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Abstract
We develop an efficient incremental version of an existing
cost-based filtering algorithm for the Knapsack constraint.
On a universe ofn elements,m invocations of the algorithm
require a total ofO(n log n + mk log(n/k)) time, where
k ≤ n depends on the instance. We show that the expected
value ofk is significantly smaller thann on several interest-
ing input distributions, hence while keeping the same worst-
case complexity, on expectation the new algorithm is faster
than the previously best solution which runs in amortized lin-
ear time. After a theoretical study, we introduce heuristic
enhancements and demonstrate the new algorithm’s perfor-
mance experimentally.

Introduction
Constraint programming (CP) exploits a combination of in-
ference and search to tackle difficult combinatorial opti-
mization problems. Inference in CP amounts to filtering the
variable domains, often by dedicated algorithms exploiting
the underlying structure in constraints. Search consists of
dividing the resulting problem in two or more parts (e.g., by
splitting a variable domain) giving new opportunities for in-
ference on the subproblems. An important issue in CP is to
strike a good balance between the time spent filtering and
the induced reduction in the search space.

Traditionally, filtering algorithms are analyzed using
worst-case complexity and in isolation. In practice, how-
ever, filtering takes place inside a propagation algorithm
which is rarely adversarial. Moreover, a CP engine repeat-
edly applies a filtering algorithm so that incremental behav-
ior is a significant aspect of the algorithm. Thus, it is best
to analyze filtering algorithms incrementally (e.g. by con-
sidering the cost along a branch of the search tree) using
expected-case complexity analysis. These considerations
led to the design of a filtering algorithm with an improved
expected complexity foralldifferent constraints (Katriel &
Van Hentenryck 2006).

This paper pursues a similar approach for cost-based fil-
tering of knapsack constraints. It shows how to improve
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the best previous algorithm by (Fahle & Sellmann 2002)
both theoretically (in the expected sense) and experimen-
tally. The new algorithm is based on a fundamental dom-
inance property arising in knapsack constraints, which can
be used to significantly reduce the number of items that
need to be considered during filtering. The resulting algo-
rithm is shown to run in expected sublinear time under rea-
sonable probabilistic assumptions, while matching the com-
plexity of the previous algorithm in the worst case. More-
over, experimental results using Pisinger’s Knapsack bench-
marks indicate that a practical implementation of the new
algorithm may reduce filtering time by two orders of magni-
tude. As such, these results shed new light on the benefits of
designing and analyzing filtering algorithms for global con-
straints beyond worst-case complexity and with incremen-
tal and expected-case complexity models in mind, importing
new tools from theoretical computer science into CP.

This paper first reviews the filtering algorithm in (Fahle
& Sellmann 2002), providing the necessary intuition for the
rest of the paper. The new algorithm is then presented and
analyzed theoretically both in the worst and in the expected
case. Experimental results on a wide variety of knapsack in-
stances demonstrate the effectiveness of the new algorithm.

Cost-Based Filtering for Knapsack
Givenn itemsX = {x1, . . . , xn}, profitsp1, . . . , pn ∈ IN,
weightsw1, . . . , wn ∈ IN, and a capacityC ∈ IN, the
Knapsack problem consists in finding a subset of items
S ⊆ {x1, . . . , xn} such that

∑

i∈S wi ≤ C and the total
profit

∑

i∈S pi is maximized. The choice of adding an item
xi to S is commonly modeled by a binary variableXi that is
1 iff xi ∈ S. In the linear relaxation of the knapsack prob-
lem, we are allowed to select fractions of items. Unlike the
integer problem, which is NP-hard, the fractional problem
is easy to solve (Dantzig 1957): First, we arrange the items
in non-increasing order of efficiency, i.e., we assume that
p1/w1 ≥ · · · ≥ pn/wn. Then, we greedily select the most
efficient item, until doing so would exceed the capacity of
the knapsack, i.e., until we have reached the itemxs such
that

∑s−1
j=1 wj ≤ C and

∑s
j=1 wj > C. We say thatxs is

the critical item for our knapsack instance. We then select
the maximum fraction ofxs that can fit into the knapsack,
i.e.,C−∑s−1

j=1 wj weight units ofxs. The total profit is then

P̃ =
∑s−1

j=1 pj + ps

ws
(C −∑s−1

j=1 wj).



Given a lower boundB ∈ IN, the (global) Knapsack con-
straint enforces that

∑

i wiXi ≤ C and
∑

i piXi ≥ B.
Achieving GAC for the constraint is NP-hard, but relaxed
consistency with respect to the linear relaxation bound can
be achieved in polynomial time (Fahle & Sellmann 2002):
If an item cannot belong (in full or in part) to a fractional
solution whose profit is at leastB, then it also cannot belong
to an integral solution of this quality. If an item must belong
to every fractional solution of profit at leastB, then it must
also belong to every integral solution of this quality.

We classify an itemxi asmandatory iff the fractional op-
timum of the instance(X \{xi}, C) has profit less thanB,
i.e., withoutxi we cannot achieve a relaxed profit of at least
B. Then, we remove the value 0 from the domain ofXi. On
the other hand, we classifyxi asforbidden iff the fractional
optimum of the instance(X \{xi}, C − wi) has profit less
thanB−pi, i.e., if a solution that includesxi cannot achieve
a relaxed profit ofB. Then, we remove value 1 from the do-
main of Xi. Clearly, the items in{x1, . . . , xs−1} are not
forbidden and the items in{xs+1, . . . , xn} are not manda-
tory. Our task, then, is to determine which of{x1, . . . , xs}
are mandatory and which of{xs, . . . , xn} are forbidden.

Knapsack Filtering in Amortized Linear Time
In (Fahle & Sellmann 2002), an algorithm was developed
that can identify the mandatory and forbidden items in
O(n log n) time. More precisely, the algorithm runs in linear
time plus the time it takes to sort the items by weight. Thus,
when the status of a number of items (to be included in or
excluded from the knapsack) or the current bound changes,
the remaining items are already sorted and the computation
can be re-applied in linear time. The total time spent onm
repetitions of the algorithm on the same constraint is there-
foreΘ(n log n + mn). We describe this algorithm below.

For eachi < s, let xsi denote the critical item of the
instance(X \ {xi}, C). Clearly, si ≥ s. The maximum
profit of a solution that excludesxi is

P̃¬i =

si−1
∑

j=1

pj +
psi

wsi



C −





si−1
∑

j=1

wj − wi







− pi.

If P̃¬i < B, thenxi is mandatory.
The core observation in (Fahle & Sellmann 2002) is

the following: If, for two itemsxi and xj , we have that
wi ≤ wj , thensi ≤ sj . Hence, if we traverse the items
of {x1, . . . , xs} by non-decreasing weight, then allsi’s
can be identified by a single linear scan of the items of
{xs, . . . , xn}, starting atxs. That is, the search for the next
critical item can begin at the location of the current critical
item, and it always advances in one direction. If we con-
stantly keep track of the sum of weights and the sum of
profits of all items up to the current critical item, we only
need to spend amortized constant time to check whether the
item we are currently considering is mandatory.

Symmetrically, fori > s, letxsi be the critical item of the
instance(X\{xi}, C −wi). Thensi ≤ s and the maximum
profit of a solution that includesxi is

P̃i =

si−1
∑

j=1

pj +
psi

wsi



C −





si−1
∑

j=1

wj + wi







 + pi.

If P̃i < B, thenxi is forbidden.
Again, if we traverse the items in{xs, . . . , xn} by non-

decreasing order of weight, each critical item is always to
the left of the previous critical item, and all computations
can be performed with a single linear scan.

Filtering by the Efficiency Ordering
The same time bound can be obtained when considering
the items by non-increasing order of efficiency (Sellmann
2003): We first identify the critical itemxs as before.
Then, instead of computing the critical item of the instance
(X\{xi}, C) for eachxi, we compute the portion of eachxi

that we can give up and still satisfy the constraint.
More precisely, letei = pi/wi be the efficiency ofxi. If

we give up a total of̃wi weight of this efficiency (whereby
we alloww̃i > wi), we losew̃iei units of profit. On the other
hand, we can insert̃wi units of weight from the items that
are not part of the fractional knapsack solution. LetQ(w)
be the profit from the bestw units of weight among those
items, i.e., theC− (

∑si−1
j=1 wj −wi) unused units ofxs and

the items{xs+1, . . . , xn}. Thenw̃i is the largest value such
thatP̃ − w̃iei + Q(w̃i) ≥ B.

If w̃i ≥ wi, this means that we can give up all ofxi, i.e.,
it is not mandatory. Note that fori, j such thatei ≥ ej,
w̃i ≤ w̃j . Therefore, traversing the items by non-increasing
efficiency allows us to identify all mandatory items in a sin-
gle linear scan as before. A symmetric computation can de-
termine which items are forbidden. Using this approach, we
do not need to sort the items twice (once by efficiency and
once by weight). The solution we describe in the next sec-
tion is based on this algorithm.

Filtering in Sublinear Expected Time
In this section we describe our alternative filtering algo-
rithm. It requiresO(n log n)-time preprocessing (to sort
the items by efficiency) and every repetition of the prop-
agator requiresO(d log n + k log(n/k)) additional time,
whered is the number of elements whose status was deter-
mined (potentially by other constraints) to be mandatory or
forbidden in the last branching step, andk ≤ n is a pa-
rameter determined by the Knapsack instance. Since the
status of an element can be settled at most once, the first
term of the complexity sums toO(n log n) throughout the
whole sequence and we get that in total,m repetitions of the
propagator takeO(n log n + mk log(n/k)) time. Note that
k log(n/k) = O(n), so our algorithm is never slower than
the previous one. In the next section, we will show that the
expected value ofk is significantly smaller thann for several
interesting input distributions.
Lemma 1. Let xi, xj ∈ {x1, . . . , xs} such that ei ≥ ej and
wi ≥ wj . If xi is not mandatory, then xj is not mandatory.
Proof. As the items are arranged by order of non-increasing
efficiency, the average efficiency decreases as an interval of
items grows to include higher-indexed items. Consequently,
wj ≤ wi implies Q(wj)/wj ≥ Q(wi)/wi, and therefore,
wi(ei −Q(wi)/wi) ≥ wj(ej −Q(wj)/wj). We also know
thatxi is not mandatory, sõP − wiei + Q(wi) ≥ B. Then,
P̃ − wjej + Q(wj) = P̃ − wj(ej − Q(wj)/wj) ≥ P̃ −
wi(ei −Q(wi)/wi) ≥ B, that is,xj is not mandatory.



We focus our attention on the task of identifying the
mandatory items. The forbidden items can then be found
by a symmetric algorithm. The algorithm that we propose
traverses the items of{x1, . . . , xs} by non-increasing effi-
ciency (breaking ties in favor of larger weight). At all times,
we remember the maximum weightwmax of an item that
was checked and wasnot found to be mandatory. Accord-
ing to Lemma 1, an itemxi only needs to be checked if
wi > wmax whenxi is considered. As before, to check an
item xi, we computew̃i. If this value is less thanwi, we
conclude thatxi is mandatory. At this stage we do not do
anything about it, except to insertxi to a list of items that
were found to be mandatory. On the other hand, ifw̃i is
larger thanwi, we setwmax ← max{wmax, wi}.

We next describe two data structures that allow us to per-
form this task efficiently: the item-finding search treeTf

which helps us to quickly find the next item that needs to be
checked; and the computation treeTc which speeds up the
w̃i computations. Finally, we put all the pieces together and
describe the complete algorithm.
The Item Finding Search Tree: We place the items of
{x1, . . . , xs} at the leaves of a binary treeTf , sorted from
left to right by non-increasing efficiency (breaking ties in
favor of higher weight). Every internal node contains the
maximum weight of an item in its subtree.

In each application of the propagator, we begin traversing
the nodes at the leftmost leaf of the tree, i.e., the most ef-
ficient item. As described above, we always remember the
maximum weightwmax of an item that was examined and
was not determined to be mandatory. Once we have finished
handling an itemxi, we use the tree to find the next item
to be examined,next(xi). This item is represented by the
leftmost leaf whose weight is higher thanwmax, among all
leaves that are to the right ofxi.

One way to perform this search is to climb fromxi to-
wards the root; whenever the path to the root goes from a
left-son to its parent, we look at the right-son of this parent.
If there is a leaf in the right-son’s subtree whose weight is
higher thanwmax, the search proceeds in this subtree. Oth-
erwise, we continue climbing towards the root. With this
method, finding the next item takesO(log n) time. Using
standard finger-tree techniques (e.g., (Brodal 2005)), we re-
duce this further: For every level of the tree, we create a
linked list that connects the tree nodes of this level from left
to right. These links can be used as shortcuts in the search,
and as a result the search time is reduced fromO(log n) to
O(log ℓi), whereℓi is the number of items betweenxi and
next(xi). Looking upk items in sorted order then takes
∑k

j=1 O(log ℓj). Since
∑k

j=1 ℓj ≤ n, the total time spent is
O(k log(n/k)).
Computing the w̃i Values: Our second data structure is a
binary treeTc which we use to compute thẽwi values. The
leaves ofTc hold all items{x1, . . . , xn}, sorted in the same
order as the leaves ofTf . Internal nodes hold the sums of
the weights and profits of the items in their subtree.

Given the knapsack capacityC, we can compute the crit-
ical itemxs, as well as the total profit of the optimal frac-
tional solution, inO(log n) time as follows. Our search al-

gorithm receives the pair(r, C) wherer is the root of the
tree andC is the capacity of the knapsack. LetLeft(r) and
Right(r) be the left and right children ofr and letWLeft(r)

be the total weight of the items in the subtree rooted at
Left(r). If WLeft(r) > C then the search proceeds to the
left subtree. Otherwise, we recursively search using the pa-
rameters(Right(r), C −WLeft(r)). That is, we search for
the critical item in the right subtree, but we take into ac-
count the weight of the left subtree. Once the search reaches
a leaf, it has found the critical item. During the search, we
also keep track of the total profit up to the critical item.

To compute the valuẽwi, we search in a similar manner
starting from the critical itemxs, and continue to the right,
skipping subtrees that do not contain the solution. The way
to do this is to compute the first location in which theloss
exceeds the slack̃P − B of the current solution, i.e., the
first indexi for which w̃i(ei −Q(w̃i)/w̃i) ≥ P̃ −B. Since
the items are sorted by efficiency, we know that, if the loss
of a certain subtreet is not too large, then the loss of any
proper subtree oft is also not too large, sot can be skipped
altogether. In other words, we can apply a finger-tree search
again and find all̃wi’s within O(k log(n/k)) time.
Putting the Pieces Together:We assume that the propa-
gator is calledm times, each time on a reduced instance,
i.e., an instance which is similar to the previous one, ex-
cept that some items may be missing because their status
has been determined, the knapsack capacity may have de-
creased and the profit target may have increased. Since these
changes may affect the position of the critical itemxs, we
constructTf over the complete set of items, and not only
over{x1, . . . , xs}. When searching for the next item to ex-
amine, we do not look beyondxs.

The treesTf and Tc are constructed once, at a cost of
O(n log n) time for sorting. As a simplification, i.e., to avoid
the need for complex data structures, we may assume that
the trees are static in that they contain a leaf for every item
and an item is deleted by marking its leaf asempty. An
empty leaf, of course, does not contribute to the contents
of the internal nodes. Inserting or deleting an item then re-
quires only to update the internal nodes along a single root-
leaf path, which takesO(log n) time.

Consider a single call to the propagator, and assume that,
while it is executed,k items were checked andℓ were found
to be mandatory. The total time for identifying and check-
ing the items, as described above, isO(k log(n/k)). After
all necessary checks have been performed, we have a list of
items that became mandatory. We can exclude them from
further consideration after updating the knapsack capacity
and the profit bound to reflect the fact that they are in the
knapsack in every solution. In other words, letM be the
set of items that were determined to be mandatory. LetW
be their total weight andP their total profit. Our knapsack
instance can be reduced to the instance(X \M, C −W ),
with the profit goalB − P . It remains to update the two
trees with respect to these changes. As mentioned before,
each item deletion takesO(log n) time to update the data in
the internal nodes along the relevant root-leaf path. We have
|M | such deletions, for a total ofO(|M | log n). Similarly,
we have a listF of items that were determined to be forbid-



den. We remove them from the trees inO(|F | log n) time.
Since each item can be deleted at most once, this adds up
to O(n log n) time for all m repetitions of the propagator.
Note that the previous critical itemxs remains the critical
item after these changes.

Finally, we need to be able to update the data structures
upon external changes to the variable domains. If items are
specified as mandatory or forbidden, we handle this in the
same way as described earlier (it does not matter that this
is an external change and not a decision made by our algo-
rithm). WhenC becomes smaller, we need to find a new
critical item. Since the new critical item can only be to the
left of the old one, we can find it by a finger search, which
adds up toO(n) for all searches. WhenB changes exter-
nally, this does not require updating the search trees directly;
the updates will occur when the propagator is re-applied.

Complexity Analysis
Worst Case: We have shown that the total time spent is
O(n log n) in addition toO(ki log(n/ki)) for thei-th invo-
cation of the propagator, whereki is the number of items that
were tested and whose status was not settled. In the worst
case,ki = n and then the amortized time spent isO(n), as
in (Fahle & Sellmann 2002). Typically, however, there will
be dominated items that we can skip over. Our purpose in
this section is to analyze the expected value ofki.

We determine an upper bound on the the expected value
of ki for various distributions of knapsack instances. By
Lemma 1, we know that the weights of theki items are
increasing. Therefore, an upper bound onki is the ex-
pected length of alongest increasing subsequence (LIS) of
w1, w2, . . . , wn. In the symmetric computation, which iden-
tifies the forbidden items,ki is the length of the longestde-
creasing subsequence (LDS).

We analyze the expected length of an LIS and an LDS
with respect to four different distributions which are widely
considered in the KP literature: Inuncorrelated instances,
profits and weights are drawn independently.Weakly corre-
lated instances are generated by choosing profits uniformly
in a limited interval around the corresponding weights. In-
stances arestrongly correlated when the profit of every item
equals its weight plus some constant. Insubset sum in-
stances, profits and weights are identical.
Subset Sum:Here, the LISs and LDSs have lengths 1 when
efficiency ties are broken in favor of higher (lower) weight
for the mandatory (forbidden) items.
Strongly Correlated: Here, the efficiency ordering of
items coincides with an ordering with respect to increasing
weights. Consequently, we see the worst-case lengths for the
LISs here. The LDSs, on the other hand, only have length 1.
Weakly Correlated: It is known that the expected length
of an LIS (or LDS) of a random permutation ofn items is
2
√

n−o(
√

n) (Aldous & Diaconis 1999). This immediately
gives thatEki = O(

√
n) if the input is created by selecting

each weight and each efficiency independently fromU [0, 1].
Uncorrelated: Here, sorting the items by non-increasing ef-
ficiency does not give a random permutation of the weights:
The larger weights are more likely to appear towards the end
of the list, so the LIS’ are longer. We will show:

Theorem 1. Let w1, w2, . . . , wn and p1, p2, . . . , pn be inde-
pendently distributed U [0, 1], such that w1/p1 ≥ p2/w2 ≥
· · · ≥ pn/wn. Then, with high probability, the length of the
LIS of the sequence w1, w2, . . . , wn is bounded by O(n2/3).

For a fixed sequence of weights and profits chosen at ran-
dom we have:

Lemma 2. Let w1 ≤ w2 ≤ · · · ≤ wk be an increasing
sequence and let each of p1, . . . , pk be chosen independently
from U [0, 1]. Then the probability that p1

w1

≥ p2

w2

≥ . . . pk

wk

is at most 1
k! (

1
w1

)k−1.

Proof. For each1 < i ≤ k, letqi = pi−1
wi

wi−1

. We compute
the probability that for all1 < i ≤ k we havepi ≤ qi:
∫ 1

0

∫ min[1,q2]

0

∫ min[1,q3]

0

. . .

∫ min[1,qk]

0

1 dpk . . . dp2dp1

≤ 1

k!

k
∏

j=2

(
wj

wj−1
)k−j+1 =

1

k!

k
∏

j=2

(
wj

w1
) ≤ 1

k!
(

1

w1
)k−1.

The above bound depends onw1, the smallest weight in the
sequence. To use this lemma we need to show that in any
long sequence with weights drawn independently inU [0, 1],
“many” weights will not be “very small”:

Lemma 3. Let w1, w2, . . . , wn be independently distributed
U [0, 1]. With high probability, at least n − e2k of them are
larger than k/n.

Proof. The probability thate2k of the weights are at most

k/n is
(

n
e2k

) (

k
n

)e2k ≤
(

en
e2k

k
n

)e2k
= e−e2k.

We can now prove an upper bound on the expected length of
the LIS for the uncorrelated input.
Proof of Theorem 1: If there is an increasing subsequenceσ
of length2s = 2e2n2/3, then by Lemma 3, with high prob-
ability there is a subsequenceσ′ of σ of lengths = e2n2/3

consisting solely of elements whose weights are at least
n−1/3. By Lemma 2, the probability that such an increasing
subsequenceσ′ of lengths exists in the complete sequence
of n items, is at most

(

n

s

)

1

s!

(

e2n

s

)s−1

≤
(

en

s

e

s

e2n

s

)s

≤ e−n2/3

.

Consequently, on uncorrelated knapsack instances, we ex-
pect our algorithm to run in timeO(n2/3 log n).

Practical Evaluation
After our theoretical study, we now discuss the practical
side of Knapsack filtering with respect to linear relaxation
bounds. First, we describe some heuristic enhancements and
implementation details of our algorithm. Then, we present
numerical results which clearly show the benefits of the new
filtering technique introduced in this paper.



Implementation and Heuristic Enhancements
The core ingredient of our algorithm are binary finger-trees.
To eliminate the need of introducing slow and memory-
costly pointers to parents, both sons, and the relative to the
right, we simply store the elements of the tree in one consec-
utive array with first index 1. Then, the parent of nodei > 1
is ⌊i/2⌋, the left son is2i, the right son is2i + 1, and, for all
i 6= 2z, z ∈ IN, the relative to the right is simplyi + 1.

We also introduce two practical enhancements: First, in
some cases we can terminate the computation ofw̃i early.
Note that, what we really perform when traversing our
finger-tree is essentially a binary search. That is, whenever
we move up or dive to the right son, we have found a new
lower boundw̃

(l)
i ≤ w̃i. And whenever we move to the

right brother (or cousin etc) or dive to the left son, we have
found a new upper bound̃w(u)

i ≥ w̃i. Therefore, when-

everw̃i ≥ w̃
(l)
i ≥ wi, we already know that itemxi is not

mandatory. Analogously, wheneverw̃i ≤ w̃
(u)
i < wi, we al-

ready know that itemxi is mandatory. Furthermore, we can
deduce that itemxi is mandatory whenever replacing the re-
maining capacitywi − w̃

(l)
i with the efficiency of the item

that determines̃w(l)
i is not enough. In all these cases, we can

terminate our computation early and continue with the next
item right away.

Second, when an itemxi is found not to be mandatory, we
can safely continue with the next itemxj ∈ {xi+1, . . . , xs}
for which wj is even greater thañwi ≥ wi, because we
know thatw̃j is always greater or equal̃wi. We refer to this
enhancement as strong skipping.

Numerical Results
At last, we show the benefits of the new filtering tech-
niques and the heuristic enhancements that we just intro-
duced in practice. For our experiments, we use the standard
benchmark generator by David Pisinger (Pisinger 2005)
with two slight modifications: First, we changed the code
so that it can generate instances with very large profits
and capacities in[1, 107]. This change was necessary as
a small range of profits and weights obviously plays into
the hands of our new algorithm, especially when consid-
ering problem instances with many items. Secondly, we
ensure that the code actually generates a series of differ-
ent instances by setting a new seed for the random num-
ber generator each time a new instance is generated (the
original code produces a series of instances with the same
profits and weights and only changes the relative capac-
ity of the knapsack when the range of profits and weights
stays fixed). These changes were made to ensure a fair
and sound comparison. We generate random knapsack in-
stances according to five different input distributions. In
all cases, profits and weights are drawn from[1, 107]. For
uncorrelated instances, profits and weights are drawn inde-
pendently. Weakly correlated instances are generated by
choosing profitspi ∈ [wi − 106, wi + 106]. Instances are
strongly correlated when settingpi = wi + 106. In almost
strongly correlated instances, profits are uniformly drawn
from [wi+106−104, wi+106+104]. A subset sum instance
is characterized bypi = wi for all items.

All experiments were run on a 2 GHz Intel Pentium M
Processor with 1 GByte main memory. In Table 1, we com-
pare our pure algorithm (SL) with that of (Fahle & Sellmann
2002). On instances where the longest increasing weight se-
quences are ino(n) when items are ordered according to
increasing or decreasing efficiency, we see clearly the bene-
fits of the new propagator: On subset sum instances, the ef-
fort of our algorithm is practically constant and, as the input
size grows, our algorithm is easily several orders of mag-
nitude faster. Moreover, on uncorrelated and weakly corre-
lated instances, we achieve some decent speedups on larger
instances. At the same time, on strongly and almost strongly
correlated instances, that are less favorable for our filtering
algorithm, we still see some slight performance gain.

In the same table, we also show the performance gains by
using the early termination heuristic (SL-ET) which gives us
roughly another factor of two pretty consistently. When us-
ing strong skipping on top of early termination (not shown in
the table), we do not achieve significant further savings. This
is easily explained by the fact that̃w

(l)
i will be almost equal

to wi when using the early termination heuristic. The sit-
uation changes, however, when using strong skippingwith-
out early termination (SL-SS): We see another dramatic per-
formance gain that leads to an almost equally great perfor-
mance over all input distributions (except for the degener-
ated case of subset sum instances). Eventually, SL-SS beats
the algorithm from (Fahle & Sellmann 2002) by up to two
orders of magnitude!

In Table 2, we give more insight into the inner workings
of the contesting algorithms. The original linear-time algo-
rithm often considers significantly more items for filtering
than our propagation algorithms, which is what we predicted
and which is, of course, the reason why our algorithms run
faster. What is remarkable is to which extent the strong skip-
ping heuristic is able to reduce the workload further, espe-
cially on strongly and almost strongly correlated instances:
For large input sizes, less than 1% of the items need to be
considered, and this reduction in workload can almost en-
tirely be translated into a reduction of CPU-time. It is sub-
ject to further analysis to explain this effect theoretically.
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# Items 1, 000 10, 000 100, 000
Algorithm Lin SL SL-ET SL-SS Lin SL SL-ET SL-SS Lin SL SL-ET SL-SS

Uncor−

related

1% 73 31 21 9.4 722 143 90 14 7.3K 1.1K 515 104
2% 74 33 20 6.0 729 156 89 14 7.3K 1.2K 513 103
5% 75 36 19 4.5 736 182 93 13 7.4K 1.6K 531 99

10% 74 40 19 3.8 732 206 94 12 7.4K 2.0K 567 92

Weakly

Correlated

1% 81 30 17 5.3 792 144 74 15 8.0K 1.0K 381 105
2% 85 33 15 5.2 827 164 73 13 8.3K 1.3K 379 103
5% 89 38 15 3.3 872 192 75 14 8.8K 1.7K 381 98

10% 92 43 15 3.5 899 209 74 12 9.1K 2.0K 389 90

Srongly

Correlated

1% 81 68 31 5.2 791 654 260 14 8.1K 7.0K 2.6K 103
2% 84 67 29 3.7 820 653 262 14 8.2K 7.0K 2.7K 101
5% 88 66 29 5.0 867 643 257 12 8.7K 6.9K 2.7K 96

10% 91 64 27 4.0 897 626 246 12 9.1K 6.6K 2.6K 86

Alm.Strongly

Correlated

1% 80 52 29 5.6 792 296 165 14 8.0K 2.8K 1.4K 104
2% 84 52 28 4.3 822 308 167 13 8.3K 3.1K 1.4K 101
5% 88 53 27 3.7 867 324 167 12 8.8K 3.3K 1.4K 97

10% 91 53 27 4.1 897 331 166 12 9.1K 3.4K 1.4K 87

Subset

Sum

1% 59 2.2 1.4 2.1 590 2.1 1.0 3.0 6.1K 3.8 1.3 2.8
2% 59 1.9 0.8 2.1 591 2.5 1.7 2.0 6.0K 3.7 1.3 3.2
5% 59 2.3 0.8 2.0 592 2.9 1.1 3.4 6.0K 2.9 2.0 3.5

10% 60 2.1 1.0 2.1 979 2.6 1.5 1.8 6.1K 3.0 1.6 2.7

Table 1: Knapsack filtering in the presence of a lower bound with 1%, 2%, 5%, or 10% gap to the linear relaxation. We report the
average CPU-time [µ-sec] of the Fahle-Sellmann algorithm (Lin), our sublinearalgorithm without heuristic enhancements (SL),
with early termination (SL-ET), and with strong skipping (SL-SS) on benchmark sets with 100 random instances each that were
generated with respect to one of five different input distributions: uncorrelated, weakly correlated, strongly correlated, almost
strongly correlated, or subset sum.

# Items 1, 000 10, 000 100, 000
Eff. | Algo. Filt. Lin SL/SL-ET SL-SS Filt. Lin SL/SL-ET SL-SS Filt. Lin SL/SL-ET SL-SS

Uncor−

related

LIS 219 779 2.6k
1% 40 986 161 52 97 9.8K 512 104 977 99K 2.3K 982
2% 24 975 147 33 94 9.7K 514 100 957 97K 2.3K 963
5% 13 946 139 19 88 9.4K 517 93 901 94K 2.3K 907

10% 8 906 138 13 78 9.0K 517 83 811 90K 2.2K 817

Weakly

Correlated

LIS 171 612 3.5k
1% 24 996 127 31 97 9.9K 441 103 977 99K 2.1K 982
2% 16 991 120 22 95 9.9K 440 100 957 99K 2.1K 962
5% 9 977 114 14 89 9.8K 437 94 897 98K 2.0K 902

10% 7 956 114 12 78 9.5K 430 83 801 95K 2.0K 806

Strongly

Correlated

LIS 1k 10k 100k
1% 25 997 684 28 97 10.0K 6.7K 100 975 100K 66K 978
2% 17 994 673 20 94 9.9K 6.6K 97 954 99K 66K 957
5% 11 982 656 11 88 9.8K 6.5K 91 895 98K 65K 898

10% 7 963 633 10 78 9.6K 6.3K 81 799 96K 63K 802

Alm.Strongly

Correlated

LIS 545 2.3k 8.3k
1% 25 997 375 29 96 10.0K 1.4K 100 976 100K 5.4K 979
2% 17 994 367 20 94 9.9K 1.4K 97 956 99K 5.4K 959
5% 10 982 358 13 88 9.8K 1.4K 91 900 98K 5.3K 903

10% 7 963 353 10 78 9.6K 1.4K 81 808 96K 5.2K 811

Subset

Sum

LIS 2 2 2
1% 0 279 2.0 2.0 0 2.8K 2.0 2.0 0 28K 2.0 2.0
2% 0 283 2.0 2.0 0 2.8K 2.0 2.0 0 28K 2.0 2.0
5% 0 296 2.0 2.0 0 3.0K 2.0 2.0 0 30K 2.0 2.0

10% 0 317 2.0 2.0 0 3.2K 2.0 2.0 0 32K 2.0 2.0

Table 2: Average number of items considered by each algorithm for the same benchmark problems as in Table 1. We also report
the number of items that were filtered (Filt.), and the average sum of longest increasing subsequences when considering items
in order of increasing and decreasing efficiency (LIS).


