
1 INTRODUCTION 

HE problem of routing a large number of messages T simultaneously through a sparse communication net- 
work is fundamental to the theory and practice of parallel 
computing. This problem has 
variety of network to 
particular, much atten 
that accrues from the use of rand routing. Our paper 
attempts to further clarify the randomization in 
routing 

Consider a multicomputer system consisting of N proc- 
essors connected via a multistage message switching net- 
work, with a Butterfly topology: The network consists of 
log N stages of 2 x 2 switches, and network inputs are iden- 
tified with network ou ts. (We use this particular topology 
for sake of concrete ; similar results hold for related 
networks, such as hypercubes or fat trees. See [51 or [12] for 
more information on multistage networks.) It is well known 
that a random permutation can be routed through such 
network in O(1og N) steps [l], [161, [15]. On the other hand, 
a worse-case permutation, such as transpose, requires 
aim) steps to be routed. This situation can be remedied 
by adding extra stages to the network, and randomizing 
routing through these extra stages If log N stages are 
added, then any permutation will be routed in time Ooog N), 
with high probability. This is, essentially, the strategy 
adopted for routing on the CM-5 [6].  The cost is significant: 
the network size is doubled or, equivalently, the network 
bandwidth is halved. 

In practice, one is seldom interested in the time needed 
to route one permutation. Rather, one pipelines several 
communication steps, so as to amortize the C l  (log N) trans- 
fer time through the network. If log N extra randomizing 
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“Bulk randomization, done once per computation task, is 
not sufficient. Some randomization needs to be introduced at 
each permutation task. However, one need not use log N ran- 
domization stages. We analyze the following strategy: First, 
processor addresses are randomly permuted; then log log N 
randomizing stages are used to route each permutation. We 
show that this is sufficient to optimally route t permutations in 
time O(t + log N) with high probability (Corollary 12). 

Finally, we give results of simulations of the effect of 
adding extra randomizing stages to a Butterfly network. As 
predicted by the analysis, latency decreases when a few 
(log log N) extra stages are added. However, when more 
stages are added, the average latency increases back, since 
the decrease in congestion is offset by the increase in net- 
work depth. Thus, within the limitations of the communi- 
cation model we study, there is an optimal number of ad- 
ditional randomizing stages that need be added to a Butter- 
fly network: too much or too little randomization both hurt. 
The simulation shows that the constants implied in the 
analysis are small enough for the scheme to be practical. 

Multistage networks with few additional stages have 
been studied in the past by several authors, mostly in the 
context of circuit switching. In particular, we would like to 
note the results of Mitra and Cieslak [71. 

2 ROUTING IN A BUTTERFLY 
We show in this section that ”one-time” randomization, done 
before the execution of the computation task, is not sufficient 
for efficient communication. We consider the following sce- 
nario: Processes are assigned to random processors before 
execution, routing is done deterministically, through a But- 
terfly with no extra stages. We prove in this section that 
routing one arbitrary permutation takes, with high probabil- 
ity, optimal O(1og N) parallel steps (Theorem 2).  However, 
routing a sequence of t arbitrary permutations in that sce- 
nario takes with high probability Q(t log N/log log N) paral- 
lel steps, rather than optimal O(t  + log N) time. (Corollary 5). 

In the next section we show that the optimal O(t + log N) 
time result can be achieved with high probability, using 
limited “run-time’’ randomization, 

An N Butterfly is an acyclic layered network with N = 2’ 
inputs, N outputs, and n - 1 internal stages, each with N 
nodes. We number the stages of the networks by 0, ..., n, 
and the nodes in each stage by 0, ..., N - 1. Let v be a node 
in stage s, and let (al, ..., a,) be the binary presentation of its 
number in that stage. We denote the number of a node v by 
(s, (al, ..., a,)). Node (s - 1, (a,, ..., a,)) is connected to two 
nodes in stage s, specifically to nodes with numbers (s, (a,, ..., a,)) 

and s, a,, ..., ii,, ..., a,)), where a, is the complement of 

a,. Input (0, (a,, ..., a,)) is identified with output (n, (al, ..., 
a,)). There is a unique path from each input (al, ..., (JJ to 
each output (b,, ..., b,), namely, the path with nodes (0, (a,, ..., an)), 
(1, (bl, a2, ..., a,)), (2, (bl, b2, a3, ...., a,)), ..., (n, (bl, b2, ..., U).  

We consider the following greedy routing algorithm: 
Packets are routed on the unique path from source to desti- 
nation. Each packet is assigned upon entry a random prior- 

( (  

ity uniformly chosen in a range 1, ..., K. ( K  = @(log N + p),  
where p is the maximum number of packets at any source 
or destination.) Each input and switch forward a packet at 
each cycle, whenever a packet is queued at the node. Con- 
flicts are resolved by forwarding the packet with highest 
priority, with ties broken according to the packet source. 
(Priorities are an artifact needed for proving upper bounds. 
In practice, random conflict resolution seems adequate.) 

We define C(n, v), the congestion of permutation n a t  node v, 
to be the number of packets that are routed through node v 
in the execution of this permutation. (Congestion does not 
depend on the priorities assigned to packets, since routes are 
fixed.) C(rc), the congestion ofpermutation xis defined to be 

C(n)  = max, C(n, U). 

This definition is extended to routing problems that are not 
necessarily permutations. Clearly, C(n) is a lower bound on 
the time needed to route permutation TC, for any routing algo- 
rithm. On the other hand, the following result holds 151: 
THEOREM 1. With probability 2 1 - l /N7 the greedy routing 

algorithm executes any routing problem with congestion 
C 2 log N o n  the Butterfly in time O(C). 

A random renaming of the inputs/outputs of the net- 
work replaces each permutation n with the permutation 
o-’ n o, orandom. 

THEOREM 2. Let n E SN be a fixed permutation. Let t(o-’no) be 
the number of steps used by the greedy routing algorithm 
to route the permutation o-’no. Then thue exists a constant 
“a” such that 

Pr{t(o-’no) < a  log NI > 1 - I / N  

for random o. 
PROOF. It is well known that if rc is a uniformly chosen ran- 

dom permutation, then with high probability n can be 
routed on the Butterfly in O(1og N) steps 151. The dif- 
ficulty in proving our theorem is that the permutation 
o - ~ z ~  is not a random permutation chosen uniformly 
from among all permutations. In particular, o-lm has 
the same cycle structure as the permutation n. 

By Theorem 1, it is sufficient to show that each node 
of the Butterfly is visited by at most O(1og N) packets 
with probability < 1 /N. 

Let I be the set of entries i such that di) = i, and let 
q, be the restriction of n to I .  Then o-’n+~ is the iden- 
tity mapping on the set do, and no more than one 
packet traverses each node in the routing of this sub- 
set of the permutation o-’zo. 

Let n‘ denote the permutation n - no. Consider the 
graph that represents n’ (with vertices (0, ..., N - 1) 

and edges (i, n’(i))). This graph has degree < 2 and 
has no self loops, thus its edges can be colored by 3 
colors so that no vertex is incident to two edges of the 
same color. Let nl, n,, and T C ~  denote a partition of the 
permutation x’ that corresponds to such a coloring. 
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Let {x,, ., xm} be the domain of n, and let yl = n (xJ, i = 1, 

, m Then {x,, . ., xm} n {y,, ..., ym} = 0, so that m 5 

N / 2 .  Let z, be a node at level s, IN(v) be the set of 2' 

inputs that reach node U, and OUT(v) be the set of Zn-' 
outputs that can be reached from v. Each path from an 
input in IN(v) to an output in OUT(v) traverses node D. 
The permutation o-' n1o maps o (x,) to dy,), I = 1, . ., 
m. Therefore C(o-'n,~, U), the congestion at node v 
caused by the permutation o-'~o, equals the number 
of indices 3, 1 < I < m, such that o (x,) E IN(v) and 

Let {U,, ..., uN} be some ordering of the Butterfly in- 

puts. A random permutation CT can be generated by the 
follomng process: o (U,) is chosen uniformly at random 

from the set (0, ... N, -1). If du l l ,  . ., du,,) have been cho- 
sen then diu,) is chosen uniformly at random from the set 

{O, ... N - I} - {dul), ., du,,)}. It is easy to see that this 
process generates a random permutation chosen uni- 
formly from S ,  regardless of the order of ul, ..., uN. We 
shall use this process, with inputs ordered in a sequence 
xl, ..., x,,, followed by the remaining inputs. 

There are [z:-s) possible choices of r indices j such 

that dy,) E Out(z,) For each 1 I. m there are at least 
N / 2  distinct choices for o(x$. Thus, Pr{o (x,) E IN(v)} 5 

2 ' / (N/2) ,  independently of the choices made for other 
inputs in {x,, ..., xJ. Therefore, 

(y,) E OUT(V). 

We use the inequality r! > (T/elr to bound the last ex- 
pression by 

Thus, the probability that C(o-'n,o) 2 log N can be 
bounded by 

for sufficiently large N The same argument applies to 

DT(x)''. Let T(x)  b 
from n\r(x) are sent to 

If the event F 
elements u E 

OUT(x), then z, 

in OUT(x). Hen 
to OUT(x) is at 1 
the choices made for 

for large enough N. T 

the permutations % and %. Thus, 

Pr w1 C O  zo 1 2 1 + 3 l o g N ) 5 & ,  

ana tne tneorem rouows. U 

THEOREM 3 There exists a constant "a" 

Pr (C( n) > a log N/log log N) > 1 - 1 / N  

for a random permutation n. 
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To bound the probability of 4 E ,  recall that we are choosing 
first the mappings of the N/16 inputs in IN(x), x = 0, .., 4 - 1. 
There are at least 15N/16 distinct choices for the mapping 
of each input, out of which at most are in OUT(x). 
Thus, the probability that the set OLIT(x) receives more than 
f i /  4 packets from inputs in Up:: I N ( i ) - I N ( x )  is 
bounded by 

Therefore, 

and 

for a < 1 / 2  and sufficiently large U 

COROLLARY 4. There exists a permutation nsuch that 

Pr {c(o-'zo) > a log N/log log NI > 1 - I /N 
for random o. 

PROOF. For a random permutation n, the permutation o-'m 
is a uniformly distributed random permutation. U 

COROLLARY 5 .  There exists a permutation z such that routing 
o-' no t times requires at least at  log N/log log N par- 
allel steps, with probability > 1 - 1 / N ,  for random o. 

Since the last lower bound is derived from a lower 
bound on congestion, it holds for any routing algorithm 
(i.e., for any conflict resolution scheme). 

3 ROUTING ON A BUTTERFLY WITH EXTRA STAGES 

We prove in this section that there exists a set of almost all 

permutations (more than N !(1- 6) permutations), such 

that if an adversary picks a sequence of t permutations 
from this set (possibly with repetitions), our algorithm 
routes all these permutations, with high probability, in 
asymptotically optimal time. Furthermore, if processor 
numbers are randomly permuted then any polynomially 
large set of permutations belong to this "good set with 
high probability. 

We use a Butterfly with r 2 log log N extra stages. The 
first n + 1 stages of our network is a regular Butterfly, the 
extra Y stages repeat the first Y stages of the network. 

Our routing algorithm starts with r random transitions 
followed by n deterministic transitions. A packet at an in- 
put node chooses, randomly and independently of the 
other packets, one of the 2' nodes that it can reach at stage r. 
In its first r transitions the packet proceeds to that node. In 

N 

the following M transitions the packet proceeds to its desti- 
nation output using the unique path from the nodes it 
reached in stage Y to its destination. i.e., a packet with source 
(a,, ..., a,) and destination (b,, ..., b,) traverses the path (0, (al, 
..., a,)), (1, ( X I ,  a2, ..., a,)) ,..., (U, ( X I ,  ..., x,, a,+,, ..., a,)), (r + 1, kq, ..., 
x, b,,, ..., a,)), ..., (n, (x l ,  ..., x,, by+', ..., b,)), (n  + 1, (bl, ..., x, b,+,, 
..., b,)), ..., (n + r, (b,, ..., b,, br+,, ..., b,)), where xl, ..., x, are 
randomly chosen. 

Queues in intermediate nodes are ordered according to 
priorities given to the packets in the inputs. A packet in 
permutation 4 in the sequence receives priority 

(I&], R )  where R is a random number uniformly chosen 

in the range [ 0,. . . , c(10g N)2 ' ] .  The priorities are ordered in 
lexicographic order. The priorities have two roles: The de- 
terministic, more significant, part of the priority guarantees 
that permutations arrive "in order." The random part of the 
priority is a technical requirement for analyzing the algorithm 
(see [SI for alternative nonpredictiue queue policies). 

3.1 A "Good" Set of Almost All Permutations 

Let B(s, ..., a,)) denote the set of 2' nodes in column s of 
a Butterfly (with no extra stages) with the n - r rightmost 
bits in their addresses equal to (ar+,, ..., a,)), i.e., 

B(s,  (ar+,, ...I a,)) = {(s, (XI, . . . I  X I ,  a,+1, ...I a,) I x, = 0, l l .  
Let n be an arbitrary N-permutation. Consider the routing 

of non a Butterfly with no extra stages using the unique paths. 
Let M(n, s, (ar+', ..., a,)) denote the set of packets traversing 
nodes in B(s, (ay+l, ..., a,)) in routing the permutation Z. 

Let 

Y(r ,$={~l  IM(n,s,(a, ,,.. 4)) I < z f o r a l l O I s ~ n ~ d ~ ( ~ + , , . . ~ ) l .  

THEOREM 6. 

for r 2 log log N and c L 7. 

PROOF. Observe that ifs I r, a set B(s, (a,,, ..., a,)) can be reached 
from 2' inputs, thus I M(n, s, (a,+,, ..., a,)) I I 2' < c2' for all 
n. Ifs > r then the set B(s, (aril, ..., a,)) can be reached 
from 2' inputs, and can send messages to 2'2"-' out- 
puts. Thus no more than 2 = max, min[Zs, 2y2n-s] 
packets can pass B(s, (a,,,, ..., a,)) in the routing of any 
permutation. 
There are N/2r  possible sets B(s, ( u ~ + ~ ,  ..., a,)) in column s. 
Thus we can bound the number of permutations that 
are not in Y(Y, c2') by 

( r + n ) / 2  

(2' - k + 1)(2r2n-s)(2'2n-s - 1). . . (2'2"-' - k + 1). 
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Since 
(2s - 1 ) d  Zn" - j, 5 zr (N - j) 

(n+r)/2 for 1 < 2 , the above sum is bounded by 

LEMMA 7. Let n be a fixed permutation. Then, for random o, 

PROOF. Similar to the proof of Theorem 2, we partition n to 
four subpermutations nl, q, zjf and q, such that q is 
the identity permutation on some of the elements, and 
in nl, i = 2, 3, 4, each element appears no more than 
once, either as an input or as an output for a packet. 
Thus o-'q o, z = 2,3,4, is part of a random permutation 
and we can apply Theorem 6 with parameter c /3  - 1. U 

3.2 Analysis of the Algorithm 
We first treat the case of a sequence of up to log N permutations. 
THEOREM 8. Given any sequence o f t  S log N permutations from 

the set Y ( r ,  c2') (possibly with repetitions), our algorithm 
routes all the permutations on a Butterfly with extra r 

some constant a > 0 and any p > 1. 

stages zn cpa log N steps with probability 1 - e -/3log N for 

PROOF. Consider an execution of the algorithm on a sequence 
of t permutations. Let C be the maximum number of 
packets traversing any node in 
cubon (the congestion of t h s  ro 

LEMMA 9. 

PROOF. We use the following version of the Chernoff Bound 
[Z], [41 in this proof 

THEOREM 10. Let X,, ..., X ,  be a seq 
random varmble. Let Pr{Xz = l} 

let P = c" 1:. For any s > 6P, 
1=1 

Pr{X > s} < 2-s. 

We distinguish between nodes in the fir 
the network and nodes in the re 

A node in the first Y stages c 

' 

no more than 2' inputs, thus can never receive more 

source (b1, ..., b,, a,,,, 

rithm. Since each 
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-slog N the sequence of the t permutations, is bounded by e 
for some 0 > 0. 0 

COROLLARY 12. Given any sequence n of t = O ( d )  permuta- 
tions (possibly with repetitions) and a random permutation 
IS, our algorithm routes all the permutations in the sequence 
IS-’ n (r on a Butterfly with extra O(1og log N) stages in 
O(t + log N) steps with high probability. 

Note that the probability domain for the results in this 
section is the product domain of random permutation of 
processors, random routing of packets through the first 
O(1og log N) stages, and random choice of packet priorities. 

4 SIMULATION RESULTS 

Adding extra stages to the Butterfly network has a twofold 
effect on message latency. On one hand, extra stages in- 
crease the path length, thus might increase latency. On the 
other hand, randomization in the extra stages reduces con- 
gestion and thus might reduce latency. 

In this section we report simulation results that explore 
this trade-off. 

4.1 Node Model 
An intermediate node in the network has a buffer of size 
one for each incoming link and an infinite queue for each 
outgoing link. 

A step is the time required for a packet to traverse a link 
or move from a buffer of an incoming link to the queue of 
an outgoing link. Note that each packet needs two cycles 
(at least) to cross a single node. 

4.2 The Experiments 
Each run of the simulation is characterized by three pa- 
rameters: N = 2n-the number of inputs of the network; r-the 
number of extra stages; and p-the number of permutations fed 
to the network. Each run starts by choosing a random per- 
mutation IS: N+ N. Each input i generates p packets with 
destination 4). The first r transitions of each packet are 
random, the last n transitions take the packet to its destina- 
tion by the unique path in the last n stages of the network. 
The latency of a packet is the time that spans between the 
initiation of the experiment and the delivery of the packet 
to its destination. Each run was repeated 10 times with dif- 
ferent seeds for the random generator. Each point in the 
graphs represents the average of the 10 independent ex- 
periments. Pseudorandom numbers were generated using a 
modified version of the algorithm in [lo]. 

4.3 The Results 

Figs. 1 and 2 show the effect of adding 0-12 extra stages to a 
Butterfly with 4K inputs. The curves represent routing of 1, 
10,20, 50, 100, and 200 identical permutations. The graphs 
clearly show that extra stages improve the latency in pipe- 
lining a long sequence of permutation, but do not signifi- 
cantly decrease the latency in routing short sequences. 
Furthermore, even when a large number of permutations 
are pipelined together, extra stages are beneficial only up to 
some limit. Above that limit, the decrease in congestion is 
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offset by the increase in network depth. 
Similar experiments were run for networks of size lK,  

2K, and 8K. When the data from these experiments is fitted 
as a function of n, Y ,  p ,  f , and $, the expressions for the 

average latency Lavg, and the maximum latency L,,, best fit 
with the following coefficients: 

L,,(n, r ,  p )  = -12.90 + 3.18n + 0 . 7 5 ~  + 0.69: + 0 . 0 7 F  + 3.20~ 

L,,,(n, ~ , p )  = -29.69 + 8.09n + 1.83~ + 0.845 + 0.76: - 1.43~.  

Average Latency vs Extra Columns I, IO, 20,50, 
100 and 200 Packets 4 k  Inputs. 

500 

400 

u) 300 
Q) 

0 
- 
0” 200 

I I I I I I I  
IO I2 2 4 6 8 

Extra Columns 
Q‘b 

Fig. 1. Average latency vs extra columns 1,  10, 20, 50, 100, and 200 
packets 4k inputs. 

Maximum Latency vs Extra Columns I, IO, 20,50, 
100 and 200 Packets 4k Inputs. 

- 0  2 4  6 8 IO 12 
Extra Columns 

Maximum latency vs extra columns 1, 10, 20, 50, 100, and 200 packets 
4k inputs. 

5 CONCLUSION 

One might expect intuitively that ”one-time” randomization 
done by assigning tasks randomly to processes is as effec- 
tive as ”per communication” randomization that uses ad- 
ditional routing stages. Indeed, one-time randomization 
guarantees that any fixed permutation will be routed in 
time O(1og N) with high probability (Theorem 2). However, 
it does not guarantee that a sequence of t permutations can 
be routed in time O(t + log N). Indeed, Theorem 3 shows 
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that the best one can expect is O(t log N / log log N + log N). 
At the other extreme, the result of [8] seems to imply that 

Q(log hQ additional randomizing stages are needed in order 
to avoid congestion in a multistage network, and that the 
randomizing routing algorithms of [141, 1151, 1161, [91, 1111, 
which at least double the number of stages, are optimal, up 
to a constant factor. However, the lower bound of [8] does 
not hold if "one-time" randomization is allowed. Indeed, 
since one-time randomization reduces congestion to 
O(1og N /log log N), one might expect that O(log log I\n 
extra randormzing stages are now sufficient to avoid congestion. 
The main theorem of this paper shows this to be true. 

The results in this paper are of more than theoretical inter- 
est. Interconnection networks for parallel machmes most fre- 
quently use oblivious routing, in order to simphfy the routing 
l o p .  Some redundancy is usually provided, for fault toler- 
ance, so that more than one path connects each input to each 
output. In a multistage network, such redundancy can be pro- 
vided by additional stages. On the other hand, fault tolerance 
does not justify doubling the number of stages in a multistage 
network Many fewer additional stages will be SUff-Lcient, with 
reasonable error rates. For example, the multistage intercon- 
nection networks of the IBM SP1 and SP2 parallel computers 
have (at least) four distmct paths from each input to each out- 
put [13]. Our result shows that the limited redundancy in the 
interconnection network of a machine such as the SPl/SP2 is 
sufficient in avoiding congesison, with high probability. 
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