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Abstract. Given a graph G = (V,E) with n vertices, m edges, and a family of κ pairs of vertices
in V , we are interested in finding for each pair (ai, bi) a path connecting ai to bi such that the set
of κ paths so found is edge disjoint. (For arbitrary graphs the problem is NP-complete, although it
is in P if κ is fixed.)

We present a polynomial time randomized algorithm for finding the optimal number of edge
disjoint paths (up to constant factors) in the random graph Gn,m for all edge densities above the
connectivity threshold. (The graph is chosen first; then an adversary chooses the pairs of endpoints.)
Our results give the first tight bounds for the edge-disjoint paths problem for any nontrivial class of
graphs.
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1. Introduction. Given a graph G = (V,E) with n vertices, m edges, and a set
of κ pairs of vertices in V , we are interested in finding for each pair (ai, bi) a path
connecting ai to bi such that the set of κ paths so found is edge disjoint.

For arbitrary graphs the related decision problem is NP-complete, although it is
in P if κ is fixed (Robertson and Seymour [16]). Nevertheless, this negative result
can be circumvented for certain classes of graphs. Peleg and Upfal [15] presented a
polynomial time algorithm for the case where G is a (sufficiently strong) bounded
degree expander graph, and κ ≤ nε for a small constant ε that depends on the
expansion property of the graph. (A precise upper bound for ε was not computed, but
it is clearly less that 1/3.) This result has recently been improved by Broder, Frieze,
and Upfal [8]: G still has to be a (sufficiently strong) bounded degree expander but κ
can now grow as fast as n/(lnn)θ, where θ depends only on the expansion properties
of the input graph but is at least 7.

For the vertex-disjoint paths problem Kleinberg and Tardos [13] come within an
O(log n) factor of the maximum possible κ for a class of planar graphs. In random
graphs Shamir and Upfal have shown in [17] that any set of up to O(

√
n) pairs can

be connected via vertex-disjoint paths; similar results using efficient flow techniques
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were also obtained by Hochbaum [12]. These results were proved for graphs with
m ≥ Kn log n random edges, where K is a sufficiently large constant.

Let D be the median distance between pairs of vertices in G. Clearly it is not
possible to connect more than O(m/D) pairs of vertices by edge-disjoint paths for
all choices of pairs, since some choice would require more edges than all the edges
available. In the case of bounded degree expanders, this absolute upper bound on κ
is O(n/ log n). The results mentioned above use only a vanishing fraction of the set
of edges of the graph and thus are far from reaching this upper bound. In contrast,
in this work we show that for the basic models of random graphs, Gn,m and Gn,p,
the absolute upper bound is achievable within a constant factor, and we present an
algorithm that constructs the required paths in polynomial time.

As usual, let Gn,p denote a random graph with vertex set {1, 2, . . . , n} = [n] in
which each possible edge is included independently with probability p, and let Gn,m
denote a random graph also with vertex set [n] and exactly m edges, all sets of m
edges having equal probability. The degree of a vertex v is denoted by dG(v).

Our main result is formulated in the following theorem.

Theorem 1. Let m = m(n) be such that d = 2m/n ≥ (1 + o(1)) lnn. Then as
n −→ ∞ with probability 1 − o(1), the graph Gn,m has the following property: there
exist positive constants α and β such that for all sets of pairs of vertices {(ai, bi) | i =
1, . . . , κ} satisfying

(i) κ = dαm ln d/ lnne,
(ii) for each vertex v, |{i : ai = v}|+ |{i : bi = v}| ≤ min{dG(v), βd},

there exist edge-disjoint paths in G, joining ai to bi, for each i = 1, 2, . . . , κ. Further-
more, there is an O(nm2) time randomized algorithm for constructing these paths.

A similar result holds for Gn,p, with d = np and κ = dαn2p ln d/(2 lnn)e.
This result is the best possible up to constant factors. For (i) note that the

distance between most pairs of vertices in G is Ω(log n/ log d), and thus with m edges
we can connect at most O(m log d/ log n) pairs. For (ii) note that a vertex v can be the
endpoint of at most dG(v) different paths. Furthermore suppose that d ≥ nγ for some
constant γ > 0 so that κ ≥ dαγnd/2e. Let ε = αγ/3, A = [εn], and B = [n] \A. Now
with probability 1− o(1) there are less than (1 + o(1))ε(1− ε)nd edges between A and
B in Gn,m. However, almost all vertices of A have degree (1 + o(1))d and if for these
vertices we ask for (1− ε/2)d edge-disjoint paths to vertices in B then the number of
paths required is at most (1+o(1))ε(1−ε/2)nd < κ, but, without further restrictions,
this many paths would require at least (1− o(1))ε(1− ε/2)nd > (1 + o(1))ε(1− ε)nd
edges between A and B, which is more than what is available. This justifies an upper
bound of 1− ε/2 for β of Theorem 1.

We note that we have proved similar optimal results for the vertex-disjoint paths
problem in random graphs [7].

The construction of n/(lnn)θ edge-disjoint paths on expander graphs that was
described in [8] was achieved through the use of the Lovász local lemma [9]. Sets of
possible paths were constructed for each pair, and the local lemma was applied to
prove that there is a global choice of one path per set such that all the choices are
edge disjoint. However, this approach can only be used when the total number of
edges in the final set of disjoint paths is a vanishing fraction of the number of edges
in the graph; inherently, it does not lead to optimal bounds.

Here we address the problem in a different way. After a randomization phase,
similar to the one in [8], the disjoint paths are constructed one after the other, and
all the edges seen during the construction are deleted from the graph. The paths
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connecting each pair are chosen through a “random walk” type process. The crux of
the analysis is to show that after a number of pairs have already been connected, the
remaining graph is sufficiently connected to continue with this process. To prove that,
we use a good estimate on the eigenvalues of the intermediate graphs generated by
the algorithm. (Since we cannot throw logarithmic factors at our trouble spots, the
proofs are rather intricate, although the algorithm itself is quite simple.) Eventually
the number of pairs not yet connected becomes small enough that we can use [8]
directly.

The disjoint paths problem has numerous algorithmic applications. One that
has received increased attention in recent years is in the context of communication
networks. The only efficient way to transmit high volume communication, such as in
multimedia applications, is through disjoint paths that are dedicated to one pair of
processors for the duration of the communication. To efficiently utilize the network
one needs a very simple algorithm that with minimum overhead constructs a large
number of edge-disjoint paths between a given set of requests. The algorithm we
study is simple and easy to implement (after eliminating some steps that are needed
only for the proof) and thus suggests some possibly good practical heuristics.

In section 3 we present a very brief overview of the algorithm. The details of the
algorithm are exposed in section 4. The remainder of the paper gives the analysis.

2. Preliminaries. The paper contains a number of unspecified constants of
which α and β above are the first. Exact values could be given, but it is easier
for us and the reader if we simply give the relations between them. New constants
will be introduced as C0, C1, . . . without further comment. Furthermore, specific con-
stants have been chosen for convenience, we made no attempt to optimize them, and,
in general, we only claim that inequalities dependent on n hold for n sufficiently large.

For a graph G = (V,E) we use δ(G) and ∆(G) to denote the smallest and largest
degrees, respectively. For a set S ⊆ V we define its neighbor set, N(S,G), as

N(S,G) = {v ∈ V \ S : ∃w ∈ S such that {v, w} ∈ E}.

For S ⊆ V , we use G[S] to denote the subgraph of G induced by S.
The Chernoff bounds on the tails of the binomial bin(n, θ) that we use are

Pr(Bin(n, θ) ≤ (1− ε)nθ) ≤ e−ε2nθ/2,(1)

Pr(Bin(n, θ) ≥ (1 + ε)nθ) ≤ e−ε2nθ/3,(2)

valid for 0 ≤ ε ≤ 1.

3. Overview of the algorithm. Our algorithm divides naturally into the five
phases sketched below.

Phase 1. Partition G into five edge-disjoint graphs Gi = (Vi, Ei), 1 ≤ i ≤ 5.
Phase 2 will use only the graph G1; Phase 3 will use only the graph G2; Phase 4
will use only the graph G3; and Phase 5 will use only the graphs G4 and G5. The
partition is such that V1 = V but V2 = V3 = V4 = V5 ⊆ V with |V2| = n− o(n).

Phase 2. Choose a random multiset Z = {z1, . . . , z2κ} of 2κ points in V2. Connect
the endpoints {(ai, bi) | i = 1, . . . , κ} to the newly chosen points in an arbitrary
manner via edge-disjoint paths in G1 using a flow algorithm. Let ãi (resp., b̃i) be
the vertex connected to ai (resp., bi). The original problem is now reduced to finding
edge-disjoint paths from ãi to b̃i for each i. (This randomization was used in [8] and
has its roots in Valiant’s routing algorithm [19].)
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Phase 3. For each z ∈ Z in turn, we do a random walk of length τ = dC0 lnn/ ln de
in G2, starting at z. We remove the edges of the jth walk before embarking on the
j + 1st. This keeps the paths constructed edge disjoint. The terminating endpoint
of the walk starting at ãi (resp., b̃i) will be denoted by âi (resp., b̂i) for 1 ≤ i ≤
κ. The analysis below shows that in almost every Gn,p, the (multi)set of vertices

â1, . . . , âκ, b̂1, . . . , b̂κ is not too far from being independently, uniformly distributed.
Phase 4. For each i in turn, we repeatedly do a certain type of random walk in G3

starting from âi until one of these walks ends at b̂i. We keep the last walk as our path
from âi to b̂i and remove from G3 all edges seen in these walks. (The analysis below

promises that this process will succeed whp1 for most i.) Not every pair (âi, b̂i) will
be successfully connected in this phase, but the final path for each pair that succeeds
is the concatenation of the paths from ai to ãi, and from bi to b̃i found in Phase 2,
the paths from ãi to âi and b̃i to b̂i found in Phase 3, and the path from âi to b̂i found
here.

Phase 5. At the end of Phase 4, whp, there will be at most n1−ε pairs (âi, b̂i),
for a constant ε > 0, which have not been joined by paths. We use the algorithm of
[8] to join them by edge-disjoint paths, using only the edges of G4 and G5, and then
construct the final paths as above.

To prove Theorem 1 it suffices to show that for almost every Gn,p,
(i) Phases 1 and 2 will succeed for all choices of a1, . . . , bκ and almost every

choice of z1, . . . , z2κ;
(ii) Phases 3, 4, and 5 are successful for almost every choice of z1, . . . , z2κ and

any mapping {ã1, . . . , ãκ, b̃1, . . . , b̃k} ↔ {z1, . . . , z2κ}.
Note that to prove these facts we have to consider only one experiment; namely,

choose Gn,p or Gn,m at random and then z1, . . . , z2κ at random. From this we can
deduce that almost every Gn,p or Gn,m is such that for all choices of a1, . . . , bκ and

almost every choice of z1, . . . , z2κ, we can find edge-disjoint paths ai−ãi−âi−b̂i−b̃i−bi
for 1 ≤ i ≤ κ.

4. Description of the algorithm. The input to our algorithm is a random
graph Gn,p and a set of pairs of vertices {(ai, bi) | i = 1, . . . , κ} satisfying the premises
of Theorem 1. The output is a set of κ edge-disjoint paths, P1, . . . , Pκ such that Pi
connects ai to bi.

4.1. Phase 1. We start by partitioning G into five edge-disjoint graphs Gi =
(Vi, Ei) for 1 ≤ i ≤ 5. Phase 2 will use only G1; Phase 3 will use only G2; Phase 4
will use only G3; Phase 5 will use only G4 and G5. The partition is such that V1 = V
but V2 = V3 = V4 = V5 ⊆ V with |V1| = n− o(n).

In this construction, we use the notion of a k-core. The k-core of a graph H is
the largest S ⊆ V (H) which induces a subgraph of minimum degree at least k. It is
unique and can be found by repeatedly removing vertices of degree less than k until
what remains is empty or has minimum degree k.

The algorithm Split depicted in Figure 1 starts by constructing preliminary
versions of these graphs, denoted G′i for 1 ≤ i ≤ 5. Then edges and vertices are
deleted from G′2, . . . , G

′
5 in order to achieve certain minimum degree properties.

We will show later (Lemma 2) that whp this algorithm terminates with |K| =
n− o(n). Note that Split ensures that the following hold.

(i) The final graphs Gi, 2 ≤ i ≤ 5 have the same vertex set K.

1In this paper, an event En is said to occur whp (with high probability) if Pr(En) = 1−o(n−9/10)
as n −→∞. For reasons explained in section 7, the usual 1− o(1) does not suffice here.
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1. algorithm Split

2. begin

3. Divide E into E′i, 1 ≤ i ≤ 5 by placing each edge of E
independently with probability 5/6 in E′1, and with
probability 1/24 into each of E′i for 2 ≤ i ≤ 5.

4. For 1 ≤ i ≤ 5 set G′i ← (V,E′i)
5. K ← bd/2c-core of G′1
6. For 2 ≤ i ≤ 5 set Gi ← (K,E′i ∩ (K ×K))

7. while ∃v ∈ K such that min{dGi(v) : 2 ≤ i ≤ 5} < d/30 do

8. For 2 ≤ i ≤ 5 remove v and its adjacent edges from
Gi.

9. K ← K \ {v}
10. od

11. For 2 ≤ i ≤ 5 set Vi ← V (Gi) and set Ei ← E(Gi)

12. G1 ← (V,E \ (E2 ∪ E3 ∪ E4 ∪ E5))

13. end Split

Fig. 1. Algorithm Split.

(ii) Every v ∈ K has degree at least bd/2c in G1 and at least bd/30c in each of
Gi, 2 ≤ i ≤ 5.

(iii) If v ∈ V \K then dG1
(v) = dG(v).

4.2. Phase 2. Choose z1, z2, . . . , z2κ ∈ V2 uniformly and randomly with re-
placement. Let Z denote the multiset {z1, z2, . . . , z2κ}. We are going to replace
the problem of finding paths from ai to bi by that of finding paths from ãi to
b̃i, where {ã1, b̃1, ã2, b̃2, . . . , ãκ, b̃κ} = Z as multisets. Let A denote the multiset
{a1, b1, a2, b2, . . . , aκ, bκ}.

We connect A to Z via edge-disjoint paths in the graph G1 using network flow
techniques. We construct a network as follows.

(i) Each undirected edge of G1 gets capacity 1.
(ii) Each member of A becomes a source and each member of Z becomes a sink.
(iii) If a vertex occurs r times in A then it becomes a source with supply r, and

if a vertex occurs s times in Z, then it becomes a sink with demand s.

Then we find a flow from A to Z that satisfies all demands. Since the maximum
flow has integer values, it decomposes naturally into |A| edge-disjoint paths (together
perhaps with some cycles). If a path joins ai to z ∈ Z, then we let ãi = z. Similarly,
if a path joins bi to z ∈ Z, then we let b̃i = z.

Thus Phase 2 finds edge-disjoint paths P
(1)
i from ai to ãi and P

(5)
i from b̃i to bi,

1 ≤ i ≤ κ, where the vertices ã1, b̃1, ã2, b̃2, . . . , ãκ, b̃κ ∈ V2 are chosen uniformly at
random with replacement. (Some of these paths may of course be single vertices.) On
the other hand there may be some difficult conditioning involved in the pairing of ãi
with b̃i, 1 ≤ i ≤ κ. We deal with this in Phase 3.

4.3. Phase 3. We construct paths P
(2)
i , P

(4)
i in G2 with start vertices ãi, b̃i,

respectively, for 1 ≤ i ≤ κ. Each path is constructed by simulating a random walk
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of length τ = dC0 lnn/ ln de from each start point. The endpoints of P
(2)
i , P

(4)
i are

âi, b̂i, respectively. The edges of a walk are deleted from G2 before the next one starts.
This keeps the paths edge disjoint. We construct these walks with start points Z in
the random order z1, z2, . . . , z2κ. (This random order is helpful in the proof of (21)
below.) Wi denotes the walk started at zi; it ends at ẑi. Γi denotes the state of G2

after the edges of W1,W2, . . . ,Wi−1 have been deleted.
A random walk on an undirected graph (or multigraph) G = (V,E) is a Markov

chain {Xt} on V associated with a particle that moves from vertex to vertex according
to the following rule: the probability of a transition from vertex v of degree dv to a
vertex w is 1/dv if {v, w} ∈ E and 0 otherwise. (For multigraphs, each edge out
of a vertex is an equally likely exit; loops are counted as two exits.) Its stationary
distribution, denoted by π or π(G), is given by πv = dv/(2|E|). A trajectory W
of length τ is a sequence of vertices [w0, w1, . . . , wτ ] such that {wt, wt+1} ∈ E for
1 ≤ t < τ . The Markov chain induces a probability distribution on trajectories in the

usual way. We use P
(τ)
G (a, b) to denote the probability that a random walk in G of

length τ starting at a terminates at b.

4.4. Phase 4. The problem now is to find edge-disjoint paths P
(3)
i joining âi to

b̂i for 1 ≤ i ≤ κ. We use only the edges of G3 to avoid conflict with paths already
chosen in G1 ∪ G2. Thus eventually we can take Pi to be the path (after removing

cycles if necessary) that joins ai to ãi via P
(1)
i , ãi to âi via P

(2)
i , âi to b̂i via P

(3)
i , b̂i

to b̃i via P
(4)
i , and b̃i to bi via P

(5)
i . (Actually, this will only be true for most i. If

d = O(lnn) then a fifth phase may be necessary to find paths for some indices i.)

The paths P
(3)
i are again found by simulating a random walk. The reader might

expect us to choose a random walk from those with endpoints âi, b̂i. The main problem
with this is that the distribution of b̂i may be significantly different from the steady
state distribution of a walk from âi in G3. If we choose a walk in this manner then
deleting it will condition the graph in a way that is complex to analyze, especially as
we have to repeat the procedure κ times.

We overcome this by choosing a set of random walks and use rejection sampling
to make the final walk have the correct distribution. There is still the complication
that the b̂i are chosen before we do the walks. This leads to the subroutine Walk
described next. See Figure 2. Walk(âi, b̂i, Γ̂i,Γj , zj) generates a series of random

walks of length τ in Γ̂i starting from âi. The graph Γ̂i is such that Γ̂i ⊆ G3 with
V (Γ̂i) = V (G3) = V (Γj), and j is defined by zj ≡ b̃i. The last walk generated ends

at b̂i which, by the construction used in the previous phase, has the distribution

p̂v = P
(τ)
Γj

(zj , v).

The somewhat strange method used to generate these walks will be further explained
in section 7.

We maintain an array of counters, S[v], for v ∈ V3, initially all 0. The counter
S[v] shows how many times v was used as a start point of a walk. No vertex is allowed
to be the start of more than d/120 walks; thus there is a chance (in fact, only when
d = O(lnn)) that for some pairs of vertices Phase 4 will not connect them. The
indices of these pairs are kept in a set L and considered in the last phase.

The distributions pv and p̂v can be computed in O(nmτ) time by computing
powers of the transition matrix, after which a random walk can be found in O(nτ)
time. (For details see [8].) The analysis will show that in the range of interest whp s
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1. subroutine Walk(âi, b̂i, Γ̂i,Γj , zj)

2. begin

3. /* By construction, zj = b̃i. */

4. pv ← P
(τ)

Γ̂i
(âi, v) for v ∈ V3

5. p̂v ← P
(τ)
Γj

(zj , v) for v ∈ V2 (the distribution of b̂i)

6. pmin ← min{pv : v ∈ V3}
7. p̂max ← max{p̂v : v ∈ V2}
8. Choose r from the geometric distribution with probability of

success s = pmin/p̂max

9. if S[âi] + r ≥ d/120 then

10. L← L ∪ {i}
11. exit Walk

12. else

13. S[âi]← S[âi] + r

14. fi

15. for k from 1 to r − 1 do

16. Choose xk according to
Pr(xk = v) = (pv − p̂vpmin/p̂max)/(1− s)

17. od

18. xr ← b̂i

19. for k from 1 to r do

20. Pick a walk Ŵk of length τ in Γ̂i according to the
distribution on trajectories, conditioned on
start point = âi and endpoint = xk

21. od

22. output Ŵ1, Ŵ2, . . . , Ŵr

23. end Walk

Fig. 2. Algorithm Walk.

is bounded away from zero by a constant; hence the expected total running time of
Walk is O(nmτ).

The complete algorithm for Phase 4, GenPaths, is depicted in Figure 3. The
expected running time of GenPaths is O(κnmτ) = O(nm2).

4.5. Phase 5. Use (a slight modification of) the algorithm of [8] to find edge-

disjoint paths in G4 ∪G5 from âi to b̂i for i ∈ L.

5. Analysis of Phase 1. In Lemmas 2, 3, and 4 we calculate with Gn,p and
deduce the result for Gn,m via

Pr(Gn,m ∈ P) ≤ O(n1/2) Pr(Gn,p ∈ P)

for any graph property P, assuming m =
(
n
2

)
p ≥ n.
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1. algorithm GenPaths

2. begin

3. Let E(W ) denote the edge set of a walk W .

4. Γ̂1 ← G3

5. for i = 1 to κ do

6. Define j such that zj ≡ b̃i.
7. Execute Walk(âi, b̂i, Γ̂i,Γj , zj)

8. if i /∈ L then

9. P
(3)
i ← Ŵr

10. Γ̂i+1 ← Γ̂i \
(
∪rj=1E(Ŵj)

)
11. fi

12. od

13. end GenPaths

Fig. 3. Algorithm GenPaths.

Our immediate task regarding this phase is to prove Lemma 1.
Lemma 2. With high probability, the vertex set K = Vi, 2 ≤ i ≤ 5 satisfies

|K| = n− o(n).

Proof. Let K0 denote the value of K immediately prior to the execution of the
while loop of Split; that is, K0 is the bd/2c core of G′1. The final K is the largest
subset S of K0 for which δ(G′i[S]) ≥ d/30, 2 ≤ i ≤ 5.

Let A1 = {v ∈ V : dG′1(v) ≤ 2d/3} and Ai = {v ∈ Vi : dG′
i
(v) ≤ d/27, 2 ≤ i ≤ 5}.

Let A =
⋃5
i=1Ai. We show that whp

(i) |A| = o(n),
(ii) v ∈ V \A implies that v has at most 50,000 G-neighbors in A.

It follows from (ii) and the definition of A that for d sufficiently large K ⊇ V \A
and then (i) implies the lemma.

We start from the fact that for any k ≥ 1,

Pr(|A1| ≥ k) ≤
(
n

k

)
Pr(Bin(n− k, 5p/6) ≤ 2d/3)k.

Putting k = k1 = dn61/62e and using (1) with ε = 1/5, we obtain

Pr(|A1| ≥ k1) ≤
(
ne

k1

)k1

e−k1d/61 =

(
ne1−d/61

k1

)k1

= o(n−2).(3)

Also, for any fixed k ≥ 300,

Pr(∃v ∈ V : |N(v,Gn,p) ∩A1| ≥ k)

≤ n
(
n

k

)
pk Pr(Bin(n− k − 1, 5p/6) ≤ 2d/3)k

≤ ndke−kd/61 = o(n−2).

(4)
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Similarly, for any k ≥ 1 and i ≥ 2,

Pr(|Ai| ≥ k) ≤
(
n

k

)
Pr(Bin(n− k, p/24) ≤ d/27)k.

Now putting k = k2 = dn3999/4000e and using (1) with ε = 1/9, we obtain

Pr(|Ai| ≥ k2) ≤
(
ne

k2

)k2

e−k2d/3900 =

(
ne1−d/3900

k2

)k2

= o(n−2),(5)

and for any fixed k ≥ 12000,

Pr(∃v ∈ V : |N(v,Gn,p) ∩Ai| ≥ k)

≤ n
(
n

k

)
pk Pr(Bin(n− k − 1, p/24) ≤ d/27)k

≤ ndke−kd/3900 = o(n−2).

(6)

From (3) and (5) we conclude that whp A = o(n), and from (4) and (6) we conclude
that whp no vertex in G has more than 50,000 neighbors in A.

6. Analysis of Phase 2. In this section we show that if our input graph G =
(V,E) is Gn,p, then whp, after we run Split, we can find in G1 edge-disjoint paths

from ai to ãi and bi to b̃i for 1 ≤ i ≤ κ for any choice for a1, . . . , bκ consistent with
the premises of Theorem 1 and for almost every choice for ã1, . . . , b̃κ.

Let A and Z be as defined in section 4.2. For v ∈ V , let α(v) be the multiplicity
of v ∈ A and ξ(v) be the multiplicity of v ∈ Z. For S ⊆ V , let α(S) =

∑
v∈S α(v)

and ξ(S) =
∑
v∈S ξ(v). For sets S, T ⊆ V , let eG1(S, T ) denote the number of edges

of G1 with an endpoint in S and the other endpoint in T . It suffices to prove that

eG1
(S, S̄) ≥ α(S)− ξ(S) ∀S ⊆ V.(7)

We can then apply a theorem of Gale [11] (or see Bondy and Murty [6, Theorem 11.8])
to deduce the existence of the required flow in G1 for the successful run of Phase 2.
(We must of course demonstrate (7) for all A satisfying the premises of Theorem 1
and almost all Z.)

We next prove three lemmas instrumental in proving Lemma 6 below.
Lemma 3. With high probability, for any v ∈ V2,

ξ(v) ≤ βdG1
(v).(8)

Proof. Observe that ξ(v) has the distribution Bin(2κ, |V2|−1). Thus

Pr(ξ(v) > βdG1(v)) ≤
(

2κ

βd/2

)
|V2|−βd/2 ≤

(
4eκ

βd
· 1 + o(1)

n

)βd/2
≤
(

12α ln d

β lnn

)βd/2
= o(n−3),

provided that

α ≤ βe−6/β/12.(9)



550 A. Z. BRODER, A. M. FRIEZE, S. SUEN, AND E. UPFAL

Lemma 4. (a) G1 has the following property whp: if S ⊆ V and n0 = ne−d/10 ≤
|S| ≤ n/2 then eG1

(S, S̄) ≥ d|S|/5.
(b) Gn,p has the following property whp: if S ⊆ V and |S| ≤ n0 then eG(S, S) ≤

2|S|.
Proof. (a) Note that G′1 is distributed as Gn,5p/6 and G′1 ⊆ G1. But

Pr(Gn,5p/6 does not satisfy property (a))

≤
n/2∑
k=n0

(
n

k

)
Pr(Bin(k(n− k), 5p/6) ≤ kd/5)

≤
n/2∑
k=n0

(
n

k

)
Pr

(
Bin(k(n− k), 5p/6) ≤ 1

2
k(n− k)

5

6
p

)

≤
n/2∑
k=n0

(ne
k

)k
exp

(
− 5

48
k(n− k)p

)
= o(n−2).

(b) Note that property (b) holds trivially for |S| ≤ 5 or d ≥ 10 lnn, which implies
n0 ≤ 1. Assume d ≤ 10 lnn and |S| ≥ 6. Thus

Pr(Gn,p does not satisfy property (b))

≤
n0∑
k=6

(
n

k

)(
k(k − 1)/2

2k

)
p2k ≤

n0∑
k=6

(ne
k

)k (k2ep

2k

)2k

= o(n−2).

Lemma 5. Let I = {v ∈ V : dG1(v) ≤ 2βd}. Then whp no two (distinct) vertices
in I are within distance of two or less in G1.

Proof. Observe first that I = ∅ if d ≥ C lnn for C sufficiently large. We can
thus assume that d = O(log n) for the rest of the proof of this lemma. If v ∈ I then
either dG(v) ≤ 2βd or dG1

(v) 6= dG(v). The latter cannot be true, since it implies
that v ∈ V2, and then dG1(v) ≥ bd/2c. Thus

Pr(I contains an edge) ≤ n2p

(
2βd∑
k=0

(
n− 2

k

)
pk(1− p)n−k

)2

.

But

2βd∑
k=0

(
n− 2

k

)
pk(1− p)n−k

= O

((
n

2βd

)
p2βd(1− p)n

)
= O

((
e

2β

)2βd

e−d
)

= O(n−.99),

provided that

2β(1− ln 2β) ≤ 1/100.(10)

Thus

Pr(I contains an edge) = o(n−9/10).
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A similar calculation deals with the case of a path of length two joining two vertices
of I.

The rather tedious calculation for Gn,m is left to the interested reader—see [5]
for details of a similar calculation.

Now inequality (7) will follow easily from Lemma 5.
Lemma 6. Define for every v ∈ V

θ(v) = min{dG1
(v), βd}.

Then whp for every S ⊆ V satisfying 1 ≤ |S| ≤ n/2,

eG1
(S, S̄) ≥ θ(S),(11)

where S̄ = V \ S and θ(S) =
∑
v∈S θ(v).

Proof. Since β < 1/5, Lemma 4(a) implies that for S ⊆ V satisfying n0 ≤ |S| ≤
n/2,

eG1(S, S̄) ≥ d|S|/5 ≥ θ(S).

Suppose next that |S| ≤ n0. Let

I1 = {v ∈ V : dG1(v) ≤ 2βd},
I2 = {v ∈ V : 2βd < dG1(v)}.

Let Si = S ∩ Ii for i = 1, 2. Then

eG1(S, S̄) = eG1(S1, S̄1) + eG1(S2, S̄2)− 2eG1(S2, S1).

But by Lemma 5 G1[S1] has no edges, so that

eG1(S1, S̄1) ≥ θ(S1) whp,

and using Lemma 4(b),

eG1
(S2, S̄2) ≥ (2βd− 4)|S2| whp,

and since Lemma 5 implies that whp no vertex in S2 is adjacent to two or more
vertices in S1, we have also

eG1
(S2, S1) ≤ |S2| whp.

It thus follows that whp

eG1
(S, S̄) ≥ θ(S1) + (2βd− 6) |S2| ≥ θ(S),

where the last inequality holds for sufficiently large n so that βd > 6. This shows
(11).

We now show that Lemma 5 implies equation (7). First note that condition (ii)
in Theorem 1 implies α(v) ≤ θ(v) for all v ∈ V .

Second observe that Split guarantees that for v ∈ Z, θ(v) = βd, assuming that
β < 1/2, since Z ⊆ V2 and every v ∈ V2 has degree at least bd/2c in G1. Thus

Pr(∃v ∈ V such that ξ(v) > θ(v) | |V2|)

≤ |V2|2
(
κ

βd

)
|V2|−βd ≤ 2n

(
(1 + o(1))eαm ln d

nβd lnn

)βd
= o(n−2),
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provided that α is sufficiently small. We can thus assume that whp ξ(v) ≤ θ(v) for
all v ∈ V .

To complete the proof of equation (7), note first that for |S| ≤ n/2, by Lemma 6,

eG1
(S, S̄) ≥ θ(S) ≥ α(S) ≥ α(S)− ξ(S);

and for |S| ≥ n/2,

eG1
(S, S̄) = eG1

(S̄, S) ≥ θ(S̄)≥ ξ(S̄) ≥ ξ(S̄)− α(S̄) = α(S)− ξ(S).

7. Analysis of Phase 3. If a vertex v ∈ V2 has degree d
(i)
v in Γi, then the

steady state probability of a random walk in Γi being at v is

π(i)
v =

d
(i)
v∑

w∈V2
d

(i)
w

.

The main thrust of our analysis is to show that the joint distribution of the ẑi is close
to that of independent samples from π(i) for 1 ≤ i ≤ 2κ; that is, whp for v ∈ V2 and
1 ≤ i ≤ 2κ,

Pr(ẑi = v | Γi, ẑj , j 6= i) = (1 + o(1))π(i)
v .(12)

In this case, when we come to join âi to b̂i then we can argue that b̂i is (essentially)
independent of âi. It is difficult to argue this for ãi, b̃i since they have been “chosen”
as pairs by a flow algorithm. This is why we need Phase 3.

Let E0 denote the intersection of the events previously shown to hold whp. Let
P (i) denote the transition probability matrix of a random walk on Γi. Let λ(i) be the
second largest eigenvalue of P (i). We will prove Theorem 2 later.

Theorem 7. For 1 ≤ i ≤ κ let Ei be the event that
(a) the maximum degree ∆(i) in Γi satisfies

∆(i) ≤ C1d;(13)

and
(b) the minimum degree δ(i) in Γi satisfies

δ(i) ≥ d/C2.(14)

If d ≤ n1/10 then there exists a constant γ = γ(C1, C2) > 0 such that if Fi denotes
the event that

λ(i) ≤ γ/
√
d(15)

and Ui = Fi ∩ Ei ∩ · · · ∩ F1 ∩ E1 ∩ E0, then

Pr(Fi | Ei, Ui−1) = Pr(Fi | Ei) = 1−O(n−3).(16)

Proof. See section 10.
The reader will notice the bound d ≤ n1/10 in the theorem above. If d > n1/10

we can randomly split the edge set of G into r = d2d/n1/10e subsets E1, E2, . . . , Er,
each of size roughly m′ = m/r. We can similarly split the set of κ pairs into r roughly
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equal sets Ki. We can then use the graph Gi = (V,Ei) to find paths for the pairs in
Ki. Every vertex of every Gi will have degree roughly d/r whp. Hence since

κ

r
≤ αm′ lnn

ln d
,

we can apply Theorem 1 to each Gi, which implies that we succeed whp on each Ki,
and thus we will succeed overall2 with probability 1 − o(1). Therefore, without loss
of generality, we can assume from now on that d ≤ n1/10.

We now return to the analysis of Phase 3. We start by assuming that

Ei and Fi hold for every i.(17)

It is well known that the second eigenvalue determines the rate of convergence of
a Markov chain to its steady state. An explicit form of this result was obtained by

Sinclair and Jerrum [18]: if P
(t)
Γi

(u, v) denotes the probability that a random walk of
length t in Γi that starts at u will end at v, then assuming Ei we have

|P (t)
Γi

(u, v)− π(i)
v | ≤

(
λ(i)
)t√π

(i)
v

π
(i)
u

≤
(
λ(i)
)t√

C1C2 ≤ γ(C1, C2)t

dt/2

√
C1C2.(18)

Since in the algorithm we take t = τ = dC0 lnn/ ln de, this implies (12).
We now proceed to show that the assumption (17) is indeed correct whp. We

take C1 = 5 and C2 = 60. Since Γi is a subgraph of Gn,p, inequality (13) holds for all
i whp, and since Γ1 = G2 and by construction δ(G2) ≥ d/30, inequality (14) holds
for Γ1; thus E1 holds. Applying Theorem 7, we see that F1 holds whp. We continue
by showing inductively that for i ≥ 0,

Pr(Ui | E0) = 1−O(in−3).

Since

Pr(Ui+1 | Ui) =
Pr(Ui+1)

Pr(Ui) = Pr(Fi+1 | Ei+1,Ui) Pr(Ei+1 | Ui),

and

Pr(Ui+1 | E0) = Pr(Ui+1 | Ui) Pr(Ui | E0),

and given Theorem 7, we only need to prove that

Pr(Ei+1 | Ui) = 1−O(n−3),(19)

which reduces to proving that given Ui, the removal of the walks W1, . . . ,Wi from G2

does not reduce the degree of any vertex to less than d/60.
Now assume Ui. Consider the walk Wi on Γi. For v ∈ V2, let Zi,v denote the

number of edges incident with v that are covered by Wi, and let Ni,v be the number
of visits to v during Wi. Let qk = Pr(Ni,v = k | Ui) for k ≥ 1. We claim that
independently of W1,W2, . . . ,Wi−1, there exist constants C3 and C4 so that

qk ≤ C4C
k−1
3 lnn

dk−1n ln d
.(20)

2This is the reason for our definition of whp. The number r of subgraphs Gi is O(n9/10) and we
succeed with probability 1− o(n−9/10) on each.
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To prove (20) for k = 1, fix Γi, and let hv(t) be the probability that the walk is
at v at time t. Then

hv(0) = 1/|V2| ≤ C1C2π
(i)
v(21)

since the walk starts from zi which is a vertex chosen uniformly at random in |V2|.
(The last inequality follows assuming that Ui occurs, and thus Ei occurs.)

We next show inductively that for all v ∈ V2, we have hv(t) ≤ C1C2π
(i)
v . This

follows from stationarity equations and

hv(t+ 1) =
∑

w∈N(v:Γi)

hw(t)

d
(i)
w

≤ C1C2π
(i)
v .(22)

Hence since τ = dC0 lnn/ ln de and π
(i)
v ≤ C1C2/n, there is a constant C4 so that

q1 ≤
τ∑
t=0

hv(t) ≤ C4 lnn

n ln d
.

We next prove (20) for k ≥ 2. Fix Γi and for vertex v let ρv be the probability
that a random walk of length τ from v ever returns to v. Since a return to v requires
at least two steps, we obtain from equation (18) that there exists a constant C3 such
that

ρv ≤ τπ(i)
v +

√
C1C2

∑
t≥2

γ(C1, C2)t

dt/2
≤ C3

d
.(23)

This gives (20) since

qk ≤ (ρv)
k−1

τ∑
t=1

hv(t).

We now show that (20) implies (19). First (20) implies that for any constant c,

E(e2cNi,v | Ui,W1, . . . ,Wi−1) ≤ 1 +
∑
k≥1

e2ckC4C
k−1
3 lnn

dk−1n ln d
≤ 1 +

2C4e
2c lnn

n ln d
.

Clearly Zi,v ≤ 2Ni,v. Thus for any constant c > 0 and any t > 0,

Pr

( i∑
j=1

Zj,v ≥ t
∣∣∣∣ Ui)

≤ e−ct E
exp

2c
i∑

j=1

Nj,v

 ∣∣∣∣ Ui


≤ e−ct
(

1 +
2C4e

2c lnn

n ln d

)
E

exp

2c
i−1∑
j=1

Nj,v

 ∣∣∣∣ Ui


≤ e−ct exp

(
2C4e

2c lnn

n ln d

)
E

exp

2c
i−1∑
j=1

Nj,v

 ∣∣∣∣ Ui−1

 Pr(Ui−1)

Pr(Ui)
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≤ exp

(
−ct+ i

2C4e
2c lnn

n ln d

)
1

Pr(Ui)
≤ exp

(
−ct+ 2κ

2C4e
2c lnn

n ln d

)
(1 +O(in−3))

≤ 2 exp(−ct+ 4αC4e
2cd).

Taking t = d/60, c = 240, and α ≤ (4C4e
480)−1, we obtain that

Pr

 i∑
j=1

Zj,v ≥ d

60

∣∣∣∣ Ui
 ≤ 2n−3,

and since the minimum degree in G2 is at least d/30, this proves (19). (Recall that
C2 = 60.)

8. Analysis of Phase 4. We start by discussing the subroutine Walk. Consider
a modification of Walk depicted in Figure 4.

1. subroutine Walk1(âi, Γ̂i,Γj , zj)

2. begin

3. /* By construction, zj = b̃i. */

4. pv ← P
(τ)

Γ̂i
(âi, v) for v ∈ V (Γ̂i)

5. p̂v ← P
(τ)
Γj

(zj , v) for v ∈ V (Γ̂i) (the distribution of b̂i)

6. pmin ← min{pv : v ∈ V (Γ̂i)}
7. p̂max ← max{p̂v : v ∈ V (Γ̂i)}
8. r̄ ← 0

9. forever do

10. r̄ ← r̄ + 1

11. S[âi]← S[âi] + 1

12. if S[âi] ≥ d/120 then

13. L← L ∪ {i}
14. exit Walk1

15. fi

16. Pick a walk W̄r̄ of length τ according to the distribution on
trajectories, conditioned on start point = âi

17. Let x̄r̄ be the terminal vertex of W̄r̄

18. With probability p̂x̄r̄pmin/(px̄r̄ p̂max) accept W̄r̄ and
exitloop

19. od

20. output W̄1, W̄2, . . . , W̄r̄

21. end Walk1

Fig. 4. Algorithm Walk1.
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Lemma 8. In Walk1, x̄r̄ is chosen according to the distribution p̂.
Proof. The probability s that a walk is accepted at the last step in the loop is

given by

s =
∑

v∈V (G)

pv
p̂vpmin

pvp̂max
=
pmin

p̂max
.(24)

(Observe that p̂max ≥ 1/|V (G)| ≥ pmin.) Thus if S0 is the value of S[âi] at the start
of Walk1 and k0 = d/120− S0, then

Pr(x̄r̄ = v | step 14 is not executed)=
1

1− (1− s)k0

k0−1∑
k=0

(1− s)kpv p̂vpmin

pv p̂max
= p̂v.

(25)

Also, Pr(step 14 is executed) is equal to (1− s)k0 in both procedures.
Hence W̄r̄ is a random walk to a vertex chosen with distribution p̂. Furthermore,

since the minimum degree of any graph in which a walk is constructed is at least d/60
and the maximum degree is at most 5d, we find

s ≥ 1

300

def
= σ(26)

and therefore the expected number of generated walks is constant.
There is a minor problem in that we want to choose the endpoints before we do

the walks. This leads to the algorithm Walk described before. We now turn to its
analysis.

Lemma 9. Suppose that b̂i is chosen from V (G) with distribution p̂. Then the
set of walks W̄1, . . . , W̄r̄ in Walk1(âi, G,Γj , zj) and the set of walks Ŵ1, . . . , Ŵr in

Walk(âi, b̂i, G,Γj , zj) have the same distribution.
Proof. Note first from the proof of Lemma 8 that r̄ and r have the same truncated

geometric distribution. Also we have from Lemma 8 that x̄r̄ and xr = b̂i have the
same distribution. Consider next that for v1, v2, . . . , vi ∈ V (G),

Pr(x̄1 = v1, . . . , x̄i = vi and r̄ > i)

=
i∏

j=1

((
1− p̂vjpmin

pvj p̂max

)
pvj

)
=

i∏
j=1

(
pvj −

p̂vjpmin

p̂max

)

= (1− s)i
i∏

j=1

(
pvj − p̂vjpmin/p̂max

1− s
)

= Pr(x1 = v1, . . . , xi = vi and r > i).

Thus x̄1, x̄2, . . . , x̄r̄ and x1, x2, . . . , xr have the same distribution. Finally, the lemma
follows from the fact that the distribution of W̄j conditional on x̄j = v is clearly equal

to that of Ŵj conditional on xj = v.
The net effect of GenPaths is to run Walk κ times. In light of Theorem 7 we

only need show that the minimum degree in G3 is not made too small by the deletion
of paths generated by Walk. This requires a slightly more complicated analysis than
for Phase 3. The main problem in extending the analysis of Phase 3 is that we cannot
argue now that (21) holds independently of previous walks. Each execution of Walk
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(or, equivalently, Walk1) involves a set of walks with the same starting point. The
initial vertex of each set is chosen nearly randomly, but it is the same for each walk.

For the purpose of the analysis we relate to Walk1. Fix v ∈ V3 and 1 ≤ i ≤ κ
and let W̄1, W̄2, . . . , W̄r denote the walks made while trying to connect âi to b̂i. We
shall refer to these walks as the ith bundle, Bi. We shall follow closely the line of
proof used in the analysis of Phase 3, with all the events now referring to Γ̂i rather
than Γi. As before, the proof reduces to showing that given Ui, the removal of the
bundles B1, . . . , Bi from G3 does not reduce the degree of any vertex in G3 to less
than d/60.

The stationary distribution on Γ̂i is denoted π̂i.
Lemma 10. Assuming Ui, the probability that a fixed vertex v is visited by bundle

i is less than

C5 lnn

n ln d
.

Proof. Assume for a moment that the probability of a walk being accepted is
decreased to exactly σ (see (26)). This can only increase the number of visits to v,
but the number of walks is now independent of the start point. For every walk in
the bundle we can show via (20) and (21) applied to Γ̂i that the expected number of

visits to v is less than C1C2τ π̂
(i)
v ; thus the expected total number of visits is less than

C1C2

σ
τπ̂(i)

v =
C5 lnn

n ln d
.

Lemma 11. Assume Ui and consider a random walk of length τ in Γ̂i starting
from vertex v. Then

(a) the probability that the walk returns k times to v is less than (C3/d)k;
(b) for any vertex u 6= v, the probability that u is visited k times is less than

(C3/d)k.
Proof. As before let ρv be the probability that a random walk of length τ from v

ever returns to v. From (23) applied to Γ̂i,

ρv ≤ C3

d
.

For part (a) notice that the probability of k returns to v is bounded by

τ∑
t=2

(
π̂(i)
v +

γ(C1, C2)t

dt/2

)
ρk−1
v ≤

(
C3

d

)k
.

For part (b) the probability of k visits to u is bounded by

C2

d
ρk−1
u +

τ∑
t=2

(
π̂(i)
u +

γ(C1, C2)t

dt/2

)
ρk−1
u ≤

(
C3

d

)k
.

(The first term deals with the case when u is a neighbor of v.)
We are ready now to evaluate the number of visits to a fixed vertex v. For this

goal we will distinguish between free visits and start visits. If v = âi, then v undergoes
|Bi| visits as the start point of all the walks in the bundle. All other visits to v are
free visits. In particular a return visit to âi is a free visit.
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Analogously to the analysis of Phase 3, let Ni,v be the number of free visits to v
during Bi and let qk = Pr(Ni,v = k | Ui) for k ≥ 1. We claim that independently of
B1, B2, . . . , Bi−1, there exists a constant C6 so that

qk ≤ C5C
k−1
6 lnn

dk−1n ln d
.(27)

To simplify notation view the r walks in bundle Bi as a single walk Xt that
restarts from âi every τ steps. Let hv(t) be the probability that this walk is at v at
time t. Then

qk ≤
∑

1≤t≤τ
hv(t) Pr(k − 1 free visits to v after t | âi, Xt = v).

Now given r, the number of walks in bundle Bi, the k − 1 free visits to v can be
distributed among the r walks in at most

(
k+r−2
r−1

)
ways. So in view of Lemma 11 we

have

Pr(k − 1 free visits to v after t | âi, Xt = v, r) ≤
(
k + r − 2

r − 1

)(
C3

d

)k−1

.

From Lemma 10 ∑
1≤t≤τ

hv(t) ≤ C5 lnn

n ln d
,

and using equation (26) we finally obtain that

qk ≤ C5 lnn

n ln d

∑
1≤r≤∞

(
k + r − 2

r − 1

)(
C3

d

)k−1

σ(1− σ)r−1 =
C5 lnn

n ln d

(
C3

σd

)k−1

,

which proves (27). From here we can proceed exactly as in the analysis of Phase 3
to show that the decrease in degree due to free visits is no more than d/120 whp,
provided that α is small enough. By construction the reduction in degree due to start
visits is at most d/120, so that the total reduction in degree during Phase 4 is at most
d/60 as required. It remains to show that not too many pairs are deferred to Phase
5.

9. Analysis of Phase 5. We start by bounding the number of pairs not con-
nected in Phase 4. Recall that a pair âi, b̂i is not connected iff the total number of
walks started from âi would have exceeded d/120.

Fix v ∈ V3. From equation (22) and the discussion that follows it, we have that
for every i

Pr(âi = v) ≤ C2
1C

2
2

n

def
= p.

Thus in view of (26) the number of starts from v is dominated by a random variable
with the following probability generating function:

∑
i

(
κ

i

)
pi(1− p)i σx

1− x(1− σ)
=

(
σpx

1− x(1− σ)
+ 1− p

)κ
.
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In general, given a probability generating function f(x) for the random variableX ≥ 0,
and an integer a ≥ 1 we have

Pr(X ≥ a) ≤ f(x)

xa
, ρ > x ≥ 1,

where ρ is the radius of convergence of f . So let X be the random variable that counts
starts from v. Choosing

x =
2 + σ

2 + σ − σ2
= 1 +

σ2

2 + σ − σ2
,

we obtain that

Pr

(
X ≥ d

120

)
≤
(

1 +
σp

2

)κ(
1 +

σ2

2 + σ − σ2

)−d/120

≤ exp

(
σp

2
κ− σ2

3

d

120

)
= exp

(
C2

1C
2
2σαnd ln d

2n lnn
− σ2d

360

)
≤ exp

(
−σ

2d

400

)
for α small enough.

At the end of Phase 4 we will be left with a set L of indices of pairs (âi, b̂i) for
which Phase 4 failed to find a path. The discussion above shows that |L| is dominated
in distribution by Bin(n, exp(−σ2d/500)), so whp L = ∅ if d ≥ 1000σ−2 log n and
otherwise |L| ≤ n1−ε for a constant ε > 0. So assume that d = O(log n).

We join the pairs in L using a modification of the algorithm of [8]. That algorithm
starts by splitting the edges of an expander graph to form two disjoint expanding
subgraphs. This is unnecessary here as G4 and G5 will suffice for the two expander
graphs; namely, G4 can be used for the flow phase of [8] and then G5 can be used for
the random walks phase of [8]. The algorithm is capable of joining Ω(n/(lnn)c) pairs
for some constant c > 0, provided the graph in the flow phase has edge expansion at
least 1 and the second eigenvalue of the graph used in the random walks phase has a
second eigenvalue bounded away from 1. Here whp we have fewer than n1−ε pairs, the
graph G4 has an edge expansion Ω(lnn), and the graph G5 has a second eigenvalue
of size O(1/

√
lnn). So from this point of view there is room to spare.

On the other hand [8] only deals with the case where the required path endpoints
are distinct. We will replace the flow phase of [8] with the following procedure.
Suppose v ∈ V3 is required to be an endpoint λ(v) times. We have∑

v∈V3

λ(v) = 2|L| ≤ 2n1−ε.

Furthermore, λ(v) is dominated in distribution by Bin(κ, (1+o(1))n); hence E(λ(v)) =
O(d log d/ log n) = O(log log n) and whp

λ(v) ≤ C7 log n/ log log n for all v ∈ V3.

We start Phase 5 by constructing for each v ∈ V and 1 ≤ i ≤ λ(v) a set of 2/ε
random walks of length τ with start point v. We delete the edges of previous walks
before beginning the next walk. The analysis of Phase 3 shows that we will succeed
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in constructing these walks whp, since in Phase 3 the average number of walks per
start point was O(d log d/logn) and the maximum was βd while the corresponding
numbers are now o(1) and O(d/ log d).

The probability that k such walks all end at the endpoints already visited is
bounded by (

4ε−1|L|
k

)
O(n−k) = O(n−εk),

so whp for each v and i at least one of the 2/ε random walks ends up at a previously
unvisited point. Thus we can associate with each v ∈ V3 a set of λ(v) endpoints of
walks started from v, and all these sets are disjoint. From here we can continue with
the second phase of [8] on G5.

It only remains to prove Theorem 7.

10. Proof of Theorem 7. Now it is not too difficult to verify that the second
eigenvalue of the walk on Γ1 is not too large. There is however a technical problem in
the fact that we are deleting the edges of a random graph by a process that conditions
the distribution. We overcome this by considering graphs with a fixed degree sequence
and consequently the configuration model of multigraphs. (We need now only consider
Gn,m. To handle Gn,p we simply condition on the number of edges being close to the
expected number.)

10.1. Configuration model. The graphs Gi, 2 ≤ i ≤ 5 will be random given
their degree sequences. This is because the executions of lines 5 and 8 of split (Figure
1) do not condition the remaining graphs, once we are given their degree sequences.
This idea has been used several times previously; see, for example, Bollobàs, Fenner,
and Frieze [5].

The simplest model for graphs with a fixed degree sequence is the configuration
model of Bollobás [3], which is a probabilistic interpretation of the counting formula
of Bender and Canfield [2]. Let d = {d1, d2, . . . , dν} denote a degree sequence, Di =
{1, . . . , di}×{i} for 1 ≤ i ≤ ν and D = ∪νi=1Di. Let Ω = Ω(D) be the set of partitions
of D into pairs. If F ∈ Ω then the multigraph M = M(F ) is defined as follows:
V (M) = [ν] and there is an edge {i, j} for every pair in F of the form {(x, i), (y, j)}
(for some x and y). It is unfortunate that we have to introduce multigraphs, but the
salient properties of M are as follows in Lemma 10.

Lemma 12. (a) If M is simple, then it is equally likely to be any simple graph
with degree sequence d.

(b) Pr(M is simple) = exp{−O(µ2/ν2)} where µ = |D|/2 is the number of edges
in M ; hence 2µ/ν is the average degree of M .

We consider the probability space of multigraphs M(F, φ) where F is chosen
randomly from Ω. We are interested in the case where

δ = min d ≥ d/C2,

∆ = max d ≤ C1d.

It will be useful to think of F as being constructed sequentially by the algorithm
Construct depicted in Figure 5.

It is important to observe that for any t > 0, F \Ft is a random member of Ω(Rt).
An important consequence of the above observation is that if we start with M =

M(F ), then the multigraph obtained by removing from M the edges of a random
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1. algorithm Construct

2. begin

3. F0 ← ∅; R0 ←W

4. for t = 1 to m∗ do

5. Choose ut ∈ Rt−1 arbitrarily

6. Choose vt randomly from Rt−1 \ {ut}
7. Ft ← Ft−1 ∪ {{ut, vt}}; Rt ← Rt−1 \ {ut, vt}
8. od

9. output F

10. end Construct

Fig. 5. Algorithm Construct.

walk W remains random. Indeed, we may imagine Construct as performed in
parallel with our walk W . Suppose our walk makes a transition from a vertex x, and
the current value of Rt in Construct is R. The transition from x is equivalent to
choosing a random member u = ut of Dx. If u ∈ R, then we perform one step of
Construct and pair u with a point v = vt ∈ R \ {u}. If v ∈ Dy for some y, then the
walk makes a transition from x to y. If u 6∈ R then v is the point already paired with
u. Thus since F \Ft is random, we see that removing from M the edges of a random
walk results in a multigraph from a random configuration.

10.2. Random walks on configurations. We only discuss G3 since the situa-
tion for G2 is identical. Suppose G3 has degree sequence d′ = (d′1, d

′
2, . . . , d

′
ν), where

ν = n(1−o(1)). As observed, G3 is random given its degree sequence. In our analysis,
we want to consider G3 as of the form M(F ) conditional on it being simple.

Each of the κ iterations deletes some pairs from F . Suppose F (i) denotes the
remaining pairs at the start of iteration i and D(i) =

⋃
F (i). If we ignore the condi-

tion that M(F ) is simple, then F (i) is a random member of Ω(D(i)). This requires
a little justification. Our algorithm produces paths by choosing â1, â2, . . . , âκ and
b̂1, b̂2, . . . , b̂κ at random and by applying Walk. As observed in Lemma 9, this is
equivalent to just applying Walk1 a number of times. By our arguments of the
previous section, deleting edges in the walks produced by Walk1 leaves a random
configuration.

Thus we may imagine that initially we have a multigraph M1. Then for i ≥ 2 we
apply GenPaths to Mi−1 and eventually produceMi in which case Mi is a multigraph
from a random configuration (when its degree sequence is given).

All that remains now is to show that (15) holds with suitably high probability for
Mi, i ≥ 1, conditioned on it being simple.

10.3. Eigenvalues. We will prove (15) by imitating the proof of Kahn and
Szemerédi [10].

Let d = d1, d2, . . . , dn be a degree sequence with maximum ∆ = o(n1/2) and
minimum δ > 0 such that ∆/δ < θ for some constant θ. (Strictly speaking we should
be concerned with d = d1, d2, . . . , dν , but ν = n−o(n) whp and n is “friendlier.”) Let
M = M(F ) be the multigraph on [n] formed from a random configuration F ∈ Ω(d).
Use euv to denote the number of edges joining vertices u and v. Consider the Markov
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chain of a random walk on M . The transition matrix of the chain is

Puv =
euv
du

.

Note that since the Markov chain is reversible, all eigenvalues of P are real and the
largest eigenvalue of P equals 1. The eigenvalues are denoted by

1 = λ1 ≥ λ2 ≥ · · · ≥ λn.

We need to show that conditional on M being simple with probability 1−O(n−3),

ρ∗ = max{|λ2 |, |λn |} ≤ γ/
√
d,(28)

where d =
∑n
i=1 di/n and γ = γ(θ).

Lemma 13. Let A be the matrix

Auv =
euv
dudv

,

and let

ρ1 = max

{
|ytAy| :

∑
u

yu = 0,
∑
u

y2
u = 1

}
.

Then ρ∗ ≤ ∆ρ1.
Proof. Let Q be the matrix

Quv =
euv

d
1/2
u d

1/2
v

.

Note that Q and P are similar; that is, Q = DPD−1 where D is a diagonal matrix

with diagonal elements d
1/2
1 , . . . , d

1/2
n and so (λ, v) is an eigenvalue–eigenvector pair

of P iff (λ,Dv) is an eigenvalue–eigenvector pair of Q. Since the largest eigenvalue

of Q is 1 with eigenvector (d
1/2
1 , d

1/2
2 , . . . , d

1/2
n ), the Rayleigh quotient principle gives

that

ρ∗ = max

{ |∑u,v xuQuvxv|∑
u x

2
u

∑
u

xud
1/2
u = 0

}
.

Since ∑
u,v

xuQuvxv =
∑
u,v

xud
1/2
u Auvxvd

1/2
v

and ∑
u

x2
u ≥

1

∆

∑
u

x2
udu,

we have, on putting yu = xud
1/2
u ,

ρ∗ ≤ ∆ max

{
|ytAy|

∑
u

yu = 0,
∑
u

y2
u = 1

}
= ∆ρ1.
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Following Kahn and Szemerédi, choose a real ε ∈ (0, 1) (eventually ε will be fixed
in equation (38)), and let

T =

{
x ∈

( ε

n1/2
Z
)n ∑

u

xu = 0,
∑
u

x2
u ≤ 1

}
,

where Z denotes the set of integers. Then by considering the total volume of cubes
of side ε/

√
n which have their centers in T , we see that

|T | ≤
(
n1/2

ε

)n
V ol

({
x ∈ Rn

∑
u

x2
u ≤

(
1 +

ε

2

)})
=

(
(2 + ε)n1/2

2ε

)n
πn/2

Γ(n/2 + 1)
≤
(

(2 + ε)n1/2

2ε

)n
πn/2en/2

(n/2)n/2
√
πn

≤
(

(2 + ε)
√

2πe

2ε

)n
.

(29)

Lemma 14. Let ρ1 be defined as in Lemma 13. We claim that

ρ1 ≤ (1− ε)−2ρ,

where

ρ = max
{|xtAy| | x, y ∈ T}.

Proof. Let S =
{
x ∈ Rn |∑u xu = 0,

∑
u x

2
u ≤ 1

}
. We first show that for every

x ∈ S there is a y ∈ T such that x − y ∈ εS and ‖x − y‖ ≤ ε. Suppose that for
i = 1, 2, . . . , n,

xi = εmin
−1/2 + fi, mi ∈ Z, fi ∈ [0, εn−1/2).

Note that since
∑
u xu = 0, we have

∑
i fi = εfn−1/2, where f is a nonnegative

integer less than n. Rearrange subscripts so that mi ≤ mj whenever i ≤ j. Define a
vector y ∈ Rn so that

yu =

{
ε(mu + 1)n−1/2 if u ≤ f,
εmun

−1/2 if u > f.

Then we have

(a)
∑
u

yu =
∑
u

xu = 0,

(b)
∑
u

y2
u ≤

∑
u

x2
u ≤ 1,

(c) ‖x− y‖ ≤ ε (since |xu − yu| ≤ εn−1/2).

Thus y is in T and has the required property. It follows that one can apply the above
construction to obtain that for any x ∈ S there are x(0), x(1), . . . in T such that

x =
∑
i

εix(i),
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and therefore for any x ∈ S there are x(i) ∈ T such that

xtAx =
∞∑
i=0

∞∑
j=0

(
x(i)
)t
Ax(j)εi+j ≤ (1− ε)−2 max{|ytAz| : y, z ∈ T}.

The lemma now follows.
Now write

ρ = max{|xtMy| : x, y ∈ T}.
Our aim is to find a probabilistic upper bound for ρ of order O(∆−3/2) that will verify
(28). This is done by considering the random variables X = X(x, y) =

∑
u,v xuAuvyv,

where x, y ∈ T . Note that for any two distinct points in the configuration the proba-
bility that the two points are joined by an edge is 1/(2m− 1), where 2m =

∑n
i=1 di.

Thus for u 6= v,

E[euv] =
dudv

2m− 1

and

E[euu] =
du(du − 1)

2(2m− 1)
.

Fix x, y ∈ T and define

B =
{

(u, v)
∣∣∣ 0 < |xuyv| < ∆1/2/n

}
.(30)

Let

X ′ =
∑

(u,v)∈B
xuAuvyv and X ′′ =

∑
(u,v) 6∈B

xuAuvyv,

so that X = X ′ +X ′′.

10.4. Estimating X′. Note that

E[X ′] =
∑

(u,v)∈B

xuyv
2m− 1

+
∑

(u,u)∈B

xuyu(du − 1)

2(2m− 1)du
.

Write S1 and S2 for the first and second sums in the above equation. Then

|S2| ≤
∑

(u,u)∈B

|xuyu|(du − 1)

2(2m− 1)du
≤ ∆1/2

4m
.(31)

For S1 we follow Lemma 2.4 in [10]. Since
∑
u xu =

∑
v yv = 0 we have

∑
u,v xuyv = 0

and so ∣∣∣∣ ∑
(u,v)∈B

xuyv

∣∣∣∣ =

∣∣∣∣ ∑
(u,v) 6∈B

xuyv

∣∣∣∣.
Now ∣∣∣∣ ∑

(u,v) 6∈B
xuyv

∣∣∣∣ ≤ ∑
|xuyv|≥∆1/2/n

x2
uy

2
v

|xuyv| ≤
n

∆1/2

∑
u,v

x2
uy

2
v ≤

n

∆1/2
.
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Hence

|E[X ′]| ≤ n

(2m− 1)∆1/2
+

∆1/2

4m
= (1 + o(1))

n

2m∆1/2
.(32)

We next show that X ′ is concentrated around its mean. For this we need some
more notation. Recall that a configuration is a perfect matching F of the set W =
∪ni=1{i} × [di]. We call the elements in W points and assume that the points in W
are ordered lexicographically. For α ∈ W , let v(α) denote the first component of α,
and for a pair e = {α, β} in a configuration with α < β, we write t(e) for v(α) and
h(e) for v(β). For real x, define

χ(x) =

{
x if |x| < ∆1/2/n,
0 otherwise.

Then

X ′ =
∑
e∈F

χ(xt(e)yh(e))

dt(e)dh(e)
+
∑
e∈F

χ(xh(e)yt(e))

dt(e)dh(e)
= X ′a +X ′b, say.(33)

We next write F = F1 ∪ F2 ∪ F3 where

F1 = {e ∈ F : |xt(e)| > n−1/2/ε},
F2 = {e ∈ F : |yh(e)| > n−1/2/ε, |xt(e)| ≤ n−1/2/ε},
F3 = {e ∈ F : |yh(e)| ≤ n−1/2/ε, |xt(e)| ≤ n−1/2/ε}.

Then let

Xi =
∑
e∈Fi

χ(xt(e)yh(e))

dt(e)dh(e)
for i = 1, 2, 3,

so that

X ′a = X1 +X2 +X3.

Recall that ∆/δ < θ, a constant. We claim Lemma 15.
Lemma 15. There are constants Bi = Bi(θ) > 0 for i = 1, 2, 3 such that for any

t > 0,

Pr(|X1 −E[X1]| ≥ t∆−3/2) ≤ 2 exp(−tn+B1n),(34)

Pr(|X2 −E[X2]| ≥ t∆−3/2) ≤ 2 exp(−tn+B2n),(35)

Pr(|X3 −E[X3]| ≥ t∆−3/2) ≤ 2 exp(−tn+B3n).(36)

Proof. We first prove (34). Assume without loss of generality that |xi| ≥ |xi+1|
for all i and let the pairs {αi, βi} for 1 ≤ i ≤ m that compose F be ordered such that
αi < βi and αi < αi+1. Recall that the order among points is lexicographic; thus
v(αi) ≤ v(αi+1) and |xv(αi)| ≥ |xv(αi+1)|.

Let ≡k be the equivalence relation on Ω such that F ≡k F ′ if and only if the
sequences of the first k pairs in F and F ′ are identical. Write Ωk for the set of
equivalence classes, and Fk for the corresponding σ-algebra. Define Yk = E[X1|Fk];
that is, Yk is a function from Ω to R so that Yk(F ) equals the expected value of
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X1 conditional on the first k pairs being exactly equal to the first k pairs in F .
Now Y0, Y1, . . . , Ym is a Doob martingale with Y0 = E[X1] and Ym = X1. Define
Zk = Yk − Yk−1. Note that as in Lemma 2.7 in [10], if there is fk(ζ) such that
Z ′k = E[exp(ζ2Z2

k)|Fk−1] ≤ fk(ζ), then for all t and ζ > 0,

Pr(|X1 −E[X1]| ≥ t) ≤ 2e−ζt
m∏
k=1

fk(ζ).(37)

We next write down the distribution of Zk. Define

χ̂(x, y) =

{
xy if |xy| < ∆1/2/n and |x| > n−1/2/ε,
0 otherwise.

For a pair e = {α, β} in F with α < β, write

q(e) =
χ̂(xv(α), yv(β))

dv(α)dv(β)
.

Then

X1(F ) =
∑
e∈F

q(e).

Note that we can express

Zk(F ) =
2m−k(m− k)!

(2m− 2k)!

 ∑
F ′≡kF

X1(F ′)− 1

2m− 2k + 1

∑
F ′′≡k−1F

X1(F ′′)

 .

Let {α, β} be the kth pair in F with α < β and let J be the set of points contained
in the first k pairs in F . For η 6∈ J − {β} and for F ′ ≡k F , we define F ′η as follows.
Suppose that η is matched with γ in F ′. Write e = {α, β}, f = {η, γ}, e′ = {α, η},
f ′ = {γ, β}. Then F ′η is defined to be (F ′ − {e, f}) ∪ {e′, f ′}, giving F ′η ≡k−1 F
and F ′β = F ′. Note also that {{F ′η | η 6∈ J − {β}} | F ′ ≡k F} is a partition of
{F ′′ | F ′′ ≡k−1 F}. Thus

Zk(F ) =
2m−k(m− k)!

(2m− 2k)!

1

2m− 2k + 1

∑
F ′≡kF

∑
η 6∈J

(
X1(F ′)−X1(F ′η)

)
.

Also, since

X1(F ′)−X1(F ′η) = q(e) + q(f)− q(e′)− q(f ′),
we have

Zk(F ) =
∑
η 6∈J

∑
γ 6∈J,γ 6=η

q({α, β}) + q({γ, η})− q({α, η})− q({γ, β})
(2m− 2k + 1)(2m− 2k − 1)

.

Note that since
∑
x2
u ≤ 1, there at most nε2 indices u such that |xu| > n−1/2/ε. Thus

Zk = 0 if k ≥ ε2∆n; otherwise

2m− 2k − 1 ≥ 2m− 2ε2∆n− 1 ≥ δn
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if we choose ε so that

ε2∆

δ
=

1

3
.(38)

Therefore,

|Zk(F )|≤ 1

(δn)2

∑
η 6∈J

∑
γ 6∈J,γ 6=η

{|q({α, β})|+ |q({γ, η})|+ |q({α, η})|+ |q({γ, β})|} .

Let

yα =
1

|xv(α)| min{|yxv(α)|,∆1/2/n},

and note that xv(α) ≥ max{xv(β), xv(γ), xv(η)} and that |xv(η)| ≤ |xv(α)| implies
|xv(η)|yη ≤ |xv(α)|yα. Therefore,

|q({α, β})| ≤ δ−2|xv(α)|yαv(β),

|q({γ, η})| ≤ δ−2(|xv(γ)|yγv(η) + |xv(η)|yηv(γ)) ≤ δ−2(|xv(α)|yαv(η) + |xv(α)|yαv(γ)),

|q({α, η})| ≤ δ−2|xv(α)|yαv(η),

|q({γ, β})| ≤ δ−2(|xv(γ)|yγv(β) + |xv(β)|yβv(γ)) ≤ δ−2(|xv(α)|yαv(β) + |xv(α)|yαv(γ)).

Next observe that since
∑
y2
u ≤ 1 implies

∑ |yu| ≤ n1/2, we have for example

∑
η 6∈J

yαv(η) ≤
∑
η 6∈J
|yv(η)| ≤ ∆

n∑
w=1

|yw| ≤ ∆n1/2.

Thus we have

|Zk(F )| ≤ 4∆2δ−4|xv(α)|(yαv(β) + n−1/2).

Writing Z ′k = E[exp(ζ2Z2
k)|Fk−1], we have

Z ′k(F ) ≤ 1

2m− 2k − 1

∑
ν 6∈J−{β}

exp(16ζ2∆4δ−8(xv(α))
2(yαv(ν) + n−1/2)2).

Take

ζ = ∆3/2n,(39)

which means that the expression

ζ2∆4δ−8(xv(α))
2(yαv(ν) + n−1/2)2

= ζ2∆4δ−8
{

(xv(α)y
α
v(ν))

2 + 2(xv(α)y
α
v(ν))x

α
v(α)n

−1/2 + (xv(α))
2n−1

}
is bounded by 4θ8ε−2.

(Here we use xv(α)y
α
v(ν) ≤

√
∆/n and yαv(ν) ≥ ε/

√
n (since yv(ν) 6= 0) to get

xv(α) ≤
√

∆/(ε
√
n).)
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Hence putting B = exp{64θ8ε−2} and using ex ≤ 1 + xex for x ≥ 0,

Z ′k(F ) ≤ 1 +
B

2m− 2k − 1

∑
ν 6∈J−{β}

ζ2∆4δ−8(xv(α))
2(yαv(ν) + n−1/2)2

≤ 1 +Bζ2∆4δ−9n−1(xv(α))
2
∑
ν

(y2
v(ν) + 2|yv(ν)|n−1/2 + n−1)

≤ exp(4Bζ2∆5δ−9n−1(xv(α))
2).

Writing r(k) = dk/∆e, we have for any F ∈ Ω,

Z ′k(F ) ≤ exp(4Bζ2∆5δ−9n−1(xr(k))
2).

Thus, using (37), we have

Pr(|X1 −E[X1]| ≥ t∆−3/2) ≤ 2e−ζt∆
−3/2

exp

(
m∑
k=1

4Bζ2∆5δ−9n−1(xr(k))
2

)

≤ 2 exp

(
−tn+ 4B∆8δ−9n

m∑
k=1

(xr(k))
2

)
≤ 2 exp

(−tn+ 4B∆9δ−9n
)
.(40)

This proves (34).
The proof of (35) is almost identical even though F2 has a slightly different defi-

nition of F1. We simply reorder F according to yv(β) and go through the proof above

without using the condition |xv(α)| ≤ n−1/2/ε.
The proof of (36) is much simpler. We use the more usual martingale argument

(Alon and Spencer [1], Bollobás [4], McDiarmid [14]); for now if Yk = E(X3 | Fk)
then |Yk − Yk−1| ≤ 4/(ε2nδ2). Since we took (in (38)), ε = 1/

√
3θ, we have

Pr(|X3 −E[X3]| ≥ t∆−3/2) ≤ 2 exp

(−t2ε4n2δ4

32∆3m

)
≤ 2 exp

(−t2ε4n
32θ4

)
≤ 2 exp

( −t2n
288θ6

)
.

Note that the lemma above shows that there is a constant B > 0 such that

Pr(|X ′a −E[X ′a]| ≥ t∆−3/2) ≤ 6 exp(−tn+Bn).

Clearly the same result holds for the second sum X ′b in (33). Thus we have that for

any ξ̂ < ξ ∈ (0, 1) there is a K = K(θ, ξ) > 0 such that

Pr(|X ′ −E[X ′]| ≥ K∆−3/2 |M is simple) ≤ 2O(d2)ξ̂n ≤ ξn.(41)

Note that we should multiply the right-hand side of (41) by κ ≤ n2 to account for the
probability there exists Mi for which X ′ is large.

10.5. Estimating X ′′. In view of (41), it only remains to show that X ′′ =
O(∆−3/2) with suitably high probability. We shall first prove a preliminary result
showing that the random graph G with degree sequence d is unlikely to have a dense
subgraph. It will be enough to consider the case G = G3 and argue an immediate
implication for its subgraphs.
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Lemma 16. Let G be chosen randomly from the set G(d) of simple graphs with
vertex set [n] and degree sequence d. For A,B ⊆ [n], let e(A,B) be the number of edges
joining a vertex in A to a vertex in B and µ(A,B) = θ|A||B|∆/n, where θ > ∆/δ
is sufficiently large. For every constant K > 0 there is a constant C = C(θ,K) such
that with probability 1− o(n−K) every pair of A,B ⊆ [n], with |A| ≤ |B|, satisfies at
least one of the following:

(i) e(A,B) ≤ Cµ(A,B),

(ii) e(A,B) ln e(A,B)
µ(A,B) ≤ C|B| ln n

|B| .
Proof. Write a = |A|, b = |B|, and let dA and dB be the sums of degrees in A

and in B, respectively. Condition (i) clearly holds deterministically if b is at least a
constant fraction of n since e(A,B) ≤ a∆. Assume then that a, b ≤ n/(4θ).

We prove later that for any set of possible edges S, |S| ≤ n∆/(4θ) ≤ nδ/2, we
have

Pr(G contains S) ≤
(

∆2

m

)|S|
.(42)

Thus the probability that there exists a pair (A,B) with e(A,B) = t is at most(
n

b

)(
n

a

)(
ab

t

)(
∆2

m

)t
≤
(ne
b

)2b
(
abe∆2

mt

)t
≤
(ne
b

)2b
(
µ(A,B)

t

)t
et.

Now consider a value x that satisfies

x ln

(
x

µ(A,B)

)
> Cb ln

(n
b

)
≥ 1

2
Cb ln

(en
b

)
x > Cµ(A,B)

x ≥ (lnn)2.

Then clearly

Pr(∃A,B : e(A,B) = x) ≤ n− lnn,

and therefore

Pr
(∃A,B : (e(A,B) ≥ (lnn)2) & ¬(i) & ¬(ii)

)
=

∑
(lnn)2≤x≤n2

Pr
(
∃A,B : (e(A,B) = x) & ¬(i) & ¬(ii)

)
≤ n2n− lnn.

It remains to deal with Pr
(∃A,B : (e(A,B) < (lnn)2) & ¬(i) & ¬(ii)

)
. If e(A,B) <

(lnn)2 and (ii) does not hold then

2e(A,B) lnn > Cb ln
(n
b

)
≥ Cb ln(4θ)(43)

and so b ≤ e(A,B) lnn ≤ (lnn)3, which in turn, from the first inequality in (43), im-
plies that e(A,B) > Cb/3. But the probability that e(A,B) ≥ Cb/3, for C sufficiently
large, and b ≤ (lnn)3 can be bounded by(

n

b

)(
n

a

)∆(lnn)3∑
t=Cb/3

(
ab

t

)(
∆2

m

)t
≤ 2

(
n

b

)(
n

a

)(
ab

Cb/3

)(
∆2

m

)Cb/3

≤ 2
(ne
b

)2b
(

3ea∆2

Cm

)Cb/3
≤ 2(n2−3C/10bC/3−2)b.
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This yields the conclusion of the lemma.
Proof of (42). Let S = {e1, e2, . . . , es}, G0 = G(d) and Gi = {G ∈ G(d) : G

contains {e1, e2, . . . , ei} for 1 ≤ i ≤ s. It is sufficient to prove that for 0 ≤ i < s,

|Gi+1|
|Gi| ≤

∆2

2m− 2∆2 − 2s
≤ ∆2

m
,(44)

where the second inequality follows from our bound on s. To prove the first inequality
we consider

X = {(H1, H2) : H1 ∈ Gi \ Gi+1, H2 ∈ Gi+1, H1 ∼ H2},
where H1 ∼ H2 means that there is some four-cycle with edges f1 = ei+1, f2, f3, f4

such that H2 is obtained from H1 by adding f1, f3 and deleting f2, f4. The first
inequality in (44) follows immediately from the following:

(i) a particular H1 ∈ Gi \ Gi+1 appears in at most ∆2 pairs of X;
(ii) a particular H2 ∈ Gi+1 appears in at least 2m− 2∆2 − s pairs of X.

Let ei+1 = (x, y). For (i) observe that there are at most ∆2 choices for f2, f4—one
is incident with x and one is incident with y. For (ii), given H2 ∈ Gi+1 we chose an
oriented edge f3 = (u, v) ∈ H2 not incident with ei+1. Let f2 = (x, u) and f4 = (y, v).
At most 2(∆−1)2 choices of f3 are forbidden because at least one of f2, f4 are already
in H1 and at most s− 1 choices are disallowed because f3 ∈ S.

We now explain why it suffices just to consider G3 (and G2) for the large pairs
and not their subgraphs Γ̂j (and Γj). Indeed, if one of the conditions (i) or (ii) hold
for G3 then at least one holds for any of its subgraphs Γ. If condition (i) was true for
G3 then it is true a fortiori for Γ. Similarly, if condition (i) fails, C ≥ 1, and condition
(ii) holds for G3 then it holds a fortiori for Γ.

Lemma 17. Given the assertions in Lemma 16, X ′′ =
∑

(u,v)/∈B xuAuvyv, where

B = {(u, v) | 0 < |xuyv| < ∆1/2/n}, satisfies

X ′′ = O(∆−3/2)

for every pair x, y ∈ T .
Proof. Given x ∈ T , we write

Si(x) = {u : ε2−in−1/2 ≤ |xu| < ε1−in−1/2}, i ∈ I,
where I = {i : Si(x) 6= ∅}. Define J and Sj(y) analogously. Also, for S ⊆ [n] and
x ∈ T , write

(xS)u =

{
xu if u ∈ S,
0 otherwise.

Given x, y ∈ T , we write Ai = Si(x), Bj = Sj(y), ai = |Ai|, bj = |Bj |. Let

C = {(i, j) | i, j > 0, ε2−i−j >
√

∆, ai ≤ bj},
C′ = {(i, j) | i, j > 0, ε2−i−j >

√
∆, ai > bj}.

Since

X ′′ =
∑

|xuyv|≥∆1/2/n

xuAuvyv,
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it is sufficient to show that ∑
(i,j)∈C

(xAi)
tAyBj = O(∆−3/2)

or, equivalently, if ei,j = e(Ai, Bj),

1

n

∑
(i,j)∈C

ei,j
εi+j

= O(
√

∆).

The sum on C′ follows by symmetry.
Note that since

∑
x2
u ≤ 1 for x ∈ T , we have∑

i∈I
ai/ε

2(i−2) ≤ n,
∑
j∈J

bj/ε
2(i−2) ≤ n.

Next partition C into CI ∪CII , where Cx is the set of (i, j) ∈ C such that e(Ai, Bi)
satisfies assertion x in Lemma 16. First, using the definition of C, we have

1

n

∑
(i,j)∈CI

ei,j
εi+j

= O

(
1

n2

∑
(i,j)∈CI

aibj∆

εi+j

)
= O

(
∆

n2

∑
(i,j)∈CI

aibj

ε2(i+j)
√

∆

)
= O(

√
∆).

It therefore remains to show

1

n

∑
(i,j)∈CII

ei,j
εi+j

= O(
√

∆).(45)

For k = 1, . . . , 5, let Dk be the set of (i, j) ∈ CII satisfying (k) below but not (k′)
if k′ < k.

(1) εj ≥ εi√∆,
(2) ei,j ≤ µi,j/(εi+j

√
∆), where µi,j = µ(Ai, Bj),

(3) ln(ei,j/µi,j) ≥ 1
4 ln(n/bj),

(4) n/bj ≤ ε−4j ,
(5) n/bj > ε−4j .

Then equation (45) follows if for k = 1, . . . , 5,

Hk =
1

n

∑
(i,j)∈Dk

ei,j
εi+j

= O(
√

∆).

Start by noting that since (i, j) ∈ CII , we have

ei,j ln(ei,j/µi,j) ≤ Cbj ln(n/bj).(46)

For k = 1, from the trivial inequality ei,j ≤ ai∆ we have

H1 ≤ 1

n

∑
i

∑
j:εj≥εi√∆

ai∆

εi+j
= O

(
1

n

∑
i

ai
√

∆

ε2i

)
= O(

√
∆).

For k = 2, we have

H2 ≤ 1

n

∑
i,j

µi,j√
∆ε2(i+j)

= O

(√
∆

n2

∑
i,j

aibj
ε2(i+j)

)
= O(

√
∆).
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For k = 3, equation (46) implies that

ei,j = O(bj),

and so using (i, j) 6∈ D1, that is, εj < εi
√

∆,

H3 = O

(
1

n

∑
j

∑
i:εi>εj/

√
∆

bj
εi+j

)
= O

(
1

n

∑
j

√
∆bj
ε2j

)
= O(

√
∆).

For k = 4, using (i, j) 6∈ D3, we have

ei,j
µi,j
≤ 1

εj
.

Also, using (i, j) 6∈ D2, we have

ei,j
µi,j
≥ 1

εi+j
√

∆
,

thus giving

ε−i ≤
√

∆.

From (46), we also have ei,j = O(jbj) (using also ei,j ≥ Cµi,j). Thus

H4 = O

(
1

n

∑
j

∑
i:ε−i≤√∆

jbj
εi+j

)
= O

(√
∆

n

∑
j

jbj
εj

)
.

Since
∑
j∈J bj/(nε

2j) = O(1) we have

H4 = O(
√

∆).

For k = 5, since bj < nε4j , we have from (46) that

ei,j ≤ Cnε4j ln ε−4j = O(njε4j).

Also, since (i, j) 6∈ D1, we have εj < εi
√

∆; thus

H5 = O

(∑
j

∑
i:εi>εj/

√
∆

jε3j−i
)

= O

(√
∆
∑
j

jε2j
)

= O(
√

∆).

Observe finally that for future reference we have in fact proven the following
lemma.

Lemma 18. Let d = d1, d2, . . . , dn be a degree sequence with maximum degree
∆ = o(n1/2) and minimum degree δ such that ∆/δ < θ for some constant θ > 0.
Let G be chosen randomly from the set of simple graphs with degree sequence d. Let
0 < c < 1 be an arbitrary constant and G be the set of vertex induced subgraphs H
of G which have degree at least cδ. Let K > 0 be an arbitrary constant. Then with
probability 1 − O(n−K) every graph H in G has a second eigenvalue at most γ/

√
∆

where γ = γ(θ, c,K).
Proof. We can handle “small pairs” by using multigraphs and pass to simple

graphs as above. We observe that only the failure probability (41) now needs to be
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inflated by 2n+O(d2) and this is handled by making ξ small enough or γ large enough.
The case of “large” pairs is handled as before by deducing it from what happens in
G.

There are no lower bounds explicitly stated for δ, but our results are not useful for
small minimum degree. It follows from (40) that γ is at least 4θ9 exp{192θ9}. Thus
say for δ ≤ 106 we will have γ ≥ ∆ and so the estimate for the second eigenvalue will
exceed one, the largest eigenvalue.
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