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STOCHASTIC CONTENTION RESOLUTION WITH SHORT DELAYS*
PRABHAKAR RAGHAVANT AND ELI UPFAL?

Abstract. We study contention resolution protocols under a stochastic model of continuous
request generation from a set of contenders. The performance of such a protocol is characterized by
two parameters: the maximum arrival rate for which the protocol is stable and the expected delay
of a request from arrival to service.

Known solutions are either unstable for any constant injection rate or have at least polynomial
(in the number of contenders) expected delay. Our main contribution is a protocol that is stable for
a constant injection rate, while achieving logarithmic expected delay. We extend our results to the
case of multiple servers, with each request being targeted for a specific server. This is related to the
optically connected parallel computer (or OCPC) model. Finally, we prove a lower bound showing
that long delays are inevitable in a class of protocols including backoff-style protocols, if the arrival
rate is large enough (but still smaller than 1).
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1. Introduction. The subject of this paper is the stochastic analysis of protocols
for contention resolution. The most concrete setting of this problem is that of multiple
access channels, and so the remainder of the paper will use the terminology of this
application. Naturally, our analyses are not specific to this setting and apply whenever
we have several contenders requesting service from shared resources.

There are n senders and m receivers. At each of a series of time steps, one or more
senders may generate a packet. A packet when generated has a destination: a unique
receiver to which it must be delivered. Any sender may attempt to send a packet to
any receiver at any step, but a receiver may only receive one packet in a step. If a
receiver is sent more than one packet in a step (a collision), all packets sent to that
receiver are lost and the senders are notified of the loss. The senders must then try to
send these packets again at a future step. There is no explicit communication between
the senders for coordinating the transmissions the only information that senders have
is the packet(s) they have waiting for transmission and the history of losses. A packet
can only be transmitted directly from its sender to its receiver; intermediate hops are
disallowed.

The case m = 1 is a classical instance of sharing a common resource such as a
bus or an Ethernet channel (the shared bus is modeled by the single “receiver”). The
binary exponential backoff Ethernet protocol [9] is the solution used most commonly
in practice here. The case m = n has received much attention recently under the
name optically connected parallel computer, or OCPC [8]. However, work on the
OCPC model has been restricted to studies in which each sender begins with at most h
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packets for some positive integer h, with h or fewer packets bound for each receiver. In
our work, we are interested in the more realistic setting in which packets are generated
continuously. To this end, we adopt a stochastic model of packet generation.

1.1. The model. We assume that time is partitioned into intervals of equal
length called steps. The injection distribution is characterized by an n x m matrix
A = ()\;), in which Zj Xij < Aforall ¢ and Y7, A;; < A for all j. At each step
sender ¢ generates a packet bound for receiver j with probability A;; independently
of other senders and time steps. Since a sender can send no more than one packet
per step, and a receiver can receive no more than one packet per step, we require
A < 1. For the special case m = 1, we use simplified notation: we assume that at
each step sender i generates a packet with probability \;, independently of other steps
and senders. Note that a sender generates at most one packet at a step, but several
senders may generate a packet for a receiver. The reader is referred to the paper by
Hastad, Leighton, and Rogoff [6] for a detailed account of the relation between these
assumptions and reality.

Each sender uses a protocol to decide when to send a packet and what to do in
the event of a collision. Informally, a protocol is an automaton that uses its state to
remember the past. At each step, based on its state, the packets pending transmission,
and any new packet it generates, it must decide which (if any) packet to transmit. For
example, the binary exponential backoff protocol used in the Ethernet is the following:
store arriving packets in a queue. When a packet reaches the head of the queue for
the first time, transmit it. If there is a collision, retransmit the packet after T' steps
where T is selected randomly from {1,2,3,..., 2min{10’b}}, where b is the number of
times the packet has been involved in a collision.

Of primary interest is whether a protocol can sustain packet arrivals at some rate
without instability: a protocol is unstable for a given arrival rate if the number of
packets pending transmission grows unboundedly with time.! For stable protocols,
two quantities are of interest: (1) the mazimum arrival rate A that can be sustained
stably, and (2) the delay, defined to be the maximum over all senders of the expected
number of steps from the generation of a packet to its delivery, in the steady state.
Delay is of particular importance in high-speed communications applications such
as video and ATM networks. (We actually prove a stronger result, a bound on the
expected delay of any packet arriving after a polynomial number of steps from the
start of the process.)

In our upper bounds, we do not assume that the sender knows the injection rates
of other senders (i.e., the matrix A); we only assume that senders have some upper
bound on the total number of active senders in the system. This bound does not
need to be very accurate, as only the logarithm of this bound figures in the delay
of our protocols. Since the total number of senders in the system is dictated by the
hardware, it is reasonable to assume that this number cannot change very fast and
that each sender has a good estimate of it. Our analysis holds even if the matrix A
changes at every time step, subject to the constraints on row and column sums.

Throughout this paper, Pr[€] denotes the probability of an event £.

1.2. Related work. Most previous analysis focused on backoff protocols. The
binary exponential backoff protocol used in the Ethernet was proposed by Metcalfe

IFormally let B: denote the number of packets generated before time ¢ that were not delivered
until time ¢. Let F} denote the distribution of B;. A protocol is stable if the sequence {F} | t > 1}
converges in distribution to a limit distribution F' that is independent of ¢.
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and Boggs [9]. Aldous [1] showed that for any positive constant A, binary exponential
backoff is unstable if the number of senders is infinite. Kelly [7] showed that any
polynomial backoff protocol is unstable for infinitely many senders. Hastad, Leighton,
and Rogoff [6] studied systems with a finite number of senders. They showed that
binary exponential backoff is unstable for \ slightly larger than 0.567 even for a system
with a finite number of senders, and that polynomial backoff protocol is stable for any
A < 1 and for any finite number of senders. Goldberg and MacKenzie [5] analyzed
the backoff protocol for the multiple servers setting, showing that any superlinear
polynomial backoff protocol is stable for any A < 1. Our current work is motivated
by the lower bound in Hastad, Leighton, and Rogoff [6] showing that long delays
are inevitable in backoff-style protocols: they showed that the delay of any stable
exponential or polynomial backoff protocol is at least polynomial in the total number
of contenders. Following our work, Paterson and Srinivasan [11] recently gave a
protocol with O(1) expected delay assuming that the initial clock times of the senders
are within a known bound of each other.

1.3. Our results. We follow the lead of [1, 6] here and make no unproven as-
sumptions about the independence of the state of the system from one time step
to the next, or between senders (many analyses in the queuing-theory literature do
make such assumptions). We assume only that the generation of packets is indepen-
dent between time steps and senders. Even for this case, complex dependencies arise
between the transmissions at different senders and time steps. We focus on protocols
with short packet delay. We first consider the case m = 1. Our main result (Theo-
rem 1) is a protocol that ensures delay logarithmic in n, provided the arrival rate is
no more than a fixed constant A’. To our knowledge, this is the first protocol with
sublinear delay (under an exact analysis) that is stable for a constant injection rate.
Turning to the case m > 1, we present a protocol that achieves logarithmic delay
provided that arrival rate at each sender and for each receiver is at most a fixed con-
stant A’ (Theorem 2). Finally, we show (Theorem 3) that if every sender uses a class
of protocols including backoff protocols, there is a fixed constant A\g < 1 such that if
A > )\, the delay must be Q(n). Thus, in this class of protocols one cannot achieve
full throughput and small delay simultaneously (whereas full throughput alone can
be achieved by the polynomial backoff protocol that belongs to that class [6]).

2. Multiple access to one channel. In this section we consider the case m = 1.
We show that there exists a positive constant A\g and a contention resolution protocol
that is stable for any 0 < A < A, with delay O(logn).

2.1. The protocol. Each sender in our protocol (Fig. 1) has a transmission
buffer of size O(logn) and a queue. Packets awaiting transmission are stored either
in the buffer or in the queue. Throughout the execution of the protocol a sender is
in one of two states: a mormal state or a reset state. Note that in the protocol, a
transmission attempt may fail due to collision. The constants o and p used in the
protocol are fixed in the proof of Theorem 1 below.

Relation to practical protocols. The use of the queue and especially the reset
state may appear to be somewhat artificial. We use these devices to cater to catas-
trophic events (e.g., every sender generates a packet in every one of n'Y consecutive
steps) that occur with extremely low but positive probabilities. In practice, such
catastrophic events are handled by dropping packets: some packets are permanently
erased from the system during such rare events. Rather than drop packets we invoke
the emergency mechanism involving the queues and the reset state, while proving that
the chance of resorting to these measures is extremely small.
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Count_attempts(s) keeps a count of the number of times s tried to transmit a packet
from its buffer in the 4un logn most recent steps.

Failure_counts(s) stores the failure rates in transmission attempts of packets from
the buffer of s in the most recent plogn attempts.

Random_number() is a function that returns a random number uniformly chosen
in the range [0, 1], independent of the outcomes of previous calls to the function.

While in the normal state repeat:
1. Place new packets in the buffer.

2. Let X denote the number of packets in the buffer.
If Random_number() < X/8alogn then

(a) Try to transmit a random packet from the buffer.
(b) Update Count_attempts(s) and Failure_counts(s).

Else
If Random_number() > 1 —1/n? then transmit the packet at the head of
the queue.
3. If (Count_attempts(s) > plogn and Failure_counts(s) > 5/8), or If
(X > 2alogn) then
(a) Move all packets in the buffer to the end of the queue.
(b) Switch to the reset state for 4pn®logn + vlogn steps.
While in the reset state repeat:
1. Append any new packets to the queue.

2. If Random_number() < 1/n” then transmit the packet at the head of the
queue.

Fia. 1. Communication protocol for sender s.

2.2. Analysis of the protocol. The performance of the protocol is summarized
in the following theorem.

THEOREM 1. There is a fized constant Ao > 0, such that for any A < A the
above protocol is stable and the expected delay of each packet is O(logn).

Proof. To simplify the analysis we assume, without loss of generality, that at
each step each sender tries to transmit a packet from the queue with probability 1/n2
even if its queue is empty (in which case it tries to transmit an empty message). This
assumption makes the process of transmitting from the buffers completely independent
of the sizes of the queues at the beginning of that step.

Consider the n-vector of nonnegative integer whose ith component is the number
of packets in the buffer of the ith sender. This vector defines a finite positive recurrent
aperiodic Markov chain, which thus has a stationary distribution. Let X; be a random
variable counting the total number of packets at time t in all the buffers. By the
condition tested in step 3 of the protocol, X; < 2anlogn+mn for all t. The crux of the
proof is to show that most of the time X; < 2alogn, which guarantees short delays.

Throughout the analysis we use the following versions of the Chernoff bound [10]:
let Z be the number of successes in k£ independent Bernoulli trials with probability
p for success in each trial, then for 0 < § < 1 Pr{Z < (1 — §)pk} < e=5°Pk/2 and
Pr{Z > (1+ 6)pk} < e ¥Pk/3 For 6 > 1 Pr{Z > (1 + 6)pk} < e~ n(1+6)pk, 0
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LEMMA 1. Let T = 4un?logn+~logn (the constant v is determined in the proof
of Claim 3). For any xz < 2anlogn + n assumed by X;_r,

Pr[X; > 2alogn | X;—r = 2] < 1/n'°.

Proof. To prove the lemma, we begin with the following claim.

Cram 1. If X,_7 > 6alogn, then with probability 1 — n~'! there is a step
1 €[t —T,t —vlogn] such that X, < 6alogn.

Proof. We show that as long as the total number of packets in buffers exceeds
6alogn, then in each interval of 4unlogn steps at least one sender is very likely to
switch to the reset state with high probability (and stays in that state for 4un?logn
steps).

Consider the interval [1g, 7o + 4unlogn — 1] consisting of 4un logn steps. Let z,,
T € [10, 70 + 4unlogn — 1] be a random variable defined as follows. If X, > 6alogn,
then z; equals the number of transmission attempts at this step; else z, = n. Clearly
[27 | Zrgs Zrg+1s - - - » 2r—1] 18 stochastically lower-bounded? by a binomial distribution

with expectation (6a logn)/(8alogn), and 3 704" logn—1

T=To0
bounded by a binomial distribution with expectation

z; 1s stochastically (lower-)

4punl 1
) (4pnlogn)(6alogn) — 3unlogn.
8alogn
Thus, by the Chernoff bound, with probability at least
(2) 1— e—%pmlogn7

either X < 6alogn for some 7 in this interval or there were at least un logn attempts
to transmit packets from buffers and at least one sender was involved in plogn or
more attempts.

If there were at least 6 logn packets in buffers in a given step, then the success
probability of an attempt at that step is at most

1 2aclogn
8alogn

2

(3) ) < 9/16.
(Since no sender has more than 2alogn packets in buffers, the “best” probability is
when 6alogn packets are distributed equally among three senders.)

For a given sender s and given steps 7 and 7’ such that 7 > 7/ > 79, let yf’s be
a random variable defined as follows: yll’s = 1 if sender s successfully transmitted a
packet at time 7, X, > 6alogn, and s had less than plogn transition attempts in
the interval [7/, 7]; else yfvs = 0. Let H, describe the state of the system at all times
before step 7. Clearly

, 9
Prlyy | 1] < 2
and Pr[Z:’:f” nlogn=ly s > Splogn] is upper-bounded by the probability that a

binomial random variable with parameters B(ulogn, %) is at least g,ulog n. Thus,
using the Chernoff bound, with probability

(4) 1- Tz(él,wzlogn)ef%1973(%)2”1%"7

2We say that distribution F' is stochastically lower- (upper-) bounded by distribution G if for
any z, F(z) > G(z) (respectively, F(z) < G(z)).
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either X, < 6alogn for some 7 in that interval or no sender had a success rate of at
least % in a sequence of plogn attempts in that interval.

Combining the bounds in (2) and (4) we get that for each interval of 4unlogn
steps, with probability at least

1— e Hloen _pn(4un logn)e_%%(é)z‘”og” >1-n"12

(for sufficiently large constant u), either X, < 6alogn at some step of the interval
or at least one sender switches to the reset state and moves all its packets from its
buffer to its queue. Thus, with probability 1 —n~!!, at some step 71 < t + 4un? logn,
X, <6alogn. O

CLAIM 2. Suppose that there is a positive integer L such that if X, € [L,L +
2alogn] then the probability that a packet is delivered from a buffer at step T is at
least p for a constant p > A. If X;, < L, then

Pr[X, > L+ alogn for some step T € [r1, 7 + W]] < Wn~13

for a sufficiently large constant a.

Proof. Since at most one message can be delivered from all buffers in each step,
X, can decrease by at most one in each step. Thus, it is sufficient to prove that there
is no time interval of length alogn during which X remains above L.

Consider an interval of clogn steps, starting at step 7o € [r1, 71 + W]. Assume
that X,,_1 < L. Let e = (p — A)/3\. The probability that more than (14¢)\alogn <
2alogn packets are placed in buffers in the interval is at most n=13/2.

Let z; be a 0—1 random variable defined as follows: z, =1 if X, < L or a packet
is delivered from a buffer in step 7; else z, = 0. Clearly, as long as X, < L+ 2alogn,
Priz; =1]|z,...,2-1] > p. Let 6 = (p — \)/3p.

To+alogn
2
Pr Z zr < (L =8)palogn| < 67%5 palogn < ?7,713/2,

k:’Tz

Since (1 + e)Aalogn < (1 — 6)palogn, the probability that X, > L for a given
T € [12, 72 + alogn] is at most n~13, for any p > X and a sufficiently large constant
Q. O

Cram 3. If X;, < 6alogn for some 11 € [t—T,t—~logn|, then with probability
at least 1 —n=Y, there is a step To € [11,t] such that X,, < alogn.

Proof. Aslong as X, € [alogn, Talogn] the probability of a successful transmis-
sion from some buffer at time 7 is at least p, where

X, 1 1 Xty X, X, o, n _1
p= - S L s
1 /8alogn 8alogn n2 ~ 8alogn 8alogn n2 — 10

Let & denote the event: “X,, < 6alogn, and there is a 7 € [r, 71 +vlogn] such
that X, > Talogn.”
By Claim 2, Pr[&;] < n~'3ylogn for any A < p and a sufficiently large constant

a.

The expected number of new packets arriving in the time interval [r1, 71 +log n]
is Aylogn. Let § = (p — A)/3X and let & denote the event “More than Ay(146)logn
packets arrived in the interval |7y, 7 + vylogn].” Then Pr[&;] < e=8*Mlogn/3 < p—11
for a sufficiently large ~.
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Let € = (p — A)/3p and define the event &: “either X, < alogn for some 7 €
[t —vlogn,t] or at least (1 — €)pylogn packets were delivered from the buffer at that
interval.” Then Pr[€3 | &] >1— e—'Pylogn/3,

Fix ~ such that v(p — A)/3 > 6a. Then the probability that there is no 7 €
[11,71 + vlogn] such that X,, < alogn is at most

7’L713")/ logn—|— 67)\’\/62 logn/3 + efp'yez logn/3 < nfll

for)\<pandfyzmax[ﬁ—";,%)2,%]. d

Cram 4. If X, < alogn then the probability that there exists 7 € [11, 71 + T
such that X, > 2alogn is at most n=11.

Proof. If X, € [alogn,4alogn] then the probability of a successful transmission
from a buffer at time 7 is at least

_ (X L 1_# Xﬁl_ﬁ
P=1{ 8alogn 8alogn n?

Xt Xt 2 n 1
> - - >
— 8alogn 8alogn n? — 10
Using Claim 2, the probability of having 2a/log n packets in buffers in the interval
is at most Tn~!'3 for any A < p and a sufficiently large constant c. O

To conclude the proof of Lemma 1 we combine the error probabilities of the three
lemmas above to show that for any value x,

Pr[X; > 2alogn | X; 7 =2] <3n~ 't <n™10 O

Comment. The statement of Lemma 1 implies that in the steady state, almost
always X; < 2alogn. This observation is not used directly in the proof but gives a
good intuition for the long-term behavior of the protocol.

We turn to the analysis of the queues. We focus on the performance of the
protocol after the first Ty = 4pun?logn + vylogn + 4unlogn steps. We assume that
at time 0 all queues are empty (this assumption affects only the length of the initial
segment Tp).

CrLamM 5. Lett > Ty. The probability that any sender switches to the reset state
at step t is at most n”8.

Proof. If X, < 2alogn, then the probability of a success in a transmission
attempt at step 7 is at least p = 1 — (2alogn)/(8alogn) — (n/n?) > 3/4 — 1/n.

For a given sender s and given steps 7 > 7 >t — 4unlogn, let yZ/’S be a random
variable defined as follows: y7 ** = 1 if sender s successfully transmitted a packet at
time 7, X; < 2alogn, and s had less than plogn transition attempts in the interval
[T/, 7]; else yil’s = 1. Let H, describe the state of the system at all times before step
7. Clearly

1 1

Pr[Y7* | H, ] < - + =
eV R < 4

and S Togmmloan=l,rls i stochastically upper-bounded by a binomial distribution

T=T

with expectation (% + %),ulog n. Thus, by the Chernoff bound with probability

(5) 1 — n(4pnlogn)e 3G T7)(3) nlosn
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either X; > 2alogn for some 7 in that interval or no sender had a success rate
less than % in a sequence of pulogn attempts in that interval. By Lemma 1, Pr[X;
> 2alogn| at any time 7 € [t—4punlogn, t] is at most 4un~%(log n+2), which together
with the above bound proves the lemma. 0

LEMMA 2. Consider a packet that was generated at time t > Tj.

1. The expected number of steps a given packet spends in a buffer is O(logn).

2. The probability that a given packet is delivered from the buffer is at least
1—n5.

Proof. Assume that the packet was generated at sender s.

Consider an interval of n steps throughout which (1) s is never in the reset state,
and (2) X, < 2alogn. Let p = 1 — (2alogn)/(8alogn) — n/n? as in the proof of
Claim 5. If the packet was in the buffer of sender s at the start of the interval,
the probability that it is not delivered until the end of the interval is at most (1 —
p/8alogn)™. During the interval the expected number of steps between two attempts
to transmit the packet is 8alogn, and the expected number of attempts until the
packet is delivered is 1/p. Thus, if the packet is delivered during the interval, by
Wald’s identity [2] the expected delay of the packet from the start of that interval is
at most (8alogn)/p.

The probability that the interval [t,t + n] satisfies conditions (1) and (2) is (by
Lemma 1 and Claim 5) at least 1—(4un?logn+n)n=8—n"?, and with this probability,
any subsequent interval of 4un?log +n steps has a segment of n steps that satisfies
the above conditions. Thus, the expected number of steps a packet spends in the
buffer is at most

n\ k
8al
el 1L E E(n + 4un®logn) ((4un2 logn 4+n)n~8 +n"% + (1 - p) )
p = S8alogn

8alogn

» o(1).

(The above estimate ignores the possibility that a packet is moved to the queue before
it is delivered from the buffer. This can only decrease the expected number of steps
a packet spends in the buffer.)

The probability that the packet is delivered from the buffer is bounded from below
by the probability that the first n steps following the creation of the packet satisfy
conditions (1) and (2) and the packet is delivered in that time. This probability is at
least

1— (4pn®1 Sop ot (1-—L ) >1-n5 @
(4pn=logn 4+ n)n n ( Salogn) = n

LEMMA 3. Consider a packet that was generated at time t > Ty. Given that
the packet enters the queue, the expected length of time it spends in the queue is
O(n*logn).

Proof. Assume that the packet was generated at sender s. When a sender switches
to the reset state it moves all the (up to 2alogn + 1) packets in its buffer to its
queue. In addition, all the (up to 4un?logn + vlogn) packets it receives in the next
4pn?logn + vlogn steps are placed in the queue. Let D = 4un?logn + ylogn +
2alogn + 1.
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When a queue is not empty and the total number of packets in all buffers in the
system is at most 2alogn, a sender succeeds in transmitting a packet from its queue
in each step with probability at least

B 1 . 1 2alogn . 1 n> 1
P= 2 8alogn n?) T 2n?’

Let 71 be the first step that X; exceeds 2alogn (i.e., X, _1 < 2alogn and
X, > 2alogn). Let 7;, @ > 1, be the first step that X; exceeds 2alogn after step
Ti_1+ T (T = 4pn?logn + ylogn as defined in Lemma 1). We say that an interval
[Ti, Tix1] 1S good (with respect to sender s) if either the queue of s was empty at some
step in that interval or at least 2D packets were delivered from the queue. Note that
no more than D packets can enter the queue in each interval, since a sender cannot
switch twice to a reset state in the same interval.

By Lemma 1 the probability that an interval does not have a segment of L =
4n?D steps in which X; < 2alogn, conditioning on all events before that segment is
bounded by Ln~'°. The probability that in L steps in which X, < 2alogn, fewer
than 2D packets are transmitted, is bounded by e~ Smal < e . Thus, in a given
interval the probability that either Z; = 0 at some point in the interval or at least 2D
packets are delivered from the queue is at least 1 — Ln™19 — e >1- %, and for
subsequent intervals these events are independent.

The probability that there are iD packets in the queue at time ¢ is bounded by
the probability that there are fewer than (k —14)/2 good intervals in the k most recent
intervals, for some k > 4. This probability is bounded by Zkzi ((k+]§)/2)< 1) F0)/2 <

nb

2(-% )i, and the expected number of packets in the queue at time ¢ is bounded by
>0 iD(-%)" = O(1). Our packet, however, arrives with another D = O(n?logn)
packets, and the expected number of steps to send a packet from the head of the
queue is O(n?). Thus, the expected time until all these packets are transmitted is
O(n*logn). O

By Claim 2 the expected time a packet spends in the buffer in O(logn). With
probability O(n~=%) the packet is transferred to the queue, where its expected delay

is O(n*logn). Thus, the expected delay of a given packet is O(logn). 0

3. The protocol for n senders and m receivers. In our protocol each sender
runs m “one-channel protocols” simultaneously. Each sender keeps a counter of trans-
mission failures for each of the receivers. When this count is too large the sender
switches to the reset state only with respect to packets bound for that receiver.

The “one-channel protocol” requires that if there are X packets in the buffer
of sender s, the sender tries to transmit a packet from the buffer with probability
X/8alogn. To accommodate the m protocols simultaneously in one sender we modify
step 2 in the “one-channel protocol” as follows:

2. Let Y(s) denote the number of packets with destination i in the buffer of sender
s. Let Y(s) = 30", Yi(s).

If Y(s) > 2alogn then move all packets to the queue,

else with probability Y (s)/8alogn transmit a random packet from the buffer.

It remains to show that the probability that a sender has more than 2alogn
packets in the buffer is small. Thus, moving them to the queue does not significantly
change the performance of the protocol.
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LEMMA 4. Let Yi(s) denote the total number of packets in the buffer of sender s
at time t. In the stationary distribution,

Pr[3s such that Yi(s) > 2alogn] <n~".

Proof. As in the proof of Lemma 1 we show that there exists a constant v such
that if T = 4un?logn + v logn, then for any value y of Y;_7(s),

Pr[Yi(s) > 2alogn | Yi_7(s)] =y < n”%.

Let X! denote the total number of packets with destination i in the buffers of
all senders. Let £ denote the event: “For any 1 < ¢ < m and t — flogn < 7 < t,
Xi < 2alogn.”

By Lemma 1, regardless of the state of the system at time ¢t — T, Pr[] > 1—n"
(since there are no more than n protocols).

The total injection rate of sender s is at most A. Conditioning on the event &,
the probability that s successfully delivers a message at time 7, 7 € [t — Slogn,t]
when Y (s) > alogn is at least p = 8(’&1f0gg7;(1 —1/8alogn)?®en(1 —1/n?)" > 1/20.
As in the proof of Claim 3 we show that with probability 1 — n~? there is a step
T € [t— [ logn,t], such that Y;(s) < alogn, and using Claim 2 we show that once the
number of packets is below alogn the probability that this number reaches 2alogn
before time T is at most n=%. O

When a sender has 2alogn packets in its buffer it transfers them to its queue.
Thus, the expected additional contribution to the queue from the modified protocol is
O(n~%logn) per step. This contribution does not change the delivery time of packets
in the queue or the overall performance of the protocol significantly.

THEOREM 2. There is a constant \g > 0 such that the above protocol is stable
for any 0 < XA < Xy and the delay is O(logn).

9

4. The lower bound. We state and prove the lower bound for the case m = 1;
a similar bound holds for the general case. We consider n senders all running the
same protocol. The protocol running at a sender does not change state unless (1)
it attempts a transmission or (2) it generates a packet. We further assume that
a sender is in a unique idle state when its queue is empty. (Thus, a sender does
not keep information on the state of the channel when it does not have packets to
transmit.) For any such protocol governed by a (probabilistic) automaton we show
that there is a A\p < 1 such that for any injection rate A > Ay the delay is Q(n). Note
that the class of protocols includes all variants of backoff protocols.

THEOREM 3. If all senders follow protocols from the above class, there is a fixed
constant Ag < 1 such that if X > Ao, the expected delay is Q(n).

Proof. Let \; = \/n for all i. Given a system of senders, we say that X; = j if
the total number of packets pending transmission at all senders at step t is j. If the
expected delay is bounded then the system has a steady state distribution. Consider
the steady state distribution of X;. We distinguish between two cases.

Case 1. In the steady state distribution, Pr[X;] > n/2 > 1/2. Since the system
can transmit no more than one packet per step the expected delay in this case in
clearly Q(n).

Case 2. In the steady state distribution Pr[X;] <n/2 >1/2. O

LEMMA 5. If X; < n/2, the probability of a collision at step t +mn/3 is at least a
constant q.
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Proof. If X; < n/2, we have at least n/2 senders having no packets pending
transmission at time ¢ (call these empty senders). A protocol in our class defines a
probability distribution p; on the nonnegative integers ¢ such that when an empty
sender generates a packet at step t, it transmits it at step ¢t + ¢ with probability
p; unless it changes its behavior (due to the generation of a packet) in the interval
[t,t +1].

An empty sender that generates a packet at time 7 does not change the probabil-
ities p; in the interval (7,7 4+ n/3] unless it generates another packet in the interval.
The probability that it generates such a packet in the interval (7,7 + n/3] is at most

(1 — A\/n)™3 which is at most a constant a. Thus the empty sender does transmit

the packet at time 7 4 ¢ with probability at least (1 — a)p;. Clearly, Z”:/ 3 p; must be

K2

at least a constant 3 (for otherwise the delay is already at least a(1 — 8)n/3). If at
least n/2 senders are empty at time ¢, the probability that any one of them transmits
at time ¢ + n/3 is thus at least

n/3

(1—a) Z %pk > (1—a)BM\/n.
k=0

Then, the probability of a collision at time ¢ + n/3 is at least a constant g. O

Thus, if in the steady state distribution, Pr[X;] < n/2 > 1/2, then the probability
of a collision in a given step in the steady state is at least a constant ¢/2. Since the
expected number of new packets arriving in each step is A and the system can transmit
no more than one packet per step, the system cannot be stable if A > 1 — ¢/2.
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