
n-_ W/
Shortest Paths . m=IE1
-

Input : A directed) graph G -_ EVIE
,
l >

.

An edge e has length ele)>0
.

A source node SEV .

=

(The length of a path P is defined as elp) - Iep ece) . )

Output : An array d[ 3 where

day = the length of the shortest path between s and u
.

Example : ↳⑨

⑤
that ,→

⑦
.

¥→%fz dex) =2 s→ a → x

d-43=3 s→u→x→y¥ -

Dijkstralsalgorithm.ge Dijkstra
'593

We maintain : SEV :

"

explored
"

nodes of G
.

HUES
,

we have found § shortest path from s to u
.

An array d' -13 such that

for every v# S .

dkv )

=/
the length of the shortest path from s to v

.

if v is within one hop from s
.

1-A ow
.

dlcv) = min dcu) t ke) .

e--Cun)
Is the length ofUES

.

Example : S = the shortest path
d
'

(g) =4 .

e- Cu , y) .

from s to u

dkx) =2 e -- Ca , X)



Dijkstra's algorithm .

-

S -_ { s } dcs)=o .

While SFV
select a node VIES with the smallest .

dkv)
.

dkv) = min dcu) t ele)
e=Cu,v)
UES

Add v to S and see dcv)=dk#
End while

.

S U V X Y Z

←Dy s -- {S3
.

D= (o
, . . . .

)

↳ I 91 d
'
-C 1. 2.4.to.to)

-4¥ 1st loop :

¥142 5- {s .u3
.

D= Co .
I
. . . .

)

d
'

=L
. . 2.2,4 .to)⇒②

-

= =

dkxt-minldcultecu.in
,
-2

dls) t lls ,xD=4
2nd loop :
S -={ S UN } dig ,=4 :

S→u→x→y X
-
- - S→u→y v =4

D= ( O
,
1,2 . . .

)
d ' =L- ,

-

.

-

.
2. 4.5 ) :

'
.

S U V X Y Z
Eventually dly ) =3.

but at this point , because we

can use at most one edge

leaving S
, alky 1=4

.

Correctness
-

"

claim G.µ) . ,

At any point ,
HUES

,

DCU) = length of shortest path

from s to u .

(pages 139 - Keo of textbook)
proof :

base case : S= { s }
.

inductive step , we need to show that every time we add a

the first time this
new node v to S

,
dcv) is indeed the shortest

" shorter path
" leaves S - b distance from s to V

.

.
.
.
. Suppose V minimizes dtv) among all VIES .

/ ly 11

SQ ÷ dealt ecu,v)
"
"
"

→①→ If there were a hopath from s to V
,

then l(s→ . . - → u - v) > else . . - → x→y→ . . -→ v) > else . . .x→y)
,

which means dlcy) ed'Cv) , a contradiction !



Pjoritry Queues
.
( see chapter 2.5 of the textbook)

.

-

g.
Recall arrays

we want to maintain a dynamic set S of elements and linked lists)
and each element e has a priori or key keyce) .

( in this lecture ,
smaller keys represent higher priorities .)

Operations : Let H be a priority queue . (that has En elements at any time)

Runtime -_ Ollogn) H . insert Cx ,
K) : insert an element x with keyGfk .

Ollogn) H .
delete Cx) : delete X .

OG) H
.
mince) :

return an element x with the smallest key .

• Llogn) h . changekey (x. k) : change the key of x to K
.

(we can implement a priority queue using a min- heap and a position array .)

Implementing Dijkstra
-

'

-

combine d and d
'

into one array d .

A T
UES U# S

.

S={S3 ,
dcs)=o

.

For every UEV
,
U # s '

.

If Csu) EE dcu) - els .
U) Else dCu7= too .

H . insertCu . dcu)) ; ← 4. insert C ) is called Oln) times
End For -

While Stv :
← While loop runs Ocn) times

✓ = H
.
mine ) : H

.
delete : ← In total

.

H -
Mhc) and H.de/etel)

S = SU Ev) :
are called Oln) times

.

For every edge (v. w) where WEIS :

If da) -1kV ,
w) - dew) :

← Every edge appears at most

dcw) = dlv) t ICV , w) once in this For loop .

H . changekey (w ,
dcw)) In total

,
H

- changekey C)
End If is called 0cm) times .

End For

End while

Return d-13
.

other operationsOverall runtime :

like changing Comments :

insert min delete changekey S or dew)
. I . What if Kun) so ?

(n - login t h t n - login 1- mlogn + Mtn) Dijkstra 's algorithm
= 0cm - login) . no longer works !
-

2
. Dijkstra ~ continuous

~

BFS .

3. If we use
"

for v-t.cn
"

to find the V with the smallest day .
. Routine


