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Abstract

We model the dynamics of an ad-hoc sensor network as a continuum percolation model, and prove
that a simple local-flooding taaique yields an efficient commuadtion protocol in that setting.
0 2004 Elsevier Inc. All rights reserved.

1. Introduction

We consider a setting in which a large number of low power sensors are distributed in a
large geographic area. The locations of the sensors are random and to save battery life only
a random subset of the sensors are active at any given time. Furthermore, individual sensors
are not reliable and a random subset of the sensors might be malfunctioning. A low power
sensor can communicate directly only with neighbors within a relatively small radius.

A communication to a distant unit must propagate through a large number of intermediate
units. This setting poses especially challenging communication problems since individual
sensors do not have a full knowledge of the network and the set of active nodes is
dynamically changing in time [1,2,11]. A number of recent papers address basic static
guestions related to this setting, such as the density of sensors that guarantees connectivity
of the system, exploring the relation between this setting and the percolation model studied

* Corresponding author.
E-mail addressesabie@cmu.edu (A. Flaxman), alan@random.math.cmu.edu (A. Frieze),
eli@cs.brown.edu (E. Upfal).
1 Supported in part by NSF VIGRE Grant DMS-9819950.
2 Supported in part by NSF grant CCR-0200945.
3 Supported in part by NSF grants CCR-0121154 and NSF-IIS 0325838.

0196-6774/$ — see front mattéi 2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgor.2004.01.004



2 A. Flaxman et al. / Journal of Algorithms 52 (2004) 1-7

in probability theory [4,6,F. Very little has keen done in developing provably efficient
algorithms for communication and data exchange in this setting, which is the focus of our
work.

Consider, for example, a large number of heat or fire sensors distributed in a large area.
Even if only a random subset of the sensors is active at any given time, a sufficiently
dense distribution of sensors would guarantee that a local fire triggers some number of
sensors. The triggered sensors need now to propagate the signal to some data collecting
units. Assume that data collection is done by units located in the perimeter of the controlled
area. How can the signal be propagated as fast as possible to the data collecting units, and
without using the battery power of too many intermediate units?

Since the topology of the network is unknown to the individual units, an obvious
approach is to execute a sequence of local message flooding steps in order to push the
message in the required direction, withowdlving an unnecessarily large number of
units. The efficiency of this protocol depends on choosing the appropriate parameters for
the flooding steps. If the flooding is too shallow there might be no path for the message.
Too deep a flooding would waste battery power of too many units. Building on results
from percolation theory we design an adaptive algorithm that transmits a message from
an arbitrary location in the system to a boundary unit in time and number of hops that is
close to linear in the length of the shortest path to the boundary. The total number of units
involved in the communication is also close to linear in that length.

Another important communication problem is sending a message between two remote
zones in the area covered by the sensor network. In the sensor setting there is no point in
sending a message to an individual sensor since the set of active sensors is dynamically
changing in time. Instead, we are interesting in a protocol for sending a message from
some sensor in a given zone to some sensor in another zone. Our local flooding protocol
provides an efficient solution to this problem as well.

2. Probabilistic model and main result

Placen points X; = (a;, b;), i = 1,2, ...,n, uniformly at random in the unit square
S§=1[0,1]° Let D;,i = 1,2, ...,n, denote the disc with centéf; and radiusp = r/n?/?.
The discD; represents the transmission area of a sensor locaféd at

Consider the grapli = (V, E) whereV = {X1,..., X,} andE = {(X;, X;): D; N
D; # ¢}. A theorem of (continuum) percolation theory (see Penrose and Pisztora [9]) says
that there is a critical radius. such that forr > r, there is agiant componentC, of
G such thatwhp no point of S is at distance greater thah, = alogn/n'/?, « = a(r)
from the setS, = Ux,-ecg D;. Thus, in the context of fire prevention, if a sensor can sense
a fire at distancel, then, for any location of fire in #harea, at least one sensor in the
giant connected component will be triggered by the fire. This sensor will be able to pass
a message to the eastern boundary= {(1, x): 0 < x < 1} sincewhp this boundary cuts
Se (else we would get a contradiction from considering & 2 rectangle). We present a
simple algorithm whictwhp finds a path from any; € C, to 3¢ of lengthO (n*/2logn),
which maintains a stack of depth((logn)?) and visitsO (n1/2logn) discs altogether. The
algorithm LDFS is dimited depth-first searcHn summary,
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Theorem 1. There is an algorithm LDFS which, assuminig a sufficiently large constant,
whp finds a path from any; € C, to d of lengthO (n'/2logn), which maintains a stack
of depthO ((logn)?) and visitsO (n1/2logn) sensors altogether.

The same technique can be used to commuaiefiiciently between different zones of
the covered area.

Theorem 2. Assume that the ared = [0, 1]2 is partitioned into sub-squares of side

O (r(logn)/nt?). Fix an arbitrary pair of sub-squares, there is an algorithm whichp

finds a path from some sensor in one sub-square to some sensor in the other square. The
path is of lengtho (n1/2logn), and the algorithm maintains a stack of deg#ti(logn)?)

and visitsO (n¥/2logn) sensors altogether.

3. Thealgorithm

Let ¢ be a large constant arsdbe a small constant, to be specified later. For any point
(x,y), let(x, y) be the point with

n1/2 212 2172 2172
=/ () e =]/ ()
Er Er Er Er

Intuitively, (%, 7) is the point representing, y) on the gridz2/(nY/2/(er)). Let By (xo, yo)
be aquantized boxf radius¢ centered atxo, yo). Formally,

Be(x0, yo) = {(x, y): |x —Xo| < £ and|y — jo| < ¢}.

For simplicity, assume that a fire breaks out at the p@nt/2) and the aim is to send a
message to a sensor 8n. We break the algorithm intsteps

Step 0. Getting started The fire will set off a number of sensors, at least one will
be inC,. Sensors not irC, will whp be in components of sizé (logn)—see [10]. We
follow the progress of the message from one paéwt y1) € C,. Furthermorewhp at
mostO ((logn)?) sensors will initiate message processes.

Step i. Let (x;, y;) be the position of the message at the start of $téet G; be the
graph induced by the discs with centersdin (x;, y;) for £1 = ecr(logn)/n*/?. Perform a
depth-first search off; starting from(x;, y;) until the message reaches a p@nt.1, yi+1)
with x; 1 > x; + er(logn)/nY/2. If no such point is found, fail.

If the algorithm does not fail, then the message travels from left to right in at most
nl/2/(erlogn) steps. In the next section, we will prove thvetip each step visits at most
2¢(1 + ¢)(logn)? discswhp andwhp no step fails. So the message crosses the square
visiting at most 2(s~1 + 1)(n¥/?logn)/r discs and the stack never grows beyond depth
2¢(1+ ¢)(logn)? whp. We observe that the number of discs visited is withilogn) of
optimality.

The proof below that no step fails requires the radius of connectivitybe larger than
some constany, which is larger than the percolation threshaldIt would be interesting
to see if the same or similar result can be proved forranyr,.
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3.1. Analysis of the algorithm

3.1.1. Proof thatvhp each step visits at most + &) (2c logn)? discs

Note that step visits at mostall the discs inBy, (x;, y;). We will prove a statement
stronger than needed: every quantized Bpx(x, y) contains at mostl + ¢)(2erc logn)?
disc centersvhp. Let &, , be the event thaBy, (x, y) contains more tharl + ¢) x
(2erclogn)? discs. Since each poirl ; is placed independently, uniformly at random
in the unit square,

Pr(&x.y) < Pr(Bin(n, 463) > 41+ &)¢5) < exp{ —4¢%¢5n/3)}.

SinceBy, (x, y) is quantized, the s¢€, ,: (x, y) € [0, 1]"} has at mostn/(er))? distinct
elements. So

Pr< U 5x,y><(:—r)zpr(ex,y)g(ﬂ)zexp{—%zein/s}:o(l). O

(x.y)el0, 1] er

3.1.2. Proof thatvhp no step fails

We take an approach similar to Penrose [8] and Grimmet [3]7Lbe the graph with
V(T) ={(%,7): (x,y) €[0,1]%} and edges connecting all nearest neighborié(f), i.e.

T is a 2-dimensional grid graph in the unit square with side lengthsr /n'/2. We will
show that if a steps fails there must exist a lamgemalin 7' which contains no disc.

Suppose at Step the message is at poirtk;, y;) € C,. Let B = By, (x;, y;) with
ly=401—p,p= %A. Let G’ be the subgraph off with vertices inB, and letT’ be the
subgraph ofl" with vertices inB.

Let C be the component of;’ containing(x;, y;). Let W denote the union of balls
of radiusp centered at the vertices @f. (We use balls to distinguish from the discs of
radius}). Note thatW is path connected and we can assume that our paths do not go
throughT. Let U be the set of € T’ such that = (%, ¥) for some(x, y) € W.

We claim that the subgraply, of 7’ induced byU is a connected graph. We prove
this by induction. From the definition df, we have that for any. € U there is some
w € W with w = u. And for anyw1, wz € W, sinceW is path connected, we can find a
path (inW) from w3 to w2 that intersects a minimum number of cellsTt Letd (11, u2)
denote this minimum. 1#(u1, up) = 1, thenui = up. Now, suppose that; andu, are
connected irT,’j for every pairus, up with d(u1, up) <d. Let nowus, uz € U be vertices
with d(u1,u2) =d + 1. Letwi = u1, w2 = up and P be a path inW joining w1, w2 and
let A1, Az, ..., Agy1 be the successive cells Bfvisited by P. Then letws be a point on
P in the interior of A2 so thatws # u1. Sinced (w3, u2) < d (just use the path suggested
by P), we know thatiz andu» are connected if’[U]. And uq ~7/y) W3, SOu1 anduz
are connected id’[U] as well.

Let U denote the boundary @f, i.e. the set ot € T’ \ U such that has a neighbor
inU.

For eachz € U, any (x, y) with (%, §) = z is at most distancg/5x + p from C.
Choosinge so thate < 1/(4v/5) we know{(x, y): (&, ¥) = z} contains no discs.

A subsetA of T is called dattice animalif for eachz, 7’ € A there is a path from to
Z/ with ||z; — zj+1llec = A for eachz; in the path.
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The next claim is slightly stronger than needed immediately, but will be useful for the
proof of Theorem 2. (The conditioyl < y; not needed for the proof of Theorem 1.)

Claim 1. Let (x;, y;) be the disc at the start of thih step. Supposé’ contains no path
to a disc(x, y) with x’ > x; + £1/2 andy’ < y;. ThendU contains a lattice animal with
cardinality at leastjclogn.

Proof. Let R be the set(x,y) € T’ with x’ > x; + €1/2+ p and y’ < y;. Note that
RN U =#. So the cut(U, U) separated” into componentsdy, Az, ..., A;. Assume
without loss of generality thaR € A; andU C Ay. Let U’ = Uf;z A;. Then(U’, U")

separateg’ into 2 components, so it is a minimal cut seb@nd.

By planar graph duality, the edg@f the dual graph corresponding to’, U’) form
a path or cycle. So the vertices of corresponding to dual vertices of this cycle are
x-connected (i.e., form an animal). But these are all verticéd/gfso they form an animal
free from discs.

It remains to lower bound the size of this animal. We do this by lower bounding the
size of the culU’, U’). This is accomplished by exhibiting a coIIection%Iflogn edge-
disjoint paths froml/ to R. SinceU < U’ andR C U’ any cut separatingy andU’ must
contain an edge from each of these paths.

We construct the flow as follows. Sin¢g;, y;) is path connected (i) to a point on
the boundary ofB, U contains a path fron(;, 3;) to the boundary off’. Suppose first
that the path goes to the west side of the boundary, andl,let., z; be points on the path,
with z; = (x;,y;) wherex; = ¥ — j andk = 3clogn. Now we route 1 unit of flow in
an ‘L, from z; = (x;, y;) to the point(x;, y; — jA) and from there t@x; + %El, yi — JjM).

This is illustrated in Fig. 1.

If the path goes to the north side, south side, or north half of the east side, we construct
a similar set of%c logn edge-disjoint paths.

Any cut separating’/ from U’ must have a different edge to break each of these paths,
SO any cut separating from R has value at Ieas}c logn. O

Fig. 1. A set of%clogn edge-disjoint paths.



6 A. Flaxman et al. / Journal of Algorithms 52 (2004) 1-7

Let A,, denote the set of lattice animaisc T of sizem. There is a constant such
that the number of lattice animals of sizecontaining a given point is bounded above by
e’ (see [5]). Therefore the total number of lattice animal#'iof sizem in T is bounded
by (n*/2/(er))%e’™.

By the arguments above, the probability that there exists a step which fails is less than
the probability that there exists a lattice animglwith size at Ieast%clogn for which
{(x,y): (X,¥) € A} contains no discs. We bound this probability as

Pr(exists a step which faijs

< ) PrlexistsA € Ay {(x.): (£.5) € AN V(G) =1)

m2%logn

n\2 . er \2\"
< X (5)er(i-n()
m2%logn

_ (272
< Z (er) ZeZIOQH (e°r y)m.
m2>4logn

Takingr large enough that?s2 — y > 1 and taking: = 6, we have

1
Pr(exists a step which faijs< (er)*ze*"’g”? =0(1/n). O

1

Assume thaf{0, 1]2 is partitioned into sub-squares of sidé;2Then we see that the
algorithm can efficiently find a path from any one square to any other, by traveling (almost)
horizontally and then (almost) vertically. In fact, using the extra conditibsl y; (or
y' > y; if needed) we can first makedhmessage stay in the baf@, y): |y — y1| < £1}.

Then we can make the message move vertically, proving Theorem 2.
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