g)

S
2

1m‘)le.wez\‘taﬂm . int Ehd<). S_
I (k== parenﬂ}c]) refurn % ;
foot = ©indl porent(x])): £ Pecursien,
parent [x']) = root ;
{eturn root

Lnd (1) — %(r\d(‘ﬂ' -  fnd) — &) =2
‘)omrtﬁ’]:Zé— Wreﬂc@ﬂ:z o poretl)=2 .

Wpshet - Next time we call Find(7) befora ony - Union operation
tokes OC) time,

RW\“CA‘me : First '8 WUnion / Eind OPeo\mt‘ons [Hoperofe and Uiman 73]
A “s\‘mp\a“ proof ( swailbble on  Union-Find  Wikipeolia page) }
Shows that these E  eoperotions Tuns ih Ok Lag*n)'

\oé’&nz teroted (vaarh‘i\m.: # of times log neede to be
applied for n  to become 1.

\eg” (2F ) =5
2

\472%
lo

ond f
OC_M 'D(Crﬂ) [Tarjo\n G t\ @ Cmo(én)) [Frealman Saks 86[‘

inverse  Ackermann \Cwnch‘on ( grows  even slower than loﬁ*n)



